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GOLDIE EXTENDING MODULES AND GENERALIZATIONS
OF QUASI-CONTINUOUS MODULES

By

Yosuke KUraTOMI

Abstract. A module M is said to be quasi-continuous if it is
extending with the condition (Cj) (cf. [7], [10]). In this paper, by
using the notion of a %-extending module which is defined by
E. Akalan, G. F. Birkenmeier and A. Tercan [1], we introduce
a generalization of quasi-continuous “a GQC(generalized quasi-
continuous)-module” and investigate some properties of GQC-
modules. Initially we give some properties of a relative ejectivity
which is useful in analyzing the structure of %-extending modules
and GQC-modules (cf. [1]). And we apply them to the study of direct
sums of GQC-modules. We also prove that any direct summand of
a GQC-module with the finite internal exchange property is GQC.
Moreover, we show that a module M is %-extending modules with
(Cs) if and only if it is GQC-module with the finite internal exchange

property.

1 Preliminaries

Throughout this paper R is a ring with identity and all modules considered
are unitary right R-modules. A submodule X of a module M is said to be
essential in M or an essential submodule of M, if XNY # 0 for any non-zero
submodule Y of M and we write X <. M in this case. X <g M means that X
is a direct summand of M. Let M =A@ B and let p: A — B be a homo-
morphism. Then <4 > B = {a —¢p(a)|ae A} is a submodule of M. Note that
M=A®B={4> B>®B.
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Let {M;|ielI} be a family of modules. The direct sum decomposition
M= (—Die ; M; is said to be exchangeable if, for any direct summand X of M,
there exists M; = M; (i € I) such that M = X @ (P),_; M;). A module M is said
to have the finite internal exchange property (FIEP) if, any finite direct sum
decomposition M = M; @ --- @ M,, is exchangeable.

A module M is said to be extending if, for any submodule X of M, there
exists a direct summand 4 of M such that X is essential in 4. A module M is
said to be %-extending or Goldie extending if, for any submodule X of M, there
exist an essential submodule X’ of X and a direct summand 4 of M such that
X' is essential in 4. A module M is said to be %*'-extending if any direct
summand of M is %-extending (cf. [1]). From [6], %-extending modules with
FIEP are %' -extending. Now we consider the following condition:

(C3) If 4 and B are direct summands of M such that AN B =0, then 4 ® B
is a direct summand of M.

A module M is said to be quasi-continuous if M is extending with (Cs3) (cf. [7],
[10]). We obtain that M is a quasi-continuous module if and only if, for every
submodules X; and X, of M with X7 N X, =0, there exists a decomposition
M = A, ® A, such that X; < 4; (i=1,2) (cf. [15, pp. 367-368]). Motivated by
this result, we introduce a generalization of a quasi-continuous module as
follows:

A module M is said to be GQC (generalized quasi-continuous) if, for every
submodules X; and X, with X; N X, =0, there exist an essential submodule
X/ <. X; and a decomposition M = A4; @ A, such that X/ is a submodule of 4;
(i=1,2). Note that any GQC-module is %-extending (cf. Proposition 2.3).

Let Mz =Z7/2Z @ Z/8Z. Z/2Z and Z/8Z are GQC-modules, but M is not
GQC (cf. Proposition 2.6). Hence a direct sum of GQC-modules need not be
GQC. Moreover, it is unknown to the author whether or not the property GQC
is inherited by direct summands.

In this paper, our main purpose is to show the following:

(I) Let M; and M, be GQC-modules with FIEP and put M = M| ® M,.
Then M is a GQC-module with FIEP if and only if M; is M;-ejective (i # j) and
the decomposition M = M| @ M, is exchangeable.

(I) If M is a GQC-module with FIEP, then 4 is GQC for any direct
summand A4 of M.

(III) A module M is %-extending with (Cs) if and only if it is GQC with
FIEP.

For undefined terminologies, the reader is referred to [2], [3], [7] and [15].
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Many of the following lemmas can be found in the cited literature, but we list
them here for easy reference.

