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INTERACTIVE INFINITE MARKOV PARTICLE SYSTEMS

WITH JUMPS

By

Seiji Hiraba

Abstract. In [2] we investigated independent infinite Markov par-

ticle systems as measure-valued Markov processes with jumps, and

we gave sample path properties and martingale characterizations. In

particular, we investigated the exponent of Hölder-right continuity in

case that the motion process is absorbing a-stable motion on ð0;yÞ
with 0 < a < 2, that is, time-changed absorbing Brownian motions on

ð0;yÞ by the increasing a=2-stable Lévy processes.

In the present paper we shall extend the results to the case of

simple interactive infinite Markov particle systems. We also consider

the absorbing stable motion on a half space H ¼ Rd�1 � ð0;yÞ as a

motion process.

1. Settings and Previous Results

In this section we give the general settings and the known results which are

given in [2] in order to describe the main results in § 3 and § 4.

Let S be a domain of Rd . Let ðwðtÞ;PxÞtb0;x AS be a S-valued Markov

process having life time zðwÞ A ð0;y� such that w A Dð½0; zðwÞÞ ! SÞ, i.e.,

w : ½0; zðwÞÞ ! S is right continuous and has left-hand limits. For convenience, we

fix an extra point D B S and set wðtÞ ¼ D if tb zðwÞ. Moreover we shall extend

functions f on S to on fDg by f ðDÞ ¼ 0, if necessary.

We use the following notations: Let SHRd be a domain.

� If x ¼ ðx1; . . . ; xdÞ A Rd , then qk
i1���ik ¼ qk=ðqxi1 � � � qxik Þ, qk

i ¼ qk=ðqxk
i Þ and

qi ¼ q1i for each k ¼ 0; 1; . . . , i ¼ 1; . . . ; d. Moreover qt ¼ q=qt for time

tb 0.
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� f A Cc 1CcðSÞ ()
def

f is a continuous function on S with compact support

in S, and Cy
c 1Cy

c ðSÞ :¼ CcðSÞVCyðSÞ.
� For each integer kb 0, Ck

b :¼ Ck
b ðRdÞjS, that is, f A Ck

b ()
def

f is a re-

striction to S of k-times continuously di¤erentiable function on Rd with

bounded derivatives of order between 0 and k. Moreover f A C0 ()
def

f is

continuous on S and f ðxÞ ! 0 whenever x ! qS or jxj ! y. Furthermore

Cb :¼ C0
b , Cy

b :¼ 7
k
Ck

b , Ck
0 :¼ C0 VCk

b and Cy
0 :¼ 7

k
Ck

0 .
� For a function space D on S, f A Dþ ()

def
f A D; f b 0.

� hm; f i :¼
Ð
S
f ðxÞmðdxÞ for a function f on S and a measure m on S.

The following two assumptions are the same as in [2].

Assumption 1. Let ðPtÞtb0 be the transition semigroup of ðwðtÞ;PxÞ, i.e.,

Pt f ðxÞ ¼ Ex½ f ðwðtÞÞ : t < z�.

(i) ðPtÞ is a strongly continuous nonnegative contraction semigroup on

ðC0; k � kyÞ with generator ðA;DðAÞÞ, where k f ky ¼ supx ASj f ðxÞj.
(ii) Cy

c HDðAÞ and there is a strictly positive function g0 A Cy
0 such that

g0 A DðAÞ and that g�1
0 Af A Cb with g�1

0 ¼ 1=g0 for every f A Cy
c and

f ¼ g0.

(iii) suptaTkg�1
0 Ptg0ky < y for every T > 0.

Under this assumption we introduce a function space Dg0 HDðAÞ as follows:

f A Dg0 ()
def

f A DðAÞ such that kg�1
0 f ky < y and kg�1

0 Af ky < y:

Clearly g0 A Dg0 and Cy
c HDg0 . Moreover since Cy

c is dense in C0 and

PtC
y
c HDg0 for every tb 0, Dg0 is a core for A. However, Dg0 may be too large,

so we further need the following assumption:

Assumption 2. There exist a bounded function g1 A Cy; g1 b g0ð> 0Þ and a

core DHDg0 (we denote D ¼ Dg with g ¼ ðg0; g1Þ) satisfying the following:

(i) If f A Dg, then limt#0
1
t
ðPt f

2ðxÞ � f ðxÞ2Þ exists for each x A S (we

also denote the limit as Af 2ðxÞ), qtPt f
2ðxÞ ¼ APt f

2ðxÞ ¼ PtAf
2ðxÞ

(! Af 2ðxÞ as t # 0 for each x A S), Af 2 A Cb and kg�1
1 Af 2ky < y.

(ii) For each T > 0, supt A ½0;T �kg�1
1 Ptg1ky < y.

(iii) For each 0 < s < T , supt A ½s;T �kg�1
0 Ptg1ky < y.

(iv) There exist constants 0a g < 1, d > 0 such that sup0atad t
gkg�1

0 Ptg1ky
< y.

(v) g0 A Dg.
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All through the present paper we suppose that Assumption 1 and 2 are

fulfilled. We shall sometime use the notation k � kg0 ¼ k � =g0ky.

Let Mg0 1Mg0ðSÞ be a space of counting measures on S defined as

m A Mg0 ()
def

m ¼
P

n dxn such that hm; g0i < y and

mn ! m in Mg0 ()
def

suphmn; g0i < y;

hmn; f i ! hm; f i for all f A Cc and f ¼ g0;

where Cc 1CcðSÞ denotes the space of all continuous functions with compact

supports on S. Then Mg0 is metrizable and separable.

We mainly consider the case that the generator has the form

A ¼ Ac þ Ad ;ð1:1Þ

with

Acf ðxÞ ¼ 1

2

Xd
i; j¼1

aijðxÞq2ij f ðxÞ þ
Xd
i¼1

biðxÞqi f ðxÞ;

Adf ðxÞ ¼
ð
Snfxg

½ f ðyÞ � f ðxÞ � ‘f ðxÞ � ðy� xÞIðjy� xj < 1Þ�nðx; dyÞ

� kðxÞ f ðxÞ þ
Xd
i¼1

ciðxÞqi f ðxÞ

for f A Dg, where aij; bi A CbðSÞ, ðaijÞ is positive definite, kðxÞb 0 denotes the

killing rate by jumps, ðciðxÞÞ depends on jumps, and nðx; dyÞ is the Lévy kernel

on S � ðSnfxgÞ satisfying that

sup
x AS

ð
Snfxg

ð15jy� xj2Þnðx; dyÞ < y:

Independent IMPS; Results in [2]

Let ðXt;PmÞ be an (indistinguishable) independent Markov particle system

(IMP) associated with the motion process ðwðtÞ;PxÞ, i.e., for many independent

motions ðwnðtÞ;PxnÞ ¼
ðdÞ ðwðtÞ;PxnÞ,

Xt ¼
X
n

dwnðtÞjS if m ¼
X

n
dxn on S; and Pm ¼

Y
n

Pxn :
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The generator L0 of this particle system is given by the following: for

f A Cy
c ,

L0e
�h�; f iðmÞ ¼ �hm; e f Að1� e�f Þie�hm; f i

¼ �hm;Af � Gf ie�hm; f i;

where Gf :¼ Af � e f Að1� e�f Þ. In fact, let fFtg be the filtration generated by

fXtg and set

Vt f ðxÞ ¼ �log Px½exp �f ðwðtÞÞ� ¼ �logf1� Ptð1� e�f ÞðxÞg:

