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§1. Introduction.

Let (2, F, P) be a probability space with an increasing family {F,; t=0} of
sub-¢-algebras of F and let W(t) be a d-dimensional Brownian motion process
adapted to F,. Then, we consider, on the Euclidean d-space R¢, the system of
the stochastic differential equations;

(1.1) dX()=b(X(t))dt+ ' a(X(t)dW(?), X«(0)=x=R?,

where ¢>0 is a small parameter, b(x)=(bs(x))i=1,...a iS a d-vector function and

(x)=(0:5x))i, j=1,.. a i$ a dX d-matrix function. Throughout the paper we assume

that b(x) and ¢(x) satisfy a local Lipschitz condition with respect to x&R<.
We shall study the behavior of X¢(¢) as e—0. This behavior will depend

on the behavior of solutions of the dynamical system;
(1.2) dX°(H)=b(X(t))dt, XY 0)=x=R?,

The system can be considered as a small random perturbation of
with randomness expressed by a diffusion term e'/2edW. Set a(x)=a(x)c*(x),
where the * means transpose. When a(x) is uniformly elliptic and bounded,
Freidlin and Wentzell and also Friedman [3] obtain the large deviation
principle for X%(¢). The former assumes the boundedness condition on b(x) and
a(x) together with a global Lipschitz condition in R?. The latter assumes the
boundedness condition on a(x) and b(x) together with a global Holder condition
with exponent 0<a=1 in the whole space R?% Recently, under the positive
definiteness condition on a(x), Stroock shows the large deviation principle,
only assuming that b(x) and o(x) satisfy a global Lipschitz condition in R¢.
The first purpose of this paper is to obtain a large deviation principle for
X¢(t) under a satisfaction of some growth restriction on b(x) and o(x). The
most illustrative application is Theorem 3.1 with Example 2.1. It asserts that,
in the problem of large deviations, the classical condition of linear growth in
the phase variable of the coefficients can be weakened by allowing a logarithmic
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factor.

Next, let f(u) and g(u) be scalar functions waich satisfy a local Lipschitz
condition with respect to u R', and introduce the function

F(u)IS: f(s)ds .

Then, we consider the following systems of the two-dimensional stochastic dif-
ferential equations;

X()=(Xi@®), X5@)),

dXiO)=[X;O)—F(Xi()]1dt,
(1.3) {

dXi(t)=—g(Xi(®)dt+e'*dw(t),
X«0)=xeR?,
Xoy=(Xu(o), X,
" { d)f:(z»:[J’é(ti——eF()?f(t))Jdt,
d Xi(t)=—g(Xi@)dt+e' 2 dw(t),
X«0)=x=R*,
where w(t) is a one-dimensional Brownian motion process adapted to F,. The

solutions of and can be regarded respectively as the responses of the
harmonic oscillators of the Liénard type

(1.3) i+ f(wa+g(u)y=e'*w
and
(1.4 itef(uu+g(u)=e'"?w

with damping f and restoring force g to the (formal) white noise w, where the
dotted notation stands for the symbolic derivative d/dt. The second purpose
of this paper is to get large deviation results for solutions of and
The results of Theorem 4.1 and Theorem 5.1 generalize the estimates of

Dubrovskii which treats a special case of (1.3} with f=0 and g satisfying
a global Lipschitz condition in R'. We note that (1.3} and [1.4)} contain the
oscillator of the Van Der Pol type;

fw=u*-1, glw=u,
where the deterministic system has a stable limit cycle in the Liénard plane

(u, v) with

v=u+F(u) or v=ua+teF(u).
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In accordance with Stroock [6, p. 23] and Varadhan [7, p. 3] we give the
following definitions.

DEFINITION 1.1. Let X be a complete separable metric space with Borel
field 4. We say that the function I: X—[0, o] is a rate function if
(1) [z£oo,
(i) I is lower semi-continuous,
(iii) for any (=0, {x; I(x)<!} is compact.

DEeFINITION 1.2. A family {g¢*; ¢e>0} of probability measures on (X, 8) is
said to satisfy the large deviation principle with a rate function I if

(1.5) lim §up e log p(C)=— ing I(x)
E— e

for all closed sets € in X, and

(1.6) lim ionf e log p(9)=— ing I(x)
g xre

for all non-empty open sets ¢ in X. When X is a metric space with metric p,
we shall use the equivalent estimates later on:

(Deq for any >0, y>0 and s,>0 there exists an & >0 such that

ey olx, y)<5}zexp{——i—(1(x>+r)}

for all e<e¢, and all x=dD(s,), where @(s)={x; I(x)<s};

an for any >0, y>0 and s>0 there exists an &,>0 such that
. 1
#1500y, Bs)Z8) Sexp{——(s—)
for all e<e,, where p(y, @(s))= i%f)p(y, x).
reEP(s
The following remark follows from Freidlin and Wentzell [2, pp. 84-85].

