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Abstract. In this paper, we prove that, if a full irreducible infinite dimensional anti-Kaehler isoparametric
submanifold of codimension greater than one has J-diagonalizable shape operators, then it is an orbit of the action of
a Banach Lie group generated by one-parameter transformation groups induced by holomorphic Killing vector fields
defined entirely on the ambient Hilbert space.

1. Introduction

An infinite dimensional isoparametric submanifold is a proper Fredholm submanifold
of finite codimension in an infinite dimensional separable Hilbert space over the real number
field R such that its normal holonomy group is trivial and that the shape operator for each par-
allel normal vector field has constant eigenvalues, where “proper Fredholm” means that the
differential of the normal exponential map exp of the submanifold is a Fredholm operator
and that the restriction of exp™ to unit ball normal bundle is proper. Throughout this paper, all
Hilbert spaces mean infinite dimensional separable Hilbert spaces. In 1999, E. Heintze and
X. Liu ([13]) proved that all full irreducible infinite dimensional isoparametric submanifolds
of codimension greater than one in a Hilbert space are extrinsically homogeneous. In 2002,
by using this result of Heintze-Liu, U. Christ ([4]) claimed that all irreducible equifocal sub-
manifolds with flat section of codimension greater than one in a simply connected symmetric
space of compact type are extrinsically homogeneous. Let 1 (V') be the group of all isometries
of the Hilbert space V and M a full irreducible isoparametric submanifolds of codimension
greater than one in V. Set H := {F € I(V) | F(M) = M]}. The extrinsic homogeneity
of M in the result of [13] means that Hx = M (x € M). Let I,(V) be the subgroup of
I(V) generated by one-parameter transformation groups induced by the Killing vector fields
defined entirely on V. Note that I, (V) is a Banach Lie group. Set H, := H N I,(V), which
is a Banach Lie subgroup of / (V). Recently, C. Gorodski and E. Heintze ([10]) proved that

Received April 4, 2014; revised April 17, 2017

Mathematics Subject Classification: 53C40

Key words and phrases: anti-Kaehler isoparametric submanifold, J-principal curvature, J-curvature distribution,
homogeneous structure, holomorphic Killing vector field



302 NAOYUKI KOIKE

Hpx = M holds for any x € M. This improved extrinsic homogeneity theorem closed a gap
in the proof of the above extrinsic homogeneity theorem by U. Christ.

In [20], we introduced the notion of a complex equifocal submanifold in a symmetric
space of non-compact type. In [21], we showed that the study of complex equifocal C*-
submanifolds in symmetric spaces of non-compact type is converted to that of anti-Kaehler
isoparametric submanifolds in the infinite dimensional anti-Kaehler space, where C* means
the real analyticity. In this paper, we shall investigate an anti-Kaehler isoparametric sub-
manifold with J-diagonalizable shape operators, which was called a proper anti-Kaehler
isoparametric submanifold in [21]. L. Geatti and C. Gorodski ([9]) introduced the notion
of an isoparametric submanifold with diagonalizable Weingarten operators in a finite dimen-
sional pseudo-Euclidean space. Note that anti-Kaehler isoparametric submanifolds with J-
diagonalizable shape operators give a subclass of the infinite dimensional version of isopara-
metric submanifolds with diagonalizable Weingarten operators. Let K be a maximal compact
subgroup of a finite dimensional non-compact semi-simple Lie group G and H a symmetric
subgroup of G. Define a Hilbert Lie group P(GC, H® x KC) by

P(GC, H® x K©) :={g € H'([0, 11, G%) | (4(0), g(1)) € H® x K©}.

Then any principal orbit of the P(GC, HC x KC)-action on H°([0, 1], gC) is an infinite
dimensional anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators.
This fact is stated in Remark 1.1 of [22] and shown by Theorem 1.1 (ii) in [21] and Theo-
rem B in [22] because the H-action on G/K is an action of Hermann type. In Example 2 of
Section 4, we will state this fact in detail. In addition, for an involutive automorphism o of
G, define a Hilbert Lie group P(GC, G(6)) by

P(G®, G(0)%) :={g € H'(10, 11, G) | (9(0), g(1)) € G(o)®},

where G (o) := {(g,0(g)) | g € G}. Then any principal orbit of P(GC, GC(O'))-aCtiOD on
H 0([0, 1], g(c) also is an infinite dimensional anti-Kaehler isoparametric submanifold with J-
diagonalizable shape operators. This fact also is shown by Theorem 1.1 in [21] and Theorem B
in [22] because the G(o)-action on G = (G x G)/AG is an action of Hermann type. In
contrastlet G = K AN be the Iwasawa’s decomposition of G, where A is the abelian part and
N is the nilpotent part. The inverse images of orbits of the natural action N© ~ G€/KC by
7 o ¢ are infinite dimensional anti-Kaehler isoparametric submanifolds which do not have J-
diagonalizable shape operators, where 7 is the natural projection of G onto G© /K Cand ¢ is
the parallel transport map for GC. See [21] (or Example 2 of Section 4) about the definition of
¢. Assume that a C®-submanifold M in G/K has regular complex focal structure satisfying
the following two conditions:

(*1) The complex focal structure of M is invariant under the parallel translation
with respect to the normal connection of M

and
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(*2) The complex focal set of M at any point x (€ M) consists of infinitely many
complex hyperplanes in the complexified normal space (TXLM )¢ and the group
generated by the complex reflections of order two with respect to the complex
hyperplanes is discrete. Also, for any unit normal vector v of M, the nullity spa-
ces of complex focal radii along the normal geodesic y, with y,(0) = v span

((Ker A, N Ker R(v))(c)J_.

Then each connected component of (i o ¢)_1 M C) is an anti-Kaehler isoparametric subman-
ifold with J-diagonalizable shape operators.
Recently we have proved the following extrinsic homogeneity theorem ([26]):

Let M be a full irreducible anti-Kaehler isoparametric C“-submanifold with
J -diagonalizable shape operators of codimension greater than one in an infinite dimensional
anti-Kaehler space. Then M is extrinsically homogeneous.

Let I;,(V) be the group of all holomorphic isometries of an infinite dimensional anti-
Kaehler space V and set H := {F € I,(V) | F(M) = M}. The extrinsic homogeneity of M
in the above result means Hx = M (x € M). Let I ;f (V) be the subgroup of I, (V) generated
by one-parameter transformation groups induced by holomorphic Killing vector fields defined
entirely on V. Note that I;:(V) is a Banach Lie group. Set H, := H N I;Z(V), which is a
Banach Lie subgroup of 7, ;f (V). In this paper, we prove the following extrinsic homogeneity
theorem similar to the result of [10].

THEOREM A. Let M be a full irreducible anti-Kaehler isoparametric C®-submanifold
with J-diagonalizable shape operators of codimension greater than one in the infinite dimen-
sional anti-Kaehler space V. Then M = Hpx holds for any x € M.

The assumption of the J-diagonalizability of shape operators is essential in our method to
prove Theorem A. It is still an open problem whether any submanifold in the statement of The-
orem A is given as a principal orbit of the above P(GC, HC x KC)-aCtion or P(GC, G(o)c)-
action for some G, H, K or some G, o.

2. Basic notions and facts

In this section, we shall recall some basic notions and facts.

2.1. Some notions associated with anti-Kaehler isoparametric submanifolds. Let
(V,(, ), J)be an infinite dimensional anti-Kaehler space and M an anti-Kaehler isoparamet-
ric submanifold in V. See [21] and [26] about the definitions of an infinite dimensional anti-
Kaehler space and an anti-Kaehler isoparametric submanifold. Denote by (( , ), J) the anti-
Kaehler structure of M and A the shape tensor of M. Fix a unit normal vector v of M. If there
exists X(# 0) € TM with Ay, X = aX + bJ X, then we call the complex number a + b/—1
a J-eigenvalue of A, (or a J-principal curvature of direction v) and call X a J-eigenvector
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for a 4+ b/—1. Also, we call the space of all J-eigenvectors for a 4+ b/—1 a J-eigenspace
for a + b/—1. The J-eigenspaces are orthogonal to one another and they are J-invariant,
respectively. We call the set of all J-eigenvalues of A, the J-spectrum of A, and denote it
by Spec; Ay. Let {¢;};2, be an orthonormal system of T, M. If {e;}72, U {Je;}72, is an or-
thonormal base of 7 M, then we call {e;}7°, (rather than {e;}7°, U{J¢;}7° ) a J-orthonormal
base. If there exists a J-orthonormal base consisting of J-eigenvectors of A,, then we say
that A, is diagonalized with respect to a J-orthonormal base (or Ay is J-diagonalizable).
If, for each v € T1 M, the shape operator A, is J-diagonalizable, then we say that M has
J-diagonalizable shape operators. Let M be an anti-Kaehler isoparametric submanifold with
J-diagonalizable shape operators. The shape operators A,’s (v € Txl M) are simultaneously
diagonalized with respect to a J-orthonormal base. Let {Eo} U {E; | i € I} be the family
of distributions on M such that, for each x € M, {(Eo)x} U {(Ei)x | i € I} is the set of all

common J-eigenspaces of A,’s (v € TXLM), where (Eg)y = ﬁL Ker A,. Foreachx € M,
vels-M

Ty M is equal to the closure (Ep), @ (69 (Ei)x> of (Eg)x @ <@ (Ei)x). We regard TXJ-M
iel iel
(x € M) as a complex vector space by Jy |T¥J_ u and denote the dual space of the complex

vector space TXlM by (Tle )*e. Also, denote by (TJ-M )*¢ the complex vector bundle over
M having (TXJ-M)*c as the fibre over x. Let A; (i € I) be the section of (TJ-M)*c such that
Ay = Re(Ai)x(v)id + Im(A;)x (v)Jy on (E;), for any x € M and any v € TXLM. We call
X (i € I) J-principal curvatures of M and E; (i € I) J-curvature distributions of M. The
distribution E; is integrable and each leaf of E; is a complex sphere. Each leaf of E; is called
a complex curvature sphere. It is shown that there uniquely exists a normal vector field n; of
M with 2;(-) = (n;, ) — ~/—1(Jn;, ). We call n; (i € I)the J-curvature normals of M. Set
= (Ai);l (1). Then the tangential focal set of M at x is equal to iLEJI I¥ ({1211, Theorem 2

(i)]). We call each I a complex focal hyperplane of M at x. Let v be a parallel normal vector
field of M. If U, belongs to at least one [;, then it is called a focal normal vector field of M.
For a focal normal vector field U, the focal map fy is defined by fy(x) := x + 7, (x € M).
The image f35(M) is called a focal submanifold of M, which we denote by Fy. For each
x € Fy, the inverse image fﬁ_l(x) is called a focal leaf of M. Denote by Tl.x the complex
reflection of order 2 with respect to If (i.e., the rotation of angle 7 having /¥ as the axis),
which is an affine transformation of TXLM . Let W, be the group generated by T;*’s (i € 1),
which is an affine Weyl group. This group W, is independent of the choice of x € M (up
to group isomorphicness). Hence we simply denote it by VW. We call this group the complex
Coxeter group associated with M. According to Lemma 3.8 of [23], W is decomposable (i.e.,
it is decomposed into a non-trivial product of two discrete complex reflection groups) if and
only if there exist two J-invariant linear subspaces P; (# {0}) and P> (# {0}) of TXLM such
that TXLM = P; @ P, (orthogonal direct sum), P; U P, contains all J-curvature normals of
M at x and that P; (i = 1, 2) contains at least one J-curvature normal of M at x, where 0 is
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the zero vector of TxJ-M . Also, M is irreducible if and only if WV is not decomposable ([[23],
Theorem 1]).

