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HOCHSCHILD COHOMOLOGY RING

OF THE GENERALIZED QUATERNION ALGEBRAS

By

Takao Hayami
†

Abstract. We will give an e‰cient bimodule projective resolution of

the generalized quaternion Z algebra G. As a main result, we will

determine the ring structure of the Hochschild cohomology HH �ðGÞ
by calculating the Yoneda products using this resolution.

Introduction

Let R be a commutative ring and L an R-algebra which is a finitely

generated projective R-module. If M is a L-bimodule (i.e., a Le ¼ LnR Lop-

module), then the nth Hochschild cohomology of L with coe‰cients in M is

defined by HnðL;MÞ :¼ ExtnLeðL;MÞ. If M ¼ L, we set HHnðLÞ ¼ HnðL;LÞ.
The Yoneda product gives HH �ðLÞ :¼ 0

nb0
HHnðLÞ a graded ring structure

with 1 A ZLFHH 0ðLÞ where ZL denotes the center of L. HH �ðLÞ is called the

Hochschild cohomology ring of L (see [4], [1], [5]). The Hochschild cohomology

ring HH �ðLÞ is a graded-commutative algebra, that is, ab ¼ ð�1Þpqba holds for

a A HHpðLÞ and b A HHqðLÞ. The Hochschild cohomology is an important

invariant of algebras, however the Hochschild cohomology ring is di‰cult to

compute in general.

Suppose that a and b are any nonzero rational integers. We consider the

generalized quaternion Z algebra G :¼ ZlZilZjlZij with the relations

i2 ¼ a, j2 ¼ b, ij ¼ �ji. In the case a ¼ �1 and b ¼ �1, the ring structure of the

Hochschild cohomology of the ordinary quaternion algebra G is already known

by Sanada [6, Section 3.4].
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Theorem (Sanada [6]). Let G be the ordinary quaternion algebra over Z.

Then the Hochschild cohomology ring of G is as follows:

HH �ðGÞ ¼ Z½l; m; n�=ð2l; 2m; 2n; l2 þ m2 þ n2Þ;

where deg l ¼ deg m ¼ deg n ¼ 1.

In [2], the author reproves and generalizes this result. Thus it is natural

question to investigate the ring structure of the Hochschild cohomology of the

generalized quaternion algebra. In this article, we will give an e‰cient bimodule

projective resolution of the generalized quaternion algebra G. Moreover by using

this resolution, we determine the ring structure of the Hochschild cohomology

ring of the generalized quaternion algebra G. This is a method similar to [2] or

[3].

In Section 1, we state an e‰cient bimodule projective resolution of G

(Theorem 1.1). In Section 2, we use the resolution to describe the module

structure of HH �ðGÞ, giving explicit generators (Theorem 2.1). In Section 3, we

compute the Yoneda products of the generators. Then, as a main result of

this article, we give a complete description of the Hochschild cohomology ring

HH �ðGÞ (Theorem 3.8). The result is more complicated than the known result for

the ordinary quaternion algebra.

1 Bimodule Projective Resolution for the Generalized Quaternion Algebras

Suppose that a and b are any nonzero rational integers. Let

G :¼ ZlZilZjlZij

be the generalized quaternion algebra over Z with the relations i2 ¼ a, j2 ¼ b,

ij ¼ �ji.

In the following, we give an e‰cient bimodule projective resolution of G. For

each integer qb 0, let Yq be the direct sum of qþ 1 copies of GnG. We define

elements of Yq by

csq ¼ ð0; . . . ; 0; 1 �nn
s

1; 0; . . . ; 0Þ ðif 1a sa qþ 1Þ;
0 ðotherwiseÞ:

(

Then we have that Yq ¼ 0qþ1

k¼1
GckqG.