REMARK 1.1. When I(x) is a rate function on X, (1.5) is equivalent to (II)
and also (1.6) is equivalent to (I)eq.

§2. Explosion and upper bound of solutions.

Here we evaluate the asymptotic probability with which the solutions of
(1.17), (1.3) and [1.4) leave the bounded domain. For this purpose we treat the
general form of the system;

2.1) dX(t)=b(X(t))dt+e"?a(X(t)dW (), X(0)=x=R?,
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where b(x)=(b5(x))i=1,...a is a d-vector function depending on &£>0 and satisfy-
ing a local Lipschitz condition with respect to x&R<%. Denote by L°® the dif-
ferential generator associated with i.e.,

0 d 0°

axs 5,?1“”(") axx,

where a(x)=(a;5(x)); j=1,...q is defined by a(x)=a(x)o*(x). We shall use the
following notations. For xR? and ye R4, let {(x, ¥> be the inner product of
x and y and let |x| be the Euclidean norm of x. For a dXd-matrix M=

(my;)i, ... a, define ]Mlz(é_}lm%,)‘”. Denote by C?* R?) the family of scalar

(2.2) Le= 2 bi(x) 5—

functions which are twice continuously differentiable with respect to x< R¢.
For the future use we give the following theorem.

THEOREM 2.1. Let X%(t) be the solution of with the initial state X¢(0)
=x&R%, and let e*(x) be the explosion time of X°(t). Suppose that there exist
positive constants ¢ and r and that there exist a non-negative function Ve C* R?)
and a non-decreasing differentiable function B: [0, co)—[0, o), satisfying the fol-
lowing conditions;

. 1
2.3) supL V(x)+ |e*(x) grad V(x)| ———l—i—ﬁ(V(x))
=cfV(x))  for all |x|z7,
where L* is defined by
(2.4) VR_‘ 1{12f V{x) —> o0 as R— oo,
© du
2.5) So'1+ﬁ(u) =

Then, for each 0<e<1 we have
P(e(x)=0c0)=1 for all xe R4 .

Further, let us assume v,= sup LV (x)<oco.
0<ES1

Then, for each T >0
(2.6) lim llm supe log P( Sup. | X)) | =R )=—

R—+c0

PROOF. For any constant A4>0, set H(x)=exp{Ak(V(x))}, where

k(v)-——‘gv du

IF G Then, a simple calculation yields
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A

LEH(.X):‘-LEV(JC)W

H(x)

{—=4B'(V(x)+2%}
{1+p(V(x)}*?

—{—%elo*(x)grad Vix)|® H(x)

A 2
= TFBV &Y TR O

for all xeR?, since B/=0 by the assumption. Now, take 1=1/¢ with 0<e<1,
so that

[LVx+ 5 el o) grad V() ®

1 1

X[LEV(x)—I——%— |0*(x) grad V(x)|? ]H(x)

1
14+-8(V(x))

for all x€R? Combine with and notice that B/(1+8)<1. Then,
under our assumptions, we have

LEH(x)ééf(l-i-H(x)) for all |x| =7
with a constant >0 being independent of e. Define H(x)=1+H(x). Then,
(2.4) and [2.5) imply that iprﬁ(x)—wo as R—oo. Moreover, H(x) satisfies
lxla
(2.8) L‘*ﬁ(x)é%é‘ﬁ(x) for all |x|=7.