We note that the notions described in this subsection are defined also for a finite dimen-
sional anti-Kaehler space similarly.

2.2. Aks-representation. Let L/H be an irreducible anti-Kaehler symmetric space
and ([, 7) the anti-Kaehler symmetric Lie algebra associated with L/H. See [24] and [26]
about the definitions of these notions. Also, set p := Ker(r + id). The space Ker(r — id)
is equal to the Lie algebra h of H and p is identified with T,x (L/H). Denote by Ad; be
the adjoint representation of L. Define p : H — GL(p) by p(h) := AdL(W)|p (h € H).
We call this representation p an aks-representation (associated with L/H). Denote by ady
the adjoint representation of . Let a; be a maximal split abelian subspace of p (see [35] or

[31] about the definition of a maximal split abelian subspace) and p = po+ Y. P4 the root
aeAL

space decomposition with respect to a,, where the space p, is defined by py := {X € p |
ad((a)%(X) = a(a)*X for all a € a,} (« € a¥) and A is the positive root system of the root
system A := {«a € a} | po # {0}} under some lexicographic ordering of a}. Set a := po (D
as), j := Jex and (, Yo := (, )en. Note that (p, j, (, )o) is a (finite dimensional) anti-
Kaehler space. It is shown that { , )o|a,xaq, 1S positive (or negative) definite, a = a; @ jag
and (, )ola,xja, = 0. Note that py = {X € p | adi(@)>(X) = a®(a)?X foralla € a}
holds for each & € A, where € is the complexification of & : a; — R (which is a complex
linear function over afg = a) and ot(c(a)zX means Re(oz(C @HX + Im(ot(C (a)z)jX. Letly, :=
(oe(c)_l(O) (e € A)yand D :=a\ U I[,. Elements of D are said to be regular. Take x € D

aeAL
and let M be the orbit of the aks-representation p through x. From x € D, M is a principal
orbit of this representation. Denote by A the shape tensor of M. Take v € TXJ-M (= a). Then

c ~
we have XM = ) po and Ay, = —chiid (¢ € Ay). Let U be the parallel normal
C{EA+
c
. ~ - _ ( )
vector field of M with vy = v. Then we can show that Ay, ;) . 1p(h).x (pa) = —ZC(E)Id for any

h € H. Hence M is an anti-Kaehler isoparametric submanifold with J-diagonalizable shape
operators.

3. Homogeneity theorem

In this section, we shall recall the extrinsic homogeneity theorem for an anti-Kaehler
isoparametric submanifold with J-diagonalizable shape operators, which was obtained in
[26], and the outline of its proof. Let M be an irreducible anti-Kaehler isoparametric sub-
manifold of codimension greater than one in an infinite dimensional anti-Kaehler space
(V,(, ),J). Denote by the same symbol ({, ), J) the anti-Kaehler structure of M. As-
sume that M has J-diagonalizable shape operators. We use the notations in Subsection 2.1.
Denote by If the complex focal hyperplane (Ai);l (1) of M at x. Also set (I}) := (Ai);l (0).
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Fix xo € M. Setl; := [;° and [} := (I:°)". Let Q(xo) be the set of all points of M connected
with xo by a piecewise smooth curve in M each of whose smooth segments is contained in
some complex curvature sphere (which may depend on the smooth segment). By using the
generalized Chow theorem (see Theorem D of [13]), we showed the following fact.

LEMMA 3.1 ([28]). The set Q(xq) is dense in M.

Here we note that the generalized Chow’s theorem is valid because the base manifold
M is a Hilbert manifold even if the metric of M is a pseudo-Riemannian metric. For each
complex affine subspace P of TXLOM , define Ip by

/ ::{{iell(m)xoeP} 0 ¢ P)
{i el iy, €PYU{O} (0eP).

Define a distribution Dp on M by Dp := @ E;, which is integrable. Denote by L’ the leaf

ielp
through x of the foliation given by Dp, and Li the leaf through x of the foliation given by E;.
According to Lemma 4.3 of [26], if 0 ¢ P, then Ip is finite and (iQP i\ (iGHIP lj) # 0, and,
if 0 € P, then Ip is infinite or /p = {0} and (ielp\{O} l;) \ (Z_GRIP l;) # (), where ielp\{O} l;
means Tye M when Ip = {0}. Set (Wp), := x+(Dp),@Spanc{(ni); | i € Ip\{0}} (x € M).
Lety : [0, 1] — M be a piecewise smooth curve. Throughout this section, we assume that the
domains of all piecewise smooth curves are equal to [0, 1]. If y(t) L (Dp), () foreacht €
[0, 1], then y is said to be perpendicular to Dp (or D p-perpendicular). Fix ig € I U {0} and
xo € M. For each geodesic y : [0, 1] — L;% in Li"o, we ([26]) constructed a one-parameter
family {Fy, ,}ref0.1] of holomorphic isometries of V' satistying F) |, (y(0)) = y(¢) and
(F),“OJJ)*},(O)|T;(O) M= TVll[o,t] (t € [0, 1]), where Tyll[o,t] is the parallel translation along y|(o,¢]

with respect to the normal connection of M. From Proposition 4.6 of [26], the following fact
holds.

LEMMA 3.2. The holomorphic isometry Fy,, preserves M invarianily (i.e.,
Fy|[0,t] (M) = M). Furthermore, it preserves E; (i € I) invariantly (i.e., (Fy|[0,t])*(E,') = E;).

By using Lemmas 3.1 and 3.2, we can prove the following fact (see the proof of Theo-
rem A in [26]).

THEOREM 3.3. The submanifold M is extrinsically homogeneous, that is, Hx = M
(x € M) holds, where H := {F € I(V) | F(M) = M}.
4. The affine root system associated with an irreducible anti-Kaehler isoparamet-

ric submanifold

In this section, we shall first recall the notions of the Weyl group, the affine Weyl group
and the root system associated with a certain kind of family of the affine hyperplanes in a
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finite dimensional Euclidean affine space [£. Denote by (V, (, )) the Euclidean vector space
associated with [E. Let H be a family of affine hyperplanes in [E and Wy, the group generated
by the (orthogonal) reflections with respect to members of . Assume that unit normal vectors
of the members of H span V and that # is invariant under Wy. Then H is a finite family
of affine hyperplanes having a common point or a finite family of equidistant infinite parallel
families of affine hyperplanes. In the first case, Wy, is a Weyl group and hence H is described
as

4.1) H={a"'0)|aenr)

for some root system A(C V*) by translating 7 suitably. In the second case, WV is an affine
Weyl group and hence H is described as

(4.2) H={a"kay) | € A & k € Z}

for some root system A(C V*) and some positive constants g, by translating and homothet-
ically transforming H suitably. Setly x 1= o (kay) (o, k) € A x Z). Define a system R
by

R::{(U(xvla,k)GVXHl(Ol,k)EAXZ}
“3) I /
UL (500 lak ) € VX H | @B e x 2

where v, is the vector of V defined by a(e) = (vy,®) and A’ is a subset of A. If R is
We-invariant, then R is a root system in the sense of I.G. Macdonald [27] (see Definition 7.3
of [10] also). This root system R is called a root system associated with H. In particular,
if W is infinite, then it is called an affine root system associated with H. If A’ = @ (resp.
A # (), then R is said to be reduced (resp. non-reduced). Also, if W is irreducible (resp.
reducible), then R is said to be irreducible (resp. reducible). Assume that R is a reduced
irreducible affine root system of rank greater than one. Then the Dynkin diagram of R is
defined as follows. Let IT be the simple root system of A with respect to some lexicographic
ordering of V* and § be the highest root of A with respect to the lexicographic ordering.
If W is finite (resp. infinite), then the family {l, 0 | @ € IT} (resp. {lo0 | @ € T} U
{ls.1}) is the whole of walls of an alcove C of W-action. For any element (vy, Iy k) and
llvall
[var]]

IT or IT U {8} and link the white circles corresponding to « and o’ (a0, @’ € IT or IT U {8})
Ve
[var]]

1 1
(Vo/, lo’ k) of R, 1, 2, > 3 or 3 holds. We assign a white circle to each « €

=1, 2%l op 3%1, Also, in the case where

by 1,2 or 3 edges in correspondence to

v .. . . .
M = 2% or 3!, we add the arrow pointing to the white circle corresponding to the

v |l
shorter length one of « and o’ to the 2 or 3 edges. The diagram obtained thus is called the
Dynkin diagram of R. All of reduced irreducible affine root systems of rank greater than one

are (A,)(r > 2), (B)(r = 3), (BY)(r = 3), (C)(r =2), (CO)(r = 2), (Dy)(r >
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4), (Ee), (E7), (Es), (F1), (EP), (G2) and (GY). See Table 1 of [10] in detail. Assume
that R (given by (4.3)) is a non-reduced irreducible affine root system of rank greater than
one. Define subsystems R;eq and R .y by

Ried i= {(Va, lo,) € VX H | (@, k) € (A\ A') x Z)

@4 U{(%va,la,k) eVxH (a,k)eA/xZ}
and
4.5) Reed = {Was o) €V X H| (, k) € A xXZ}.

Then the Dynkin diagram of R is defined as follows. We add the second smaller concen-
tric white circles to the white circles corresponding to @’s (o € IT N A’ or (IT U {§}) N A)
in the Dynkin diagram of R.q. The diagram obtained thus is called the Dynkin diagram
of R. All of non-reduced irreducible affine root systems of rank greater than one are
(Br, B (r 2 3), (CL.CH(r = 2), (C/,C)(r 2 2), (C},C)(r = 2) and (G2, CY),
where these notations denote the pairs of types of Rreq and Ry. See Table 2 of [10] in
detail.

Next we shall introduce the notion of the root system associated with an anti-Kaehler
isoparametric submanifold with J-diagonalizable shape operators. Let M be an anti-Kaehler
isoparametric submanifold with J-diagonalizable shape operators in an anti-Kaehler space
V, where V may be of finite dimension. We use the notations in the previous section. Let
V = V_@V, be the orthogonal decomposition of V suchthat { , )|v_xv_ (resp. (, v, xv,)
is negative (resp. positive) definite and that JV_ = V. Note that such a decomposition is
unique. Denote by V and V the Riemannian connections of M and V, respectively. Since the
complex Coxeter group associated with M permutes {7 | i € I} and itis discrete, there exist a
finite family {ME | B € B} of complex linear functions over the normal space TXJ-M (regarded
as a complex linear space by J) and a finite family {bg | 8 € B} of complex numbers such
that {(,u;g)_l(l +bgj) | B € B, jeZ}isequalto {lf |i € I}. Set )\’(‘ﬂ’j) = ﬁ/‘?}
Note that ()»fﬁ’j))_l(l) = (,ug)_l(l +bg j). Define sections A(g, j) of (T M)*C by assigning
)J(‘ﬁ’j) to each x € M. Set By := {8 € B | bg = 0}. Then the set of all J-principal curvatures
of M is equal to

{A.jp | (B, J) € (B\ By) x Z}U{\g,0)| B € Bo}.