We have that if 0a s < t, then

Em½e�hXt; f ijFs� ¼ exp½�hXs;Vt�s f i�:

It is easy to see that ðVtÞtb0 is a nonnegative contraction semigroup on C0 and

that by (ii) of Assumption 1 if f A Cy
c , then 1� e�f A Cy

c HDg, hence we have

qtVt f ¼ PtAð1� e�f Þ
1� Ptð1� e�f Þ ¼

APtð1� e�f Þ
1� Ptð1� e�f Þ ¼ eVt f Að1� e�Vt f Þ

! e f Að1� e�f Þ ¼ Af � Gf ðt # 0Þ:

Note that since Vt f aPt f (by Jensen’s inequality), G is nonnegative;

Gf ¼ Af � qtVt f jt¼0þ ¼ lim
t#0

1

t
½ðPt f � f Þ � ðVt f � f Þ�b 0

and that for each f A Cy
c , vt ¼ Vt f is the unique solution to the following

equation:

qtvt ¼ evtAð1� e�vtÞ; v0 ¼ f

(because ut :¼ 1� e�vt satisfies qtut ¼ Aut, u0 ¼ 1� e�f and the unique solution

is given as ut ¼ Ptð1� e�f Þ). Moreover if AvtðxÞ is well-defined for t > 0, x A S,

then

qtvt ¼ Avt � Gvt; v0 ¼ f :

By using the Markov property and by induction we have

Proposition 1 (Prop. 1 in [1]). For every 0a t1 a � � �a tn and fi A Dþ
g ,

i ¼ 1; 2; . . . ; n,
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Em½hXt1 ; f1i � � � hXtn ; fni�

a
Yn
i¼1

hm;Pti fiiþ C
ðnÞ
1

Xn
i¼1

Y
j0i

hm;Ptj fji

þ C
ðnÞ
2

X
i10i2

Y
j0i1; i2

hm;Ptj fjiþ � � � þ C
ðnÞ
n�1

Xn
j¼1

hm;Ptj fjiþ C ðnÞ
n ;

where C
ðnÞ
k , k ¼ 1; . . . ; n are positive constants, depending on ðn; fk fikygianÞ.

We introduce a non-negative operator Q as Qf ¼ Af 2 � 2fAf for f A Dg,

which is well-defined by (i) of Assumption 2 and plays an important role to

investigate the exponents of Hölder (right) continuity. The non-negativity follows

from ðPt f
2 � f 2Þ � 2f ðPt f � f Þb ðPt f Þ2 � 2fPt f þ f 2 ¼ ðPt f � f Þ2 b 0.

Theorem 1 (Th. 2.3 and Cor. 2.1 in [2]). Let ðwðtÞ;PxÞ be a discontinuous

Markov process in Dð½0; zðwÞÞ ! SÞ with transition semigroup ðPtÞ satisfying

Assumption 1 and 2. Let m A Mg0 . The following holds with Pm-probability one.

(i) fhXt; g0ig is ðð1� gÞ=2� eÞ-Hölder right continuous at t ¼ 0 for su‰-

ciently small e > 0, where the constant 0a g < 1 is in (iv) of Assump-

tion 2.

(ii) If hm; g1i < y, in particular, if g1ðxÞ ¼ g0ðxÞ then fhXt; g0ig is

ð1=2� eÞ-Hölder right continuous at t ¼ 0 for su‰ciently small e > 0.

(iii) For each fixed t0 > 0, fhXt; g0ig is ð1=2� eÞ-Hölder right continuous at

t ¼ t0 for su‰ciently small e > 0.

2. Sampling Replacement Markov Particle Systems

Let m ¼
P

n dxn A Mg0 . Let ðYt;P
Y
m Þ be a sampling replacement Markov

particle system associated with the motion process ðwðtÞ;PxÞ, sampling re-

placement rate l > 0 and sampling replacement probability qðdðm; nÞÞ ¼P
k; l pk; ldðk; lÞðdðm; nÞÞ on N2, where pk; l b 0, pk;k ¼ 0 and

P
pk; l ¼ 1. Each

particle first moves independently each other. After a l-exponential random time,

two particles are selected randomly, for example, m-th and n-th particles are

selected with probability pm;n, and at that time the m-th particle jumps to the

place of the n-th particle. Then the m-th particle moves independently. And these

operations are continued. We denote each particle by w�
n ðtÞ such that w�

n ð0Þ ¼ xn,

and hence Yt ¼
P

n dw �
n ðtÞ. Note that if ðPtÞ is non-conservative, then it is possible

that the dead particles come life again.
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Recall ðXt;PmÞ is the independent Markov particle system with the motion

process ðwðtÞ;PxÞ. For f A Dg, set LY
t ðmÞ ¼ EY

m ½exp �hYt; f i� and LtðmÞ ¼
Em½exp �hXt; f i�. Then

LtðmÞ ¼ e�hm;Vt f i with Vt f ðxÞ ¼ �log Ex½e�f ðwðtÞÞ� ¼ �logð1� Ptð1� e�f ÞÞ:

It is easy to see that LY
t ðmÞ satisfies the following equation:

LY
t ðmÞ ¼ e�ltLtðmÞ þ l

ð t
0

dse�ls

ð
N2

qðdðm; nÞÞPsðYm;nLt�sÞðmÞ;

where ðPtÞ is the transition semigroup of ðXt;PmÞ and Ym;n is an operator such

that it makes the m-th particle jump to the place of n-th particle of m ¼P
dk A Mg0 on a class of all functions F ðmÞ and it is defined by Ym;nFðmÞ ¼

F ðmm;nÞ with mm;n ¼ m� dxm þ dxn . Note that PsYm;n ¼ Ym;nPs holds. The solu-

tion is given as

LY
t ðmÞ ¼ Tte

�h�;Vt f iðmÞ with Tt ¼
X
k

e�lt ðltÞ
k

k!

ð
N2

qðdðm; nÞÞYm;n

� �k
;ð2:1Þ

where Tt is an operator on a class of functions F ðmÞ with polynomial growth of

hm; f1i; hm; f2i; . . . ; hm; fni ð fi A DgÞ and

ð
N2

qðdðm; nÞÞYm;n

� �k
FðmÞ ¼

ð
N2

qðdðm; nÞÞYm;n

� �k�1 X
m;n AN

pm;nF ðmm;nÞ:

The generator LY of this particle system is given by the following: for

f A Cy
c ,

LYe�h�; f iðmÞ ¼ L0e
�h�; f iðmÞ þ l

ð
ðe�hmm; n; f i � e�hm; f iÞqðdðm; nÞÞ

¼ �
�
hm;Af � Gf iþ l

ð
hdxn � dxm ; f iqðdðm; nÞÞ

� l

ð
½e�hdxn�dxm ; f i � 1þ hdxn � dxm ; f i�qðdðm; nÞÞ

�
e�hm; f i

(more general formula of LYFðmÞ is given in § 5). We have the following result.

