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GOLDIE EXTENDING MODULES AND GENERALIZATIONS

OF QUASI-CONTINUOUS MODULES

By

Yosuke Kuratomi

Abstract. A module M is said to be quasi-continuous if it is

extending with the condition ðC3Þ (cf. [7], [10]). In this paper, by

using the notion of a G-extending module which is defined by

E. Akalan, G. F. Birkenmeier and A. Tercan [1], we introduce

a generalization of quasi-continuous ‘‘a GQC(generalized quasi-

continuous)-module’’ and investigate some properties of GQC-

modules. Initially we give some properties of a relative ejectivity

which is useful in analyzing the structure of G-extending modules

and GQC-modules (cf. [1]). And we apply them to the study of direct

sums of GQC-modules. We also prove that any direct summand of

a GQC-module with the finite internal exchange property is GQC.

Moreover, we show that a module M is G-extending modules with

ðC3Þ if and only if it is GQC-module with the finite internal exchange

property.

1 Preliminaries

Throughout this paper R is a ring with identity and all modules considered

are unitary right R-modules. A submodule X of a module M is said to be

essential in M or an essential submodule of M, if X VY 0 0 for any non-zero

submodule Y of M and we write X Je M in this case. X <l M means that X

is a direct summand of M. Let M ¼ AlB and let j : A ! B be a homo-

morphism. Then hA !j Bi ¼ fa� jðaÞ j a A Ag is a submodule of M. Note that

M ¼ AlB ¼ hA !j BilB.
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Let fMi j i A Ig be a family of modules. The direct sum decomposition

M ¼ 0
i A I Mi is said to be exchangeable if, for any direct summand X of M,

there exists Mi JMi ði A IÞ such that M ¼ X l ð0
i A I MiÞ. A module M is said

to have the finite internal exchange property ðFIEPÞ if, any finite direct sum

decomposition M ¼ M1 l � � �lMn is exchangeable.

A module M is said to be extending if, for any submodule X of M, there

exists a direct summand A of M such that X is essential in A. A module M is

said to be G-extending or Goldie extending if, for any submodule X of M, there

exist an essential submodule X 0 of X and a direct summand A of M such that

X 0 is essential in A. A module M is said to be Gþ-extending if any direct

summand of M is G-extending (cf. [1]). From [6], G-extending modules with

FIEP are Gþ-extending. Now we consider the following condition:

ðC3Þ If A and B are direct summands of M such that AVB ¼ 0, then AlB

is a direct summand of M.

A module M is said to be quasi-continuous if M is extending with ðC3Þ (cf. [7],

[10]). We obtain that M is a quasi-continuous module if and only if, for every

submodules X1 and X2 of M with X1 VX2 ¼ 0, there exists a decomposition

M ¼ A1 lA2 such that Xi JAi ði ¼ 1; 2Þ (cf. [15, pp. 367–368]). Motivated by

this result, we introduce a generalization of a quasi-continuous module as

follows:

A module M is said to be GQC (generalized quasi-continuous) if, for every

submodules X1 and X2 with X1 VX2 ¼ 0, there exist an essential submodule

X 0
i Je Xi and a decomposition M ¼ A1 lA2 such that X 0

i is a submodule of Ai

ði ¼ 1; 2Þ. Note that any GQC-module is G-extending (cf. Proposition 2.3).

Let MZ ¼ Z=2ZlZ=8Z. Z=2Z and Z=8Z are GQC-modules, but M is not

GQC (cf. Proposition 2.6). Hence a direct sum of GQC-modules need not be

GQC. Moreover, it is unknown to the author whether or not the property GQC

is inherited by direct summands.

In this paper, our main purpose is to show the following:

(I) Let M1 and M2 be GQC-modules with FIEP and put M ¼ M1 lM2.

Then M is a GQC-module with FIEP if and only if Mi is Mj-ejective ði0 jÞ and
the decomposition M ¼ M1 lM2 is exchangeable.

(II) If M is a GQC-module with FIEP, then A is GQC for any direct

summand A of M.