Hence, we have I = (Byp x {0}) U ((B \ Bg) x Z). Note that B = By when V is of
finite dimension. Let 7 M be the half-dimensional subdistribution of the tangent bundle
TM such that (, )|rm, xTm, is positive definite and that (TM,, JTM,) = 0, and set
TM_ := JT M. Note that such subdistributions are determined uniquely. Similarly, we de-
fine the half-dimensional subdistributions T M4 (resp. (E;)+) of the normal bundle T+M
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(resp. J-curvature distributions E;’s (i € I U {0})). Clearly we have

TM_ = (Eo)-© <69 (Ei)—)
iel

and

TM+ = (Eo)+ © <i€€91(Ei)+) .

Fix xo € M. Set b := TXLOM and by = (TLMi)XO. Clearly we have b_ = Jy by and
b=by+b_(~b9).

LEMMA 4.1. Let iy and iy be elements of I such that (n;,)x, and (n;,)x, are linearly
independent over C. Set b’ := Spang{(ni,)x,. (iy)x,}. Then we have J,,b' N 6" = {0}.

PROOF.  Since (n;,)x, and (n;,)x, are linearly independent over C, there exists a com-
plex affine line P of TX#M which passes through (n;, ), and (n;,), but does not pass through

0. Then L fo (C (Wp)y,) is a (finite dimensional) anti-Kaehler isoparametric submanifold with
J-digonalizable shape operators of complex codimension greater two. Since the complex

codimension of Lfo is equal to two, it is irreducible or the product of two irreducible anti-

Kaehler isoparametric submanifolds Lf(; (C (Wp,)y,) (i = 1,2) with J-diagonalizable shape
operators of complex codimension one, where we note that (Wp),, = (Wp,)xy ® (Wp,)x,-
Also, note that LY (C (Wp.)x,) (i = 1,2) are complex spheres because they are of complex
codimension one.

First we consider the case where Lfo is irreducible. Then, according to Theorem 4.4

of [26], L fo is a principal orbit of the aks-representation associated with an irreducible anti-
Kaehler symmetric space of complex rank greater than one. Denote by L/H this irreducible
anti-Kaehler symmetric space. We use the notations in Subsection 2.2. Let Lfo =p(H) w,
where p is the aks-representation associated with L/H and w is the element of p identified
with xp. Let a; be the maximal split abelian subspace of p containing w and a the Cartan
subspace of p containing a,. The space a is identified with the normal space of T LF of
Lfo (C (Wp)x,) at xo. Let A be the positive root system of the root system A (with respect
to ay) under some lexicographic ordering of a}. For each « € A, define the section A, of

the C-dual bundle (TLLfO)* of TLLf0 by
a® o p(h)s

<Cw) (he H).

Aa) p(hy(w) = —

The set of all J-principal curvatures of Lfo isequalto {A, | @ € AL}. Let ny be the J-

curvature normal corresponding to Ay. Since (Ay)y = we have (ny)y, € ay for

e
aCw)’

any « € Ay. This fact implies that (n;,)x, and (n;,)y, belong to a,. Hence we obtain
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J, 0 N b = {0}.
Next we consider the case of Lfo = Lfol X L% (C (Wp)xyg ® (Wp,)x,). Then one of

(ni,)x, and (n;, ), belongs to TXJ(;LfO‘ and another belongs to TXJ&Lfg. From this fact, it follows
that Jy,b’ N b = {0}. This completes the proof. O

Define a linear subspace bg of b by
br := Spang{(n;)x, | i € 1}.
From Lemma 4.1, it follows that J, br N br = {0}. Furthermore, since M is full, by is a real
form of b. For simplicity denote lf" by /;. Itis easy to show that [; N br = ((Ai)xole)_l(l).
Denote by l]lR this affine hyperplane /; N br of br. Let Wg be the group generated by the

reflections with respect to l{g’s (i € I). Itis clear that

R

br

FIGURE 1. Generators of the affine Weyl group associated to M

Whr is isomorphic to WW. Hence, Wk is an affine Weyl group. Let B’ be the set of all
elements B’s of B satisfying the following condition:

There exists ,é € B such that (n(g,0))x, and (n A 0)) xo are linearly independent

over C, for the complex affine line P through (n(g,0))x, and (n ( 3’0)) xg» the

root system associated with L fO(C Wp) is of type (BC2) and the %-multiple

of the root @ € A4 (AL :asin the proof of Lemma 4.1) corresponding to 8
also belongs to A .

Fix Zg € ﬂﬂB l%. There exists a root system Ay (C (bgr)*) such that
(S

o€ (AM)+} U { o € (Ap)+ such that % € (AM)+}

o
 2a(Zp)

{_
,3 € B } )

= {Ap0log | B € B} U Ek(ﬂ,O)le
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where (Ajyr)4 is the positive root system of Ay under a lexicographic ordering of (bgr)*.
When a(e (Ap)+) correspondsto 8 € B (i.e., —a("‘TO) = A(g,0)lbg)> We denote A (g iy, n(g, j),
lg,j) and bg by A, jy» N(a, j)» L@, j) and by, respectively. Hence we may denote (Ap)4 X Z
by I. In the sequel, I denotes (Apr)+ X Z. Define a system Rjs by

Rt = {((@0)sor ligj) | @ € (Ba)+, j €T}

This root system Ry is a root system associated with 4. In particular, if By # B, then it is
an affine root system associated with H.

DEFINITION. We call Ry the root system associated with M. In particular, if B # By,
then we call Ry the affine root system associated with M .

For Ry, the following fact holds.

PROPOSITION 4.2. If M is irreducible, then VV is infinite and hence Ry, is the affine
root system.

PROOF. To show this statement, we suffice to show that B # By. Suppose that B =
Bp. Then we have

TXOM = (EO))CO @D ( 52 (E(ﬂ,o))xo) .
BeB

This implies that M is the cylinder over a finite dimensional anti-Kaehler isoparametric sub-
manifold of J-diagonalizable shape operators. This contradicts the fact that M is irreducible.
Hence we obtain B # By. O

EXAMPLE 1. Let (L, H) be an anti-Kaehler symmetric pair and p : H — GL(p)
the aks-representation associated with (L, H), where p is as in Subsection 2.2. We use the
notations in Subsection 2.2. Let M be the orbit of p(H)-action through a regular element
xo(€ a) and V an infinite dimensional anti-Kaehler space. Then the cylinder M x V(C px V)
over M is a (reducible) anti-Kaehler isoparametric submanifold with J-diagonalizable shape
operators. The set 7 PC yyxv of all J-principal curvatures of M x V is given by

oC
JPCyxy =1— I =IANE I
a(x0)
where o’z‘vc is the parallel section of (T+M)*C with (o’zTC) = «C. Hence we have

X0
H={a " (—axp) |a € AL},
and
Ru = {((ng)xy, @ (—a(x0))) | & € Ay},

where (nq)yx, is the element of a; with c(e) = ((ng)x,, ®). Also, we have Ay = A. Thus
both the types of Ay and Ry are equal to that of A.
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EXAMPLE 2. Let G/K be a symmetric space of non-compact type and H ~ G/K
a Hermann type action (i.e., H is a symmetric subgroup of G). Let g, £ and h be the Lie
algebras of G, K and H, and 6 (resp. o) the involution of G with (Fix6)o) C K C Fix#
(resp. (Fixo)g C H C Fixo). Denote by the same symbols the involutions of g induced
from 6 and o. Set p := Ker(0 + id) and q := Ker(o + id). Assume that 6 and o commute.
Then we have p = p N h + p N q. Take a maximal abelian b" of p N q. Let p = 3,(b") +

>~ pa be the root space decomposition with respect to b’, where 3, (b) is the centralizer
aen,

of b’ in p, A/, is the positive root system of the root system A’ := {a € b | 3IX(#£0) €
p such that ad(h)?(X) = a(b)*>X (Vb € b')} under some lexicographic ordering of b’* and
o = (X € p | ad®)*(X) = a(b)>X (Vb € b))} (@ € A,). Also, let A’} = {a € A, |
paNg # {0}} and A" := (& € A, | paNh # {0}). Also, let ¢ : HO([0, 1], g€) — GC be the
parallel transport map for G€ and 7 : G — GC/KC the natural projection. See [K2] about
the definition of the parallel transport map for GC. Let HC ~ G€/KC be the complexified
action of the H-action, M the principal orbit of the HC-action through Exp Zo and M a
connected component of (7 o ¢)~' (M), where Zq is a point of b := b'"(= TEJI'(CM) (e :the
identity element of GC) and Exp is the exponential map of GC/KC at eKC. Note that M
is a principal orbit of the P(GC, HC x K©)-action stated in Introduction. This submanifold
M is an anti-Kaehler isoparametric submanifold with J-diagonalizable shape operators in
H 0([0, 1], gc). In particular, if G/K is irreducible, then M is (extrinsically) irreducible. Fix
ug € (wo c/))_1 (xg) N M. By the similar argument to Section 4 of [K6], it is shown that the
set J PC j; of all J-principal curvatures of M is given by

JPC a” enN ke
T = _ o ,
M a(Zo) + km/—1 +
(4.6) %
- al aen kez
o(Zo) + (k + Hm /=1 o ’
where C is the parallel section of (T+M)* with (&TC) = aC. Here the normal space

uo
TMJ(;ZVI of M at ug is identified with TXJ(;M (= b) through (7 o ¢)4y,. Define a complex linear

«C L . ~
— a2z which is a J-principal curvature of M.

Let n(q,0) be the J-curvature normal of M corresponding to A(a,0)- From (4.6), we have

function A(q,0) over b(= b'C) by Ma0) =

H = [a_l(—a(Zo) +krv/=1) ‘ aer ke Z}
U {a—l(—a(zw k4 Dy

aeA/f,keZ}
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and
Rt = | (010 @ (—a(Zo) + krv/=D) ‘ aen kezl
U (o). @ (—a(Zo) + (k + %)W—T)

aeA/f,keZ},

1
U 5(”(0{,0))1401 oz_l(—a(Zo)Jrkrr«/—_l))

ae Y, ke Z} :

1 1
U <§(n(a,0))u0a Ol_l(_a(ZO) + (k + 5)7‘[\/—_1))

ae @y, ke Z} :

where (A')) == {a € A'Y | o e Ay and (A1) = {a e &M | Lo € AL} Also, we
have Ay = A

5. Proof of Theorem A

Let M(C V) be as in Theorem A. We use the notations in Sections 3 and 4. Note that
I = (Apm)+ X Z. For simplicity denote R s by R. Let P be a complex affine subspace of
b= TxJ(;M and Dp a distribution on M defined in Section 3. Then it is easy to show that Dp

is a totally geodesic distribution on M. We call the integral manifold LY of Dp through x a
slice of M. Denote by 0 the origin of b. If 0 ¢ P, then Lf is a focal leaf. Then, since Lfo
is a finite dimensional anti-Kaehler isoparametric submanifold with J-diagonalizable shape
operators of codimension greater than one in (Wp)y,, it is the product of principal orbits
of the aks-representations associated with some irreducible anti-Kaehler symmetric spaces
by Theorem 4.4 in [26], where we use also the fact that a finite dimensional anti-Kaehler
isoparametric (complex) hypersurface is a complex sphere (i.e., a principal orbit of the aks-
representation associated with an anti-Kaehler symmetric space of complex rank one). If 0 €
P, then the slice L fo is an infinite dimensional anti-Kaehler isoparametric submanifold with
J-diagonalizable shape operators in (Wp),,. Take any wo € (E;)y, (i € I). Lety : [0, 1] —
Lio be the geodesic in Lio with y’(0) = wo and {Fy |, }icr the one-parameter family of
holomorphic isometries of V stated in Section 3. For simplicity set F"° := Fy,,- Let
X0 be the holomorphic Killing field associated with the one-parameter transformation group

d
{F/"},cR, that is, X0 := -

F,wo (x), where x moves over the set (which we denote
t=0
d
F”(x) exists. Set A™0 := — (F")4x, and
t=0 dt t=0
bWo ;= (XW0)y, where 0 in (X™0)q is the zero element of V (i.e., (X¥0), = AWox + p¥0),
Clearly we have

d
by U) of all elements x’s where 7

( @ (Ei)xo)@bcu,

ielU{0}
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where we regard the left-hand side as a subspace of V under the identification of T,V and
V. However, U does not necessarily coincide with the whole of V. For simplicity we set

Vi, = < @O}(Ei)xo) @ band (V)7 := @{0}(Ei)x0- Define a map Iy, : Vi)r =V

ielU{ ielU

— d
by I'yy(w) = 7 (F")sxo(w) (= A™w) (w € (V] )r) and a map Iy, : (V))r —
t=0

Ty M by I'yyw = (Fwow)T (w € (V;O)T), where ()7 is the Ty, M-component of (-).