Lemma 1.1. Let M be a module with a decomposition M = A @ B and let X
be a submodule of M. If ANX <, A, then X 2,(ANX)® (BNX).

Proor. By [11, Lemma 2.2]. O

Lemma 1.2, Let M =A@ B, C = 4 and let f: C — B be a homomorphism.
If X <.<C ER B>, then there exists C' =, C such that X = {C’ fle, B).

Proor. Evident. O

Lemma 1.3. If M =A@ B=X® Y @ B, then there exists a homomorphism
w: X®Y — B such thatAz(X@Y&B}:(XﬁB)(—B(YﬁB}.

PROOF. Let p) : M =X@®YPB—-X®Y and pp: M=X®PYDB— B
be the projections. Define a: p;(4) — pa(A) by a(pi(a)) = pa(a), where a € A.

oy aly

Then A=<X®Y 5> BY=<(X 2B @Y = B). O

LemmA 1.4 (cf. [4], [9, Proposition 2.5]). Let M =A@ B. Then M has FIEP
if and only if A and B have FIEP and the decomposition M = A @ B is ex-
changeable.

Let A and B be modules. 4 is said to be essentially B-injective if, for any
submodule X of B and any homomorphism f: X — A4 with ker f =, X, there
exists a homomorphism ¢ : B — A such that g|, = f.

LEmMMA 1.5. Let A and B be modules. If A is essentially B-injective, then A’
is essentially B'-injective for any A' <g A and any B' = B.

Proor. By [3, 2.15]. O

2 Ejective Modules and GQC-modules

Firstly, we recall a generalization of relative injectivity which is introduced by
E. Akalan, G. F. Birkenmeier and A. Tercan [1].
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DEerFINITION. Let A and B be modules. A4 is said to be B-gjective if, for any
submodule X of B and any homomorphism f : X — A, there exist an essnetial
submodule X’ of X and a homomorphism g: B — A such that g|,, = f],.

Now we consider some properties of relative ejectivities.

ProposITION 2.1. Let A, B, A; and B; (i =1,2) be modules.

(1) If A is B-ejective, then A’ is B'-ejective for any A' <g A and B' = B.
(2) If A is Bj-ejective (i =1,2), then A is B @ By-ejective.
(3) If A; is B-¢jective (i =1,2), then A; @ A, is B-ejective.

Proor. (1) is clear.

(2) Put B= B @ By, let X be a submodule of B and let f: X — A4 be a
homomorphism. Let Y be a complement of X in B. Define f*: X@® Y — 4 by
f*(x+y)=f(x), where xe X and ye Y. By X® Y <, B, (X®Y)NB, <, B;
(i=1,2). Since 4 is B;-ejective (i = 1,2), there exist an essential submodule B; of
(X @ Y)N B; and a homomorphism ¢; : B; — A4 such that g;|z = f*|p (i=1,2).
By Bl@B, <. X@®Y, we see (B]@B)NX S, X. Put g=g,+¢,: B— A. Let
x=>b{+b)e (B ®B))NX, where b € B/ (i=1,2). Then

S ) =/7(x) = (b)) + /7 (b3) = g1(b}) + 92(b3) = g(b] + b3) = g().

Thus A is B-ejective.

(3) Put A =4, ® A4, let X be a submodule of B and let f: X — A be
a homomorphism. Let p;: A4 — A4; be the projection (i=1,2). Since A; is
B-cjective, for p;f : X — A;, there exist an essential submodule X; of X and
a homomorphism g¢;: B — A; such that g;|y :Pif|Xi (i=1,2). By Xic. X
(i=12), XiNX, <. X. Put g=g1 +¢g>: B— A. Then, for any xe X; N X3,

f(x) = p1f(x) + p2f(x) = g1(x) + g2(x) = g(x).
Thus A is B-ejective. O

Let 4 and B be modules. 4 is said to be mono-B-injective if, for any
submodule X of B and any monomorphism f : X — A, there exists a homo-
morphim ¢ : B— A such that g|, = f (cf. [5]). The following is a connection
between relative mono-injectivities and relative ejectivities.