(III) A module M is G-extending with ðC3Þ if and only if it is GQC with

FIEP.

For undefined terminologies, the reader is referred to [2], [3], [7] and [15].

26 Yosuke Kuratomi



Many of the following lemmas can be found in the cited literature, but we list

them here for easy reference.

Lemma 1.1. Let M be a module with a decomposition M ¼ AlB and let X

be a submodule of M. If AVX Je A, then X Ke ðAVXÞl ðBVXÞ.

Proof. By [11, Lemma 2.2]. r

Lemma 1.2. Let M ¼ AlB, CJA and let f : C ! B be a homomorphism.

If X Je hC !f Bi, then there exists C 0 Je C such that X ¼ hC 0 �!
f jC 0

Bi.

Proof. Evident. r

Lemma 1.3. If M ¼ AlB ¼ X lY lB, then there exists a homomorphism

a : X lY ! B such that A ¼ hX lY !a Bi ¼ hX !
ajX

BilhY !
ajY

Bi.

Proof. Let p1 : M ¼ X lY lB ! X lY and p2 : M ¼ X lY lB ! B

be the projections. Define a : p1ðAÞ ! p2ðAÞ by aðp1ðaÞÞ ¼ p2ðaÞ, where a A A.

Then A ¼ hX lY !a Bi ¼ hX !
ajX

BilhY !
ajY

Bi. r

Lemma 1.4 (cf. [4], [9, Proposition 2.5]). Let M ¼ AlB. Then M has FIEP

if and only if A and B have FIEP and the decomposition M ¼ AlB is ex-

changeable.

Let A and B be modules. A is said to be essentially B-injective if, for any

submodule X of B and any homomorphism f : X ! A with ker f Je X , there

exists a homomorphism g : B ! A such that gjX ¼ f .

Lemma 1.5. Let A and B be modules. If A is essentially B-injective, then A 0

is essentially B 0-injective for any A 0 <l A and any B 0 JB.

Proof. By [3, 2.15]. r

2 Ejective Modules and GQC-modules

Firstly, we recall a generalization of relative injectivity which is introduced by

E. Akalan, G. F. Birkenmeier and A. Tercan [1].
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Definition. Let A and B be modules. A is said to be B-ejective if, for any

submodule X of B and any homomorphism f : X ! A, there exist an essnetial

submodule X 0 of X and a homomorphism g : B ! A such that gjX 0 ¼ f jX 0 .

Now we consider some properties of relative ejectivities.

Proposition 2.1. Let A, B, Ai and Bi ði ¼ 1; 2Þ be modules.

(1) If A is B-ejective, then A 0 is B 0-ejective for any A 0 <l A and B 0 JB.

(2) If A is Bi-ejective ði ¼ 1; 2Þ, then A is B1 lB2-ejective.

(3) If Ai is B-ejective ði ¼ 1; 2Þ, then A1 lA2 is B-ejective.

Proof. (1) is clear.

(2) Put B ¼ B1 lB2, let X be a submodule of B and let f : X ! A be a

homomorphism. Let Y be a complement of X in B. Define f � : X lY ! A by

f �ðxþ yÞ ¼ f ðxÞ, where x A X and y A Y . By X lY Je B, ðX lY ÞVBi Je Bi

ði ¼ 1; 2Þ. Since A is Bi-ejective ði ¼ 1; 2Þ, there exist an essential submodule B 0
i of

ðX lYÞVBi and a homomorphism gi : Bi ! A such that gijB 0
i
¼ f �jB 0

i
ði ¼ 1; 2Þ.

By B 0
1 lB 0

2 Je X lY , we see ðB 0
1 lB 0

2ÞVX Je X . Put g ¼ g1 þ g2 : B ! A. Let

x ¼ b 0
1 þ b 0

2 A ðB 0
1 lB 0

2ÞVX , where b 0
i A B 0

i ði ¼ 1; 2Þ. Then

f ðxÞ ¼ f �ðxÞ ¼ f �ðb 0
1Þ þ f �ðb 0

2Þ ¼ g1ðb 0
1Þ þ g2ðb 0

2Þ ¼ gðb 0
1 þ b 0

2Þ ¼ gðxÞ:

Thus A is B-ejective.