This inequality, as follows from Narita [5, pp. 397-398], leads us to non-occur-
rence of the explosion for any initial state in R¢. Put rg=inf{t; | X*#)| =R}
if such a time exists, and let tg=co otherwise. For each t=0, set te=tA7§,
where a Ab stands for the smaller of ¢ and 4. Apply Ito’s formula concerning
stochastic differentials to X*(¢) and H(x). Then, since we can choose & by the
assumption v,<co so that may hold for every x=R?, we have

~ ~ 1 (¢ ~
ELHX ) )= B+ o ELAX (s)1ds,
where sg=sAtg So, the Gronwall-Bellman inequality yields
| - ~ 1
E[LH(X (t%)1<H(x) exp (?a) :

Put A=1+H. Then
E[HX ) 1=EL H(X (ty); te=t]

> exp {%k(VR)}P(ﬁeét) ,
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where Viy= infRV(x). Accordingly, we get

P(rh<t )éexp{—%k(VR)-i— %&‘}[l—i—exp{%k(V(x))}] :

Since log (1+t)<log 2t for t=1, we see

elog P(ti<t)S—k(Ve)+it+e log 24+ k(V(x)),
and so

linslﬁso,up ¢ log P( sup, [ X(S) | ZRYS—k(VR)+et+E(V(x)).

Since k(Vg)—c0 as R—oo by (2.4) and we obtain and complete the
proof.

REMARK 2.1. When b(x)=b(x) and a(x)=0, (2.3) becomes
aVv
axi

Then, the condition (#) together with (2.4) and (2.5) gives the existence of the
global solution of the dynamical system (1.2) (see LaSalle and Lefschetz [4; § 24,
Chap. 4.

(#) Vh.z;Eébi(x) <cp(V(x))  for all |x|z=7.

REMARK 2.2. In particular, we notice that for the function V(x)=|x|?,
LV (x) has the form
LV(x)=2{x, b*(x))+¢e|a(x)|®.

Hence the condition (2.3) holds for V(x)=|x|? once the following inequality is
satisfied :

1

(2.9) os<1§}3‘2<x, bs(x)>+|0’(X)12+2|0'*(x)x|2_1—_*_‘8(|—x|z)

<cB(1x|? for all |x|=r.

Replacing »%(x) of (2.9) by b(x), we apply Theorem 2.1 to to the system
(1.1) and get the following result.

COROLLARY 2.1. Let X:(t) be the solution of (1.1) with the initial state X(0)
=x<R?, and let ¢*(x) be the explosion time of X°(t). Suppose that there exist
posttive constants ¢ and v and that there exists a non-decreasing differentiable
function B: [0, 0)—[0, o0), satisfying the following condition;

(2.10)  2¢x, bx)>+1o(x)|2+2]a*(x)x |? <cB(1x|®) for all |x|z=r,

1
1+8(1x1?)
where B satisfies (2.5). Then, for each 0<e=<1 we have

P(e*(x)=c0)=1  for all x=R*.
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Moreover, for each T >0

lim lim sup & log P( sup | X:(t)|=R)=—c0.
0stsT

R0 e=0

EXAMPLE 2.1. Suppose that
(2.11) [o(x) |2+ o) |2 KA(|x|?)  for all |x|=r

with some constants K>0 and r>0, where Au)=1+4u)log (1+u'/?). Then,
(2.10) holds with the function B(u)=wu-+A4(u). Therefore, the condition (2.10)
corresponds to a generalization of (2.11) which is a restriction on growth of the
coefficients in Yershov [8, Theorem 5.2].

In the following we consider the systems (1.3) and (1.4). Define the matrix
¢ and the Brownian motion process W) by

0 0 wo(t)
oz( ) and W(t):( ) s
0 1 w(t)

where wq(t) is a (dummy) Brownian motion process which is independent of
w(t). Then, [(1.3) and [1.4) can be written respectively as the following forms:
(2.12) dX(t)=b(X(t))dt+e?adW(t), X(0)=x&R?,

(2.13) dX)=b(X:t))dt+e20dW(t), X(O)=x<=R?,

where for x=(x,, x,)€R? b(x) and b*(x) are given by

xo—F(x,) Xy—eF (xy)
b(x)-——( > and be(x)I( )
—g(x,) —g(x,)

We shall need the following assumption.

ASSUMPTION 2.1. (A)) ug(u)>0 for all u=0,
(Ay) —gu)F(u)=a(l+G(u)) for all u= R?
with a constant a>0 and
(As) G(u) —> o0 as |u|—-oo,
where G(u):S:g(s)ds.
We shall use the function
(2.14) V(x)=G(x)+=x3/2  for x=(x,, x,)ER*.

