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SPECTRAL THEORY
FOR SYMMETRIC SYSTEMS IN AN EXTERIOR DOMAIN

By

Hirokazu IwASHITA

1. Introduction

The present work is devoted to the investigation of spectral problems of a

first order symmetric system in an exterior domain 2 of R"™ of the form
(L. 1) Hu=H(z, D)u=3A;(@) Dju+C(x)u, &2
j=1

where Dj=—i0;,0;,=0/0x;,1<j<n,u=wu(x) =(u;(x), -, ua(x)) is a C%valued
function and A;(x),1<j<n,C(x) are dXd matrix valued functions.

The spectral theory for symmetric systems in the whole space R" has been
extensively investigated by many authors under various conditions (see Schulen-
berger-Wilcox [9], Tamura [11], Weder [12], and their references). On the
other hand there are not so many works treating exterior boundary value problems
for the system (1.1) (Lax-Phillips [3], Schmidt [8], and Stefanov-Georgiev
by the time dependent method, and Kikuchi and Mochizuki by the
stationary method). In all of them the coefficients are assumed to take constant
values outside bounded balls and further, restrictive conditions are imposed on
the geometrical structure of the slowness surfaces of the free systems except [10].

In this paper we shall employ the commutator method due to Mourre [6] to
avoid difficulties derived from the slowness surface and the formulation of
radiation conditions, and to prove the limiting absorption principle for the long
range perturbed system (1.1). To this end we restrict ourselves to work in the
domain 2 satisfying the following: The domain £ lies in the exterior of its
boundary 92 which is a smooth and compact hypersurface enclosing the origin.
Further, there exists a positive C=(R"\{0})-function p(x), positively homogeneous
of degree zero such that

1.2 |x]=p(x) if and only if z=df.

Consider the following boundary value problem with a spectral parameter
ze(C':

(H(z, D) —2u(x) =f(x) in 2,
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1.3) u(y)eB(y) for each yedf,

where at each point y of the boundary, B(y) denotes a linear subspace of C?¢ of
constant dimension which varies smoothly with y. Throughout the paper we
impose on the coefficients of H(x, D) defined by (1.1) and the boundary space
B(y) the following assumptions.

(A.1) A;@),1<j<n are bounded C*(8)-Hermitian matrices with bounded

Sirst derivatives. Furthermore,

(x-Vz)Aj(x)—0 as |zx|—>o0,
(x-Vz)2A,;(x) are bounded in £,

where Vz=t!(0,,+,0n) and “-” denotes the scalar product. C(x) 1is in C>(2)-

class and satisfies

C(@), (x-V2)C(x)—0 as |x|—>o0,
(x-Vz)2C(x) is bounded in 2.

(A.2) The differential operator H(x,D) is formally selfadjoint :
jé 9;4;(z) =i{C(x) —C*(@)} for zef.
(A.3) Let
A@, 9 =24:0%)

and v(y) denote the unit outer normal to 02 at y. We require that A(y,v(y))

is of constant rank near the boundary.

(A.4) The boundary space B(y) is maximally conservative, that is, the matrix

A(y,v(y)) vanishes over B(y) :

AWy, v u(y)-u(y) =0

for any u(y)€ B(y), y02, and B(y) is the maximal subspace in C? satisfying
the above property (see Lax-phillips [3, Chapter VI]).

We denote by ¥ the Hilbert space L?(2); C?) endowed with the norm
el =], (o 7ty .

Under the above assumptions we have by Lax-Phillips the selfadjoint operator
in ¥ which is the closure in ¥ of H(x, D) as defined for smooth functions in
# satisfying the boundary condition (1.3). The selfadjoint operator is also
denoted by H and the domain is given by

DH) ={ve¥; Hue¥, u(y)eB(y) at each point y of 9£2}.

Let & (H)-.L stand for the orthogonal complement in ¥ to the null space of H.
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Our final hypothesis is the following:
(A.5) For any ueD(H) NN (H)L we have

2315l < O Hual + ).