Theorem 1.1. There exists the following bimodule projective resolution of G:

ðY ; dÞ : � � � ! Y3 !
d3

Y2 !
d2

Y1 !
d1

Y0 !
d0

G ! 0;
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where d0 : Y0 ! G is the multiplication map, and for integer q > 0, dq : Yq ! Yq�1

is a Ge-homomorphism given by

dqðcsqÞ ¼
icsq�1 � csq�1i þ jcs�1

q�1 � cs�1
q�1 j for q odd;

icsq�1 þ csq�1i þ jcs�1
q�1 þ cs�1

q�1 j for q even:

(

Proof. By direct computations, we have that dq � dqþ1 ¼ 0 for qb 0. For

example, if qðb 1Þ is odd, then we have

dq � dqþ1ðcsqþ1Þ ¼ dqðicsq þ csqi þ jcs�1
q þ cs�1

q jÞ

¼ acsq�1 � icsq�1i þ ijcs�1
q�1 � ics�1

q�1 j

þ icsq�1i � csq�1aþ jcs�1
q�1i � cs�1

q�1 ji

þ jics�1
q�1 � jcs�1

q�1i þ bcs�2
q�1 � jcs�2

q�1 j

þ ics�1
q�1 j � cs�1

q�1ij þ jcs�2
q�1 j � cs�2

q�1b

¼ 0:

Thus we have Im dqþ1 HKer dq for qb 0.

Next we prove the reverse inclusion. We give a contracting homotopy.

We define right G-homomorphisms T�1 : G ! Y0 and Tq : Yq ! Yqþ1 ðqb 0Þ as

follows:

T�1ðgÞ ¼ c10g ðEg A GÞ;

Tqðimj ncsqÞ ¼

mc1qþ1 ðqb 0; s ¼ 1; m ¼ 0; 1; n ¼ 0Þ;
ð�1Þqmc1qþ1 j þ imc2qþ1 ðqb 0; s ¼ 1; m ¼ 0; 1; n ¼ 1Þ;
0 ðqb 0; sb 2; m ¼ 0; 1; n ¼ 0Þ;
imcsþ1

qþ1 ðqb 0; sb 2; m ¼ 0; 1; n ¼ 1Þ:

8>>><
>>>:

We may see that Tq : Yq ! Yqþ1 ðqb�1Þ is a contracting homotopy. Thus we

must check that the equation

ðdqþ1Tq þ Tq�1dqÞðimj ncsqÞ ¼ imj ncsq

holds for qb 0; 1a sa qþ 1; m ¼ 0; 1; n ¼ 0; 1.

If q ¼ 0, we have

T�1d0ðimj nc10Þ ¼ T�1ðimj nÞ ¼ c10 i
mj n;
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where m ¼ 0; 1 and n ¼ 0; 1. On the other hand, if n ¼ 0, we have

d1T0ðimc10Þ ¼ d1ðmc11Þ ¼ mðic10 � c10 iÞ;

where m ¼ 0; 1. If n ¼ 1, we have

d1T0ðimjc10Þ ¼ d1ðmc11 j þ imc21Þ

¼ mðic10 � c10 iÞ j þ imð jc10 � c10 jÞ

¼ imjc10 � c10 i
mj;

where m ¼ 0; 1. Thus we have d1T0 þ T�1d0 ¼ idY0
.

If qðb 1Þ is odd, then for s ¼ 1 and n ¼ 0, we have

dqþ1Tqðimc1qÞ ¼ dqþ1ðmc1qþ1Þ ¼ mðic1q þ c1q iÞ ðm ¼ 0; 1Þ;

Tq�1dqðimc1qÞ ¼ Tq�1ðimþ1c1q�1 � imc1q�1iÞ ¼
c1q ðm ¼ 0Þ;
�c1q i ðm ¼ 1Þ:

(

If qðb 1Þ is odd, then for s ¼ 1 and n ¼ 1, we have

dqþ1Tqðimjc1qÞ ¼ dqþ1ð�mc1qþ1 j þ imc2qþ1Þ

¼
jc1q þ c1q j þ ic2q þ c2q i ðm ¼ 0Þ;
ijc1q � c1q ij þ ac2q þ ic2q i ðm ¼ 1Þ;