PrOPOSITION 2.2.  Let A be a module and let B be a 9-extending module. If
A is mono-B-injective, then A is B-ejective.
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PrOOF. Let X be a submodule of B and let f : X — A4 be a homomorphism.
As B is %-extending, there exist an essential submodule K of ker f and a de-
composition B = B} @ B, such that K =, B;. By Lemma 1.1, X 2, K ® (B, N X).
Then f|pny is a monomorphism. Since A is mono-By-injective, there exists
a homomorphism ¢: B, — A4 with g|gny = flpny- Define h:B— 4 by
h(by + by) = g(by), where b;eB; (i=1,2). Let k+b,e K® (B,NX), where
keK and by € BN X. Then h(k + b)) = g(bs) = f(b2) = f(k + b2). Hence A4 is
B-ejective. O

Now we show that any GQC-module is %-extending.
ProrosITION 2.3. If M is a GQC-module, then it is G-extending.

PrOOF. Let M be a GQC-module and let X be a submodule of M. Let Y
be a complement of X in M. By XNY =0, there exists essential submodules
X' of X and Y’ of Y and a decomposition M = A @ B such that X' = 4 and
Y €B Then X' =(X'®@Y)NA<s, MNA=A. Thus M is %-extending. []

ProposITION 2.4. If M is a %-extending module with (Cs), then it is
GOC.

Proor. Obvious. O

By [1, Example 3.20], Mz = Q ® Z/pZ is a %-extending module with (Cs)
but not quasi-continuous, where p is a prime number.

Now we give a characterlization for any direct summand of a GQC-module
to be GQC.

ProposiTION 2.5.  If M is a GQC-module with FIEP, then A is GQC for any
direct summand A of M.

Proor. Let A be a direct summand of M and let X and Y be submodules
of 4 with XNY =0. As M is GQC, there exist essential submodules X’ of
X and Y’ of Y and a decomposition M = M; @ M, such that X’ = M; and
Y' = M>. Since M satisfies FIEP, there exists a direct summand M/ of M;
(i=1,2) such that M =A@ M @M, Put M;=M &M/ (i=1,2). By
Lemma 1.3, there exists a homomorphism o: M| @ M) — M{@® M) such
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oy “|M”
that 1‘41—<M”—]>M1’®M2’>®<M2” M| ® M})>. ‘By X'cANM,, X' <
" o
(M| — " M| ® M}>. Similarly, we obtain Y’ = (M} — M’ ® M}>. Thus 4 is
GQC. ]

Let M be a finitely generated torsion-free abelian group with rank > 2. Then
M is (%9-)extending but not satisfy FIEP (cf. [3, p. 56]). For %-extending modules
with FIEP, we can give a characterization of GQC-module in a term of a relative
ejectivity as follows:

PROPOSITION 2.6. Let M be a 9-extending module with FIEP. Then M is
GQC if and only if A is B-ejective for any decomposition M = A @ B.

ProOF. (=) Let M = A@® B, let X be a submodule of B and let /' : X — 4
be a homomorphism. As B is %-extending, there exist an essential submodule X’
of X and a decomposition B = B; @ B; such that X’ =, B;. By Proposition 2.5,
A® By is GQC and so we may assume that X <, B.

By X EN A>N A =0, there exist essential submodules T of (X ER A> and
L of 4 and a decomposition M = M| @ M, such that T = M| and L < M,.
By <X—>A>(—DA XA, M, we see T, M; and L <, M,. Since M
satisfies FIEP, there exists M/ = M; (i = 1,2) such that M = 4 ® M| ® M;. By
Le, M>;NA, we get M;=0and so M =A@ M. By A® M, =. M, we obtain
M =A@ M,. By Lemma 1.3, there exists a homomorphism ¢ : B — A4 such that
M, =<(BZ A>.