(3) Put A ¼ A1 lA2, let X be a submodule of B and let f : X ! A be

a homomorphism. Let pi : A ! Ai be the projection ði ¼ 1; 2Þ. Since Ai is

B-ejective, for pi f : X ! Ai, there exist an essential submodule Xi of X and

a homomorphism gi : B ! Ai such that gijXi
¼ pi f jXi

ði ¼ 1; 2Þ. By Xi Je X

ði ¼ 1; 2Þ, X1 VX2 Je X . Put g ¼ g1 þ g2 : B ! A. Then, for any x A X1 VX2,

f ðxÞ ¼ p1 f ðxÞ þ p2 f ðxÞ ¼ g1ðxÞ þ g2ðxÞ ¼ gðxÞ:

Thus A is B-ejective. r

Let A and B be modules. A is said to be mono-B-injective if, for any

submodule X of B and any monomorphism f : X ! A, there exists a homo-

morphim g : B ! A such that gjX ¼ f (cf. [5]). The following is a connection

between relative mono-injectivities and relative ejectivities.

Proposition 2.2. Let A be a module and let B be a G-extending module. If

A is mono-B-injective, then A is B-ejective.
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Proof. Let X be a submodule of B and let f : X ! A be a homomorphism.

As B is G-extending, there exist an essential submodule K of ker f and a de-

composition B ¼ B1 lB2 such that KJe B1. By Lemma 1.1, X Ke Kl ðB2 VXÞ.
Then f jB2VX

is a monomorphism. Since A is mono-B2-injective, there exists

a homomorphism g : B2 ! A with gjB2VX
¼ f jB2VX

. Define h : B ! A by

hðb1 þ b2Þ ¼ gðb2Þ, where bi A Bi ði ¼ 1; 2Þ. Let k þ b2 A Kl ðB2 VX Þ, where

k A K and b2 A B2 VX . Then hðk þ b2Þ ¼ gðb2Þ ¼ f ðb2Þ ¼ f ðk þ b2Þ. Hence A is

B-ejective. r

Now we show that any GQC-module is G-extending.

Proposition 2.3. If M is a GQC-module, then it is G-extending.

Proof. Let M be a GQC-module and let X be a submodule of M. Let Y

be a complement of X in M. By X VY ¼ 0, there exists essential submodules

X 0 of X and Y 0 of Y and a decomposition M ¼ AlB such that X 0 JA and

Y 0 JB. Then X 0 ¼ ðX 0 lY 0ÞVAJe M VA ¼ A. Thus M is G-extending. r

Proposition 2.4. If M is a G-extending module with ðC3Þ, then it is

GQC.

Proof. Obvious. r

By [1, Example 3.20], MZ ¼ QlZ=pZ is a G-extending module with ðC3Þ
but not quasi-continuous, where p is a prime number.

Now we give a characterlization for any direct summand of a GQC-module

to be GQC.

Proposition 2.5. If M is a GQC-module with FIEP, then A is GQC for any

direct summand A of M.

Proof. Let A be a direct summand of M and let X and Y be submodules

of A with X VY ¼ 0. As M is GQC, there exist essential submodules X 0 of

X and Y 0 of Y and a decomposition M ¼ M1 lM2 such that X 0 JM1 and

Y 0 JM2. Since M satisfies FIEP, there exists a direct summand M 0
i of Mi

ði ¼ 1; 2Þ such that M ¼ AlM 0
1 lM 0

2. Put Mi ¼ M 0
i lM 00

i ði ¼ 1; 2Þ. By

Lemma 1.3, there exists a homomorphism a : M 00
1 lM 00

2 ! M 0
1 lM 0

2 such
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that A ¼ hM 00
1 �!