Denote by L¢ the differential operator associated with [2.12) or [2.13), and con-
sider LV (x) for the function V(x) defined by [(2.14). Then, by Theorem 2.1
we get the following result.
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COROLLARY 2.2. Under Assumption 2.1, denote solutions X(t) of Xe(r)
of [1.4), by the same symbel Y*(t), and let e*(x) be the explosion time of Y(t)
with the initial state Y(0)=x<R®: Then, for each 0<e<1 we have
P(ef(x)=o0)=1 for all x R?.
Moreover, for each T >0

lim lim sup ¢ log P( sup |Y(t)|=R)=—o0.
0stsT

R—oo £—0

§3. Large deviation principle for non-degenerate diffusions.

Let us consider the system and denote by X*(t, x) the solution X:(¢)
of with the initial state X*(0)=x<R¢, i.e.,

XW,ﬂ=x+ﬁMX%&xWﬁ+€”ﬁdX%&x»ﬂV@L
Also, consider the solution X°(¢) of the system [1.2), i.e.,

X%ﬁ=x+ﬁMX%9Ms.

REMARK 3.1. Assume the same conditions as in Theorem 2.1 except that
b*(x) is replaced by b(x). Then, Theorem 2.1 and Remark 2.1 imply that both
X(t, x) and X°(t) become global solutions.

Hereafter, by C([0, o0); R?%) (resp. C([0, T]; R?%)) we denote the space of
all continuous functions ¢(¢), 0=t<co (resp. 0=¢t<T), with range in R¢. By
C%(R?%) we shall denote the family of scalar functions which are infinitely dif-
ferentiable with respect to x& R4, having compact support. The main result
of this section is the following theorem.

THEOREM 3.1. Under the same assumption as in Corollary 2.1, set a(x)=
o(x)o*(x)=(a:[(x))i, j=1,-..a, and suppose that a(x) is positive definite for all x= R*
and that a;;& C¥(R?®) for all i, j=1, ---,d. Let X«t, x) be the solution X(t) of
(1.1) with the initial state X(0)=x<R?, and let Pf be the probability measure
induced by X°(-, x) on C([0, 0); R%). Define [%%} on C([0, T]; R%) by

B IENG)= 5| < HO—KHW), e GONGO—bON et
if ¢(0)=x and ¢|w, r1 is absolutely continuous,

I1%:9(d)= o otherwise.

Then, I%:% is a rate function. Moreover, for each T >0 and x=R¢, {Pf; ¢>0}
on C([0, T]; R?) satisfies the large deviation principle with respect to I%'}%.
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Proor. Take a non-negative function p< C%(R?) such that
n(y»)=1 for |y[=1, n(y)=0 for |y[=2,

satisfying 0<7(y)<1 for all y=R? For each R>0, set nz(y)=%(y/R), and
define axr(y) and bgr(y) by

ar(y)=nr(y)a(y)+A—n(y)] and ba(y)=nx(¥)b(),

where [ is the identity matrix. Then, we see that ax(y) is positive definite for

all yeRe. The (i, j)-element ap ; of ag belongs to C*(R?) for all 7, j=1, -, d
and
2
ar.ij
vent bl 0y ,0y, | = F

with a constant Mz>0 depending on R. Thus, arz has a unique non-negative
square root g which satisfies a global Lipschitz condition with respect to y= R¢
(see Friedman [3, p. 129]). Combining this with the fact that bz(y) satisfies a
global Lipschitz condition with respect to y=R<?, we see that there exists a
pathwise unique solution X¢®(¢, x) of the system (1.1) with b=br and c=op,
starting from x=R<? Denote by Pj%® the probability measure induced by
X=E(., x) on C([0, o0); R%). Then, as follows from Stroock [6, p. 85], {P:¥;
¢>0} on C([0, T]; R?) satisfies the large deviation principle with a rate func-
tion I2%°R, where I2%°R is defined by (3.1) with a=ar and b=bg. In the fol-
lowing let x<R¢ and T >0 be arbitrary and be fixed. For o= C([0, «0); R%),
set
Ce=inf{t; |0@)| =R}

and denote by M, the o-algebra generated by {w(t); 0<¢t<T}. Then, we first
notice that '

3.2) PyRBAN{Le=T})=P{ AN{Lr=T})  for any A= My
and that
(3.3) I2&%'%(g)=125(p) for any ¢ C([0, T1; R%) satisfying |$lr<R,

where ”¢|IT:oSsL:l§rI¢(t)l‘ For the proof of Theorem, we have only to show

that I%% satisfies (iii) of Definition 1.1 and that {Pf; ¢>0} satisfies (1.5) and
(1.6) of Definition 1.2. Using the estimate of Corollary 2.1, we can proceed the
proof as in the proof of Stroock [6, p. 87].