Recall that we denote the particles of Yt by w�
n ðtÞ, i.e., Yt ¼

P
dw �

n ðtÞ. Note that

w�
n ðtÞ moves like as wnðtÞ during the jump times.
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Theorem 2 (Semi-martingale Representation of Yt). Under Assumption 1

and 2 for ðPtÞ, if m A Mg0 , then ðYt;P
Y
m Þ is an Mg0 -valued Markov process with

sample paths in Dð½0;yÞ ! Mg0Þ satisfying the following:

(i) fhYt; g0ig has the same exponent of Hölder right continuity as in

Theorem 1.

(ii) If the motion process ðwðtÞ;PxÞ has generator A of the form as in (1.1),

then for f A Dg,

hYt; f i ¼ hY0; f iþ
ð t
0

hYs;Af iþ l

ð
hdw�

n ðsÞ � dw�
mðsÞ; f iqðdðm; nÞÞ

� �
ds

þMc
t ð f Þ þMd

t ð f Þ;

where

Mc
t ð f Þ is a continuous L2-martingale

with quadratic variation hhMcð f Þiit ¼
Ð t
0 hYs;Q

cf i ds ¼ 2
Ð t
0 hYs;G

cf i ds and

Md
t ð f Þ ¼

ð t
0

ð
MG

g0

hm; f i ~NNðds; dmÞ is a purely discontinuous martingale

where ~NN ¼ N � N̂N is the martingale measure with

Nðds; dmÞ ¼
X

u;DYu00

dðu;DYuÞðds; dmÞ: the jump measure of fYtg;

N̂Nðds; dmÞ ¼ ds

�ð
YsðdxÞ

ð
nðx; dyÞdðdy�dxÞ þ kðxÞd�dx

� �

þ l

ð
qðdðm; nÞÞdðdw �

n ðsÞ�dw �
mðsÞÞ

�
ðdmÞ: the compensator of N:

Proof. The proof is the same as the independent case (Proof of Theorem

2.4 in [2]). However, we need some computations. First the Markov property can

be shown by mathematical induction. For t1 < t2, f1; f2 A Cy
c , let L

f1; f2
t1; t2 ðmÞ ¼

EY
m ½expð�hYt1 ; f1i� hYt2 ; f2iÞ�. Recall that LY

t ðmÞ ¼ L
f
t ðmÞ ¼ EY

m ½exp �hYt; f i�
satisfies (2.1) and the solution is given as L

f
t ðmÞ ¼ TtPt½exp �h�; f i�ðmÞ. Hence it

is easy to see that L
f1; f2
t1; t2 ðmÞ satisfies the following equation:

L
f1; f2
t1; t2 ðmÞ ¼ e�lt1Pt1ðe�h�; f1iL f2

t2�t1ÞðmÞ

þ l

ð t1
0

dse�ls

ð
qðdðm; nÞÞPsðYm;nL

f1; f2
t1�s; t2�sÞðmÞ:
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The solution is given as

L
f1; f2
t1; t2 ðmÞ ¼ Tt1Pt1ðe�h�; f1iL f2

t2�t1ÞðmÞ

¼ EY
m ½e�hYt1

; f1iEY
Yt1

½e�hYt2�t1
; f2i��:

Therefore by induction, for every n A N, if t1 < t2 < � � � < tn, f1; . . . ; fn A Cy
c , then

it holds that

EY
m ½expð�hYt1 ; f1i� � � � � hYtn ; fniÞ�

¼ EY
m ½e�hYt1

; f1iEY
Yt1

½e�hYt2�t1
; f2i � � �EY

Ytn�1
½e�hYtn�tn�1

; fni� � � ���:

Next we shall show that ðYt;P
Y
m Þ satisfies a moment inequality of the same

type as in Proposition 1.

Proposition 2. Let T > 0 and n A N. For every 0a t1 a � � �a tn aT and

fi A Dþ
g , i ¼ 1; 2; . . . ; n,

EY
m ½hYt1 ; f1i � � � hYtn ; fni�

a
Yn
i¼1

hm;Pti fiiþ C
ðnÞ
1;T

Xn
i¼1

Y
j0i

hm;Ptj fji

þ C
ðnÞ
2;T

X
i10i2

Y
j0i1; i2

hm;Ptj fjiþ � � � þ C
ðnÞ
n�1;T

Xn
j¼1

hm;Ptj fjiþ C
ðnÞ
n;T ;

where C
ðnÞ
k;T , k ¼ 1; . . . ; n are positive constants depending on ðn;T ; fk fikygianÞ.

Proof. For simplicity, we use notations fm ¼ f ðxmÞ and k � k ¼ k � ky. Since

Ym;lhm; f i ¼ hm; f iþ fl � fm a hm; f iþ k f k, we have for every k A N,ð
N2

qðdðm; lÞÞYm;l

� �k
ðhm; f1i � � � hm; fniÞaðhm; f1iþ kk f1kÞ � � � ðhm; fniþ kk fnkÞ:

Moreover if we denote by Mð j; ltÞ the j-th moment of lt-Poisson distribution,

then

Ttðh�; f1i � � � h�; fniÞðmÞ

¼
X
kb0

e�lt ðltÞ
k

k!

ð
N2

qðdðm; lÞÞYm;l

� �k
ðh�; f1i � � � h�; fniÞðmÞ

a
Xn
j¼0

Mðn� j; ltÞ
X

fi1;...; ijgHf1;...;ng
hm; fi1i � � � hm; fijik fijþ1

k � � � k fink:
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Therefore by applying Proposition 1 and the above inequality to

EY
m ½hYt1 ; f1i � � � hYtn ; fni� ¼ TtðE�½hXt1 ; f1i � � � hXtn ; fni�ÞðmÞ;

we can get the desired inequality. 9

Thus the proof can be proceeded by the same way as in the independent case

(see § 4 in [2]). In that way we can get the following result. For m ¼
P

n dxn A Mg0 ,

f A Cy
c , let

Cðm; f Þ ¼ hm;Af � Gf i� l

ð
½e�hdxm�dxn ; f i � 1�qðdðm; nÞÞ:

Theorem 3. For f A Cy
c ,

e�hYt; f i � e�hY0; f i �
ð t
0

LYe�h�; f iðYsÞ ds

is a PY
m -martingale. Moreover

Htð f Þ ¼ exp �hYt; f iþ
ð t
0

CðYs; f Þ ds
� �

is also a PY
m -martingale.