(

Tq�1dqðimjc1qÞ ¼
Tq�1ð�ijc1q�1 � jc1q�1iÞ ðm ¼ 0Þ;
Tq�1ð�ajc1q�1 � ijc1q�1iÞ ðm ¼ 1Þ

(

¼
�c1q j � ic2q � c2q i ðm ¼ 0Þ;
c1q ij � ac2q � ic2q i ðm ¼ 1Þ:

(

If qðb 1Þ is odd, then for sb 2, m ¼ 0; 1, and n ¼ 0, we have

dqþ1TqðimcsqÞ ¼ 0;

Tq�1dqðimcsqÞ ¼ Tq�1ðimþ1csq�1 � imcsq�1i þ imjcs�1
q�1 � imcs�1

q�1 jÞ

¼ imcsq:

If qðb 1Þ is odd, then for sb 2 and n ¼ 1, we have

dqþ1TqðimjcsqÞ ¼ dqþ1ðimcsþ1
qþ1Þ

¼ imþ1csþ1
q þ imcsþ1

q i þ imjcsq þ imcsq j ðm ¼ 0; 1Þ;
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Tq�1dqðimjcsqÞ ¼
Tq�1ð�ijcsq�1 � jcsq�1i þ bcs�1

q�1 � jcs�1
q�1 jÞ ðm ¼ 0Þ;

Tq�1ð�ajcsq�1 � ijcsq�1i þ bics�1
q�1 � ijcs�1

q�1 jÞ ðm ¼ 1Þ

(

¼
�icsþ1

q � csþ1
q i � csq j ðm ¼ 0Þ;

�acsþ1
q � icsþ1

q i � icsq j ðm ¼ 1Þ:

(

Thus we have dqþ1Tq þ Tq�1dq ¼ idYq
for qðb 1Þ odd. In the case qðb 2Þ even, the

computations are similar. Hence Im dqþ1 IKer dq is proved for qb 0. r

Remark 1.2. If a ¼ �1 and b ¼ �1, an e‰cient bimodule projective resolu-

tion of the ordinary quaternion algebra G is given in [2]. Even in that special

situation, the di¤erential of the resolution in Theorem 1.1 is di¤erent from that of

[2, Theorem 1.1].

2 Module Structure

We keep the notations in Section 1. In this section, we calculate the

Hochschild cohomology group HH �ðGÞ.
Let Mq denote the direct sum of q copies of a module M for any integer

q > 0. As elements of Gqþ1, we set

isq ¼ ð0; . . . ; 0; �11
s

; 0; . . . ; 0Þ ðif 1a sa qþ 1Þ;
0 ðotherwiseÞ:

(

Then we have Gqþ1 ¼ 0qþ1

k¼1
Gikq .

Applying the functor HomG eð�;GÞ to the resolution ðY ; dÞ, we have the

following complex, where we identify HomG eðYq;GÞ with Gqþ1 using an isomor-

phism HomG eðYq;GÞ ! Gqþ1; f 7!
Pqþ1

k¼1 f ðckq Þikq :

ðHomG eðY ;GÞ; daÞ : 0 �! G �!
da
1

G2 �!
da
2

G3 �!
da
3

G4 �!
da
4

G5 �! � � �;

daqþ1ðgisqÞ ¼
ðig� giÞisqþ1 þ ð jg� gjÞisþ1

qþ1 for q odd;

ðigþ giÞisqþ1 þ ð jgþ gjÞisþ1
qþ1 for q even:

(

In the above, note that

gisq ¼
ð0; . . . ; 0; �gg

s
; 0; . . . ; 0Þ ðif 1a sa qþ 1Þ;

0 ðotherwiseÞ;

(

for g A G, and so on.
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In the following we set

d ¼ gcdða; bÞ; a 0 ¼ a

d
; b 0 ¼ b

d
:

Then we have the following theorem.