In order to state the main result we shall introduce some functional spaces.
Let L2(2), a=R denote the Hilbert space of C2valued functions z on 2 such
that (1+|x|)*« is square integrable. Let H'(2) stand for the Sobolev space of
C?-valued square integrable functions on £ with square integrable first derivatives.

Under the assumptions (A.1)-(A.5) we prove the following

THEOREM 1.1 (i) The non-zero eigenvalues of H are of finite multiplicity
and discrete with the only possible accumulation points 0 and =+ oo.

(i) Let R(x)=(H—2)"! for 2C\R and denote by op,(H) the set of the
point spectrum of H. Then for any compact interval 4dCR\[op,(H)U{0}] and
any a>1/2, there exists a constant C=C(a, ) >0 such that

1A+]xD "R A+ |z~ 2l<C

when Re z€4, 0<|Im 2|<1, where || || denotes the operator norm.
(iii) For every A€ R\[o,(H) U{0}] and a>1/2, the norm limits

R(l:tiO)=1irrl10R(2:ti/c)

exist as bounded operators of L2(2) to L2,(2) and with this definition, R (2 £10)
are Holder continuous as bounded operators of L2(2) to L:,(2) with ex-
ponent (a—1/2)[(a+1/2) if 1/2<a<1.

In Mourre develops an abstract theory and as applications shows that the
limiting absorption principle holds for 2-, 3-body Schrédinger operators and some
type of pseudo-differential operators (see also Perry-Sigal-Simon [7]). As concerns
symmetric systems in R", Weder has applied Mourre’s method to strongly
propagative systems and obtained the same result as in [Theorem 1.1 Tamura
partly takes advantage of the method for symmetric systems of non-constant
deficit. Similarly as in the case of N(>2)-body Schrédinger operators (cf.
and [7]), they take as the conjugate operator,

%2 (ziDj+Djzx;),
j=1

which is the generator of the dilation unitary group in R".
As compared with these results in the whole space, there has been no work
to apply the Mourre method to any exterior boundary value problems. In the

present work we adopt as the conjugate operator the generator A of a dilation
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unitary group in 2 (See [Lemma 2.I). However, the commutator of H with A
does not necessarily have a domain containing 2 (H), which is out of Mourre’s
theory. So we need some modification based on coerciveness assumption (A.5)
(see [Lemma 3.5). It should be remarked that the above result is new even if
2=R". We should also mention the work of Stefanov and Georgiev[10]. They
study spectral and scattering problems for first order dissipative hyperbolic systems
in an exterior domain by using the Enss method. Their assumptions correspond
to ours except the range of perturbations, but no condition is imposed on the
shape of the domain.

We conclude this section by giving an example. We consider Maxwell’s

equation in the exterior domain with inhomogeneous media:

0 curl

HEu=E(x)-1—}.—( Ju in @,

—curl 0

where u=¢!(uy,u;) and uj,j=1,2 are C3valued functions. E(x) is a uniformly
positive definite, bounded 6x6 Hermitian matrix valued function in C”(2)-class

and satisfies for some ¢>0,
CA+|zD71, |a|=1,
CA+|zD7% |a]=2.
The boundary condition is given as follows (see Majda [4]). Let a and § be
constants such that a?+ 82=1. For each y of the boundary 092,
v(y) X (auy (y) + Buz(y)) =0.

Then Hj is essentially selfadjoint in ¥z, the Hilbert space of C°-valued square

ID*E)| < {

integrable functions with norm
el lg= [, E@u(@) a@dayr.

Let &/ (Hg) 1 be the orthogonal complement in ¥, of the null space of Hj.
Majda proves that

j;lllafu“ESC(llHEu”E'i'”u”E)
for all ueD(Hg) NN (Hg)L. If we put
H=E(x)PHgE(x) 17,
then the operator H in ¥ =L12(22; C®) satisfies all the assumptions (A.1)-(A.5).

2. Discreteness of eigenvalues

In this section we shall prove the conclusion (i) of [Theorem 1.1. We begin
by introducing a dilation unitary group in 2. For ¢&X, set



Spectral theory for symmetric systems in an exterior domain 245

@1 U@® (@) =eirzet+ <1—et>@}‘""” 6 (etz+ 1—e) p(2) B),

x|
where #=x/|x| and the function p(x) is given in (1.2). Note that for x€£,
p(x)% is the intersection of the boundary and the ray of the origin to x.