ajM 00
1
M 0

1 lM 0
2ilhM 00

2 �!
ajM 00

2
M 0

1 lM 0
2i. By X 0 JAVM1, X 0 J

hM 00
1 �!

ajM 00
1
M 0

1 lM 0
2i. Similarly, we obtain Y 0 J hM 00

2 �!
ajM 00

2
M 0

1 lM 0
2i. Thus A is

GQC. r

Let M be a finitely generated torsion-free abelian group with rankb 2. Then

M is (G-)extending but not satisfy FIEP (cf. [3, p. 56]). For G-extending modules

with FIEP, we can give a characterization of GQC-module in a term of a relative

ejectivity as follows:

Proposition 2.6. Let M be a G-extending module with FIEP. Then M is

GQC if and only if A is B-ejective for any decomposition M ¼ AlB.

Proof. ð)Þ Let M ¼ AlB, let X be a submodule of B and let f : X ! A

be a homomorphism. As B is G-extending, there exist an essential submodule X 0

of X and a decomposition B ¼ B1 lB2 such that X 0 Je B1. By Proposition 2.5,

AlB1 is GQC and so we may assume that X Je B.

By hX !f AiVA ¼ 0, there exist essential submodules T of hX !f Ai and

L of A and a decomposition M ¼ M1 lM2 such that T JM1 and LJM2.

By hX !f AilA ¼ X lAJe M, we see T Je M1 and LJe M2. Since M

satisfies FIEP, there exists M 0
i JMi ði ¼ 1; 2Þ such that M ¼ AlM 0

1 lM 0
2. By

LJe M2 VA, we get M 0
2 ¼ 0 and so M ¼ AlM 0

1. By AlM1 Je M, we obtain

M ¼ AlM1. By Lemma 1.3, there exists a homomorphism g : B ! A such that

M1 ¼ hB !g Ai.

As T Je hX !f Ai, by Lemma 1.2, there exists an essential submodule X 0

of X such that T ¼ hX 0 �!
f jX 0

Ai: Thus hX 0 �!
f jX 0

Ai ¼ T Je M1 ¼ hB !g Ai: Then,

for any x 0 A X 0, there exists b A B such that x 0 � f ðx 0Þ ¼ b� gðbÞ. By x 0 ¼ b and

f ðx 0Þ ¼ gðbÞ, we obtain gðx 0Þ ¼ f ðx 0Þ. Therefore A is B-ejective.

ð(Þ Let X and Y be submodules of M with X VY ¼ 0. As M is G-

extending, there exist an essential submodule X 0 of X and a decomposition M ¼
AlB such that X 0 Je A. Let pA : M ¼ AlB ! A and pB : M ¼ AlB ! B

be the projections. By Y VA ¼ 0, we can define a homomorphism f : pBðYÞ !
pAðYÞ by f ðpBðyÞÞ ¼ pAðyÞ, where y A Y . Since A is B-ejective, there exist an

essential submodule B 0 of pBðYÞ and a homomorphism g : B ! A such that

gjB 0 ¼ f jB 0 . Then we see

hB 0 �!
f jB 0

AiJe hpBðYÞ !f pAðY Þi ¼ Y and hB 0 �!
f jB 0

AiJ hB !g Ai:

Thus M is GQC. r
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Let MZ ¼ Z=2ZlZ=8Z. From [1, Example 3.4] or [6], we see that M is G-

extending with FIEP. However, by Proposition 2.6, M is not GQC since Z=2Z

is not Z=8Z-ejective. Next we show a characterization for a GQC-module to be

quasi-continuous.

Proposition 2.7. Let M be a G-extending module. Assume that A is es-

sentially B-injective for any decomposition M ¼ AlB. Then

(1) M is extending.

(2) M satisfies ðC3Þ if and only if it is GQC.

Proof. (1) By [6, Proposition 2.1].

(2) ð)Þ By Proposition 2.4.