Theorem 2.1. The Hochschild cohomology group of G is as follows:

HHnðGÞ ¼
Z ðn ¼ 0Þ;
ðZ=2ZÞnþ1 l ðZ=2dZÞn ðn oddÞ;
Z=2aZl ðZ=2dZÞn�1 lZ=2bZl ðZ=2ZÞn ðnð0 0Þ evenÞ:

8><
>:

Furthermore, module generators of HHnðGÞ are given as follows:

(i) If nðb 1Þ is odd, the ðZ=2ZÞnþ1
summands are generated by ijikn

ðk ¼ 1; 2; . . . ; nþ 1Þ and the ðZ=2dZÞn summands are generated by

a 0jikn � b 0iikþ1
n ðk ¼ 1; 2; . . . ; nÞ.

(ii) If nðb 2Þ is even, the Z=2aZ summand is generated by i1n , the ðZ=2dZÞn�1

summands are generated by ikn ðk ¼ 2; 3; . . . ; nÞ, the Z=2bZ summand

is generated by inþ1
n , and the ðZ=2ZÞn summands are generated by

iikn þ jikþ1
n ðk ¼ 1; 2; . . . ; nÞ.

Proof. For any element g ¼ xþ yi þ zj þ wij ðx; y; z;w A ZÞ in G, we have

ig ¼ xi þ ayþ zij þ awj; gi ¼ xi þ ay� zij � awj;

jg ¼ xj � yij þ bz� bwi; gj ¼ xj þ yij þ bzþ bwi:

We prove the case nð> 0Þ even only. Let ðg1; g2; . . . ; gnþ1Þ be any element in

Gnþ1 where we set gk ¼ xk þ yki þ zk j þ wkij ðxk; yk; zk;wk A ZÞ. Since

ðg1; g2; . . . ; gnþ1Þ A Ker danþ1

,
2z1ij þ 2aw1 j ¼ 0;

�2ykij � 2bwki þ 2zkþ1ij þ 2awkþ1 j ¼ 0 ðk ¼ 1; 2; . . . ; nÞ;
�2ynþ1ij � 2bwnþ1i ¼ 0

8<
:

,
z1 ¼ ynþ1 ¼ 0;

wk ¼ 0 ðk ¼ 1; 2; . . . ; nþ 1Þ;
yk ¼ zkþ1 ðk ¼ 1; 2; . . . ; nÞ

8<
:

, ðg1; g2; . . . ; gnþ1Þ ¼
Xnþ1

k¼1

xki
k
n þ

Xn

k¼1

ykðiikn þ jikþ1
n Þ;
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we have

Ker danþ1 ¼ 0
nþ1

k¼1

Zikn l 0
n

k¼1

Zðiikn þ jikþ1
n Þ:

Next we show

Im dan ¼ 2aZi1n l 0
n

k¼2

2dZikn l 2bZinþ1
n l 0

n

k¼1

2Zðiikn þ jikþ1
n Þ:

Let ðg1; g2; . . . ; gnÞ be any element in Gn where we set gk ¼ xk þ yki þ zk j þ wkij

ðxk; yk; zk;wk A ZÞ. Then we have

dan ðg1; g2; . . . ; gnÞ

¼ 2ay1i
1
n þ 2

Xn

k¼2

ðayk þ bzk�1Þikn þ 2bzni
nþ1
n þ 2

Xn

k¼1

xkðiikn þ jikþ1
n Þ

¼ 2ay1i
1
n þ 2d

Xn

k¼2

ða 0yk þ b 0zk�1Þikn þ 2bzni
nþ1
n þ 2

Xn

k¼1

xkðiikn þ jikþ1
n Þ:

Note that a 0yk þ b 0zk�1 is to be any element of Z by choosing yk and zk�1

properly. Hence we have

HHnðGÞ ¼ ðZ=2aZÞi1n l 0
n

k¼2

ðZ=2dZÞikn l ðZ=2bZÞinþ1
n l 0

n

k¼1

ðZ=2ZÞðiikn þ jikþ1
n Þ:

The other cases are similar. r

Remark 2.2. In particular if a ¼G1, b ¼G1, then we have that

HHnðGÞ ¼
Z ðn ¼ 0Þ;
ðZ=2ZÞ2nþ1 ðnb 1Þ:

�

3 Ring Structure

We maintain the notations in Sections 1 and 2. In this section, we determine

the ring structure of the Hochschild cohomology ring HH �ðGÞ.
Recall the Yoneda product in HH �ðGÞ. Let a A HHnðGÞ and b A

HHmðGÞ, where a and b are represented by cocycles fa : Yn ! G and fb : Ym !
G, respectively. We have the commutative diagram of Ge-modules with exact

rows:

19Hochschild cohomology ring of quaternion algebras



� � � ���!dnþmþ1
Ynþm ���!dnþm � � � ���!dmþ2

Ymþ1 ���!dmþ1
Ym ���!fb G

un

???y u1

???y u0

???y
����

� � � Yn � � � Y1 Y0 G ���! 0;����!
dnþ1

����!
dn

����!
d2

����!
d1

���!
d0

where ul ð0a la nÞ are liftings of fb. We define the product a � b A HHnþmðGÞ
by the cohomology class of faun. This product is independent of the choice of

representatives fa and fb, and liftings ul ð0a la nÞ.
By Theorem 2.1, we take generators of HH 1ðGÞ as follows:

l1 ¼ iji11 ; m1 ¼ iji21 ; n1 ¼ a 0ji11 � b 0ii21 :

Then we have 2l1 ¼ 2m1 ¼ 2dn1 ¼ 0, and l1, m1, n1 are represented by the

following Ge-homomorphisms, respectively:

l̂l1 : Y1 ! G; c11 7! ij; c21 7! 0;

m̂m1 : Y1 ! G; c11 7! 0; c21 7! ij;

n̂n1 : Y1 ! G; c11 7! a 0j; c21 7! �b 0i:

We state an initial part of liftings of these cocycles.

Lemma 3.1. (i) An initial part of a lifting un : Ynþ1 ! Yn of l̂l1 is as

follows:

u0ðc11Þ ¼ ijc10 ; u0ðc21Þ ¼ 0;

u1ðc12Þ ¼ �ijc11 ; u1ðc22Þ ¼ �ijc21 ; u1ðc32Þ ¼ 0:

(ii) An initial part of a lifting vn : Ynþ1 ! Yn of m̂m1 is as follows:

v0ðc11Þ ¼ 0; v0ðc21Þ ¼ ijc10 ;

v1ðc12Þ ¼ 0; v1ðc22Þ ¼ �ijc11 ; v1ðc32Þ ¼ �ijc21 :

(iii) An initial part of a lifting wn : Ynþ1 ! Yn of n̂n1 is as follows:

w0ðc11Þ ¼ a 0jc10 ; w0ðc21Þ ¼ �b 0ic10 ;

w1ðc12Þ ¼ �a 0jc11 ; w1ðc22Þ ¼ b 0ic11 � a 0jc21 ; w1ðc32Þ ¼ b 0ic21 :
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Proof. (i) Clearly l̂l1 ¼ d0u0 holds. Since

u0d2ðc12Þ ¼ ajc10 þ ijc10 i ¼ �ijðic10 � c10 iÞ ¼ d1u1ðc12Þ;

u0d2ðc22Þ ¼ �bic10 þ ijc10 j ¼ �ijð jc10 � c10 jÞ ¼ d1u1ðc22Þ;

u0d2ðc32Þ ¼ 0 ¼ d1u1ðc32Þ;

we have u0d2 ¼ d1u1. (ii) and (iii) are similar. r

Proposition 3.2. The following equations hold in HH 2ðGÞ:

l21 ¼ abi12 ; l1m1 ¼ abi22 ; m2
1 ¼ abi32 ;

l1n1 ¼ a 0bðii12 þ ji22Þ; m1n1 ¼ a 0bðii22 þ ji32Þ; a 0l21 þ b 0m2
1 þ dn21 ¼ 0:

In particular, in the case a ¼G1 and b ¼G1, HH 2ðGÞ is generated by the products

of l1, m1, and n1.