LEMMA 2.1. U(@) defined by (2.1) is a one-parameter unitary group and

the generator A is given by

~HE@ e + 5555

=53 (=@ ) Di+ Dy (xs=p(@ I},
where Zj=x;/|x|.
PROOF. Set
Iix=etx+ (1—e) p(x)X.
Then we have
I'ix =
Tez]

T el =et (] = p(@)) +0(@) = {et+ (L —e) £} .
Since p(x) is homogenous of degree zero, we obtain

el e

These show that U (#) defines a unitary transformation in # with a parameter ¢.
Further, I's';x=1s,tx, from which it immediately follows that U (z) is a group.
Differentiating U (#) in ¢ and setting £=0, we know that the generator is given
as above. Q.E.D.
We note that since the domain 0(A) of A is given by
D(A) ={ucsH ; Auc X},

the space of Cé¢-valued rapidly decreasing smooth functions is dense in D(A).
This implies that O(A) ND(H) is a core for H.

LEMMA 2.2. Let i[H,A] denote the symmetric form on O(A) NOFH)
defined by
(¢,i[H, Al¢) = —i{(H¢, Ap) — (A, H)}

for any ¢,90D(A) ND(H), where (-, ) stands for the scalar product in ¥.
The form i[H, A, if it is restricted to D(A) NDH) NH(2), coincides with a
symmetric operator il H, A]°= H+ K whose domain includes O (H) N H*(2), that is,
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(¢,i[H, Al¢) = (¢, (H+K)¢)
for any ¢,¢€D(A)NDH)NH (), where

@2 K=—3[LE-4,0) + [ A(2) (Grp(2) ~ Zhyo(2)s

j=1 x

+ (|| —p(2))3:4;(2) | D

+i ZIZCII jéA,-(x) (3,0(z) ——l—ﬁfl?p(x)) — {(|z] = p(x))8-C(x) + C(x)},

af—_—f‘v_r-

PRrROOF. Let ¢, ¢€D(A)NDOH)NH(2). Then we can choose sequences
{¢m} and {¢Ym} which are smooth up to the boundary, rapidly decreasing and
satisfy the boundary condition (1.3) such that as m—oco,

$n—>9, fm—¢ in H'(2);

23 Apmn—>Ad, Apm—>A¢ in X.

In fact, by introducing a partition of unity, we may only consider the case that
¢ has sufficiently small support near the boundary since in [12, Lemma 2.1],
Weder has constructed a sequence satisfying (2.3) for any ¢ on which no
boundary condition is imposed. Therefore, it suffices to construct a smooth
sequence satisfying the boundary condition and converging to ¢ in H'(2). Let
¢4 be the j-th component of ¢. Since the boundary space B(y) is assumed to
vary smoothly, we can introduce new dependent variables in terms of which the

boundary condition becomes

$(3) = =47(3) =0

for yed2 (Lax-Phillips [2]), where p is the codimension of B(y). This implies
the following: The condition ¢€D(H) N H'(2) means that

peH' (D), j=1,--,d
and
¢’(.)’)=0, J=1’ P for yeag’

from which we can easily obtain the desired sequence.
It follows from (2.3) that

= lim —l{(H¢m, ASbm) - (A¢m, H¢m)}°

m—o0

Integration by parts and a simple calculation give
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—i{(Hm, Apm) — (A¢m, HPm)} = ($m, i (HA—AH ) ¢n)

So, it remains to prove that L=H+K is a symmetric operator in ¥ with the
domain containing O(H)NH'(R). Since L is a differential operator of first
order, it suffices to show that L is a symmetric operator subject to the boundary
condition (1.3). A simple calculation shows that L is formally symmetric. Since
the boundary is given by (1.2), we may assume that the direction of the outer

~

normal v(y) coincides with that of Vzp(y)—35 when yedf2. Set

Ki(a, &=~ 5[4, () + 3 Ar() (ro () Zzp(a)) %

| ]
+ (J] —p(2))9:4,(2) Jé
Taking account of homogeneity of degree zero of p(x), we obtain
K, (y,Vz0(y) —5)=0 for any ysdQ.
Thus if L,(x,8)=A(x, &) +Ki(x, ), then
Li(y,»(y))=A(y,v(»)) for any ycaQ.