ð(Þ Let X and Y be direct summands of M with X VY ¼ 0. Since M is

GQC, there exist essential submodules X 0 Je X and Y 0 Je Y and a decompo-

sition M ¼ AlB such that X 0 JA and Y 0 Je B. Let pA : M ¼ AlB ! A and

pB : M ¼ AlB ! B be the projections. By Y VA ¼ 0 and Y 0 Je Y , the ca-

nonical map f : pBðYÞ ! pAðYÞ is a homomorphism with ker f Je pBðY Þ. Since
A is essentially B-injective, there exists a homomorphism f � : B ! A such that

f �jpBðYÞ ¼ f and then

M ¼ hB !f
�

AilA and Y ¼ hpBðY Þ !f pAðYÞiJe hB !f
�

Ai:

Hence M ¼ Y lA. By (1), there exists a decomposition A ¼ A 0 lA 00 such

that X 0 Je A
0. By the same argument above, there exists a homomorphism

g� : A 0 ! Y lA 00 such that M ¼ hA 0 !g
�

Y lA 00ilY lA 00 and X Je hA 0 !g
�

Y lA 00i: Thus M ¼ X lY lA 00. r

Corollary 2.8. Let M be a module. Then M is quasi-continuous if and

only if M is GQC and A is essentially B-injective for any decomposition

M ¼ AlB.

Proof. By Proposition 2.7 and [7, Proposition 2.10]. r

Now we give a necessary and su‰cient condition for a direct sum of

GQC-modules with FIEP to be GQC with FIEP. First, we show the follow-

ing lemma which is due to E. Akalan, G. F. Birkenmeier and A. Tercan [1,

Theorem 3.1].
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Lemma 2.9 ([1, Theorem 3.1]). Let A and B be G-extending modules and put

M ¼ AlB. If A is B-ejective, then M is G-extending. In general, the converse is

not true.

The following is an immediate consequence of Proposition 2.2 and Lemma

2.9.

Corollary 2.10. Let A and B be G-extending modules and put M ¼ AlB.

If A is mono-B-injective, then M is G-extending.

By Proposition 2.6 and Lemma 2.9, we obtain the following result.

Theorem 2.11. Let M1 and M2 be GQC-modules with FIEP and put

M ¼ M1 lM2. Then M is a GQC-module with FIEP if and only if Mi is Mj-

ejective ði0 jÞ and the decomposition M ¼ M1 lM2 is exchangeable.

Proof. ð)Þ By Proposition 2.6.

ð(Þ By Lemmas 1.4 and 2.9, M is G-extending with FIEP. By Proposition

2.6, we may prove that A is B-ejective for any decomposition M ¼ AlB. Let

M ¼ AlB. Since the decomposition M ¼ M1 lM2 is exchangeable, there exists

M 0
i JMi ði ¼ 1; 2Þ such that M ¼ AlM 0

1 lM 0
2. Put Mi ¼ M 0

i lM 00
i ði ¼ 1; 2Þ.

Then

AFM 00
1 lM 00

2 and BFM 0
1 lM 0

2:

As Mi is GQC-module with FIEP, by Proposition 2.6, M 00
i is M 0

i -ejective

ði ¼ 1; 2Þ. By Proposition 2.1, we see that M 00
1 lM 00

2 is M 0
1 lM 0

2-ejective. Hence

A is B-ejective. Thus M is a GQC-module with FIEP. r

By results above, we can easily prove the following result which is well

known:

Corollary 2.12 ([7, Theorem 2.13]). Let M1 and M2 be quasi-continuous

modules and put M ¼ M1 lM2. Then M is quasi-continuous if and only if Mi

is Mj-injective ði0 jÞ.
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Proof. ð)Þ By Theorem 2.11 and [4, Proposition 1.4 and Theorem 2.1],

Mi is Mj-ejective and essentially Mj-injective ði0 jÞ. Thus Mi is Mj-injective

ði0 jÞ by [6, Proposition 2.2].