Proof. We calculate l1n1 as an example. Since

l̂l1w1ðc12Þ ¼ l̂l1ð�a 0jc11Þ ¼ a 0bi;

l̂l1w1ðc22Þ ¼ l̂l1ðb 0ic11 � a 0jc21Þ ¼ ab 0j ¼ a 0bj;

l̂l1w1ðc32Þ ¼ l̂l1ðb 0ic21Þ ¼ 0;

it follows that l1n1 ¼ a 0bðii12 þ ji22Þ holds. Other computations are similar. r

In the following we take generators of HH 2ðGÞ as follows:

t2 ¼ i12 ; n2 ¼ i22 ; x2 ¼ i32 ;

l2 ¼ ii12 þ ji22 ; m2 ¼ ii22 þ ji32 :

Then t2, n2, x2, l2, and m2 are represented by the following Ge-homomorphisms,

respectively:

t̂t2 : Y2 ! G; c12 7! 1; c22 7! 0; c32 7! 0;

n̂n2 : Y2 ! G; c12 7! 0; c22 7! 1; c32 7! 0;

x̂x2 : Y2 ! G; c12 7! 0; c22 7! 0; c32 7! 1;

l̂l2 : Y2 ! G; c12 7! i; c22 7! j; c32 7! 0;

m̂m2 : Y2 ! G; c12 7! 0; c22 7! i; c32 7! j:
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Remark 3.3. By Theorem 2.1 and Proposition 3.2, we have the following:

2at2 ¼ 2bx2 ¼ 2l2 ¼ 2m2 ¼ 2dn2 ¼ 0;

l21 ¼ abt2; l1m1 ¼ abn2; m2
1 ¼ abx2; l1n1 ¼ a 0bl2; m1n1 ¼ a 0bm2:

Note that, since HH �ðGÞ is graded-commutative and 2abn2 ¼ 0, it follows that

m1l1 ¼ �l1m1 ¼ �abn2 ¼ abn2 ¼ l1m1 hold. Similarly we have n1l1 ¼ l1n1 and

n1m1 ¼ m1n1.

Next we state liftings of t2, x2, n2, l2, and m2.

Lemma 3.4. (i) A lifting fn : Ynþ2 ! Yn of t̂t2 is given by fnðcknþ2Þ ¼ ckn for

nb 0.

(ii) A lifting gn : Ynþ2 ! Yn of x̂x2 is given by gnðcknþ2Þ ¼ ck�2
n for nb 0.

(iii) A lifting hn : Ynþ2 ! Yn of n̂n2 is given by hnðcknþ2Þ ¼ ck�1
n for nb 0.

(iv) A lifting rn : Ynþ2 ! Yn of l̂l2 is given by rnðcknþ2Þ ¼ jck�1
n þ ickn for nb 0.

(v) A lifting tn : Ynþ2 ! Yn of m̂m2 is given by tnðcknþ2Þ ¼ jck�2
n þ ick�1

n for

nb 0.

Proof. (i) Clearly t̂t2 ¼ d0 f0 holds. If nðb 1Þ is odd, then

fndnþ3ðcknþ3Þ ¼ fnðicknþ2 þ cknþ2i þ jck�1
nþ2 þ ck�1

nþ2 jÞ

¼ ickn þ ckn i þ jck�1
n þ ck�1

n j ¼ dn fnþ1ðcknþ3Þ:

If nðb 2Þ is even, then

fndnþ3ðcknþ3Þ ¼ fnðicknþ2 � cknþ2i þ jck�1
nþ2 � ck�1

nþ2 jÞ

¼ ickn � ckn i þ jck�1
n � ck�1

n j ¼ dn fnþ1ðcknþ3Þ:

Thus (i) is proved. Other computations are similar. r

Remark 3.5. Let a ¼
Pnþ1

k¼1 gki
k
n ðgk A GÞ be any element in HHnðLÞ for

nb 1. Then by Lemma 3.4 we have

at2 ¼
Xnþ1

k¼1

gki
k
nþ2; ax2 ¼

Xnþ1

k¼1

gki
kþ2
nþ2 ; an2 ¼

Xnþ1

k¼1

gki
kþ1
nþ2 :

By using this remark, it is shown that HH 3ðGÞ is generated by products of

l1, m1, n1, t2, n2, and x2:
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l1t2 ¼ iji13 ; m1t2ð¼ l1n2Þ ¼ iji23 ; l1x2ð¼ m1n2Þ ¼ iji33 ; m1x2 ¼ iji43 ;

n1t2 ¼ a 0ji13 � b 0ii23 ; n1n2 ¼ a 0ji23 � b 0ii33 ; n1x2 ¼ a 0ji33 � b 0ii43 :

We state the relations in degree 3, which are given by using Lemma 3.4.

Proposition 3.6. The following relations hold in HH 3ðGÞ:

m1t2 ¼ l1n2; l1x2 ¼ m1n2; l1m2 ¼ m1l2 ¼ dn1n2; l1l2 ¼ dn1t2;

m1m2 ¼ dn1x2; n1l2 ¼ a 0l1t2 þ b 0l1x2; n1m2 ¼ a 0m1t2 þ b 0m1x2:

Likewise, we may show that HH 4ðGÞ is generated by products of t2, n2, x2,

l2, m2:

t22 ¼ i14 ; t2n2 ¼ i24 ; t2x2ð¼ n22Þ ¼ i34 ; n2x2 ¼ i44 ; x22 ¼ i54 ;

l2t2 ¼ ii14 þ ji24 ; m2t2ð¼ l2n2Þ ¼ ii24 þ ji34 ;

l2x2ð¼ m2n2Þ ¼ ii34 þ ji44 ; m2x2 ¼ ii44 þ ji54 :

We state the relations in degree 4, which are given by using Lemma 3.4.

Proposition 3.7. The following relations hold in HH 4ðGÞ:

t2x2 ¼ n22 ; m2t2 ¼ l2n2; l2x2 ¼ m2n2;

l22 ¼ at22 þ bt2x2; l2m2 ¼ at2n2 þ bn2x2; m2
2 ¼ at2x2 þ bx22 :

Similarly, by using Remark 3.5, it is not hard to see that HHnðGÞ for nb 5

is multiplicatively generated by products of l1, m1, n1, t2, n2, x2, l2, and m2.

Now suppose that A ¼ Z½X1;1;X1;2;X1;3;X2;1;X2;2;X2;3;X2;4;X2;5� is a

graded algebra with deg Xk;l ¼ k for k ¼ 1; 2. We consider the algebra homo-

morphism F : A ! HH �ðGÞ induced by Xk;1 7! lk, Xk;2 7! mk, Xk;3 7! nk,

X2;4 7! t2, and X2;5 7! x2 where k ¼ 1; 2. Let I denote the set of the relations

2l1 ¼ 2m1 ¼ 2dn1 ¼ 0 and the relations given by Propositions 3.2, 3.6, and 3.7

and Remark 3.3. We rewrite I by the correspondence y which is defined by

lk 7! Xk;1, mk 7! Xk;2, nk 7! Xk;3, t2 7! X2;4, and x2 7! X2;5 where k ¼ 1; 2, and

denote it by yðIÞ. The algebra homomorphism F induces a surjective algebra

homomorphism ~FF : B ¼ A=yðIÞ ! HH �ðGÞ. Let Bn ¼ fz A B j deg z ¼ ng for

n > 0.