Hence, we conclude that L is a symmetric operator subject to the boundary
condition (1.3). This completes the proof.

Let Pu(d4) denote the spectral prejection for an interval 4 associated to H
and PY the projection onto A (H)-L.

PROPOSITION 2.3. Let 4 be a bounded interval such that dc R.,=(0,0).

Then there exists a positive constant a such that
Pu(4)ilH, A1°Pa(4)>aPu(4) + Pu(4)K(4)Pa(d),
where K(4) =Py (4)KPu(4) is a compact operator.

PrROOF. If we set a=inf 4, we have the above inequality from Lemma 2.2.
It follows from the assumption (A.5) that

2.4) PYLO(H) c HY(2).

If we write (2.2) as
n
K=j§0Klj(»’C>Dj+Ko(x),
then K(4) is described as

K =jé{K1'j (x)Pu(4)}' DijPu(4) + Pu(4d)Ko(zx) Pu (4).
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By (A.1) and (2.2), K;;(x) and K,(x) tend to zero as |x|—>c0. Combining this
with (2.4) implies that Ki,;(x)Pu(4) and Ko(x)Pr(4) are compact. It also holds
from (2.4) that D;Pu(d),j=1,---,n are bounded. These show that K(4) is a
compact operator. Q.E.D.

PROPOSITION 2.4. Let ¢ be an eigenvector of H with an eigenvalue E>0.
Then

For the proof we prepare two lemmas which will be also used later.

LEMMA 2.5. If |A|>1, then (A+id)~! maps H(2) into H'(2). If ¢
H(2) and ¢ satisfies the boundary condition (1.3), then (A+1i2)~'¢ also satisfies
the boundary condition. Furthermore as an operator on H'(£),

s—1lim {A(A+i2)-1=1.
A=+ 00
ProoF. It suffices to prove the lemma for A2>1 since the other case is
similarly verified. Let ¢ be a smooth function in H!'(2). Such functions are
dense in H'(2). Then a straightforward calculation from (2.1) yields

. 5) _U(t)¢(x)—etU(t> a¢ + pl(xl) 1-enU®2L a¢

+ (030(2) — 2 0(2)) A=V O5% 24

+ (0@ —2h0 () A-eHU O 151
By the Laplace transform we have

(A+id)1g= —iS:oe‘“U(t) édt
and hence by (2.5),

0 coN 1 . 1 06
2.6) a—xj(A‘*‘lz) 6=(A+i(A—-1)) la—xj

+ ”I(jﬁ {(A+i2)-1—(A+i(2—1))‘1}—aa£—

+ (050@) = Hr0 @) (A+iD T = (A+iA-D) M55

t ”;1 (90(x) = E 1zp(x)){(A+zl)‘ (A+i(A-1) -2 ¢ .

=l

Consequently we obtain with a positive constant C,

o (A+iD 791 <ClI8 i
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and
(A+id)-1H'(2)c H(2).
Next, the trace operator
H'(Q)2¢—¢|iacsL?(02)
is bounded and by definition,
U (@) Blsa=et1?)aa.
These imply that if gH'(2) and ycdf, then
(A+iD19() = —i] e urmrdng(y) = —i(2- 1) (),

which shows that if ¢ H* (2) and satisfies the boundary condition (1.3), then so
does (A+1i4)~1¢. Finally, by the identity (2.6) and the fact that for each 2>0,

s— lim iA(A+i(A—£))~1=1 in X,

A— 400

we conclude that

lim —2 i2(A+i2)-1¢=

A—+o00 axj

a4 .
925 in *.

Q.E.D.
Set for A>1,

AQR) = AiA(A+id)L,
Since A(4) is calculated as
@.7 AQD) =id+ 22(A+id)-,
it follows from that the commutator
[H, A(QD)]=HAQ) —A(DH
is well defined on DO(H) NH(2).