Proof. By the same way as in the proof of Theorem 4.1 in [2] we have if

s < t, then

qtE
Y
m ½e�hYt; f i jFs� ¼ qtTt�sðe�h�;Vt�s f iÞðYsÞ

¼ qu¼0þTt�sþuðe�h�;Vt�sþu f iÞðYsÞ

¼ qu¼0þE
Y
m ½Tue

�h�;Vu f iðYtÞ jFs�

¼ EY
m ½qu¼0þTue

�h�;Vu f iðYtÞ jFs�

¼ EY
m ½LYe�h�; f iðYtÞ jFs�: 9

By using the above results it is not di‰cult to prove the semi-martingale

representation of Yt as of Xt in [2]. In fact, for f A Cy
c , hYt; f i is a special semi-

martingale, thus,

hYt; f i ¼ hY0; f iþ Ctð f Þ þMc
t ð f Þ þ ~NNtð f Þ þNtð f Þ;
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where Ctð f Þ is a continuous process of locally bounded variation, Mc
t ð f Þ is a

continuous L2-martingale with quadratic variation hhMcð f Þiit, and

~NNtð f Þ ¼
ð t
0

ð
MG

hm; f iIðkmk < 1Þ ~NNðds; dmÞ;

Ntð f Þ ¼
ð t
0

ð
MG

hm; f iIðkmkb 1ÞNðds; dmÞ

with the jump measure N of fYtg, its compensator N̂N and ~NN ¼ N � N̂N.

If we set

Btð f Þ ¼ Ctð f Þ þ
ð t
0

ð
fkmkb1g

hm; f iN̂Nðds; dmÞ

þ l

ð t
0

ds

ð
hdwnðsÞ � dwmðsÞ; f iqðdðm; nÞÞ;

then by applying Ito’s formula for Ztð f Þ we can get

�dBtð f Þ þ
1

2
dhhMcð f Þiit þ

ð
½e�hm; f i � 1þ hm; f i�N̂Nðdt; dmÞ

¼ �CðYt; f Þ dt

¼ �hYt;Af iþ hYt;Gf iþ l

ð
ðe�hdw �

n ðtÞ�dw�
mðtÞ; f i � 1Þqðdðm; nÞÞ

� �
dt

¼
�
� hYt;Af iþ l

ð
hdw �

n ðtÞ � dw�
mðtÞ; f iqðdðm; nÞÞ

� �
þ hYt;G

cf i

þ hYt;G
df iþ l

ð
½e�hdw �

n ðtÞ�dw �
mðtÞ; f i � 1þ hdw�

n ðtÞ � dw �
mðtÞ; f i�qðdðm; nÞÞ

�
dt

Thus we have

Btð f Þ ¼
ð t
0

hYs;Af i dsþ l

ð
hdw�

n ðtÞ � dw �
mðtÞ; f iqðdðm; nÞÞ;

hhMcð f Þiit ¼ 2

ð t
0

hYs;G
cf i ds ¼

ð t
0

hYs;Q
cf i ds

and
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N̂Nðds; dmÞ ¼ ds

�ð
YsðdxÞ

ð
nðx; dyÞdðdy�dxÞ þ kðxÞd�dx

� �

þ l

ð
qðdðm; nÞÞdðdw�

n ðsÞ�dw �
mðsÞÞ

�
ðdmÞ:

Therefore the proof is completed. 9

3. Martingale Problems for LY

The following assumption is needed to prove the well-posedness of martingale

problems.

Assumption 3. For each f A ðCy
c Þþ, AVt f ¼ �A logð1� Ptð1� e�f ÞÞ is

well-defined and AVt f is continuous in t under the norm k � =g1ky, i.e.,

kðAVt f � AVt0 f Þ=g1ky ! 0 ðt ! t0Þ:

In the following we suppose that the generator A of the motion process has

the form of (1.1).

For h A Mg0 , let F ðhÞ ¼ Fðhh; f1i; . . . ; hh; fniÞ A D0 ()
def

FðxÞ A CyðRnÞ is a

polynomial growth function with polynomial growth derivatives of all orders and

fi A Dg, i ¼ 1; . . . ; n. For this F ðhÞ, the generator L0 of Xt will be extended to the

following form:

L0F ðhÞ ¼
Xn
i¼1

qiFðhh; f1i; . . . ; hh; fniÞhh;Afii

þ 1

2

Xn
i; j¼1

q2ijFðhh; f1i; . . . ; hh; fniÞhh;Qcð fi; fjÞi

þ
ð
S

(ð
Snfxg

nðx; dyÞ
"
Fðhh; f1iþ f1ðyÞ � f1ðxÞ; . . . ; hh; fni

þ fnðyÞ � fnðxÞÞ �Fðhh; f1i; . . . ; hh; fniÞ

�
Xn
i¼1

qiFðhh; f1i; . . . ; hh; fniÞð fiðyÞ � fiðxÞÞ
#
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þ kðxÞ
"
Fðhh; f1i� f1ðxÞ; . . . ; hh; fni� fnðxÞÞ

�Fðhh; f1i; . . . ; hh; fniÞ

þ
Xn
i¼1

qiFðhh; f1i; . . . ; hh; fniÞ fiðxÞ
#)

hðdxÞ;

where

Qcð f ; gÞðxÞ ¼
X
i; j

aijðxÞqi f ðxÞqigðxÞ:

For F ðhÞ A D0, the generator LY of Yt will be extended to

LYFðhÞ ¼ L0F ðhÞ þ l

ð
ðYm;nF ðhÞ � F ðhÞÞqðdðm; nÞÞ:

Theorem 4 (Martingale Problem for ðLY ;D0; mÞ). Under Assumption 1, 2

and 3, suppose that the generator A is given as in (1.1). Let m A Mg0 .

(i) PY
m ðY0 ¼ mÞ ¼ 1 holds and for each FðmÞ ¼ Fðhm; f1i; . . . ; hm; fniÞ A D0,

MF
t ¼ F ðYtÞ � F ðY0Þ �

ð t
0

LYFðYsÞ ds is PY
m -martingale:

(ii) If there is a probability measure Qm on D ¼ Dð½0;yÞ ! Mg0Þ such that

the canonical process ~YYtðoÞ ¼ oðtÞ ðo A DÞ satisfies the same conditions as

ðYt;P
Y
m Þ in (i) and

ð t
0

h ~YYs; g1i ds < y Qm-a:s: for all tb 0;

then Qm ¼ PY
m � Y �1 on D, that is, martingale problem for ðLY ;D0; mÞ on D is

well-posed.

Proof. The proof is essentially the same as the independent case (see § 5

in [2]). However, the computations are more complicated, so we give the outline

of the proof. (i) is easily obtained. We show (ii). We always fix f A Cy
c , T > 0,

and set CT
t ðhÞ ¼ TT�tðexp �h�;VT�t f iÞðhÞ ð0a taT ; h A Mg0Þ. It is no di‰-

cult to show that fCT
t ð ~YYtÞgtaT is a Qm-martingale. In fact, by using Ito’s

formula
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dðexp �h ~YYt; f iÞ ¼ �h ~YYt;Af � Gf ie�h ~YYt; f i dt

þ l

ð
qðdðm; nÞÞðYm;n � IÞe�h�; f ið ~YYtÞ dtþ dðQm-martingaleÞ:

Since Tt is a bounded operator, we have (set vt ¼ vTt ¼ VT�t f again)

dðCT
t ð ~YYtÞÞ ¼ TT�t

�
�l

ð
qðdðm; nÞÞðYm;n � IÞe�h�; vti � h�; qtvtie�h�; vti

� h�;Avt � Gvtie
�h�; vti þ l

ð
qðdðm; nÞÞðYm;n � IÞe�h�; vti

�
ð ~YYtÞ dt

þ dðQm-martingaleÞ

¼ TT�tð�h�; qtvt þ Avt � Gvtie
�h�; vtiÞð ~YYtÞ þ dðQm-martingaleÞ

¼ dðQm-martingaleÞ

Hence for 0a s < taT , we have

Qm½CT
t ð ~YYtÞ jFs� ¼ CT

s ð ~YYsÞ

and set T ¼ t, then

Qm½e�h ~YYt; f i jFs� ¼ Tt�se
�h�;Vt�s f ið ~YYsÞ:

Therefore Pm ¼ Qm on D. 9

4. Multi-Dimensional Absorbing Stable Motions on a Half Space

In § 3 of [2] as a motion process we considered absorbing Brownian motion

and absorbing stable motion on ð0;yÞ and discussed the Hölder (right) con-

tinuities of fXtg. It is possible to consider absorbing motions on H ¼ Rd�1 �
ð0;yÞ and we can get the same results as in Theorem 3.1 and in Corollary 3.1

of [2]. For the absorbing Brownian motion, it is not so di‰cult and es-

sentially done in [1]. So in this section we only discuss the absorbing stable

motion on H.

For a function f on H, let f be an extension of f to on Rd defined

as

f ðxÞ ¼
f ðxÞ ðxd > 0Þ;
f ð~xx; 0þÞ ¼ 0 ðxd ¼ 0Þ;
�f ð~xx;�xdÞ ðxd < 0Þ;

8><
>:
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where x ¼ ð~xx; xdÞ A H. Note that if x A H, then f ðxÞ ¼ f ðxÞ. The generator

A� 1A�;a of absorbing a-stable motion ðw�ðtÞ;P�
x Þ1 ðw�;aðtÞ;P�;a

x Þ on H is

given as A�;af ðxÞ ¼ Aaf ðxÞ; (A� is the same as L� in § 4 of [1], however, in

which we have some miss-prints)

A�;af ðxÞ ¼ c

ð
Rdnf0g

½ f ðxþ yÞ � f ðxÞ � ‘f ðxÞ � yIðjyj < 1Þ� dy

jyjdþa
ð4:1Þ

¼ c

ð
Rd�1

d~yy

ð xd
�xd

½ f ðxþ yÞ � f ðxÞ � ‘f ðxÞ � yIðjyj < 1Þ� dyd

jyjdþa

þ c

ð
Rd�1

d~yy

ðy
xd

½ f ðxþ yÞ � f ð~xxþ ~yy; yd � xdÞ � 2f ðxÞ� dyd

jyjdþa

with some positive constant c, where in the last term the integral corresponding to

‘f ðxÞ � y is equal to zero by the symmetric property (of course, it is integrable).

We can also write that if 0 < a < 1, then

A�;af ðxÞ ¼ c

ð
Rdnfxg

½ f ðyÞ � f ðxÞ� dy

jy� xjdþa

¼ c

ð
Rd�1

d~yy

(ðy
0

½ f ðyÞ � f ðxÞ�Kðx; yÞ dyd

� 2f ðxÞ
ðy
0

dyd

jð~yy� ~xx; yd þ xdÞjdþa

)
;

¼ c

ð
Rd�1

d~yy

ðy
0

½ f ðyÞ � f ðxÞ�Kðx; yÞ dyd � f ðxÞkðxÞ;

and that if 1a a < 2, then

A�;af ðxÞ ¼ c

ð
Rdnfxg

½ f ðyÞ � f ðxÞ � ‘f ðxÞ � ðy� xÞIðjy� xj < 1Þ� dy

jy� xjdþa

¼ c

ð
Rd�1

d~yy

(ðy
0

½ f ðyÞ � f ðxÞ � ‘f ðxÞ � ðy� xÞIðjy� xj < 1Þ�Kðx; yÞ dyd

þ
ðy
0

½�2f ðxÞ � ‘f ðxÞ � ðy� xÞIðjy� xj < 1Þ

� ‘f ðxÞ � ð~yy� ~xx;�yd � xdÞIðjð~yy� ~xx; yd þ xdÞj < 1Þ�

� dyd

jð~yy� ~xx; yd þ xdÞjdþa

)
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¼ c

ð
Rd�1

d~yy

ðy
0

½ f ðyÞ � f ðxÞ � ‘f ðxÞ � ðy� xÞIðjy� xj < 1Þ�Kðx; yÞ dyd

� f ðxÞkðxÞ þ ‘f ðxÞ � cðxÞ;

where

Kðx; yÞ ¼ Iðy0 xÞ
jy� xjdþa

� 1

jð~yy� ~xx; yd þ xdÞjdþa
;

kðxÞ ¼ kðxdÞ ¼ 2c

ð
Rd�1

d~yy

ðy
xd

dyd

jyjdþa

and

cðxÞ ¼ c

ð
Rd�1

d~yy

ðy
0

½�ð~yy� ~xx;�yd � xdÞIðjð~yy� ~xx; yd þ xdÞj < 1Þ

� ðy� xÞIðjy� xj < 1Þ� dyd

jð~yy� ~xx; yd þ xdÞjdþa

¼ c

ð
Rd�1

d~yy

ðy
0

½ð~yy; yd þ xdÞIðjð~yy; yd þ xdÞj < 1Þ

� ð~yy; yd � xdÞIðjð~yy; yd � xdÞj < 1Þ� dyd

jð~yy; yd þ xdÞjdþa
:

Let h0ðvÞ be a Cy-function on ð0;yÞ such that 0 < h0 a 1 on ð0;yÞ,
h0ðvÞ ¼ v for v A ð0; 1=2� and h0ðvÞ ¼ 1 for vb 1. Let d < p < d þ a. Set gpðxÞ ¼
ð1þ jxj2Þ�p=2 and gp;0ðxÞ :¼ gpðxÞh0ðxdÞ for x A H. Let f A Cp ()

def
f A CðRdÞjH ;

k f =gpky < y. f A Cp;0 ()
def

f A CðRdÞjH ; k f =gp;0k < y. Moreover set

f A C3
p;0 ()

def
f A C3

b ðRdÞjH ;

for i; j0 d; f ; q2d f ; qi f ; q
2
ij f A Cp;0 and qd f ; q

2
id f A Cp:

Then we can take Dg ¼ C 3
p;0.

Moreover for each 0 < a < 2, Q�f 1Q�;af ¼ Af 2 � fAf is given by the

following formula:

Q�;af ðxÞ ¼ c

ð
Rd�1

d~yy

ð xd
�xd

½ f ðxþ yÞ � f ðxÞ�2 dyd

jyjdþa
ð4:2Þ

þ c

ð
Rd�1

d~yy

ðy
xd

½f f ðxþ yÞ � f ð~yyþ ~xx; yd � xdÞg
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f f ðxþ yÞ þ f ð~yyþ ~xx; yd � xdÞ � 2f ðxÞg þ 2f ðxÞ2� dyd

jyjdþa

¼ c

ð
Rd�1

d~yy

ðy
0

½ f ðyÞ � f ðxÞ�Kðx; yÞ dyd þ f ðxÞ2kðxÞ:

Theorem 5. Let db 1, d < p < d þ a, m A Mgp; 0 and let the motion process

be absorbing a-stable motion on H with 0 < a < 2. Let e > 0 denote an arbitrary

small number.

