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AUTONOMOUS EQUATIONS OF MAHLER

TYPE AND TRANSCENDENCE

By

Kumiko Nishioka and Seiji Nishioka

Abstract. In this paper, we study transcendence of values of Mahler

functions satisfying first-order rational di¤erence equations of Mahler

type with constant coe‰cients.

1 Introduction and Result

Let K be an algebraic number field and d an integer greater than 1. For a

formal power series f ðzÞ A K ½½z�� with radius of convergence R > 0 which satisfy

the functional equation

f ðzdÞ ¼ a0ðzÞ þ a1ðzÞ f ðzÞ þ � � � þ amðzÞ f ðzÞm

b0ðzÞ þ b1ðzÞ f ðzÞ þ � � � þ bmðzÞ f ðzÞm
ðmb 1Þ;ð1Þ

K. Mahler proved the following theorem, where aiðzÞ; biðzÞ A K ½z� satisfy amðzÞ0 0

or bmðzÞ0 0, and that

a0ðzÞ þ a1ðzÞuþ � � � þ amðzÞum

and

b0ðzÞ þ b1ðzÞuþ � � � þ bmðzÞum

are relatively prime as polynomials in u. Note that at least one of these poly-

nomials is non-constant. Let DðzÞ be their resultant.

Theorem 1 (K. Mahler [1]). Suppose m < d and that f ðzÞ is transcendental

over KðzÞ. If a A Q satisfies

0 < jaj < minf1;Rg; Dðad k Þ0 0 ðkb 0Þ;

then f ðaÞ is a transcendental number.

2010 Mathematics Subject Classification: 11J91.

Key words and phrases: transcendental number, Mahler function.

Received March 4, 2015.

Revised May 7, 2015.



However, we know few transcendental functions f ðzÞ satisfying the equation

(1) in the case mb 2. In 1983, K. Mahler obtained a necessary and su‰cient

condition to exist a convergent power series

f ðzÞ ¼ f0 þ frz
r 1þ

Xy
j¼1

fjz
j

 !
; rb 1; fr 0 0;

satisfying a functional equation Pð f ðzÞ; f ðzdÞÞ ¼ 0, Pðu; vÞ A K ½u; v�nf0g, with

constant coe‰cients. Here, we suppose that Pðu; vÞ is an irreducible polynomial

with degu P ¼ mb 1 and degv P ¼ nb 1, and not a product of u� v multiplied

by constants. Choose an algebraic number f0 such that Pð f0; f0Þ ¼ 0. Thinking of

the algebraic function field of one variable defined by Pðu; vÞ ¼ 0, we find that

there exists

U0ðvÞ ¼ f0 þ
Xy
l¼b

Plðv� f0Þ l=a; Pb 0 0; 1a aam

such that PðU0ðvÞ; vÞ ¼ 0, where Pl ðlb bÞ are elements of a certain finite

extension K 0 of K .

Theorem 2 (K. Mahler [2]). There exists a convergent power series

f ðzÞ ¼ f0 þ frz
r 1þ

Xy
j¼1

fjz
j

 !
; rb 1; fr 0 0;

satisfying the functional equation Pð f ðzÞ; f ðzdÞÞ ¼ 0 if and only if the following

three conditions hold.

(i) bd ¼ a.

(ii) rb 1 and for any l > b with Pl 0 0, ðldrÞ=a A Z.

(iii) fr ¼ P
a=ða�bÞ
b .

Then fj A K 0ð frÞ ð jb 1Þ.

Remark. Actually, K. Mahler introduced this theorem not over K 0 but over

C. However, we find that the proof implies the above.

We apply this theorem to the following functional equation with constant

coe‰cients,

f ðzdÞ ¼ a0 þ a1 f ðzÞ þ � � � þ am f ðzÞm

b0 þ b1 f ðzÞ þ � � � þ bm f ðzÞm ; ai; bi A K; am 0 0 or bm 0 0;ð2Þ
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where a0 þ a1uþ � � � þ amu
m and b0 þ b1uþ � � � þ bmu

m are relatively prime. Let

Pðu; vÞ ¼ vðb0 þ b1uþ � � � þ bmu
mÞ � ða0 þ a1uþ � � � þ amu

mÞ:

We suppose that Pðu; vÞ is not a product of u� v multiplied by constants. We

think of a solution of the form

f ðzÞ ¼ f0 þ f1zþ f2z
2 þ � � � :

Since f0 is a root of Pðu; uÞ A K ½u�nf0g, we find that f0 is an algebraic number.