Also, by using I'y,’s (w € 'UI(E,')XO), we define a map T"° : <® (Ei)x0> x (Vi)r =V
ie iel

by setting fﬁ?l wy = [y, (w2) (w; € iLeJI(Ei)xo’ wy € (V;)r) and extending linearly with

respect to the first component. Similarly, by using I,’s (w € _UI(Ei) x)» We define a map
e

rx. <69 (Ei)xo) X (V;O)T — Ty, M. This map "0 is called the homogeneous structure of
iel

M at xq.
In this section, we prove the following fact.

THEOREM 5.1. The holomorphic Killing field X™° is defined on the whole of V.

For simplicity we denote the extrinsically homogeneous structure "0 by I". Denote by
h the second fundamental form of M. It is clear that Fwow = Iyow + h(wp, w) (w € Vf)
and that 22(wy, -) is defined on the whole of T, M. Hence, in order to show this theorem, we
suffice to show that 17, (: (V)éo)T — Ty,M) is defined (continuously) on the whole of Ty M.
Since (Ty,M, ( , )) is an anti-Kaehler space, (Tx,M, —pr’(kTXOM)i( , )+ pr}‘TXOM)+( , ) is
a Hilbert space, where Pr(r, M) is the orthogonal projection of Ty, M onto (T, M)+. Set
(, )+ = —prz‘TxoM)_( , )+ prTTxOM)J , ). Denote by || e || the norm of a vector of Ty, M

with respect to ( , )+ and the operator norm of a linear transformation from (V)éo)T to TyyM
with respect to { , )+. To show that 17, (: (V;O)T — TyyM) is defined (continuously) on the
whole of T, M, we suffice to show that it is bounded with respect to || e ||. In the sequel,
we shall prove the boundedness of I3, with respect to || e || by the similar argument to [10].
Even if the proof is similar to that of [10], we need to discuss it carefully. For the domain
of I' is an anti-Kaehler space but there exist some parts discussed on a special real form of
the space. Some of facts corresponding to lemmas and propositions in Sections 3—6 and 8 of
[10] are shown in the same methods as their proofs in [10]. We shall state the facts as lemmas
without the proof.
For I', we can show the following fact.

LEMMA 5.2. Letij € I andiz, iz € I U{0}.
(1) For any wi € (Ej)x, (k =1,2,3), we have

(My, w2, w3) + (w2, Iy, w3) =0,
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(ii) For any w € (Ej)x, (k = 1,2) and any holomorphic isometry f of V preserving
M invariantly, we have

Selwwa = Ty frwa .
Also, for F,wo, we have the following fact.

LEMMA 5.3. Let L be a slice of M, ip an element of I U {0} with (E;))x, C Tx,L
and W the complex affine span of L. If wo € (Eiy)x,, then F;"°(L) = L holds for all
t € [0,1] and X" is tangent to W along W. Furthermore, if L is irreducible and is of
rank greater than one, then F|w = LF" holds for all t € [0, 1], where “ F" is the
one-parameter transformation group of W defined for L in similar to F,"°, and hence the
extrinsically homogeneous structure of L(C W) at x is the restriction of I.

These lemmas are proved in the methods of the proofs of Lemmas 3.4 and 3.5 of [10],
respectively. Let ¥ be a (non-focal) parallel normal vector field of M, 5y : M — V the
end-point map for v (i.e., ny(u) := expL (vy) (u € M)) and My the parallel submanifold
for v (i.e., the image of ny). Denote by VT the extrinsically homogeneous structure of My at
nw(x0). Then we have the following fact.

LEMMA 5.4. Forany wy € (Ej))x, (i1 € I) and any wy € (Ej,)x, (i2 € 1 U {0}), we
have

vF(ni)*wle = (79)« (T, w2) ,

where we note that TxyM = Ty (x,) My under the parallel translation in V. Also, we have
(m)xw1 = (1 = (hi;)xo (V0)) w1

PROOF. From (1y)4x, = id — Ay, the second relation follows directly, where A is the
shape tensor of M. Since (9%)xx, maps the J-curvature distributions of M to those of My, ny
maps the complex curvature spheres of M through x¢ to those of My through n3(xp). On the
other hand, since F,”! preserves M inavariantly and its differential at a point of M induces
the parallel translation with respect to the normal connection of M, we have 1y o F,w1 | =
F”! o ny. By using these facts and the properties of F,”!, we can show that F,”! coincides

with Ft(m*w' . From this fact, the first relation follows. O

We have the following fact for a principal orbit of an aks-representation of complex rank
greater than one.

LEMMA 5.5. Let N be a principal orbit of an aks-representation of complex rank
greater than one, {n; | i € I} the set of all J-curvature normals of N, E; the J-curvature
distribution corresponding to n; and I’ the extrinsically homogeneous structure of N at x.
If the 2-dimensional complex affine subspace P through n;,, n;, and n;; which does not pass
through 0, then, for any wi € (E;,)x (k = 1,2, 3), we have

lerw2w3 - FIUQFU)]w3 = F(Fw]wz—l"wzw])w3 .
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PROOF. Let L/H be an irreducible anti-Kaehler symmetric space and ([, t) the anti-
Kaehler symmetric Lie algebra associated with L/H. We use the notations in Subsection 2.2.
Note that I = A4 x {0}(= A4). Let N be the principal orbit of the aks-representation
p = Adrlp : H — GL(p) through a regular element x(€ D). Take any « € Ay and any
w € (Ey)x(= po). Then, according to the proof of Lemma 4.6.3 of [26], the holomorphic
isometry F}" is equal to p(exp;, (tw)), where w is the element of b, such that ad((a)(w) = w

foralla € a, where hy :={X € b | ad[(a)Z(X) = ac(a)zX for all a € a}. Hence we have
5.1) Iy =ad((w).

Therefore we can derive the desired relation in the method of the proof of Proposition 3.8 of
[10]. O

Foreachi e I, denote by W; the complex affine subspace xo + ((E;)x, ® Spanc{(ni)x,})

of V. Also, let f; be the focal map having Lf" ’s (u € M) as fibres, @; the normal holonomy
group of the focal submanifold f; (M) at f;(xo) and (®;)y, the isotropy group of @; at xo.
This group (®;), preserves (E;)y, invariantly. The irreducible decomposition of the action
(Pi)xy ™ (Ei)y, is given by the form (E;)y, = (El-);c0 @ (Ei);c/o’ where dim(c(El-);’O =
0,1 or 3, and dimC(Ei);O is even in case of dimC(Ei);/O = 1lor3. Setm; := dimcE;.
Note that @; is orbit equivalent to the aks-representation associated with one of the following
irreducible complex rank one anti-Kaehler symmetric spaces:

SO(m; +2,0)/SO(m; +1,C), SL(™5H +1,C)/SL(™5,C) - Cs,
Sp(iFl 1+ 1,C)/Sp(1, C) x Sp(“itl, ©)
and that
0 (®i)y, =SOm; +1,C))

dime(E)y =1 1 (@)y = SL(Z5H, C) - Cy)
3 (@i)xy = Sp(1,C) x Sp(2fL, ©)).

By using Lemma 5.3 and (5.1), we can derive the following fact corresponding to Proposi-
tion 3.11 of [10].

LEMMA 5.6. Leti € 1. Then we have

Fieyy (EDY, =0, Tigy (EdYy C (Ei)y,
Ly (Edy, C (ED)Yy, and Iigy, (Edy, C (EDY, .

Also, we have the following facts corresponding to Propositions 3.12 and 3.13 of [10].

LEMMA 5.7. For iy € I and in € I U {0} with i # i1, we have
(I(E;) )y (Eir)xg» (Eip)xg) = 0.

LEMMA 5.8. Letiy € I andiz, iz € 1 U{0}. For wi € (E; )y, (k =1,2,3), we have
(vwlﬁ)(wZa w3) = <Fw1w2, w3>(("i2)xo - (ni3)x0) and Fw]w2 = 611)17-7)2 (mOd (Eiz)xo)5
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where V is the connection of the tensor bundle T*M ® T*M ® T+M induced from V and
the normal connection V+ of M, and Wy is a local section of Ej, with (17}2))(0 = wy.

Let i1, is, i3 € I U {0} with i # i3. Then we define —L "3 py
niz — n,'3

b (When (nil))CO - (ni3)x0 = b((niZ)XO - (ni3)x0)
ni, — N, for some b € C
nij, — Njj ' 0 when (nil))q) - (ni3)x0 and (niz)xo - (ni3)x0)

are linearly independent over C '

Note that this value is independent of the choice of xop € M. Denote by w* the (Er)xy-
component of w € Ty, M. We can derive the following fact corresponding to Proposition 3.15
of [10] from the first relation in Lemma 5.8 and the Codazzi equation.

LEMMA 5.9. Letiy,io € I and iz € I U {0} with i3 # ir. For any wi € (Ej)x
(k =1,2), we have

—n

(Fwyw2)™ = 202251 wp).
1

3

i

Also, we have the following fact corresponding to Lemma 3.16 of [10].

LEMMA 5.10. (i) Leti; € I and ip,iz € I U{0}. If(lewz)i3 # 0 for some w; €
(Ei)xg and wy € (Ejy)xy, then (ni,)x,, (Miy)x, and (ni;)x, are contained in a complex affine
line.

(ii) Let iy, ip, i3 € 1. The condition (F(Eil)m (Eiz)xO)i3 # 0 is symmetric in iy, i3, i3.

Also, we have the following fact corresponding to Theorem 4.1 of [10].

LEMMA 5.11. > I(E;) (Eir)x, is dense in T, M and includes } (E;)x,.
i1,ipel s.t.iy#ip iel
By using this lemma, we can derive the following fact corresponding to Corollary 4.2 of
[10].