As T = <X ER A>, by Lemma 1.2, there exists an essential submodule X’
of X such that T'= <{X’ Tz, A>. Thus (X' — Il A>=T <, M, =<(B-L 4> Then,
for any x’ € X', there exists b € B such that x' — f(x") = b — g(b). By x’ = b and
f(x") =g(b), we obtain g(x') = f(x'). Therefore A is B-gjective.

(<) Let X and Y be submodules of M with XNY =0. As M is %-
extending, there exist an essential submodule X’ of X and a decomposition M =
A®B such that X' =, A4. Let py : M=A®B— A and pp M=ADB— B
be the projections. By YN A =0, we can define a homomorphism [ : pg(Y) —
pa(Y) by f(ps(y)) = pa(y), where y e Y. Since A4 is B-ejective, there exist an
essential submodule B’ of pp(Y) and a homomorphism ¢g: B — 4 such that
glgr = flg- Then we see

/f|B /f‘B’

A <o pp(Y) Lpa(Y)>=Y and (B 1%

Thus M is GQC. O

(B" — A>C<B—>A>
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Let Mz =Z/2Z ® Z/8Z. From [1, Example 3.4] or [6], we see that M is ¥-
extending with FIEP. However, by Proposition 2.6, M is not GQC since Z/2Z
is not Z/8Z-ejective. Next we show a characterization for a GQC-module to be
quasi-continuous.

PrROPOSITION 2.7. Let M be a %-extending module. Assume that A is es-
sentially B-injective for any decomposition M = A @ B. Then

(1) M is extending.
(2) M satisfies (Cs) if and only if it is GQC.

Proor. (1) By [6, Proposition 2.1].

(2) (=) By Proposition 2.4.

(«<=) Let X and Y be direct summands of M with XNY = 0. Since M is
GQC, there exist essential submodules X' =, X and Y’ <=, Y and a decompo-
sition M = A@® B such that X' = 4 and Y/ <,B. Let py: M =A@ B — A and
pp:M=A®B— B be the projections. By YNA =0 and Y’ <, 7Y, the ca-
nonical map f : pp(Y) — p4(Y) is a homomorphism with ker /" =, pp(Y). Since
A is essentially B-injective, there exists a homomorphism f*: B — A4 such that
S*psvy =/ and then

M=BL A>@®4 and Y= <pp(Y) L pa(Y)> <o <BL 4.

Hence M =Y @® A. By (1), there exists a decomposition 4 =A4'@® A” such
that X' =,A4’. By the same argument*above, there exists a homomorphisn}
g A = Y®A" such that M ={A' L YPADYD®YDA” and X =, 4’ L
Y®A"). Tus M=XPY DA O

COROLLARY 2.8. Let M be a module. Then M is quasi-continuous if and
only if M is GQC and A is essentially B-injective for any decomposition
M=A®B.

Proor. By Proposition 2.7 and [7, Proposition 2.10]. O

Now we give a necessary and sufficient condition for a direct sum of
GQC-modules with FIEP to be GQC with FIEP. First, we show the follow-
ing lemma which is due to E. Akalan, G. F. Birkenmeier and A. Tercan [I,
Theorem 3.1].
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LemmA 2.9 ([1, Theorem 3.1]). Let A and B be 9-extending modules and put
M =A@ B. If A is B-ejective, then M is G-extending. In general, the converse is
not true.

The following is an immediate consequence of Proposition 2.2 and Lemma
2.9.

COROLLARY 2.10. Let A and B be 9-extending modules and put M = A @ B.
If A is mono-B-injective, then M is %G-extending.

By Proposition 2.6 and Lemma 2.9, we obtain the following result.

THEOREM 2.11. Let M, and M, be GQC-modules with FIEP and put
M =M, ® M, Then M is a GQC-module with FIEP if and only if M; is M;-
ejective (i # j) and the decomposition M = M| @® M, is exchangeable.

ProOOF. (=) By Proposition 2.6.