We may assume f0 ¼ 0 without loss of generality, for we are only interested in

the transcendence of values of f ðzÞ. Then we have

0 ¼ Pð f0; f0Þ ¼ Pð0; 0Þ ¼ �a0;

which implies b0 0 0. Hence we may additionally assume b0 ¼ 1. Let sb 1 be the

number such that a1 ¼ � � � ¼ as�1 ¼ 0 and as 0 0. Then we find

U0ðvÞ ¼ a�1=s
s v1=s þ ðterms of higher degrees in vÞ;

which yields b=a ¼ 1=s.

We will prove that it is possible to choose a ¼ s and b ¼ 1. It is enough to

prove

Pl 0 0 ) bjl:

Assume the contrary, and let l0 ¼ nbþ k ð0 < k < bÞ be the minimum such that

Pl0 0 0 and bF l0. By PðU0ðvÞ; vÞ ¼ 0, we obtain

vð1þ b1ðPbv
b=a þ � � � þ Pnbv

nb=a þ Pnbþkv
ðnbþkÞ=a þ � � �Þ

þ b2ðPbv
b=a þ � � �Þ2 þ � � � þ bmðPbv

b=a þ � � �ÞmÞ

¼ asðPbv
b=a þ � � �Þs þ asþ1ðPbv

b=a þ � � �Þ sþ1 þ � � � þ amðPbv
b=a þ � � �Þm:

For the right side, the first term whose exponent of v1=a is not divisible by b is

assðPbv
b=aÞs�1ðPnbþkv

ðnbþkÞ=aÞ ¼ assP
s�1
b Pnbþkv

ððs�1þnÞbþkÞ=a;

and for the left side, the corresponding one is

vb1Pnbþkv
ðnbþkÞ=a ¼ b1Pnbþkv

ððsþnÞbþkÞ=a:

Comparing the exponents, we find a contradiction.
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Hence the first condition in Theorem 2 is equivalent to d ¼ a ¼ s. Under

this condition, the second condition holds for any rb 1, and so if we choose

fr satisfying the third condition, then there exists the convergent power series

f ðzÞ A K 0ð frÞ½½z�� such that Pð f ðzÞ; f ðzdÞÞ ¼ 0. Thus we obtain a convergent

power series

f ðzÞ ¼ frz
r þ � � � A K 0ð frÞ½½z��; rb 1; fr 0 0;

satisfying the following functional equation with constant coe‰cients,

f ðzdÞ ¼ ad f ðzÞd þ � � � þ am f ðzÞm

1þ b1 f ðzÞ þ � � � þ bm f ðzÞm ;ð3Þ

where ai; bi A K, am 0 0 or bm 0 0, ad 0 0, and adu
d þ � � � þ amu

m and

1þ b1uþ � � � þ bmu
m are relatively prime.

Although Mahler’s Theorem 1 is unsuitable for this f ðzÞ due to dam, we

have the following.

Theorem 3 (K. Nishioka [4]). Theorem 1 still holds when m < d 2.

Theorem 1 and Theorem 3 both require transcendence of f ðzÞ over KðzÞ.
Generally, it is di‰cult to identify transcendence of functions. However, we can

use the following in this situation.

Theorem 4 (S. Nishioka [6]). Let f1ðzÞ; . . . ; fnðzÞ A CððzÞÞ satisfy the func-

tional equations,

fiðzdÞ ¼
Aið fiðzÞÞ
Bið fiðzÞÞ

; i ¼ 1; . . . ; n;

where AiðuÞ;BiðuÞ A C½u�nf0g are relatively prime. If f1ðzÞ; . . . ; fnðzÞ are not con-

stants and maxfdeg AiðuÞ; deg BiðuÞg ði ¼ 1; . . . ; nÞ are distinct, then f1ðzÞ; . . . ; fnðzÞ
are algebraically independent over C.

Since the independent variable z satisfies the functional equation f ðzdÞ ¼
f ðzÞd , we obtain the following as a corollary.

Corollary 5. Let f ðzÞ A CððzÞÞ be a non-constant solution of the functional

equation (2). If m0 d, then f ðzÞ and z are algebraically independent over C, and

so f ðzÞ is transcendental over CðzÞ.
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Considering all the above results, we obtain the following.