LEMMA 5.12. (i) Foreachiy € I, we have

(T (Eis)x)" = (Eiy)xg -
ip,iz3€l s.t. Niy \Niy ¢Span(c{nil }

(i1) > (F(Eil)m (Eiz)XO)O is dense in (Eg)y,, where “lin. dep.” means
i1,i0€l s.t. i sMiy :lin. dep.
“linearly dependent”.
Notation. In the sequel, for w € (E;)y, (i € I U{0}), @ denotes a local section of E; with
Wy, = W.
For wi € (Ej)x, and wy € (Ej,)x, (i1, i2 € 1 U {0}), define V’wl{ﬁg by (V’wlﬁzg)x =
(VIZ] m2))C - F(x

5 (w7)x, where x moves over the common domain of w; and w,. Denote by
X
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R the curvature tensor of M. Letiy,iz,i3 € I, ig € IU{0}and wy € (Ej)x, (kK =1,...,4).
According to the Gauss equation, we have
(5.2) (R(wy, w2)ws, wg) = ((wy, wa) (w2, w3) — (wy, w3) (w2, wa)) (N, Niy) -
Also, from the definition of V', we have
(5.3)
(R(wr, w2)ws, wa) = (N w3, Dy, ws) — (D, w3, Ty, wa) — (Vi i, W3)xg» Wa)
+w ((V52a3)an 'LU4> - ((V{T)ZITB)X(V (VlT)l {54))(0) - (szw?)a (Vl/jl 7-7)4))60)
_wQ.((VE] ITJ3))(0’ 'LU4> + ((V{T)l ﬁ}3)x07 (Vﬁzw4)x0> + (le w3, (V;ZZEM)X()) .
For V’ and I', we have the following relations.
LEMMA 5.13. Letiy,iz, iz € I andig € I U{0}.
(1) For any wi € (Ej)x, (k =1,2,3), we have
wi(W2, W3) = ((V, W2)xes W3) + (w2, (Vi W3)x,) -
(i) If i1 # ia, then we have Vi W) = (Vis, W)™ for any wi € (Ej)x, (k = 1,2).
(iii) For any wi € (Ej)x, (k = 1,2, 3), we have
Ve (Town)®)) = (T 5 B (M (V5 T3))"
i, ((Fwyw3)) o = 5 iy w3 )+ (L, ( o W3)xe)" -
PROOF. The relations in (i) and (ii) are trivial. From (ii) of Lemma 5.2, the relation in

(iii) is shown in the method of the proof of Lemma 5.2 of [10]. d

Letiy € I'andip € I U {0}. Forw € T, M, wy € (Ej,)x, and wy € (Ej,)y,, we define
(Iywr, wa) by

n, —n;,
(Fwwi, wo) i= — Z<Fw1wz, %w’>

5.4
L ni —np
= mll)moo E Iy, wa, Po—— w >

iel s.t. |w"|>%

According to (i) of Lemma 5.2 and Lemma 5.9, this definition is valid. From the relation in
(iii) of Lemma 5.13, we can show the following fact in the method of the proof of Theorem 5.7
of [10].

LEMMA 5.14. Letiy, iz, iz € I andis € I U {0} with is # i3. For any wy € (Ej;)x,
(k=1,...,4), we have
(7o Fusd = Fryun-rugun ) s, wa)
= —((w1, wa){wz, w3) — (Wi, w3) (w2, wa)){n;, ni,) .

By using Lemmas 5.9 and 5.14, we can show the following fact.
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LEMMA 5.15. Let (i1, 12, i3) be an element ofl2 x (I U {0}) such that there exists no
complex affine line containing (n;,)x,, (Ni,)x, and (ni;)x,, and i4 an element of 1. For any
wi € (Ej)xy (k=1,...,4), we have

(M, w2, Ty,w3) = (T, w2, T, w3) + (Tl wa, Dy, w3) ,

where c is a constant. Furthermore, if i1 = i4 or the intersection of the complex affine
line through (n;,)y, and (n;,)y, and the complex affine line through and (n;,)x, and (ni;)x,
contains no J -curvature normal, then we have ¢ = 0. On the other hand, if their intersection
contains a J-curvature normal (njs)x,, then we have

C:niS—niS Xnil—nu‘
ni, — Nj; ni, — Ny
We can show the following fact in the method of the proof of Corollary 5.11 of [10].

. . . . . . . . n; ni, —n;
LEMMA 5.16. Letiy, ia, i3 € I satisfying i3 # i1, i> and > # —-A—2. Assume that
3 O 3

<(F(Ei|)x0 (Eiz)xo)i4a F(E,‘I)XO (Ei3))(0> = Ofor any i4 € I and (F(Eil)xo (Eiz)xo)i3 =0 (these
conditions hold lfF(E (Eiz)xO C (EO)X())' Then we have (F(Eil)xo (Eiz)xoa Iﬂ(E,‘l)x0 (Ei3))q)>
=0.

il)xo

Also, we can derive the following fact.

LEMMA 5.17. Letiy, iz € I withiy # iz. For any wi € (E;;)y, (k =1, 2), we have

BeOOp\) T T

ni, — n; . 1
>, Re (—) (T w2) 21 = 5 iy iy ) (wr wi) a2

PROOF. Letwy = (w2)- + (w2)+ (w2)= € (Ei)-)xgs (w2)y € (Ei)4)x)- In
similar to Corollary 5.13 of [10], we can show

iy Ty — Nig i
E <(Fw1 (w2)e)"?, 7(Fw| (w2)e) 3>
ni, —n;

(5.5) i3e(TU(0N\{i1) s
= 5 {niv nip) (wr, wi) (W2)e, (W2)e)
where ¢ = — or +. On the other hand, since F,"!’s preserve E;’s invariantly and they are

holomorphic isometries, I3, preserves ((E;)—)x,’s and ((E;)+ )y, invariantly, respectively.
Hence we have Iy, (w2)e = (I, w2)e. Also, it is clear that ((I'y, w2)e)® = ((Iy, w2)3)e.
From these relations, we have

<(Fw. (w)e)®, 225, (wz>g)"3>

O 3

iy — Nig i i
=Re (7> (T w2)?)e, (Tpyw2)?)e) .

ni, — Ny
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By summing the (—1)-multiples of (5.5)’s for ¢ = =+ and using this relation, we have the
desired relation. O

By using Lemmas 5.3, 5.7, 5.10 and 5.17, we can show the following fact.

LEMMA 5.18. Assume that the complex Coxeter group VW associated with M is of
type A, D or E. Let iy and i3 be elements of I such that n;, and n;, are linearly independent.

(1) If n;, and n;, are orthogonal, then we have Iy, wy = 0 for any wy € (Ej )y, (k =
1,2).

1
(i1) If n;, and n;, are not orthogonal, then we have ||, wa|| < §||w1|| w2l [|n;, || for
any wk € (Eik)xo (k = 17 2)

PROOF. Let P be the complex affine line in b through (n;,),, and (n;,),. Since n;; and
n;, are linearly independent, we have 0 ¢ P. Hence the slice L 50 is a finite dimensional anti-
Kaehler isoparametric submanifold with J-diagonalizable shape operators (of codimension
two in (Wp)y,). Hence, since }V is isomorphic to an affine Weyl group of type A, DorE,
the root system (which we denote by A p) associated with Lfo isof type A1 x A or Aj. First
we shall show the statement (i). Assume that (n;,)y, and (n;,),, are orthogonal. Then Ap is
of type A1 x Ap and hence P contains no other J-curvature normal. By using this fact and

P
Lemma 5.3, we can show Iy, wy = Ly Iy, wy = 0 forany wy € (Ej)y, (k = 1,2), where

Ly I is the extrinsically homogeneous structure of L 50. Next we shall show the statement (ii).
Assume that (n;,)y, and (n;,)y, are not orthogonal. Then Ap is of type A, and hence there
exists iz € I'\{i1, i} with (n;;)x, € P. The setl;; NI, Nlj;NSpang{ (7, )xy, (Miy)x,} consists of
the only one point. Denote by py this point. Let e1, e; and e3 be a unit normal vector of /;,, /;,
and /;,, respectively. Since A p is of type (A2), we may assume that e3 = e| + e by replacing

(nil )XO

some of these vectors to the (—1)-multiples of them if necessary. Since T € liys
ll X05 ll XO
we have (nj,)y, = —s—, where 0 is the origin of b. Similarly we have (n;,)y, = —=>—
(Opo.er) (Opo,e2)
and (n;;)x, = ﬁ By using these facts, Lemmas 5.7, 5.10 and 5.17, we can show
Po,€3
) 1 P
[Ty w2l = [[(Fw w2) |1 < <Re (—) (i i) | 1w || w2l
2 { ni, — Njy
< gl I w2l 1, 117
Thus we obtain the desired relation. O

By using Lemmas 5.3, 5.4, 5.7 and 5.10, we can show the following fact.
LEMMA 5.19. We have
[| Ty w2

sup sup sup < 00,
i€l PeH; (wiw)e(Enxyx(Dp)yy HWHITTW2II1(20)x ]
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where H; is the set of all complex affine subspaces P in T,yM with 0 ¢ P and (n;)x, € P.

PROOF. Let 7—[;“ be the set of all elements P of H; such that Lfo (C (Wp)y,) 1s irre-

ducible. First we shall show

Iyw
(5.6) sup  sup sup [T, ol
i€l pepin (wiw)E(E g x(Dp)g W W2 1020)x,

Fix ip € I and Py € ’H;(r)r . If the complex codimension of Lf(?(c (Wpy)x,) is equal to

one, then we can take P6 € H;Orr such that Py C P6 and that the complex codimension of

P )
Ly (C (Wp(;)xo) is greater than one. Then we have

[T, w2l
sup
(w1 w2)e(Eig)vg < (Dpy)xg W TW2IT1(02i0) x|
- g [Ty, w2

a (w1, w2)&(Eig)vg X (Dp g Hwi I Hwal] 1(mig) x|

and hence
[Ty, w2
sup sup sup
i€l perim (w1, w2)e(Ei)xyx(Dp)yy Hwil] w2 117 x]
37 || T, wo|
=sup sup

Su 9
i€l peyim=2 (wiw)E(Eyx(Dp)yy [wil] w2 (i) x|

where ’Hirr’zz is the set of all elements P’s of ™ such that the complex codimension

of LfO(C (Wp)y,) is greater than one. Fix oy € (Ay)4 and P € 7-[1(21202) Take any

j1 € Z. For each P € Hi(g.,oy there exists P’ € Hi(gl,jl) such that {&¢ € (Apm)+ |
3j € Zst (n@,j)x € P} ={a € (Ay)+ | 3j € Z s.t. (n(a,j))x, € P’'}. Then, since
dimc(Wp)y, = dimc(Wp)y,, and since the root systems associated with Lfo and Lfol co-
incide, they are regarded as principal orbits of the aks-representation of the same irreducible
anti-Kaehler symmetric space. That is, L fo/ is regarded as a parallel submanifold of L fo under
a suitable identification of (Wp),, and (Wp/)y,. Therefore, by using Lemmas 5.3 and 5.4, we
can show

[| Ty w2l
sup sup
PEMIT 1w E(E @, 0)5 X (DP)xg Hwil] w2 ] 1172 @,0))x0!l
1wy w2l
= sup sup )
PEHIT (Wi w)e(Ey j)xg < (Dp)xy | WHTHTW2IT (1)) |

(a1.j1)
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Hence it follows from the arbitrariness of j; that

11w, w2l

sup sup su

i€l pepin (w1 w)E(Eyx(Dp)g W W2 1020)x,
_ |11, w2l
= sup sup sup < 00.

we(Bm)+ PEMIT | (W1 w2)E(Eo)sy* (Dp)s [wi ] w2 11(72(,0)) x|
Thus we obtain (5.6). For simplicity set
11w, wal|

C:=sup sup sup .
i€l perim (wiwa)e(Er)xyx(Dp)g [Twil] w2l [1(7i) x|

: D
Fix ip € I and Py € H;, \H}(r)r. Let LXOP0 = Lj x--- X Lg be the irreducible decomposition of

D
LXOPO. Take any i1, i € I with (n;,)x,, (iy)x, € Po. If (n;;)x, and (n;,), are not orthogonal,
then (Ej; )y, @ (Eiy)xy C TxyLg forsomea € {1, ..., k}. Hence we have
[| Ty w2

sup <
(Wi w2)e(Ery g % (Eiy)xy WTITHTW2IT 1 (20))xo ]

If (ni,)x, and (n;,)y, are orthogonal, then the complex affine line through (n;,), and (n;,)x,
does not contain other J-curvature normal. Hence it follows from Lemma 5.7 and (i) of
Lemma 5.10 that I, ), (Ei,)x, = 0. Therefore, we obtain

[| Ty, w2l
sup  sup su =
i€l PeM; (wi,wa)e(Ei) g x(Dp)yg W TTW2{ (1) x|

This completes the proof. O

By using Lemma 5.19, we can show the following fact.