ð(Þ By [4, Proposition 1.4, Theorems 2.1 and 2.15], we see that M is

extending with FIEP and A is essentially B-injective for any decomposition

M ¼ AlB. Thus, by Proposition 2.7 and Theorem 2.11, M is quasi-continuous.

r

3 G-extending Modules with ðC3Þ

Firstly we recall the condition ðC11Þ from [12], which can be considered as a

generalization of G-extending.

Definition (cf. [12]). Let M be a module. M is said to be a ðC11Þ-module

if any submodule X of M has a complement which is a direct summand of

M.

From [13, Example 4], there exists a ðC11Þ-module which has a direct summand

that does not satisfy ðC11Þ. However, any direct summand of ðC11Þ-modules with

ðC3Þ satisfies ðC11Þ.

Proposition 3.1. Let M be a ðC11Þ-module with ðC3Þ and let A be a direct

summand of M. Then A is a ðC11Þ-module with ðC3Þ.

Proof. Let M be a ðC11Þ-module with ðC3Þ and let M ¼ AlB. From

[7, Proposition 2.7], we may show that A satisfies ðC11Þ. Let X be a submodule

of A. Since M satisfies ðC11Þ, there exists a direct summand N of M such that

ðX lBÞlNJe M. By ðC3Þ, BlN is a direct summand of M. Put M ¼
T lNlB. By Lemma 1.3, there exists a homomorphism a : T lN ! B such

that A ¼ hT !
ajT

BilhN !
ajN

Bi. Put A1 ¼ hT !
ajT

Bi and A2 ¼ ðNlBÞVA. Then

we see M ¼ A1 lNlB and A ¼ A1 lA2.

Now we prove that X lA2 Je A. Given 00 a A A and express a in

A ¼ A1 lA2 as a ¼ a1 þ a2 ðai A AiÞ. If a1 ¼ 0, then 00 a ¼ a2 A A2. Let a1 0 0.

By X lBlNJe M, there exists r A R such that 00 a1r ¼ xþ bþ n for some

x A X , b A B and n A N. So nþ b ¼ a1r� x A ðNlBÞVA ¼ A2. Thus 00 ar ¼
a1rþ a2r ¼ xþ ðbþ nþ a2rÞ A X lA2. Hence X lA2 Je A.

Therefore A2 is a complement of X in A. r
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Now we consider the following conditions for a module M (cf. [1], [14]):

ð�Þ For any decomposition M ¼ AlB, A is B-ejective.

ðSIPÞ For any direct summands A and B of M, AVB is a direct summand.

Proposition 3.2. If M is module with the conditions ð�Þ and ðSIPÞ, then M

satisfies ðC3Þ.

Proof. Let A and B be direct summands of M with AVB ¼ 0. Put

M ¼ AlC. Let pA : M ! A and pC : M ! C be the projections. Define

f : pCðBÞ ! pAðBÞ by f ðpCðbÞÞ ¼ pAðbÞ, where b A B. Since A is C-ejective,

there exist an essntial submodule C 0 of pCðBÞ and a homomorphism g : C ! A

such that gjC 0 ¼ f jC 0 . Then

hC 0 �!
f jC 0

AiJ hC !g Ai and hC 0 �!
f jC 0

AiJe hpCðBÞ !
f
pAðBÞi ¼ B:

So we see hC !g AiVBJe B: By ðSIPÞ, hC !g AiVB is a direct summand of M

and hence hC !g AiVB ¼ B: As BJ hC !g Ai, there exists a direct summand

T of M such that hC !g Ai ¼ BlT . Thus M ¼ AlBlT . r

Next we show that any ðC11Þ-module with ð�Þ is G-extending.

Proposition 3.3. Let M be a module with ð�Þ. Then M is G-extending if

and only if M satisfies ðC11Þ.

Proof. ð)Þ is clear.

ð(Þ Let X be a submodule of M. Then there exists a direct summand A of

M such that A is a complement of X in M. Put M ¼ AlB. By the similar proof

of Proposition 3.2, there exist an essential submodule B 0 of B and homo-

morphisms f : B 0 ! A, g : B ! A such that

hB 0 !f AiJe hB !g Ai <l M and hB 0 !f AiJe X :

Thus M is G-extending. r

Now we show that a G-extending module with ðC3Þ is just GQC with

FIEP.
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Theorem 3.4. Let M be a module. Then

(1) If M is G-extending with ðC3Þ, then any direct summand of M is G-

extending.