LEMMA 2.6.
s— }im i[H, A(A)]¢=i[H, A]°¢ for any ¢=D(H) NH(2).

Proor. For ¢, 9= D(H)NH(2), we calculate by using (2.7)

(¢,iLH, A(D)]¢) = —iZ2((A—iD) (A—i)~'¢, H(A+iA) )
+i2(H(A—iA) ¢, (A+iD) (A+idD)"1P)
=1(—1AA(A—iA)~1¢, HiA(A+1iA)~1¢Y)
—i(—iAH(A—iA)"1¢, Aid(A+1i2)"1¢).
By this and we have
i[H, A(D)]=iA(A+id)~4[ H, AJ%A(A+id)~* on D(H)NH(Q).
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The assertion follows immediately from the above identity and
Q.E.D.

PROOF OF PROPOSITION 2.4. Since ¢=PYyD(H), we have by
(¢,iLH, A1°¢) =}i_ri1°(¢, iLH, A(2)]$)
=£Lr£1°—i{(H¢, A(A)¢) — (¢, A(A) Hp)}

=£i_.lﬁ_iE{(¢’ AN ) — (8, A(D$)} =0.
Q.E.D.

We are now in a position to give

PrOOF OF THEOREM 1.1, (i). We shall prove the theorem for positive
eigenvalues. Suppose the contrary. Then there exists a sequence of orthonormal

eigenvectors {¢n} such that
H¢m=Em¢m, EmEA,
where 4 is a bounded interval Cc CR,. By Propositions and 2.4 we have
with a positive constant a,
0=($m, i[H, A1°Pn) = ($m, Pa(d)i[H, A]’Pu(4)Pn)
>al|pn|[>+ ($m, K(4)Pm).
Since ¢, weakly tends to zero and K(4) is a compact operator, we have by
letting m—>o0 in the above
0>a>0,

which gives a contradiction. If we take —A as a conjugate operator, we can

prove the conclusion for negative eigenvalues in exactly the same way. Q.E.D.

3. Limiting absorption principle

In this section we shall prove the assertions (ii) and (iii) of

Similarly as in section 2, it suffices to verify the conclusions for Re 2>0 and
4>0.

LEMMA 3.1. Let feCy?(R\{0}). Then f(H)D(A)CLO(A) and the operator
LfH), Al=f(H)A—Af(H) defined on D(A) is actually a bounded operator on ¥.

PrROOF. If one only takes account of the domain of i[H, A]°% one can follow

the same line as that in the proof of Lemma 7.4 of or of to

verify the lemma.
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LEMMA 3.2. Let feCy(R\{0}). Then the form [A,f(H)i[H,A]f(H)]
initially defined on LD(A) coincides with a bounded operator on ¥ :
B LA, f(H D[ H, A1 (H) 1=[A, f(H) JiLH, A1°f(H) +f(H)Qf (H)
+ GLH, AT (H)Y*[A, f(H) ],
where

n

Q= —[H, AP-2(1-LE ) 2D 5 4,230+

|z| lz| 3=

+j§"1 (As(@) —1210A,(23) (00(2) [ Ehs0 @)D

= 0(2) 319+ A5(2)0;— L (2| - p(2)) T 21024,(2)3,]
Jj=1 j=1

~1 n ,-
+—nl*x—lr(|x| “P(x)?jzzllAj(x) (80(x) _ﬁfp(x))
—i(|z| —p(@)) {(|z] = p(x)) 82C(x) +28.C(x)}.

PROOF. Let ¢, 9=D(A). Then by and (2.4),
JHD S, fUHD $ED(A) NDOH) NH(2).
We calculate
(Ag, f(H)i[H, ATf(H)¢) — (f(H)i[H, AIf(H) 9, AP)
=((fUHDA-Af(H))¢,i{[H, AIf(H)$)

+ {((Af(HD ¢, iLH, A1f(H) ¢) — GLH, A1/ (H) ¢, Af(H) $)}
+ GLH, AYf(H) ¢, (Af(H) —f(H) A)$).

By density arguments and computing the commutator of A with [ H, A]%, we
have

the second term= (f(H)®, Qf(H) ).