LEMMA 5.20. Let iy = (o, jo) € I and w € (Ej))x,. Then I, can be extended
continuously to Ty, M if and only if the restriction of I'y to @ (E(q,,))x, can be extended
JEZ

continuously to @ (E(q, j))xo-
JEZL

PROOF. Set Vo := (Eo)x,, V1= ® (Ei)xy and V2 := @ (E(4,j))xo-
iel\{(e0./)|j€Z} €z

Clearly we have T\ M = Vy @ V1 @® V,. Since I, is a closed operator by the definition
and since (Ep)y, is closed in the domain of I'y, I'yl( Eo)x, also is a closed operator. Hence,
according to the closed graph theorem, I3, Eo)x, is bounded (hence continuous). Easily we
can show

Vl = @ ( @ (Ei)xo) ’
U \iel\{(x0, ))IJEZ} s.t. (nj)xy€l
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where [ runs over the set of all complex affine lines in b \ {0} through (n;,),. For simplicity
set

Viii= ' ) (Ei)x -
ieI\((@0. )IEZ) st. (ni)xgel

According to Lemma 5.19, for each /, we have

1 Tww'|]

wevy, W]

= Cll(nig)xo |l 1wl ,

where C is the positive constant as in the proof of Lemma 5.19, and hence

1 Tww'|l

wev, ]|

= Cll(nig)x Il 1wl -

Therefore the restriction of I, to V; is bounded and hence it can be extended continuously to
Vl. From these facts, the statement of this lemma follows. O

According to Lemma 6.4 of [10], we have the following fact.

LEMMA 5.21. Let W be a Hilbert space, W = @Z—Wi the orthogonal decomposition
of W and f a linear map from @Z W; to W. Assume t;LEat there exists a positive constant C
such that || f(w)|| < C|lw]| for cl;l w e iLeJZ W; and that there exist injective maps juq : 7. — 7
(a=1,...,r)suchthat (f(W;), f(W;)) =0 forany j ¢ {p1@0), ..., ur-(@)}. Then we have

|| fI| < /rC and hence f can be extended continuously to W.

Easily we can show that

(5.8) M ji) = Majs) _ J:1 - J% o 1 +J:zbaf '
Mo jp) = Maj) 2= J3 1+ jibed
By using (5.8) and Lemma 5.17, we can show the following fact.

LEMMA 5.22. Leta € (Ay)y+ and ji, jo € Z. For any wy € (E(q,j;))x, and any
w2 € (E(q, j5))xq> we have

2

JEL\j1}

1 14+ jibgi\\ !
<3 (e (52)) )
2 1+ jobgi (1 + j1boi)(1 + joboi)

X (0.0 x> (M(@.0))x0) (W01, w1) [[wa] |

J— j
Iy (T w2) |2 4 1] (T w)°|?

Also, we can show the following fact.

LEMMA 5.23. Let P be the complex affine line through 0 and (n(q,,0))x, for some
ap € (Ap)+.
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(i) If the affine root system R is of type (Am) (m > 2), (D) (m > 4), (Epy) (m = 6,7, 8)
or (F4), then there exists a (complex) 2-dimensional complex affine subspace P’ including P
such that the affine root system associated with Lfol (C (Wpr)y,) is of type (Xg).

(i1) If the affine root system R is of type (Em), (§},)1) or (§m, E,'jl) (m > 2), then there
exists a (complex) 2-dimensional complex affine subspace P’ including P such that the affine
root system associated with LfO, (C (Wpr)x,) is of type “(Kz) or (52)”, “(Avg) or (55 ” or
“(Zz) or (52, 55)”, respectively.

(iii) If the affine root system R is of type (Em), (E;,;), ((N,’;n), (5;)1, 5,’"), (6;,1, Em),
(6;,)1, 5,,1) or (6,,1, 6;,)1) (m > 2), then there exists a (complex) 2-dimensional complex affine
subspace P’ including P such that the affine root system associated with Lfol (C (Wp)xy)
is of type “(A2) or (C2)”, “(A2) or (C})”, “(A2) or (C})”, “(A2) or (CY, C)”, “(A2) or
(6&, 52)”, “(sz) or (5”, 62) 7 or “(Ez) or (62, 55)”, respectively.

PROOF. First we shall show the statement (i). Let I7(C (Apr)+) be a simple root sys-
tem of Ajs. Without loss of generality, we may assume that g is one of the elements of I7.
Since R is of (Ay) (m > 2), (D) (m > 4), (Ey) (m = 6,7,8) or (F4), it follows from
their Dynkin diagrams that there exists oy € IT such that the angle between (n(«,,0))x, and
(1 («y,0))x, 18 €qual to ZT” Let P be the complex affine line through (72(4,,0)) x, and (72(a;,0)) xo>
and P’ the (complex) 2-dimensional complex affine subspace through 0, (1(4,,0))x, and
(N(a,0))xp- It is clear that P C P’. Also, it is easy to show that the root system associ-
ated with Lf(} is of type (A2) and hence the affine root system associated with L 50, is of type
(Zz). This completes the proof of the statement ().

Next we shall show the statement (ii). Since Ay is of type (B, ), the positive root system
(Ap)+ is described as

Ay =011 <a<m}U{f,£6,|1 <a<b<m)

for an orthonormal base 0y, ..., 6, of the dual space b* of b, the simple root system I7 is
equalto {6; —0;+1 | 1 <i <n—1}U {6,} and the highest root is equal to 81 + 6>, where we
need to replace the inner product ( , )|pgxby to its suitable constant-multiple. Without loss of
generality, we may assume that «g is one of the elements of I7. In the case where «y is other
than 6,, there exists a1 € IT such that the angle between (7(4,,0))x, and (n(q,,0))x, i equal
to %’T Let P; be the complex affine line through (7 («,,0))x, and (7(«,,0))x,, and P’ the (com-
plex) 2-dimensional complex affine subspace through 0, (r(4,,0))x, and (1(«,,0))x,- Then it
is shown that the root system associated with Lf(} is of type (A2) and hence the affine root
system associated with L fo/ is of type (A3). In the case where ay is equal to 6, we can take

a1 € IT such that the angle between (n(q,,0))x, and (7(q,,0))x, 1S equal to 37”. Let P; be the
complex affine line through (72(«q,0))x, and (n(a,,0))x,, and P’ the (complex) 2-dimensional
complex affine subspace through 0, (71 (4,0))x, and (7(4,,0))x,- Then it is shown that, in cor-
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respondence to W is of type (§m), (E,',g) or (§m, E,',g) (m > 2), the root system associated
with Lfol is of type (C2), (C; ) or (Ca, Cg ) and hence the affine root system associated with
LP is of type (C2), (C3) or (C2, C3).

Next we shall show the statement (iii). Since Ay is of type (Cp,), the positive root
system (Ajs)+ is described as

(Am)+=1{20a11 =a=m}U{b.£0p|1 <a <b=m}

for an orthonormal base 6y, ..., 6, of the dual space b*, the simple root system I7 is
equal to {6; — 6;+1 | 1 < i < n — 1} U {26,} and the highest root is equal to 261,
where we need to replace the inner product (, )|ppxbp tO its suitable constant-multiple.
Without loss of generality, we may assume that ¢« is one of the elements of [7. In
the case where o is other than 26,, there exists oy € (Ap)+ such that the angle be-
tween (1(q,,0))x, and (n,,0))x, 18 €qual to ZT” Let P; be the complex affine line through
((ap,0))xo and (n(¢,,0))x,>» and P’ the (complex) 2-dimensional complex affine subspace
through 0, (72(4,0))x, and (n(«;,0))x,- Then it is shown that the root system associated with
Lf(} is of type (A2) and hence the affine root system associated with Lfo/ is of type (Zz).
In the case where o is equal to 26,,, we can take a1 € (Ap)+ such that the angle between
(M(arp,0))xo and (1(¢;,0))x, 18 €qual to 37”. Let Pi(C b®) be the complex affine line through
((ap,0))xo and (n(¢,,0))x,> and P’ the (complex) 2-dimensional complex affine subspace
through 0, (72(4,0))x, and (7(«,,0))x,- Thenitis shown that, in correspondence to W is of type
(Cm). (CV), (C), (C,C)), (Cl,. Cp), (C, Cp) or (Cpn, C2) (m > 2), the root system
associated with Lfol is of type (C2), (C}), (C}), (C3, C}), (C}, Ca), (CY, Ca) or (Ca, CY)
and hence the affine root system associated with LfO, is of type (52), (55), (5&), (55, 5&),

(Ch, Ca), (CL, Ca) or (C2, CY). O

Also, we can show the following fact.

LEMMA 5.24. If the affine root system R is of type (62) and if (ni;, ni,) = 0, then
Fwi, w;, = 0for any w;, € (Ej,)x, and wi, € (Ej,)x,.

PROOF. Letix = (o, ji) (k =1, 2). Let P be the complex affine line through (n;, ),
and (n;,)x,. Since (n;,, n;,) = 0, we have ((n;,)x,. (ni,)x,) = 0. If there does not exist further
i3 € I with (nj,)x, € P, then the root system associated with the slice L fo isof type (A1 x A1).
Hence we have I'g; ), (Ei,)x, = 0. Otherwise, it is shown that {i € I | (ni)x, € P} consists
of exactly six elements because Ay is of type (G2), where we note that {i € I | (n;)x, €
P} =1{i € 1] (nj)x, € P Nbr} and that each P N by is a real affine line in br. The root
system A p associated with the slice Lfo (C (Wp)y,) is of type (G3). The slice Lfo is regarded
as a principal orbit of the isotropy action of an anti-Kaehler symmetric space L/H whose root
system is of type (G2). Let [ = h 4 p be the canonical decomposition of the Lie algebra [ of
L associated with the symmetric pair (L, H). The space p is identified with (Wp),, and the
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normal space of Lfo (C (Wp)y,) at xq is identified with a maximal abelian subspace b’ of p.
Denote by pz(C p) and hg(C h) be the root spaces for @ € Ap. The restriction @y := ag |y
of ag to b’ (k = 1, 2) are elements of A p, where b’ is regarded as a linear subspace of b under
the identification of b’ and the normal space TLLP of Lfo in (Wp)y,. For any wy € (Ej)x

X0 ~xo
(k =1, 2), we have

Iy, w2 € [ba,, pa,] C pa,+a, + Pa,-a, -

Since @] and &> are orthogonal and A p is of type (G2), we have o] + @2 ¢ Ap. Hence we
have I, wp = 0. This completes the proof. O

By using Lemmas 5.6, 5.7, 5.10, 5.11, 5.14, 5.23, 5.24 and Lemma 8.3 of [10], we can
show the following fact.