If n ¼ 1, B1 is additively generated by X1;1, X1;2, X1;3. Then X1;1 and X1;2

have order dividing 2, and X1;3 has order dividing 2d. Thus the order of B1 is at

most 22 � 2d.
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If n ¼ 2, B2 is additively generated by X2;1, X2;2, X2;3, X2;4, and X2;5. Then

X2;1, X2;2, X2;3, X2;4, X2;5 have order dividing 2, 2, 2d, 2a, 2b, respectively. Thus

the order of B2 is at most 22 � 2d � 2a � 2b.
If n ¼ 2k þ 1 ðk0 0Þ, then Bn is additively generated by

X1;lX
k�s
2;4 X s

2;5 ðl ¼ 1; 2; 3; 0a sa kÞ; X1;3X2;3X
k�s
2;4 X s�1

2;5 ð1a sa kÞ:

Thus X1;lX
k�s
2;4 X s

2;5 ðl ¼ 1; 2; 0a sa kÞ have order dividing 2, and the other

generators have order dividing 2d. Thus the order of Bn is at most 2nþ1 � ð2dÞn.
If n ¼ 2k ðkb 2Þ, then Bn is additively generated by

X k�s
2;4 X s

2;5 ð0a sa kÞ; X2;lX
k�s
2;4 X s�1

2;5 ðl ¼ 1; 2; 3; 1a sa kÞ:

Then X k
2;4 has order dividing 2a, X k

2;5 has order dividing 2b, X2;lX
k�s
2;4 X s�1

2;5

ðl ¼ 1; 2; 1a sa kÞ have order dividing 2, and the other generators have order

dividing 2d. Note that for 1a sa k � 1, X k�s
2;4 X s

2;5 has order dividing 2d, because

X 2
2;3 ¼ X2;4X2;5 and X2;3 has order dividing 2d. Thus the order of Bn is at most

2n � 2a � 2b � ð2dÞn�1.

Hence the order of Bn is at most the order of HHnðGÞ for n > 0 (see

Theorem 2.1). Therefore ~FF : B ! HH �ðGÞ is also injective.

Finally, we state the ring structure of HH �ðGÞ.

Theorem 3.8. The Hochschild cohomology ring HH �ðGÞ is the commutative

graded ring which is generated by the elements

l1; m1; n1 A HH 1ðGÞ; t2; x2; n2; l2; m2 A HH 2ðGÞ;

and is defined by the following relations:

(i) degree-1 relations

2l1 ¼ 2m1 ¼ 2dn1 ¼ 0:

(ii) degree-2 relations

2at2 ¼ 2bx2 ¼ 2l2 ¼ 2m2 ¼ 2dn2 ¼ 0; a 0l21 þ b 0m2
1 þ dn21 ¼ 0;

l21 ¼ abt2; l1m1 ¼ abn2; m2
1 ¼ abx2; l1n1 ¼ a 0bl2; m1n1 ¼ a 0bm2:

(iii) degree-3 relations

m1t2 ¼ l1n2; l1x2 ¼ m1n2; l1m2 ¼ m1l2 ¼ dn1n2; l1l2 ¼ dn1t2;

m1m2 ¼ dn1x2; n1l2 ¼ a 0l1t2 þ b 0l1x2; n1m2 ¼ a 0m1t2 þ b 0m1x2:
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(iv) degree-4 relations

t2x2 ¼ n22 ; m2t2 ¼ l2n2; l2x2 ¼ m2n2;

l22 ¼ at22 þ bt2x2; l2m2 ¼ at2n2 þ bn2x2; m2
2 ¼ at2x2 þ bx22 :

Remark 3.9. The result of Sanada [6, Section 3.4] follows from Theorem

3.8:

If a ¼G1 and b ¼G1, then t2, x2, n2, l2, m2 are generated by the products of

l1, m1, and n1. Hence HH �ðGÞ is the commutative graded ring which is generated

by l1; m1; n1 A HH 1ðGÞ, and is defined by the following relations:

2l1 ¼ 2m1 ¼ 2n1 ¼ 0; l21 þ m2
1 þ n21 ¼ 0:
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