Thus we obtain identity (3.1). By Lemmas 2.2, B.1, (A.1), and (2.4) we know
that the right hand side of (3.1) is bounded operator. Q.E.D.
One of the main results in this section is

PROPOSITION 3.3. Let 4 be any compact interval in R\op(H) and a>1/2.
Then there exists a constant C=C(a, 4) >0 such that
HA+]AD*R(=) A+|AD|<C
if Rezed and 0<|Im 2|<1.
The next lemma follows immediately from [Proposition 2.3

LEMMA 3.4. Let 2>0 ana A&op(H). Then there exist a function f€
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Cy(R,), identically equal to 1 near 2 and a positive constant C such that
3.2) S(H)ILH, A% (H) > Cf(H)>

Suppose dC R,\6,(H) and fix A€4. Choose f€C;(R,) to satisty (3.2).

Set
M=f(H)i{ H, Al1’%f(H).
Then H—ieM—z is invertible for +£¢>0 and +Im 2>0, and its inverse G(e, 2) =
(H—ieM—2)"1 is bounded and in class C'*(R.) NC(R.) in ¢ (see [6, Proposition
I1I.5]). For 1/2<a<1, set
D(e)=Q+]|AD*A+]e| |[A]D=2

As is seen in section 2, the domain of i{[H, A]° does not necessarily include

LO(H), and so we cannot directly estimate ||D(e)G(e, 2)D(¢)||. However, since
i[H, A]° is bounded on P4O(H), we can prove

LEMMA 3.5. Let geCy(R,) so that g(s)=1 on suppf. Then we can find

a positive constant C such that
ID(e)g(H)G (¢, 2)g(H)D()|I<C

if 0<xe<l, +Im2>0, RezsI=[1—-0,2+0] with small 6>0.

As will be seen in (3.5), we can choose g so that (1—-g(H))G(e,2) and
G(e,2)(1—g(H)) are bounded for Rezl. Since we may assume without loss
of generality that 1/2<a<1, we obtain Proposition 3.3 from with
e=0.

Proor OoF LEMMA 3.5. We consider the case ¢>0 and Im 2>0. The other
case can be similarly treated. The following estimates are valid for Reze&],
0<e<Ll (see [6] and [7, Lemma 7.3]).

3.3 IS THDG (e, 2)9|| < Ce™' 2| (9, G (e, 2)9)|** for SEXK,
3.4 G (e, ) [[<Ce?,

(3.5) A—=fEHNG(, DI <C.

Set

F(e,z)=D(e)g(H)G (e, 2)g(H)D(e).
Then it follows from (3.3) and (3.5) that
(3.6) |G (e, 2)g(H)D(&)|| < C(A+ €7 2[|F(e, 2) ||*12).
Choose heC7 (R,) so that h=1 on suppg. Then we have
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h(H)M=M=Mh(H)
and hence,
Gle,2)h(H)=h(H)G (e, 2).

With these in mind we calculate

—iD()g (HD) (-G e, 2) Jg D) D(e)
= D()g(HG (e, ) MG (s, g (DD ()
= D()g(H)G e, ) (EDMh(H)G(s, g (D ()
=Q1+Q2+Qs,

where we have put

Q= —D(Hg(H)G(e, 2) A—f(H))h(H)ILH, ATh(H) A1 —f(H))
XG (e, 2)g(H)D(e),
2= —D()g(H)G (e, ) A—f(HDIYR(H)i[H, A1f (H)G (¢, 2)g(H)D(e)
—D(g(H)G (e, 2)f(H)ilH, AIh(H) (1 - f(H))G (¢, 2)g (H) D(e),
Qs=D(e)g(H)G(e, 2)il H, A1°G(e, 2)g (H)D(e).

By (3.3)-(8.6) and boundedness of i[ H, AJ°A(H), we can estimate
3.7 <G
3.9 NQ:||<CA+e 1 2||F(e, 2)[|'12).