Let ¢ be any open set in C([0, 7] ; R?%). Then, we can see

(3.4) lim inf e log P3(2)=— inf 1%:4($)
-0 [ I=3%
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if we can obtain the following estimate :
(3.4) lim inf ¢ log P:(d)= —I125()

for all g=C([0, o) ; R)NG satisfying (0)=x. So, we show [3.4}. In fact,
for such a ¢4 we can choose R>0 so that |§|r<R and then set Bp=
{¢; lgllr<R}. Apply the large deviation principle with respect to the family
{P&®; ¢>0}. Then, by and (3.3) we have

lim inf ¢ log Pi(G)=lim ionf e log P{(GNBg)

=lim inf ¢ log P£®(@M\Bg)
&—0
_ aRr,bp
s elélffBRIx,T (#)
— inf I%:3(¢)

$€lnBr

v

i

g —]g:?‘(SZ) »

and hence we get [3.4). We next show that /2:} satisfies (iii) of Definition 1.1
Apply the estimate of Corollary 2.1 to X*(¢, x). Then, for any /<oco we can
find an R>0 so that

(3.5) lim sup ¢ log Px( (Br)¥)<—1.

Combining this with we have

¢e§2£)clg:%(¢)>l’

and so {¢; I%*¥@)<!/} < Bp This relation and (3.3) yield

{d; ISMP<I}={¢; [:B R($)=<I}NBg.

Since Iﬁf*f""’ is a rate function, the latter set of the above equation is compact
in C([0, T]; R%), which implies the compactness of the former set.

Finally, let ¢ be any closed set in C([0, T]; R%) and let {<oco be arbitrary,
and choose R so as holds. Then, by and (3.3) we see

lim sup e log P:C)<lim sup ¢ log{ P& R(CN\Bgr)+P:((Br))}

<{— inf I;R'R(¢)}V(—=0)

¢eCnBg

<—[{jnf IZH@IALT,

where sVt=max{s, t} and sAt=min{s, ¢{}. Passing to the limit as /[—oco in the
above equation, we obtain
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4 € < .3 a,b
lim sup ¢ log Pi(C)= ?;gcf I%:2(4) .

Hence the proof is completed.
The following theorem deals with a slight generalization of Theorem 3.1.

THEOREM 3.2. Under the same assumption as in Theorem 3.1, suppose that
b (x)=(bi(x))i=1,...a Satisfies and that bi(x)—b(x) uniformly in all xR? as
e—0. Denote by )?’(t, x) the solution X«(t) of with the initial state X(0)=
xER? and let ﬁ; be the probability measure induced by )?e(-, x) on C([0, o0); R%).
Then, for each T>0 and x=R¢, {13;’; e>0} on C([0, T]; R?) satisfies the large
deviatian principle with a rate function I%% of [(3.1).

PRrROOF. Freidlin and Wentzell’s theorem [2, p. 154] states that the above
Theorem 3.2 holds for bounded smooth a;; and b;. Noting that (2.6) holds under
(2.9) we can prove Theorem 3.2 in the same way as the proof of Theorem 3.1.

§4. Oscillators of the Liénard type.

Before proceeding to the systems and we shall need some pre-
parations. Let C([0, T]; R') be the space of all continuous functions
¢: [0, T]—>R', and set

CT=1{¢<=C(0, T1; RY); ¢(0)=0}.
Let f(u) and g(u) be functions which satisfy a local Lipschitz condition with

respect to uR'. For any x=(x,, x,)€R? and T >0, we consider a solution of
the following system ;

diO=x+{ 85— F(gu()1ds,
4.1) .
dur=xs—| g(@(sNds+gt), 0st<T,
associating with each function ¢ =C%, where F(u):S:f(s)ds. When has a

unique solution, we shall use the following notations and definition.

NOTATION 4.1. For x=(x,, x,)=R? and T >0, define an operator A=A(x, T)
on C} by A¢=¢, where ¢=(¢,, ¢,) satisfies (4.1} Define W=w(x, T)=A[CT],
which denotes the set of all admissible paths initiating from x.

Set A=AF¢ and W=wF ¢, in case we need to emphasize that the system
depends on the functions F and g.

DEFINITION 4.1. Define the functional on %(x, T) as follows;
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d*¢.(1) d¢1(t)

stt@= 5| [ S+ rgianE

if ¢=(P:, ¢ )=W(x, T), ¢ is absolutely continuous

(o] dt

and the integral exists,

S{:#(¢)=cc  otherwise.