THEOREM 5.25. IfRisoftype (Ay) (m > 2), (D) (m > 4), (E¢), (E7), (Es), (Fa)
or (Gy), then F(E(a,jl))xo (E, j»))xg C (E0)x, holds for any a € (Ay)+ and j1, jo € Z.

PROOF. According to Lemma 5.23, we may assume that R is of type (Zz) or (52).
Furthermore, according to Lemma 5.6, we may assume that j; # j». Set iy = («, jk)
(k = 1,2). Suppose that (Fw,wg)i3 # 0 for some wy € (Ej; )y, (k = 1,2) and some
i3 € I. Take wy € (Ej)x, (k = 1,2) with (lewz)i3 # 0. Let P be the complex affine
line through 0 and (n;,)y,. Since Lfo is totally geodesic in M, we have (E;;)y, C Tx,M
and hence (n;;)x, € P. Hence i3 is expressed as i3 = (o, j3) for some j3 € Z. Accord-
ing to Lemma 5.7, we have j3 # ji, j». According to Lemma 5.11, there exists i4, i5s € 1
such that (n;,)x, and (n;5)y, are C-linearly independent and that ((I3, w7)'3, Iysws) # 0
for some w4 € (E;,)y, and some ws € (Ejs)y,. Since ((lewz)i3, Iyswa) # 0, we have
(Fws wy)'3 # 0. Hence it follows from Lemma 5.10 that (;;)x,, (1i,)x, and (n;5)x, are con-
tained in a complex affine line P;. Since P N Py = {(n;;)x,}, it follows from Lemma 5.10 that
(T w2, Typswa) = (D, w2)3, (Nyswa)?) # 0. Also, it is clear that arbitrarily chosen three
of (ni)xy» Miy)xy> (Miy)x, and (n;5)y, are not contained in any complex affine line. Hence, it
follows from Lemma 5.15 that

(Fyywa, Dyswa) = (Dyswa, Dy, wa) + (T, ws, Ty, ws) ,
where c is as in Lemma 5.15. Hence we have
M) (Fwgwa, Fwywa) #0  or () (N, ws, Fuywa) #0.

We consider the case of (I). According to Lemma 5.10, this fact implies that the complex
affine line through (n;,)x, and (n;5)y, intersects with the complex affine line through and
(ni;)x, and (n;,)x, and the only intersection point is equal to (n;)y, for some ig € I. Then,
since (nj,)xy, (Miy)x, and (n;;)x, are C-linearly dependent pairwisely, the complex focal hy-
perplanes /;,, [;, and [;; are mutually parallel. Note that they are complex lines because we
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assume that R is of type (Zz) or (52). Hence the (real) lines l{%

, l{% and l{% (in br) are mu-
tually parallel. Also, since (n;;)x,, (ni,)x, and (n;;)y, are contained in a complex line which
does not pass 0, we have /;;, [;, and /;; have a common point. Hence the lines ZE, 15 and ZE
have a common point. Denote by p34s this common point. Similarly, since (n;,)x,, (7i5)x
and (n;4 )y, are contained in a complex line which does not pass 0, we have /;,, /;; and /;, have

R

a common point. Hence the lines ll.z, ZE and ZE have a common point. Denote by ps¢ this

common point. Also, since (7;,)x,, (ni,)x, and (n,)x, are contained in a complex line which

R

does not pass 0, /;,, l;, and [;; have a common point. Hence the lines ll.l, 1]5 and ZE have a

common point. Denote by p14¢ this common point. These three intersection points p34s, p2s6
and pi46 lie in no line in b_ because of i4 # i5. On the other hand, in the case where R is
of type (A,), it is clear that the angle between arbitrarily chosen two of ZE k=1,...,6)is
equal to an integer-multiple of % other than 7. Also, in the case where R is of type (52),
it follows from Lemmas 5.10 and 5.24 that the angle between arbitrarily chosen two of ZE
(k=1,...,6)is equal to an integer-multiple of % other than % Hence, it follows from (i) of
Lemma 5.25 that p3a5, p25e and pi4e lie in a line in br. Thus a contradiction arises. Similarly,
in case of (II), we can drive a contradiction. Therefore we obtain (17, wy)3 = 0. It follows
from the arbitrariness of i3 that I, wy € (Eg)x,. This completes the proof. a

From Lemmas 5.17 and 5.21 and Theorem 5.25, we have the following fact.

PROPOSITION 5.26. If'R is one of the following types:

(Aw) (m22), (Dw) (m =4, (Ee), (En, (Es), (Fa), (F}), (G, (G,
then I'y, can be extended continuously to Ty, M for any w € iLEJI E;.

PROOF. Leta € (Am)+ and ji, jo € Z. Set iy := («a, jr) (k = 1,2). From
Lemma 5.17 and Theorem 5.25, we have

1 ni;, —0
175y w2 [* = S Re (n — O) (niy s niy) (wi, wa) [Jwa] >

for any wy € (Ej, )y, (k =1, 2). Clearly we have
ni — 0
Re Po—— iy, n, j)

N, j) —

sup
JEL

< 0.

Denote by C this supremum. Then we have

C
1w wall =/ 5 [llwillwall

Hence, it follows from the arbitrarinesses of w, and j, that

C
1w wil =y S HllwilHlwl]
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for any w € ‘UZ(E(‘Y’]‘))XO' On the other hand, since I'(g; ), (E(a,j))xg C (E0)x, (j € Z) by
je
Theorem 5.25, it follows from Lemma 5.16 that
(LEi )y (E@.)xor TE sy (E@.jn)xe) =0

for any j' € Z satisfying j' # ji, j, 2j1 — j. Therefore, by using Lemma 5.21, we can show

that
3C
[T, wl] < ,/TIIlell [lwl]

forany w € @ (E(q,j))x,- Thus the restriction of Iy, to & (E(q, j))x, is bounded and hence
JEL JEL

it can be extended continuously to & (E(q, j))x,- Therefore, according to Lemma 5.20, Iy,
JEZ
can be extended continuously to Ty M. a

From Lemmas 5.10, 5.11, 5.15 5.21, 5.23, Theorem 5.25 and Lemma 8.3 of [10], we
have the following fact.

LEMMA 5.27. Forany o € (Ay)+ and any ji, jo» € Z, we have
T jiy)eg Eteip)xo © (E0)xg @ (E(@2ji-j2)x0 @ (E@2jp—jn))xo © (E(, irtia))xo »

where the last term is omitted in the case where j1 + j» is odd.

PROOF. For simplicity set iy := (o, jx) (k = 1,2). According to Lemma 5.23 and
Theorem 5.25, we suffice to show in the case where (R) is of type (Ca), (55), (5&), (C?, 5&),
((N,’é, C), (55, C») or (Ca, 55) Let P be the complex affne line through 0 and (7(4,0))x,-
Since Lfo is totally geodesic in M, we have

TE @) (E@.j2))xg C (E0)xo @ (_GBZ(E(a,j))xo) .
JE

Assume that (Fw,wg)(“’j3) # 0 for some wy € (Ej )y, (k = 1,2) and some j3 € Z. Set
i3 := («, j3). Then it follows from Lemma 5.7 that j3 # ji, jo. According to Lemma 5.11,
there exist iy = (o, jk) (k =4, 5) such that ((I7, wo)3, Iy, ws) # 0 for some wy € (Ej )y,
(k = 4,5). As in the proof of Theorem 5.25, we can show

D (Lwswa, Fyyws) #0 - or (D (Fy,ws, T, we) #0

in terms of Lemmas 5.10 and 5.15. We consider the case of (I). According to Lemma 5.10,
this fact implies that the complex affine line through (n;,)y, and (n;5)x, intersects with the
complex affine line through (n;,)y, and (n;,)x, and the only intersection point is equal to
(nis)x, for some i € I. Then, as in the proof of Theorem 5.25, we can show that lf, ZE%

R

and l]lR are mutually parallel, that &, [} and IX have the common point (which we denote by
3 137 714 15
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P345), that IE, l{% and IE have the common point (which we denote by p»se) and that l??, l{%

and ZE have the common point (which we denote by pi146). These three intersection points

D345, P256 and pi4e are lie in no line in b because of i4 # is. Hence, it follows from (ii) of

Lemma 5.25 that one of l]}?, IE, 1]5 lies in the half way distant between the other two, that is,
Jit+i2

one of ji, j2, j3 is equal to the half of the sum of the other two (i.e., j3 = “5%,2j; — ja or
2j> — j1). Thus we obtain the desired relation. Similarly, in case of (II), we can derive the
desired relation. O

By using Lemmas 5.16, 5.21 and 5.27, we can show the following fact in the method of
the proof of Corollary 8.7 of [10].

LEMMA 5.28. Leta € (Ay)+ and jx € Z (k = 1,2,3) with j1 # jo. Then we have
(TE ) E@.j)x0r T(Ew )5 (E(@.j3)xo) = 01 j3 is not one of

Ji+i 3ji+j2 3j1—j2

4jr =31, 22— j1, jo, s 2j1—j2, 3j1—2).

2 4 7 2
Let P be a complex affine line in b containing exactly four J-curvature normals
(N, j)xo (k = 1,...,4) at xo and b’ the (complex) 2-dimensional complex linear sub-

space of b spanned by (1 (¢, ji))xy (kK =1,...,4). Setiy := (ak, ji) (k =1,...,4). Then the
root system (which we denote by A p) of the slice Lfo is of type (B2) or (BC3). Hence Ap is

given by
{Taklenpe [ k=1,...,4}  (when Ap : (By)—type)
Ap =1 {Foklpneg |k=1,...,4}
when Ap : (BCy)—type),
U2y | k= 1,2 (hem ar s (BC)—pe)
where we need to permute iy, ..., is suitably if necessary. If Ap is of type (B>), then E;,
(k =1,...,4) are irreducible with respect to (®;, ), respectively, where @;, is the normal

holonomy group of the focal submanifold f;, (M) corresponding to E;, at xo and (®;, ), is
the isotropy group of @;, at xp. Also, if Ap is of type (BC»), then E;, (k = 1, 2) are reducible
with respect to (D, ) x,, respectively, and E;, (k = 3, 4) are irreducible with respect to (P, ) x,,
respectively. We can show the following lemma in the method of the proof of Lemma 8.8 of
[10].

LEMMA 5.29. Let P be as above and (E;, )y, = (E{k)x0 ® (E{;)XO the irreducible
decomposition of the action (P, )x, ™~ (Eiy)x,» where dim(c(Elf]’c)x0 =0,10r3.

(@) If Ap is of type (Ba), then we have I'g,), (Ei,)xy = 0.