(<) By Lemmas 1.4 and 2.9, M is %-extending with FIEP. By Proposition
2.6, we may prove that 4 is B-gjective for any decomposition M = 4 @ B. Let
M = A ® B. Since the decomposition M = M| @ M, is exchangeable, there exists
M = M; (i=1,2)suchthat M =A@ M ®M,. Put M; =M ®@ M/ (i=1,2).
Then

A~M!'@®M] and B~ M ® M),

As M; is GQC-module with FIEP, by Proposition 2.6, M] is M]-ejective

(i =1,2). By Proposition 2.1, we see that M| @ M} is M| @ M,-ejective. Hence
A is B-gjective. Thus M is a GQC-module with FIEP. ]

By results above, we can easily prove the following result which is well
known:

COROLLARY 2.12 ([7, Theorem 2.13]). Let M, and M, be quasi-continuous
modules and put M = M| @ M,. Then M is quasi-continuous if and only if M;
is M-injective (i # j).
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ProOOF. (=) By Theorem 2.11 and [4, Proposition 1.4 and Theorem 2.1],
M; is Mj-ejective and essentially Mj-injective (i # j). Thus M, is Mj-injective
(i # j) by [6, Proposition 2.2].

(<) By [4, Proposition 1.4, Theorems 2.1 and 2.15|, we see that M is
extending with FIEP and A4 is essentially B-injective for any decomposition
M = A @® B. Thus, by Proposition 2.7 and Theorem 2.11, M is quasi-continuous.

U

3  %-extending Modules with (C3)

Firstly we recall the condition (Cj;) from [12], which can be considered as a
generalization of %-extending.

DrFINITION (cf. [12]). Let M be a module. M is said to be a (Cy;)-module
if any submodule X of M has a complement which is a direct summand of
M.

From [13, Example 4], there exists a (Cj;)-module which has a direct summand
that does not satisfy (Cj;). However, any direct summand of (Cj;)-modules with
(C3) satisfies (Cyyp).

PROPOSITION 3.1.  Let M be a (Cyy)-module with (C3) and let A be a direct
summand of M. Then A is a (Cy1)-module with (Cy).

Proor. Let M be a (Cjj)-module with (C;) and let M = A @® B. From
[7, Proposition 2.7], we may show that A satisfies (Cj;). Let X be a submodule
of A. Since M satisfies (Cy;), there exists a direct summand N of M such that
(X®B)®@N<c . M. By (C3), BON 1is a direct summand of M. Put M =
T®N ®B. By Lemma 1.3, there exists a homomorphism «: 7T @ N — B such
that 4 = <T 5 BY @ (N % BY. Put 4, = (T % BY and 4> — (N @ B) N A. Then
we see M =A1®ON@DB and A= A4, ® A,.

Now we prove that X @ 4, =, 4. Given 0 #ae A and express a in
A=A @®Ayasa=a1+ay (a;€ A;). Iif a; =0, then 0 # a = a, € A>. Let a; # 0.
By X@®B®N <, M, there exists r € R such that 0 # a;r = x+ b+ n for some
xeX,beBand neN. Son+b=ajr—xe(N®B)NA=A,. Thus 0 #ar=
air+ayr=x+(b+n+ayr)e X ®Ay. Hence X @ Ay =, A.

Therefore A4, is a complement of X in A. |
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Now we consider the following conditions for a module M (cf. [1], [14]):

(x) For any decomposition M = A @ B, A is B-ejective.
(SIP) For any direct summands 4 and B of M, AN B is a direct summand.

PropoSITION 3.2.  If M is module with the conditions (x) and (SIP), then M
satisfies (C3).

Proor. Let A4 and B be direct summands of M with AN B=0. Put
M=A®C. Let py: M — A and pc: M — C Dbe the projections. Define
f:pc(B) — pa(B) by f(pc(b)) = pa(b), where be B. Since 4 is C-gjective,
there exist an essntial submodule C’ of p¢(B) and a homomorphism ¢ : C — 4
such that g|. = f|c. Then

C! M A><=<C LR A> and <C’ & AY €. {pc(B) LPA(B)> =B

So we see (C > AYN B =, B. By (SIP), {C % AYN B is a direct summand of M
and hence {C N A>NB=B. As B=<C N A>, there exists a direct summand
T of M such that <C 5 4>=B®7T. Thus M=A®B®T. O

Next we show that any (Cjj)-module with (x) is %-extending.