NOTATION 4.2. Define
lxll=1%:]4+|x2] for x=(x;, x,)ER?,

I$ll.=sup ()] for pC(0, T1; R

and
Igll.= sup Ig(s)|  for $&CF,

where t<T. Further, define
@) =(P:(t)*+g2(t)*)*  for ¢=(¢s, $)=C([0, T]; R,
where t<T.

REMARK 4.1. Suppose that F(u) and g(u) satisfy a global Lipschitz condi-
tion with respect to u=R'. Then, both (1.3) and (4.1) have unique solutions
denoted by X*(¢) and ¢(t) respectively, and X*(¢) has the form

Xe=A(e*w).

Further, the operator A is continuous from (C7%, ||-]|;) to (%, |-ll.), having its
inverse A-!. Therefore, according to Freidlin and Wentzell [2, p. 81] and
Varadhan [7, p. 5], Schilder’s theorem of the large deviation for the Wiener
measure with covariance ¢ min{s, ¢} can be transferred to the probability mea-
sure corresponding to X°.

Dubrovskii [1] treats the special case of the system (1.3) when f=0 and g
satisfies a global Lipschitz condition in R' by using the method referred in
Remark 4.1. Unfortunately, we cannot proceed as in Remark 4.1 because the
operator A may not be continuous in general. So we take a truncation proce-

dure in order to get around this difficulty.
For each R>0, let ng(u) be a smooth function on R' such that

nr(u)=1 for |u|=R, nr(u)=0 for |u|=2R
satisfying 0<7r(u)=1 for all u€R'. Now, set

frw=nau)f(w), grwy=7xwew) and Faw=| fas)ds.

Then, since Fr(u) and gr(u) satisfy a global Lipschitz condition with respect to
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uE R?, there exist pathwise unique solutions of the systems [4.1) and [1.3) with
{F, g} replaced by {Fg, gr}, initiating from x< R?, which are denoted by ¢%(?)
and X*ZX(t) respectively. First, define the function ¢(¢) by

¢t)=¢%(t)  for t<tg, R=1,2, -,

where tg=T Ainf{t; |¢%()| = R}. Hereafter we call ¢(t) a solution of In
general, ¢(f) may not be continued to {=7. The following lemma assures us
that ¢(f) can be continued to =T for each 7>0 under the assumption below
and hence the existence-and-uniqueness for the solution of holds on every
finite interval [0, T].

We shall need the following assumption.

ASSUMPTION 4.1.
gu)=B(1+G(w)) for all ueR' with a constant 8>0,

where G(u)=S:g(s)ds.

The folloing functions satisfy Assumption 4.1;

gw)=u, gw)=|u|"sgn(u) with 0<n<l1.

LEMMA 4.1. Let Assumption 2.1 and Assumption 4.1 hold. Then, for any
x=(x,, x,)=R* and T >0, each solution of can be continued to t=T.

Proor. To the contrary, we assume that (4.1) has a solution ¢(t)=
(¢:(%), @2(¢)) defined on [0, T,) and satisfying

lim |@(2)| =c0 for some T,<T .
t1Ty

Here by | | we mean the usual Euclidean norm. In the following we take such
a solution ¢(¢) on [0, T,) and evaluate V(¢(t)), where V is the function defined
by (2.14).

Observe the first equation of (4.1), so that

dG(:(E)=g(@:(D) P(t)—F (¢:(2)))d2 .
Notice that 2ab=<a®+b* for a=R' and b= R'. Then, (4,) of Assumption 2.1
yields

&(9:()XP(t)—F(9:()))= ] {2(8.0))*+8:(t)* } +a(14+G(8:(1))).

Next, apply the Schwarz inequality to the second equation of (4.1), so that

L outrs S aa+{[ g@unds) o]
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< o w+i{ g@ordas+oer].

Then, Assumption 4.1 together with the fact that GV yields the following
inequalities ;

4.2) G@NSeTo+al Vigs)ds
for all 0<t<T, with some constants ¢,(T,)>0 depending on T, and ¢,>0,
@3 B S AT+ T V(s ds

for all 0<t<T, with some constants d,(T,)>0 and d,(T,)>0 depending on T,.
Taking the sum of and we get

VG k(T+ELTO | V((s)ds

for all 0=t<T, with some constants 2,(T¢)>0 and k,(T,)>0 depending on T,.
By the Gronwall-Bellman inequality we have

0=V (PN=FRi(T) exp{ ko(T o)t } <oo for all 0=t<T,,
which is a contradiction. Hence the proof is completed.
REMARK 4.2. The oscillator of the Van Der Pol type with f(u)=u®—1 and

g(u)=u satisfies Assumption 2.1 and Assumption 4.1, and hence Lemma 4.1 is
applicable for the oscillator.