Similarly as in [6, Proposition II.6] and [12, p. 115], we know from Lemmas
2.6 and B.2 that

G(e, 2) maps LO(A) into D(A)NLO(H).
We also know by that g(H)D(A)cO(A). Thus as a form on X,

we can calculate

Qs=D(e)g(H)G(e, 2) il H, AL —is[M, A]+ie[M, A1} G (e, 2)g (H) D(e)
=D(e)g(H)G(¢, 2)i[ H—ieM—z, AIG(e, 2)
+D()g(H)G(e, 2)ie[M, AJG (¢, 2)g(H) D(e).

Expanding the commutator we obtain

D(e)g(H)G(e, )i H—ieM—z, A1G(e, 2)g(H) D(e)
=D(e)g(H)AG(¢, 2)g(H)D(e) —D(e)g(H) G (¢, 2) Ag(H) D(e).

Noting that

D(e)g(H)AG (¢, 2)g(H)D(¢)
=D(e)Ag(H)G (e, 2)g(H)D(e) + D(e)[g(H), AIG (¢, 2)g (H) D(e),

we get by and (3.6),
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3.9 [|1D()g(H)G (e, 2)i[ H—ieM—z, A1G (¢, 2)g(H)D(e) ||
SCE-(I—")(I—F E_IIZHF(S, 2)”112).
and (3.6) imply that
[1D(e)g(H)G (¢, 2)ie[M, A1G (¢, 2)g (H)D(e) || <C(1+||F(e, 2)|]).
Combining this with (3.9) gives

(3.10) [|@s]| < Ce=-a(1+e~12||F(e, 2)||1/2) + C|| F (e, 2) ||
Finally we use (3.6)-(3.10) to estimate
G1D | F I =1I(-E-D@ g G e, g (HID(e)

+D(e)g (HD (-G (e, 2) Jg () D(e)

+D()g(HNG (e, 2)g(H)—%-D(e)]|
<Cem U= (1+e712[|F(e, 2) || 2+ || F (e, 2)|1)-
Substitute (3.4) into the above and integrate it. Then we have an improvement.
After iterating this manipulation finite times, we get
1FCe, 2)||<C,
which completes the proof of [Lemma 3.5.

PROPOSITION 3.6. Let 4 be a compact interval in R.\op(H) and 1/2<a<].
Then there exists a positive constant C=C(a, 4) such that

[[A+]AD*{R(z) —R(=D}A+|AD | |<Clz—='|*@
for any z,2’ with Rez, Rez’€d and 0<xImz, +Im2'<1, where 8(a)=(a—
1/2)/(a+1/2).
PROOF. We only consider the case Im 2>0. It is sufficient to show that
(3.12) [[D(0)g(H) {G(0,2) —G(0, 2)1g(H)D(0)]| <Clz—2'|*,

where we use the notation in the proof of Since F'(e, 2) is bounded,
it follows from (3.11) that

(3.13) ||1F(e, 2) —F(0, 2)|| < Ce-12,
By (3.6) we have
ll-F e, 21| =1 D()g (HDG (e, 2)% (H)D(®)|
SCA+eY|F(e,2)|D<Ce?

and hence,
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|F(e,2) —F(e, 2)||<Cetz—2].
Combining this with (3.13), we obtain
1F(0, 2) —F(0,2) || <Cfler12+ ez —2/|}.
If we take e=|z—2/|1/ 1D we get (3.12). Q.E.D.

PROOF OF THEOREM 1.1, (ii) and (iii). Let feCy(R,). We claim that
(3.14) A+ 1ADfF(H) A +]x])||<C when 0<a<1.

In fact, since A is rewritten as

N (n_n—1 p(x)
A= Dy(as— 20 (@) +i( = L5 E0),

we calculate

AfCED (U |z = (A, FD 1A+ a4 i D (5 =252 )t

+3{(1-EE 2D A ED ) Iz A,

|z
which together with and (2.4) implies that Af(H)QA+|xD? is
bounded on ¥. Since f(F) is a bounded operator on ¥, the Hadamard three
line lemma implies (3.14).
The conclusion (ii) is easily deduced from Proposition 3.3 and (3.14). Next,
it follows from [Proposition 3.6 and (3.14) that

1A+]zD=*{R(2) — RN} A +|z])~+|| < Clz—2/|¢.
This proves (iii). Q.E.D.
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