(i) For ðXt;PmÞ the following holds.

(a) Under Pm, fhXt; gp;0ig is ð1=ð2ða41ÞÞ � eÞ-Hölder right continuous

at t ¼ 0. Moreover in case of 1 < a < 2, if hm; g1i < y with g1ðxÞ ¼
gpðxÞh0ðxdÞ2�a, then fhXt; gp;0ig is ð1=2� eÞ-Hölder right continuous

at t ¼ 0.

(b) If t0 > 0, then under Pm, fhXt; gp;0ig is ð1=2� eÞ-Hölder right con-

tinuous at t ¼ t0 for every 0 < a < 2.

(ii) For ðYt;P
Y
m Þ the same results hold as above.

Proof. Let db 2. The proof is proceeded in the same way as the

case of d ¼ 1. It su‰ces to check that the conditions in Assumption 1 and 2

are fulfilled with g0 ¼ gp;0 and with suitable g1 A Cy, 0a g < 1 as follows.

Let h1 A Cy; 0 < h1 a 1, h1ðvÞ ¼ v logð1=vÞ for v A ð0; 1=e� and h1ðvÞ ¼ 1 for

vb 1.

(i) If 0 < a < 1, then g1ðxÞ ¼ gp;0ðxÞ, g ¼ 0.

(ii) If a ¼ 1, then g1ðxÞ ¼ gpðxÞh1ðxdÞ, g ¼ d for any small 0 < d < 1.

(iii) If 1 < a < 2, then g1ðxÞ ¼ gpðxÞh0ðxdÞ2�a, g ¼ 1� 1=a.

Note that as xd # 0,

g1ðxÞ@ xd ð0 < a < 1Þ; @ xd logð1=xdÞ ða ¼ 1Þ; @ x2�a
d ð1 < a < 2Þ:

For simplicity of the notations we omit the superscript ‘‘a’’ as P
�;a
t ¼ P�

t ,

A�;a ¼ A�. We shall show the following. Since they imply kgp;0P�
t g1ky aCt�g,

we can get the ðð1� gÞ=2� �Þ-Hölder right continuity.

(C1) C3
p;0HDðA�Þ, P�

t C
y
c HC3

p;0 for every tb0, suptb0;0<xda1jx�1
d P�

t gp;0ðxÞj
< y and A�C3

p;0 HCp;0 (these imply Assumption 1 and that C3
p;0 is a

core).
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(C2) For every f A C3
p;0, qtP

�
t f 2ðxÞ ¼ A�P�

t f 2ðxÞ ¼ P�
t A

�f 2ðxÞ ðx A HÞ,
A�f 2 A Cb and kg�1

1 Q�f ky < y (these imply (i) of Assumption 2).

(C3) For each 0 < ba 1, suptb0 P
�
t ðy

b
d ÞðxÞa 2ð1þ bÞxb

d for all x A H (this

implies (ii) of Assumption 2).

(C4) For each 0 < ba 1, sup0<xda1 x
�1
d P�

t ðy
b
d ÞðxÞaCbt

�ð1�bÞ=a with a con-

stant Cb > 0 depending only on b (this implies (iii), (iv) of Assump-

tion 2).

Note that we take g ¼ ð1� bÞ=a in Assumption 2. More exactly, if 0 < a < 1,

then b ¼ 1, i.e., g ¼ 0. If a ¼ 1, then b ¼ 1� d for any small 0 < d < 1, i.e.,

g ¼ d. If 1 < a < 2, then b ¼ 2� a, i.e., g ¼ 1� 1=a. (C3) and (C4) can be

shown in a way similar to the case of d ¼ 1; (B3) and (B4) in [2] by using the

following. For the density paðxÞ of the rotation invariant a-stable motion on

Rd starting from 0, pa
t ðxÞ ¼ t�d=apa

1 ðt�1=axÞ and pa
1 ðxÞaCð15jxj�d�aÞ. The

transition density p�t ðx; yÞ1 p�;a
t ðx; yÞ of absorbing a-stable motion on H is

given as

p�t ðx; yÞ ¼ pa
t ðy� xÞ � pa

t ð~yy� ~xx; yd þ xdÞ ¼ �
ð xd
�xd

qd p
a
t ð~yy� ~xx; yd þ vÞ dv:

We also use the following result.

ð
H

z
b�1
d pa

1 ð~zz; zd þ uÞ dz is bounded in u A R:

From these results we can get (C3), (C4).

In each (C1), (C2), the claims except the last one can be shown by the

same way as in d ¼ 1. In order to show the last claims of (C1), (C2), it is

enough to prove that for each f A C3
p;0, there is a constant C > 0 such

that

jA�f ðxÞjaCxd for 0 < xd a 1=2 and Q�f ðxÞaCg1ðxÞ for all x A H:

Let 0 < xd a 1=2. For A� we use the formula (4.1). In the following we de-

compose as A�f ¼ ðJ1;1 þ J1;2Þ þ ðJ2 þ J3Þ and we shall show each term has

order of x2
d , xd , xd , xd , respectively. The main calculus is of J1;2 ð1 < a < 2Þ and

J3. In the first term of (4.1) we divide the integral area to fjyjb 1g, fjyj < 1g
and denote the corresponding terms by J1;1ðxÞ, J1;2ðxÞ respectively. In the

following we use the same symbols C 0, C 00 as any positive finite constants which

are independent of x. First note that if jyjb 1 and jyd ja xd a 1=2, then

j~yyj2 b 1� x2
d b 3=4 ¼: b. By j f ðxÞjaCxd ,
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jJ1;1ðxÞj ¼ c

ð
Rd�1

d~yy

ð xd
�xd

½ f ðxþ yÞ � f ðxÞ�Iðjyjb 1Þ dyd

jyjdþa

�����
�����

a 2c

ð
j~yyjbb

d~yy

ð xd
0

Cð2xd þ ydÞ
dyd

jyjdþa

a 2cC

ð
j~yyjbb

d~yy

j~yyjdþa

ð xd
0

ð2xd þ ydÞ dyd

a 2cC

ðy
b

dr

r2þa

ð xd
0

ð2xd þ ydÞ dyd

¼ 5cC

1þ a
b�1�ax2

d ¼ C 0x2
d :

Next note that if jyj < 1, then j~yyj < 1 and that for some y A ð0; 1Þ,

j f ðxþ yÞ � f ðxÞ � ‘f ðxÞ � yj ¼ 1

2
j f ð2Þðxþ yyÞ � y2ja 1

2
k f ð2Þkyjyj2:

If 0 < a < 1, then jyjd�2þa
b j~yyjd�2þa by d � 2þ a > 0, and

jJ1;2ðxÞj ¼ c

ð
Rd�1

d~yy

ð xd
�xd

½ f ðxþ yÞ � f ðxÞ � ‘f ðxÞ � y�Iðjyj < 1Þ dyd

jyjdþa

�����
�����

a c

ð
j~yyj<1

d~yy

ð xd
�xd

j f ðxþ yÞ � f ðxÞ � ‘f ðxÞ � yj dyd

jyjdþa

a c

ð
j~yyj<1

d~yy

ð xd
0

k f ð2Þkyjyj2 dyd

jyjdþa

a c

ð
j~yyj<1

d~yy

j~yyjdþa�2
k f ð2Þkyxd

a c

ð1
0

r�a drk f ð2Þkyxd

¼ ck f ð2Þky
1� a

xd : ¼ C 0xd :