(i) If Ap is of type (BC2), then the (E;, );O-component of I'E
k=12

>iii) If A p is of type (BC2), then we have F(EH)% (Ei))xo = F(E,.] ™ (El-z);(/0 =0.

i)xo (Eiy)xy vanishes, where

By using Lemmas 5.10, 5.23, 5.27, 5.29, Theorem 5.25 and Lemma 8.3 of [10], we can
show the following fact corresponding to Theorem 8.12 and Proposition 8.13 of [10].
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LEMMA 5.30. () If E(a,j,) is irreducible and if j1 — jo is divisible by 4 or the
affine root system R associated with M is not of type (6n) (n = 2), then we have

F(E(a,jl))xo (E(Ol,jz))xo C (Eo)x-
(1) If E(a, jy) is irreducible and if ji — ja is even, then we have Ik, )y, (E(a,j2)xo C

(EO)X() @ (E(a’ﬁ))xo-
(iii) If E (4, j,) is reducible and if j1 — j2 is even (j1 # j2), then we have

Yl g

(F(EE;‘J.”)XO (E(%jz))XO
Furthermore, if j1 — jo is divisible by 4, then E(a it is reducible and the (E; ,-1+,-2))x0-
2 o=

component of each element of I' g, ; ). (E(a. j»))x, vanishes.

For o € (Ap)4, we set
1
2

1 i'b i —1 1
Cy := sup |Re <M> X Re( — —— )
j.j'ez 1+ jbyi (1 + jbai)(1 + j'boi)
< 00. By using Lemmas 5.22 and 5.27, we can show the following

Clearly we have C,
fact.
LEMMA 5.31. Letix = (o, jk) (k = 1,2) and wi € (Ei)x, (k = 1,2). If j1 — jo is

not divisible by 2", then we have
[T, wall < 2" Co 11 (a,0)xo | Hwill w2l

where m is a positive integer.
From Lemmas 5.22 and 5.27, we have

PROOF.
L 1 L
20Ty wo) @222 4 ST w) @ 22— |12
J1ti2
(T w2) 72 1||2+||(lewz)°||2
1 1 i2bo1\ 1
——R(M) Re( L )
2\ 1+ jibod (1 + jibai) (1 + jobei)
XA (a,0))x0> M (e,0))x0) (W1, W) [wal]”.
By multiplying 2 to both sides and adding 3|| (17, wy) @ 52 |2 to both sides, we obtain
1 b o\ —1 1
[Ty w2 < Re(M) Re( — : )
1+ jibod (1 + j1bai) (1 + jabei)
(5.9) || (@00 o | P w1 | w2 ]
Jiti
3Ty w2) @ 22

J1ti2
< C21|(a0))xo | Plwi [P w212 4 3[(Fpyw2) @ 77 )2
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We use the induction on m. In case of m = 1, the statement of this lemma is derived from

(5.9) directly. Now we assume that the statement of this lemma holds for m(> 1) and that
.

ji — Jjo is not divisible by 2"+, Set w := (T, wz)(“*‘jlzlz). Since F,”!’s are holomorphic

isometries, Iy, preserves (T, M)_ and (Ty,M) invariantly, respectively. Hence we have

Iy, ((w2)e) = (I'y,w2)e (¢ = — or +). Also, it follows from the definitions of (7T, M),
(¢ = — or +) that (I, w2)e) @ T2 = ((Fpw2)@ T, (¢ = — or +). From (i) of

Lemma 5.2 and these relations, we have

<(lew2)€1 w&‘) = (lew21 w&‘) = _<(w2)87 (FU)1w)8> .
Hence we have
(510) (le w2, w):l: = _<w21 lew)ﬂ: .
] . -
Since j; — {52
induction that

is not divisible by 2, it follows from (5.10) and the assumption in the

J1ti2
(T w2) @ T2 )2 = (D wa, w)t = —(wa, Ty w)a
< [lwal| [Ty wl] < 2" Coll (@0l Nwill 1wl [wal],

that is,

J1ti2 —1
7)) < 2" Call (0ol Hwt]] w2l

(T w2) @
From this inequality and (5.9), we obtain

[T, w2l < 2" Call(n@,0)x I [Twill [[w2l] .

Thus the statement of this lemma holds for m + 1. Therefore the statement of this lemma is
true for all m € Z. |

By using Lemmas 5.7, 5.19, 5.21, 5.22, 5.27, 5.28, 5.30 and 5.31, we shall prove Theo-
rem 5.1.

PROOF OF THEOREM 5.1. Leti = («, j) € I and w € (Ej)y,. We suffice to show
that I, is bounded in order to show that X% is defined on the whole of V.
(Step I) First we shall show that, in the case where j’ is an integer with j° # j such that
j' — j is divided by 4, there exists a positive constant C, depending on only « such that

B
(5.11) (Fww)* 27N < Call(n@@o))xll Hlwl] w']]

holds for any w’ € (E(q,j"))xo- If (Ei)x, is irreducible with respect to (@;)y, or “(E;)yx, is
reducible with respect to (®;)x, and w € (E{’ )x, » then the left-hand side of (5.11) vanishes
by (i) and (iii) of Lemma 5.30. In the sequel, we consider the case where (E;)y, is reducible

and where w € (E)y,. Seti’ := (a, j'), i" = (a, j+Tj,) and w” := (Fyw))’". According to



332 NAOYUKI KOIKE

(iii) of Lemma 5.30, we have w” € (E7,)y,. In similar to (5.10), we have
(5.12) (Mpyw', Wy = —(w', Myw”)+ .
From this relation, we have
(5.13) I P = (Fpw', w)x = (', (Tow”) e < [1w']] 115wl
On the other hand, it follows from Lemma 5.27 that

Fow” = (Lw")* 4 (R’ 4 (Fyw") @I g (1) @G
Hence, by using Lemma 5.22, we can show

1 . L,
S’ 112+ 2| [(Tyyw”) @ GI=i0/2 2
—|(Lpw)y @G+ 2 Ly (rw™)0) 2

1 ( 1+ jboi >—1 ( 1 )
<-|Re — - Re — - ——
2 L+ ((J + J)/2)bai I+ (G + ) /2Dbai) (1 + jbai)

2 211112
X[ (,00)xo 1w 1 [w] |

Also, it follows from (iii) of Lemma 5.30 that (I",»w)@ G/ +/)/4) = 0. Hence we obtain

|[(Cpyw)" ||

2

. o 1
514 < Re( L+ /bal ) Re( !t — >
1+ ((j + j)/2)bai (1 + (G +JN/2)bei)(1 + jbyi)

X [1(10,0)x0 11 11w 1] [w]] -

Easily we can show

1
2

su Re< L+ jbd ) 1Re( ! )
P 1+ (( +j)/2)bai (1 + (G + ) /2)bai) (1 + jbai)

J.j'€l

Denote by Cy this supremum. From (5.13) and (5.14), it follows that the inequality (5.11)
holds for this constant C,.

(Step II) From the fact shown in (Step I), Lemmas 5.19, 5.21, 5.28, 5.30 and 5.31, it follows
that there exists a positive constant C. depending on only « such that

[ITww'|] < Collwl] [[w']]

for any w’ € (Eo)fo- Assume that w’ € (Ep)y,. Then, since I,w’ € (Eo))%0 by Lemma 5.7,

we can find a sequence {w}} in @ (E;)y, with klim wy = Iyw’ (with respect to || - ||). Then
iel -0
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we have
1Mpw'|)? = lim (Fyw', w))e = — lim (W', Fyw})+
k—o00 k— 00
. / " / /
< lim |Jw'|| [[Tyw]]| < Cellwl] [Jw']] [[Tww']],
k—o00
that is,

|| Fpw'|] < Collwl] [Jw']],
where ax is as above. Thus I, is bounded. Therefore, X¥ is defined on the whole of V. O

By using Theorem 3.3, its proof (see the proof of Theorem A in [26]) and Theorem 5.1,
we shall prove Theorem A.

PROOF OF THEOREM A. Take any i € I and any wg € (E;)y,. According to Theo-
rem 5.1, X" is defined over the whole of V/, that is, F|"* € 12(V). On the other hand, F"°
preserves M invariantly. Hence we have F lw € Hp. Since the holomorphic isometries fi’s in
the proof of Theorem A in [26] are given as the composition of the holomorphic isometries of
F lwo -type, it is then shown that f;’s are elements of Hj and hence so is also the holomorphic
isometry fin Step IV of the proof of Theorem A in [26] (see the construction of fin Step
IV). Therefore we obtain Hp - x = M forany x € M. O

Appendix

In this Appendix, we give examples of elements of I (V) \ Ii}f (V). Denote by K" the Lie
algebra of all holomorphic Killing fields on the whole of V. Also, denote by 04k (V) the
Lie algebra of all continuous skew-symmetric complex linear maps from V to oneself. Any
X e K" is described as X, = Au+b (u € V) for some A € 04x(V) and some b € V.
Hence K" is identified with 04 (V) x V. Give 045 (V) the operator norm (which we denote
by || - llop) associated with (, )4+ and K" the product norm of this norm || - ||op of 04k (V)
and the norm || - || of V. The space K" is a Banach Lie algebra with respect to this norm.
The group I ilf (V) is a Banach Lie group consisting of all holomorphic isometry f’s of V
which admit a one-parameter transformation group {f; | ¢ € R} of V such that each f; is

(fi)« is an element of 04x (V).
=0

d
a holomorphic isometry of V, that fi = f and that 7

d
Note that, for a general holomorphic isometry f of V, 7 (ft) 1s not necessarily defined
t=0

on the whole of V (but it can be defined on a dense linear subspace of V). It is clear that the
Lie algebra of this Banach Lie group / ,é’ (V) is equal to .

EXAMPLE. We shall give an example of an element of 7;,(V) \ I,’;(V). Let V be a com-
plex linear topological space consisting of all complex number sequences {zx}2 ;s satisfying
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Ktk

P : the space of all holomorphic Killing vector fields
defined on dense linear subspaces of V'

exp : the exponential map of Ij,(V)

FIGURE 2. The Banach Lie subgroup of the isometry group of V

Z,‘{X}:l |zk|2 < oo, and ( , ) a non-degenerate inner product of V defined by

({zedp2 s {wilgZy) :=2Re (Z kak) {22y {widgz € V).

k=1

The pair (V, (, )) is an infinite dimensional anti-Kaehler space. Define a complex linear
transformation A; ( € R) of V by assigning {wy}2 | defined by

wok—1 \ . [ cos2kmt —sin2kmt 22k—1
( Wk ) o ( sin 2kwt  cos 2kmt ) ( 22k ) (ke R)
to each {zk},‘:‘;1 € V. Itis clear that each A; is a holomorphic linear isometry of V. Define
fr € In(V) by fi(u) := Au + by (u € V), where b; is a curve in V with by = 0. Set

It is easy to show that B is a skew-symmetric complex linear map from a dense linear subspace
U of V to V assigning {wi};2, defined by

wak—1 \ . 0 —2kn 22k—1
< Wk )'_<2kn 0 )( 22k ) k<),

to each {zx};2, € U, where U is the set of all elements {z}72 ,’s of V satisfying B({zx};2 )

€ V. Let {a;}72, be an element of V defined by a; := [kl,] (k € N), where [-] is the
=
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Gauss’s symbol of -. Then we can show B({ax}2,) ¢ V, thatis, {ax};2, ¢ U. Thus B is

not an element of 04k (V) and hence f; does not belong to / ,’l’ (V) for positive numbers #’s

sufficiently close to 0, where we note that f; =id € 1 ;f V).

FIGURE 3. An example of an element of 1,(V) \ If(V)
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