NoTATION 4.3. Let R>0 be arbitrary and be fixed. For x=(x,, x.,)E R?
and 7>0, define an operator AR=AR(x, T) on C% by AR(x, T)=AFR%E(x, T)
and set WE=WE(x, T)=AF[CT].

REMARK 4.3. The solution X* #(¢) of the system (1.3) with F=Fg and g=gr
can be expressed by X®®=AR('?w). The operator A? is continuous from
(CT, I-1l) to (&, |I-1l.), and also AF is invertible such that

[(AR)”¢](1‘)=¢2(L‘)~—xz—i—S:gn(gbl(s))ds for any ¢=(¢,, ¢»)=pFEW=.
Now, we proceed as in Freidlin and Wentzell [2, Chap. 3].

DEFINITION 4.2. Define the action functional on C% for the Wiener process
as follows;

w—= L(T[ 49D \* :
)= 2—50{ 77 } dt if ¢ is absolutely continuous
and the integral exists,



Large deviation principle for diffusion processes 225

I#(p)=c0  otherwise.
Further, define the action along ¢=¢F=W= by
SE (@)=I%(AR(x, T)'¢) for p=pF=Wr(x, T).

In terms of Definition 1.1, /¥ is a rate function on C%. Substituting the
expression for (AF)~! and noting that

dd.(t)/dt=¢,(t)—Fr(@,(t))  for ¢=(d:, p.)EW(x, T),

we find that ‘

(4.4) SE.r(#)=SL:#(¢)  with f=fr and g=gr

whenever ¢=(¢,, @,)=W=, ¢ is absolutely continuous and the integral exists.
THEOREM 4.1. Under Assumption 2.1. and Assumption 4.1, let X(¢, x) be

the solution X:(t) of with the initial state X(0)=x<&R?, and let P: be the
probability measure induced by X°(-, x) on C([0, ); R?). Then, the function

Si:% given by is a rate function. Moreover, for each T>0 and

x=R? {Pilgy ; e>0} satisfies the large deviation principle with respect to Si:.

Proor. For any a=0, put
Ou(x, T)={psW(x, T); S{{d)=a}

and consider ¢=(¢;, ¢.)=P,(x, T). Then, ¢ is absolutely continuous and
T ..
[f1g@rass,

where B is a constant independent of ¢. If 0=t<t4+h<T, then
Oo=(0:, §.)=D,(x, T) satisfies
t+h . S t+h . 1/2
Igt+m—gut) = |{ " gusrds | svE{( " 19 125}
for 7=1,2. Notice that ¢=(¢;, ¢.) is absolutely continuous and that
G1()=o(s)—F(¢y(s)), so that

| u()[2<2{ | §1(s)—1(0) |2+ | $,(0) |2}
=2{ || g:2dr| + 14,017}

<2{s{ 16 1*dr+ 14,017}

and also | @y(s)|°=|Gi(s)+ f(P:(s))$i(s)|2. Thus, we get
[§:t+h)—d:t) | SVR B for i=1, 2 if ¢=(¢y, ¢.)=ED,(x, T),
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where B’ is a constant independent of ¢. Namely, @,(x, T) is a class of equi-

continuous functions. These functions are also uniformly bounded since ¢(0)=x

belongs to some bounded set in R% Therefore, the compactness of @D.(x, T)

follows from the lemma of Ascoli-Arzela, and hence S{:£# is a rate function.
In order to prove for Pi|4 we notice that (3, ||-||,) is a metric space,

and then by Remark 1.1 we have only to prove the following estimate;

for any >0, y>0 and a>0 there exists an &>0 such that

4.5) PiIX—glr<8)zexp | ——(SLH@)+7)

for all e<¢, and all p=@,(x, T).

Choose R,>0 so that ||¢]lr<R,. By the estimate of Corollary 2.2, for any />0
we can find an R,>0 so that for all R>R,

lim sup ¢ log P(ossttxgrl Xt)|=R/V2)<—I.