On the other hand if 1a a < 2, then by using

f ðxþ yÞ � f ðxÞ � ‘f ðxÞ � y ¼ 1

2
f ð2ÞðxÞ � y2 þ 1

6
f ð3Þðxþ yyÞ � y3
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with some y A ð0; 1Þ, and the corresponding integral to
Pd�1

i¼1 q2id f ðxÞyi yd is equal

to zero by symmetric property in yd , we have

jJ1;2ðxÞja c

ð
j~yyj<1

d~yy

ð xd
0

(Xd�1

i; j¼1

jq2ij f ðxÞj jyij jyjj þ jq2d f ðxÞjy2d

þ 1

3
k f ð3Þk jyj3

)
dyd

jyjdþa
:

Let 0 < � < 2� a and set a� :¼ aþ � A ð1; 2Þ, then jyjdþa�2
b j~yyjd�1��jyd j�1þa� .

By jq2ij f ðxÞj; jq
2
d f ðxÞjaCxd for i; j0 d, corresponding terms to f ð2Þ are less than

or equal to

Cxd

ð
j~yyj<1

d~yy

j~yyjd�1��

ð xd
0

dyd

y�1þa�
d

¼ Cxd

ð1
0

r��1 dr
x2�a�
d

2� a�
¼ C

ð2� a�Þ�
x3�a�
d :

For the last term, by db 2, ab 1, i.e., d þ a� 3b 0, we have jyjdþa�3
b

j~yyjdþa�3. Hence the last term is less than or equal toð
j~yyj<1

d~yy

j~yyjdþa�3
k f ð3Þkyxd ¼

ð1
0

r1�a drk f ð3Þkyxd ¼ k f ð3Þky
2� a

xd :

These estimates imply jJ1;2ðxÞjaC 0xd . In the second term of (4.1) we also divide

the integral area to fjyjb 1g, fjyj < 1g and denote the corresponding terms by

J2ðxÞ, J3ðxÞ respectively. For J2ðxÞ, by

j f ðxþ yÞ � f ð~yyþ ~xx; yd � xdÞja 2xdkqd f ky

and j f ðxÞjaCxd , we have

jJ2ðxÞj ¼ c

ð
Rd�1

d~yy

ðy
xd

½ f ðxþ yÞ � f ð~xxþ ~yy; yd � xdÞ � 2f ðxÞ�Iðjyjb 1Þ dyd

jyjdþa

�����
�����

a c

ð
H

2ðkqd f ky þ CÞxdIðjyjb 1Þ dy

jyjdþa

aC 0xd

ð
jyjb1

dy

jyjdþa
¼ C 00xd :

For J3ðxÞ ¼ c
Ð
Rd�1 d~yy

Ðy
xd
½ f ðxþ yÞ � f ð~yyþ ~xx; yd � xdÞ � 2f ðxÞ�Iðjyj < 1Þ dyd

jyjdþa ,

f ðxþ yÞ � f ð~xxþ ~yy; yd � xdÞ � 2f ðxÞ

¼ ½ f ðxþ yÞ � f ð~xxþ ~yy; yd � xdÞ � 2f ð~xxþ ~yy; xdÞ� � 2½ f ð~xxþ ~yy; xdÞ � f ðxÞ�:
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For the first term, by the same way as in case of d ¼ 1 (in J3ðxÞ) corresponding
to the variable yd , we have

j f ðxþ yÞ � f ð~xxþ ~yy; yd � xdÞ � 2f ðxÞj

a 2kq3d f kyxdðy2d þ x2
dÞ þ Cðyd þ xdÞxd yd þ 2Cx3

d :

For the second term, note that

f ð~xxþ ~yy; xdÞ � f ðxÞ ¼
Xd�1

i¼1

qi f ð~xx; xdÞyi þ
1

2

Xd�1

i; j¼1

q2ij f ð~xxþ y~yy; xdÞyi yj:

and jq2ij f ð~xxþ y~yy; xdÞjaCxd for i; ja d. Moreover note that by the symmetric

property in yi we have

ð
Rd�1

d~yy

ðy
xd

Xd�1

i¼1

qi f ð~xx; xdÞyiIðjyj < 1Þ dyd

jyjdþa

¼
Xd�1

i¼1

qi f ð~xx; xdÞ
ð1
xd

dyd

ð
j~yyj<

ffiffiffiffiffiffiffiffi
1�y2

d

p
yi d~yy

jyjdþa
¼ 0:

Let 0 < � < 2� a and set a� :¼ aþ � A ð0; 2Þ, then jyjdþa
b j~yyjd�1��jyd j1þa� by

db 2. Thus we can get the following: by xd a yd ,

jJ3ðxÞja c

ð
j~yyj<1

d~yy

ð1
xd

½2kq3d f kyxdðy2d þ x2
dÞ þ Cðyd þ xdÞxd yd þ 2Cx3

d �
dyd

jyjdþa

þ c

ð
j~yyj<1

d~yy

ð1
xd

1

2

Xd�1

i; j¼1

jq2ij f ð~xxþ y~yy; xdÞyi yjj
dyd

ydþa
d

aC 0xd

ð
j~yyj<1

d~yy

j~yyjd�1��

ð1
xd

ðy2d þ xd yd þ x2
dÞ

dyd

y1þa�
d

þ c

ð
j~yyj<1

1

2
Cxd j~yyj2 d~yy

ð1
0

dyd

jyjdþa

a 3C 0xd
1

e

ð1
0

y1�ae
d dyd þ

cC

2
xd

ð
j~yyj<1

d~yyj~yyj2
ð1
0

dyd

jyjdþa
:

For the second term if 0 < a < 1, then by jyjdþa
b j~yyjdya

d ,ð
j~yyj<1

d~yyj~yyj2
ð1
0

dyd

jyjdþa
a

ð
j~yyj<1

j~yyj2

j~yyjd
d~yy

ð1
0

dyd

ya
d

¼ 1

1� a
;
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or if 1a a < 2, then by jyjdþa
b j~yyjdþ1��

ya��1
d ,

ð
j~yyj<1

d~yyj~yyj2
ð1
0

dyd

jyjdþa
a

ð
j~yyj<1

j~yyj2

j~yyjdþ1��
d~yy

ð1
0

dyd

ya��1
d

¼ 1

�ð2� a�Þ
:

Therefore

jJ3ðxÞja
3C 0

�ð2�a�Þ þ
cC

2ð1�aÞ

	 

xd ð0 < a < 1Þ

6C 0þcC
2�ð2�a�Þ xd ð1a a < 2Þ

8<
:

¼ C 00xd :

Therefore we have jA�f ðxÞjaC 00xd .