PropoOSITION 3.3. Let M be a module with (x). Then M is Y-extending if
and only if M satisfies (Cyy).

PrOOF. (=) is clear.

(<) Let X be a submodule of M. Then there exists a direct summand 4 of
M such that A4 is a complement of X in M. Put M = A @ B. By the similar proof
of Proposition 3.2, there exist an essential submodule B’ of B and homo-
morphisms f: B’ — A4, g: B— A such that

B LA, (BLAY<egM and B L 4>, x.

Thus M is %-extending. O

Now we show that a %-extending module with (C;) is just GQC with
FIEP.
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THEOREM 3.4. Let M be a module. Then

(1) If M is Y-extending with (C3), then any direct summand of M is 9-
extending.
(2) M is G-extending with (Cs) if and only if it is GQC with FIEP.

Proor. (1) Let M = A® B and let X be a submodule of A. Since M is
%-extending, there exist an essential submodule X’ of X and a direct summand
X* of M such that X' <, X*. As X*NB=0, X*® B<g M. So there exists a
direct summand K of M such that M = X* @ K @ B. By Lemma 1.3, there exists
a homomorphism «: X*@® K — B such that 4 = (X" 7‘—)(> B> ® <K k B>. By
X' cANX* ckera and X' =, X*, we see

X' <, <x* 1 By,

Thus A4 is %-extending.

(2) (=) From [8, Proposition 16] (cf. [4, Theorem 2.15]), we may show that
any decomposition M = M| @ M, is exchangeable. Let M = M| ® M, and let X
be a direct summand of M. By (1), M; is %-extending and hence there exist an
essential submodule X/ of M;NX and a decomposition M; = A; @ B; such that

I
X/ .4, (i=1,2). By Lemma 1.1, X 2, X/ ® X, ® (Bi®B,)NX. As Bi® B,
is %-extending, there exist an essential submodule Y of (B1@® B,)NX and a
direct summand 7 of By ® B, with Y =, 7. By BiNX =0, we see ByNT =0.
Thus Bi@® T is a direct summand of B @® B,. Put Bi® B, =L® T ® B;.
By yIremma 1.3, Jhere exists a homom(;‘rphism o:L@®T — By such that B, =
L T L

<L—>Bl>®<T—>Bl> Put B£:<L—>Bl>. Then Bl®32:T®Bl®B£.
Thus we see

X2.X/®X,®Y and 4| @ AH®T2.X]®X,®Y.

So we see (B @ B})NX =0. By (C3), X @ B; ® B} is a direct summand of M.
As X®B @B, =. M, we obtain M =X @ B| @ B).

Therefore M satisfies FIEP.

(<) Let A4 and B be direct summands of M with ANB=0. As M is GQC,
there exist essential submodules 4’ =, 4 and B’ =, B and a decomposition M =
M; ® M, such that A’ =, M; and B’ = M,. As M, is %-extending, we may
assume that M = M| @ M, ®@ M3 with A’ =, M, and B’ =, M,. As M satisfies
FIEP, there exists M/ <= M; (i=1,2,3) with M =A4® M| ® M; ® M;. By
My 2,4 S A, M =A@ M, ® M. By MiN(A® M}) =0, M= A® M} ® M.
As M satisfies FIEP, there exist 4 € A, M; < M, and M; < M5 with M =
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BOA®M],®M;. By My2,B <, B, M=B®A® Ms. As AN(B® M;) =0,
we see A =A. Thus A® B is a direct summand of M. O

Finally, we touch on the relations of modules which are generalizations of
quasi-continuous modules.

quasi-continuous — extending with FIEP — extending — (Cj;)-module

! N N /
4-extending with (C;) — %-extending with FIEP — %-extending
! /

GQC-module with FIEP — GQC-module
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