£—0
Thus, for every y>0 and & sufficiently small, we have
elog P( sup | X*()|ZR/V2)<—I+7,
0stsT
and so

(*.6) P( sup | X0 2 R/VT)<exp{~ (-7} .

Put R’=max{R,, R,} and then consider any R such that R>R’. Let X*ZX()
be the solution of with F=Fy and g=gpg, and let P:%® be the probability
measure induced by X®F%(¢) initiating from x&R2 Let 6>0 be arbitrary and
observe that

(1X—glr <8} 2 {IX— X Rl < 3, xR glr< o).

Then, we obtain
@D PUX—glr<d)zP(I X"~ glr<o )~ P(1 X~ X-Flr= 5).
Since ||¢llr<R’<R, the definition of Fr and gr implies that
F(¢.)=Fgr(¢:,) and g(d,)=gr(¢:) for such a ¢=(¢,, ¢.),
and hence ¢=W®(x, T). Moreover, it follows from that
SL#(§)=SE r(¢)  for |Plr<R.

Since Fr and gy satisfy a global Lipschitz condition in R', by Remark 1.1 we
can get
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«.8) P(IX =gl < 5 ) zexp |~ (SE.2(6)+1)

1
—exp{——(SLA@B)+7)} -
On the other hand, we have X*=X*® on | X¢|;<R and

(IxIZRYS{Ix|ZR/VZ}  for x=(x,, x)ER?,

where |x|=(x}+x)"% Then, it holds

P(1X— X", 5

€ €, 5 € e €, 5 3
=P(I1X—XFrz 5, 1X1r<R)+P(I X'~ XFl;2 2, | X'I;=R)

SP(|X|r=R) .
<P( ogggrle(t)l =R/V2).

Apply to the last term of the above equation. Then we get
. .. 0 1
(4.9) P(11 X=X Rlrz 5 ) <exp{——(—7)} .
Combining and with (4.7), we obtain
1 1
P(| X =gl <d)zexp{——(SLH@)+7)} —exp{—— (-7} .

Let /1 co in the above equation. Then we get

In order to prove for Pi|q we consider the opposite inequality and
follow the same argument as in the preceding procedure. Then, for Pf|q, we
can obtain the equivalent estimate (II) introduced by Remark 1.1, completing
the proof.

§ 5. Oscillators with damping multiplied by .

Here we treat the system and establish the same result as in Theorem
4.1. For this purpose, let us consider the systems [1.3) and [4.1)] with F=0,
which have unique solutions under Assumption 2.1 and Assumption 4.1 on g,
since Corollary 2.2 and Lemma 4.1 hold. For each x&R? and T >0, define 9=
W(x, T) by W=wF 4(x, T) with F=0, and then define the functional $%, on

99 as follows ;
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G.1) §§.T<¢>=%S:[d$;(t) +g(¢1(t))]2dt

if @=(¢1, ¢:)EW(x, T), ¢ is absolutely continuous
and the integral exists,

Se r(p)=c0  otherwise.
Further, define W*=%x, T) by W*=W"4(x, T) with F=0 and g=ge, and put
(5.2) 52 1(¢)=8%.7(¢) with g=gz.

Then, we obtain the following theorem.

THEOREM 5.1. Under Assumption 2.1 and Assumption 4.1 on g, let Xe(t, x)
be the solution X«(t) of with the initial state X*0)=x<R?, and let Pt be the
probability measure induced by )?E(-, x) on C([0, ©); R®. Then, for each T>0
and x<=R?, {ﬁ;lcm ; >0} satisfies the large deviation principle with a rate func-
tion S defined by (5.1).

PROOF. Let X*Z%(¢) be the solution of (1.3) with F=0 and g=gr, and let
Xe®(1) be the solution of (1.4) with F=Fg and g=gp, initiating from the same
state x=R? Denote by P&® and P:F the probability measures induced by X R
and X¢® on C([0, o0); R?), respectively. Then, we can proceed as follows:

Step 1. For each T>0 there exists a constant K(7, R)>0 depending on T
and R such that

(5.3) P(| XR— X*®|,<eK(T, R))=1.

Step 2. Since Theorem 4.1 applies to P£ ¥ except that {S{ &, W} is replaced
by {SZ ., 9P}, (5.3) implies that {ﬁf'slcﬁ;R ; >0} satisfies the large deviation
principle with respect to SZ 7, where S% , is given by (5.2).

Step 3. The proof of the theorem from Step 2 is quite analogous as the
proof of Theorem 4.1, and we omit the details.
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