(2) M is G-extending with ðC3Þ if and only if it is GQC with FIEP.

Proof. (1) Let M ¼ AlB and let X be a submodule of A. Since M is

G-extending, there exist an essential submodule X 0 of X and a direct summand

X � of M such that X 0 Je X
�. As X � VB ¼ 0, X � lB <l M. So there exists a

direct summand K of M such that M ¼ X � lKlB. By Lemma 1.3, there exists

a homomorphism a : X � lK ! B such that A ¼ hX � �!
ajX �

BilhK �!
ajK

Bi: By

X 0 JAVX � J ker a and X 0 Je X
�, we see

X 0 Je hX
� �!

ajX �
Bi:

Thus A is G-extending.

(2) ð)Þ From [8, Proposition 16] (cf. [4, Theorem 2.15]), we may show that

any decomposition M ¼ M1 lM2 is exchangeable. Let M ¼ M1 lM2 and let X

be a direct summand of M. By (1), Mi is G-extending and hence there exist an

essential submodule X 0
i of Mi VX and a decomposition Mi ¼ Ai lBi such that

X 0
i Je Ai ði ¼ 1; 2Þ. By Lemma 1.1, X Ke X

0
1 lX 0

2 l ðB1 lB2ÞVX . As B1 lB2

is G-extending, there exist an essential submodule Y of ðB1 lB2ÞVX and a

direct summand T of B1 lB2 with Y Je T . By B1 VX ¼ 0, we see B1 VT ¼ 0.

Thus B1 lT is a direct summand of B1 lB2. Put B1 lB2 ¼ LlT lB1.

By Lemma 1.3, there exists a homomorphism a : LlT ! B1 such that B2 ¼
hL !

ajL
B1ilhT !

ajT
B1i. Put B 0

2 ¼ hL !
ajL

B1i. Then B1 lB2 ¼ T lB1 lB 0
2.

Thus we see

X Ke X
0
1 lX 0

2 lY and A1 lA2 lT Ke X
0
1 lX 0

2 lY :

So we see ðB1 lB 0
2ÞVX ¼ 0. By ðC3Þ, X lB1 lB 0

2 is a direct summand of M.

As X lB1 lB 0
2 Je M, we obtain M ¼ X lB1 lB 0

2:

Therefore M satisfies FIEP.

ð(Þ Let A and B be direct summands of M with AVB ¼ 0. As M is GQC,

there exist essential submodules A 0 Je A and B 0 Je B and a decomposition M ¼
M1 lM2 such that A 0 Je M1 and B 0 JM2. As M2 is G-extending, we may

assume that M ¼ M1 lM2 lM3 with A 0 Je M1 and B 0 Je M2. As M satisfies

FIEP, there exists M 0
i JMi ði ¼ 1; 2; 3Þ with M ¼ AlM 0

1 lM 0
2 lM 0

3. By

M1 Ke A
0 Je A, M ¼ AlM 0

2 lM 0
3. By M3 V ðAlM 0

2Þ ¼ 0, M ¼ AlM 0
2 lM3.

As M satisfies FIEP, there exist AJA, M 0
2 JM 0

2 and M3 JM3 with M ¼
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BlAlM 0
2 lM3. By M2 Ke B

0 Je B, M ¼ BlAlM3. As AV ðBlM3Þ ¼ 0,

we see A ¼ A. Thus AlB is a direct summand of M. r

Finally, we touch on the relations of modules which are generalizations of

quasi-continuous modules.

quasi-continuous ! extending with FIEP ! extending ! ðC11Þ-module

# & & %
G-extending with ðC3Þ ! G-extending with FIEP ! G-extending

l %
GQC-module with FIEP ! GQC-module
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