Theorem 6. Let d < m < d 2. There exists a non-constant convergent power

series f ðzÞ A K 00½½z�� satisfying the functional equation (3), where K 00 is a certain

finite extension of K. Let R > 0 be the radius of convergence. If a A Q satisfies

0 < jaj < minf1;Rg;

then f ðaÞ is a transcendental number.

Remark. The condition on the resultant DðzÞ is not needed, for the equation

(3) is with constant coe‰cients. In this case, DðzÞ is a non-zero constant.

2 Another Example

In this section, we study the functional equations of the form (2) with m ¼ d.

Note that their non-constant solutions may be algebraic over CðzÞ. For example,

we look at f ðzÞ A C½½z��nC satisfying

f ðz2Þ ¼ f ðzÞ2

1þ cf ðzÞ2
; c A C:

The series f ðzÞ is related to the Mandelbrot set. It is proved that f ðzÞ is tran-

scendental over CðzÞ if c0 0 and c0�2 in the lecture note [5] by K. Nishioka.

On the other hand, f ðzÞ ¼ zr if c ¼ 0, and f ðzÞ ¼ ðzr þ z�rÞ�1 if c ¼ �2 (see the

proof in [5]).

However, we obtain the following general result for similar functional

equations.

Theorem 7. For db 3, a non-constant solution f ðzÞ A C½½z�� of the functional

equation,

f ðzdÞ ¼ f ðzÞd

1þ cf ðzÞd
; c0 0;

is transcendental over CðzÞ.

Proof. Assume that f ðzÞ is algebraic over CðzÞ. We will derive a con-

tradiction. By Theorem 1.3 in [5], we find f ðzÞ A CðzÞ (cf. Keiji Nishioka [3]). Let

gðzÞ ¼ 1=f ðzÞ A CðzÞ. Then we obtain the following equation,

gðzdÞ ¼ gðzÞd þ c:
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Let

gðzÞ ¼ aðzÞ
bðzÞ ;

where aðzÞ; bðzÞ A C½z� are relatively prime and bðzÞ is monic. From the equation,

aðzdÞ
bðzdÞ ¼

aðzÞd

bðzÞd
þ c;

we obtain

aðzdÞbðzÞd ¼ ðaðzÞd þ cbðzÞdÞbðzdÞ:

Since aðzdÞ and bðzdÞ are relatively prime, bðzdÞ divides bðzÞd . Comparing their

degrees, we find bðzdÞ ¼ bðzÞd , and so bðzÞ ¼ zn. Hence

gðzÞ ¼ c1z
e1 þ � � � þ ctz

et ; ei A Z; e1 > � � � > et; c1 � � � ct 0 0:

From the above equation, we obtain

c1z
de1 þ � � � þ ctz

det ¼ ðc1ze1 þ � � � þ ctz
etÞd þ c:

In the case tb 2, the right side is

ðcd1 zde1 þ dcd�1
1 c2z

ðd�1Þe1þe2 þ � � � þ dct�1c
d�1
t zet�1þðd�1Þet þ cdt z

detÞ þ c:

In this case, we have

ðd � 1Þe1 þ e2 > ðd � 2Þe1 þ 2e2 b e1 þ ðd � 1Þe2 b et�1 þ ðd � 1Þet;

which implies that ðd � 1Þe1 þ e2 0 0 or et�1 þ ðd � 1Þet 0 0, and so the right side

has a term whose exponent is one of them. However, the left side of the above

equation does not have such a term, for the following hold,

de1 > ðd � 1Þe1 þ e2 > de2

and

det�1 > et�1 þ ðd � 1Þet > det:

Hence we conclude t ¼ 1, which yields

c1z
de1 ¼ cd1 z

de1 þ c:

This contradicts c0 0. r

By this theorem and Theorem 3, we obtain the following.
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Corollary 8. Let db 3. There exists a non-constant convergent power series

f ðzÞ A K 00½½z�� satisfying

f ðzdÞ ¼ f ðzÞd

1þ cf ðzÞd
; c A K�;

where K 00 is a certain finite extension of K. Let R > 0 be the radius of convergence.

If a A Q satisfies

0 < jaj < minf1;Rg;

then f ðaÞ is a transcendental number.
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