Next in order to show Q�f ðxÞaCg1ðxÞ, it su‰ces to prove that there is a

constant C > 0 such that for 0 < xd a 1, if 0 < a < 1, then Q�f ðxÞaCxd , if

a ¼ 1, then Q�f ðxÞaCxd logð1=xdÞ if 1 < a < 2, then Q�f ðxÞaCx2�a
d . We use

the first formula of (4.2). In the following we decompose as Q�f ¼ ðR1 þ R2Þ þ
ðS1 þ S2Þ and we shall show each R1, R2, S1 has order of x3

d , x2�a
d , xd re-

spectively, and the main parts is S2. In the first term of the right hand side

of (4.2), we divide the integral area of Rd�1 to fj~yyjb 1g, fj~yyj < 1g and denote

the corresponding terms by R1ðxÞ, R2ðxÞ respectively. By f ðxÞaCxd , we

have

R1ðxÞ ¼ c

ð
j~yyjb1

d~yy

ð xd
�xd

½ f ðxþ yÞ � f ðxÞ�2 dyd

jyjdþa

a 2c

ð
j~yyjb1

d~yy

j~yyjdþa

ð xd
0

C2ð2xd þ ydÞ2 dyd

¼ Cx3
d

For R2, by jqi f ðxÞjaCxd if i0 d,

R2ðxÞ ¼ 2c

ð
j~yyj<1

d~yy

ð xd
0

½ f ðxþ yÞ � f ðxÞ�2 dyd

jyjdþa

a 2c

ð
j~yyj<1

d~yy

ð xd
0

Cðxd þ ydÞ
Xd�1

i¼1

yi þ kqd f ky yd

" #2
dyd

jyjdþa

aC

ð
j~yyj<1

d~yy

ð xd
0

½ðx2
d þ y2dÞj~yyj

2 þ y2d �
dyd

jyjdþa
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In the above we first consider the last term (which is the main term), i.e.,

ð
j~yyj<1

d~yy

ð xd
0

y2d
dyd

jyjdþa
¼
ð xd
0

dydy
2
d

ð
j~yyj<yd

þ
ð
ydaj~yyj<1

 !
d~yy

jyjdþa
¼: R2;1ðxÞ þ R2;2ðxÞ:

For R2;1, let a� ¼ aþ � < 2 be the same as before. By jyjdþa
b j~yyjd�1��jyd j1þa� ,

ð
j~yyj<yd

d~yy

j~yyjd�1��
¼
ð yd
0

r��1 dr ¼ y�d
�
:

Hence

R2;1ðxÞa
ð xd
0

y2d
y1þaþ�
d

y�d
�

dyd ¼ 1

�

ð xd
0

y1�a
d dyd ¼ 1

ð2� aÞ� x
2�a
d :

For R2;2, by jyjdþa
b j~yyjdþa and

ð
ydaj~yyj<1

d~yy

j~yyjdþa
¼
ð1
yd

dr

r2þa
¼ 1

1þ a
ðy�1�a

d � 1Þa 1

1þ a
y�1�a
d :

Hence

R2;2ðxÞa
ð xd
0

y2d
1

1þ a
y�1�a
d dyd ¼ 1

1þ a

ð xd
0

y1�a
d dyd ¼ 1

ð1þ aÞð2� aÞ x
2�a
d :

Furthermore we can show more easily that the other terms of R2 are oðx2
dÞ, In

fact, by jyjdþa
b j~yyjd�1þa� jyd j1��,

ð
j~yyj<1

d~yy

ð xd
0

ðx2
d þ y2dÞj~yyj

2 dyd

jyjdþa
a

ð
j~yyj<1

j~yyj2

j~yyjd�1þa�
d~yy

ð xd
0

ðx2
d þ y2dÞ

dyd

y1��
d

¼ Cx2þ�
d :

Therefore we have R2ðxÞaCx2�a
d for all 0 < a < 2.

In the second term of the right hand side of (4.2), we divide the integral area

to fjyjb 1g, fjyj < 1g and denote the corresponding terms by S1ðxÞ, S2ðxÞ
respectively. For S1, by

j f ðxþ yÞ � f ð~yyþ ~xx; yd � xdÞja 2xdkqd f ky;ð4:3Þ

we have

S1ðxÞa ð2xdkqd f ky � 3k f ky þ 2Cx2
dÞ
ð
jyjb1

dyd

jyjdþa
aCxd :

For S2, by (4.3) and by j f ðxÞjaCxd ,
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jf f ðxþ yÞ � f ð~yyþ ~xx; yd � xdÞgf f ðxþ yÞ þ f ð~yyþ ~xx; yd � xdÞ � 2f ðxÞg þ 2f ðxÞ2j

a 2kqd f kyxd � Cðxd þ ydÞ þ 2Cx2
d

aCxdðxd þ ydÞ:

Hence, noting that fjyj < 1gH fj~yyj < 1g � fjyd j < 1g,

jS2ðxÞjaCxd

ð
j~yyj<1

d~yy

ð1
xd

ðxd þ ydÞ
dyd

jyjdþa
a 2Cxd

ð
j~yyj<1

d~yy

ð1
xd

yd
dyd

jyjdþa
:

By the same way as in R2, we can show the desired estimate as follows. Let

ð 1
xd

dydyd

ð
j~yyj<yd

þ
ð
ydaj~yyj<1

 !
d~yy

jyjdþa
¼: ðS2;1ðxÞ þ S2;2ðxÞÞ:

Then jS2ðxÞjaCxdðS2;1ðxÞ þ S2;2ðxÞÞ. Let 0 < � < 2� a. By jyjdþa
b

j~yyjd�1��jyd j1þa� ,

S2;1ðxÞa
ð1
xd

dyd

y1þa�
d

yd

ð
j~yyj<yd

d~yy

j~yyjd�1þ�
¼
ð1
xd

dyd

yaþ�
d

y�d
�

¼ 1

�

ð 1
xd

dyd

ya
d

:

That is, if 0 < a < 1, then S2;1ðxÞaC, if a ¼ 1, then S2;1ðxÞaC logð1=xdÞ,
if 0 < a < 1, then S2;1ðxÞaCx1�a

d . Moreover for S2;2, as in R2;2, byÐ
ydaj ~yyj<1 d~yy=j~yyj

dþa
a y�1�a

d =ð1þ aÞ,

S2;2ðxÞa
ð1
xd

dydyd

ð
ydaj ~yyj<1

d~yy

j~yyjdþa
a

ð1
xd

yd
1

1þ a
y�1�a
d dyd ¼ 1

1þ a

ð1
xd

y�a
d dyd :

Thus S2;2 satisfies the same estimates as S2;1. By jS2ðxÞjaCxdðS2;1ðxÞ þ S2;2ðxÞÞ,
we have if 0 < a < 1, then S2ðxÞaCxd , if a ¼ 1, then S2ðxÞaCxd logð1=xdÞ if

1 < a < 2, then S2ðxÞaCx2�a
d . These imply our desired result. 9

By P�
t C

y
c HC3

p;0, the following result for martingale problem is obtained by

the same way as in d ¼ 1.

Theorem 6. Let m A Mgp; 0 . The martingale problems for ðL0;D0; mÞ,
ðLY ;D0; mÞ associated with absorbing stable motion on H are well-posed.
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