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Abstract. In the study of order estimation of the Riemann zeta-function ¢ (s) = Z;’lo: nt

, solving Lindelof
hypothesis is an important theme. As one of the relationships, asymptotic behavior of mean values has been studied.
Furthermore, the theory of the mean values is also noted in the double zeta-functions, and the mean values of the
Euler-Zagier type of double zeta-function and Mordell-Tornheim type of double zeta-function were studied. In this

paper, we prove asymptotic formulas for mean square values of the Barnes double zeta-function &> (s, o; v, w) =

o]

o0 2on2 ol + vm + wn) ™S with respect to Im(s) as Im(s) — +o0.

1. Introduction and the statement of results

The Barnes double zeta-function was first introduced by Barnes [1] in the course of
developing his theory of double gamma functions, and the double series of the form as

0o o0 1
o, v,w) =y Y (o + vm + wn)* v

m=0n=0

was introduced and studied in [2]. As a subsequent research, multiple series of similar form
as (1) was introduced in connection with the theory of multiple gamma functions by Barnes
(3].

Let r be a positive integer, s = o +it a complex variable, « a real parameter, and w; (j =

1,...,r) complex parameters which are located on one of the complex half-plane divided by
a straight line through the origin. The Barnes multiple zeta-function ¢, (s, o; wi, ..., w,) is
defined by
o oo 1
S, 0 W, ..., W) = - 2
Cr( 1 r) leZ:O m2=:0 (a+w1m1+~-~+wrmr)3 ( )

where the series on the right-hand side is absolutely convergent for Re(s) > r, and is contin-
ued meromorphically to the complex s-plane, and its only singularities are the simple poles
locatedats = j (j=1,2,...,r).
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In this paper, we focus on the case r = 2 and (w1, w2) = (v, w) for any v, w > 0 of (2),
which is the Barnes double zeta-function (1) and study the asymptotic behavior of

T
/ 102(0 + it, a5 v, w)|2dt
1

as T — +o0.
Let

[2]( . 1

51, 82,0, 0, w) = )

£2 Z (a + vmy 4+ wn)% (o + vmy + wny)s2
my,ny,mp,n2>0

vmi+wn)=vmy+wny

which is absolutely convergent for Re(s; + s2) > 2. If v, w are linearly independent over Q,
then vm| + wn| = vmy + wny is equivalent to (m1, n1) = (ma, na), and hence we have

2
4“2[ Y51, 52, 03 v, w) = &a(s1 + 52,05 v, W)

THEOREM 1. Fors =0 +it € Cwitho > 2, we have

T
/ 182(s, o5 v, w)|Pdt = 4“2[2](0, o,a; v, w)T + O(1)
1

as T — +oc.

THEOREM 2. Fors =0 +it € Cwith3/2 <o <2, we have

T
/ 122(s, a; v, w)|*dt
1

O(T* 2 1ogT) (3/2 <7/4
= {0, 0,0 v, w)T + ( ogT) (3/2<0o=T7/4)
o(T'?) (7/4 <0 <2)
as T — +oo.

REMARK 1. We mention here some recent results on mean values of double zeta-
functions. Matsumoto-Tsumura [6] treated the Euler double zeta-function

o0 o0 1
$a(s1, 82) = Z Z m

m=1n=1

and gave some formulas which imply

T
/ 82(01 + it1, 02 + i) 2dn ~ O3 o1 +i11,200)T (T — o0) 3)
2
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in some subsets in a region for o1 + o2 > 3/2, see [6] for detail. Here, ;2[2] (o1 +it1,207) is
defined by

k—1

1
2

m=1

o0 2

& s1.52) = >

k=2

1

k52

which is absolutely convergent for Re(s2) > 1/2 and Re(s; + s) > 3/2. Ikeda-Matsuoka-
Nagata [4] extended the region of results of Matsumoto-Tsumura [6], and further they gave
some asymptotic formulas which imply

T
/|Mm+m@+mWMXTMT(Tew)
2

on polygonal line {(o1, 02) |01 +02 =3/2and 0n > 1/2}U{(01,02) |01 = 1 and o = 1/2}.
Also, they gave similar results on

T T
/ 2o + it, s2)dt / \a(o1 +it, 02 + iD)Pdr
2 2

see [4] for detail. On the other hand, for the Mordell-Tornheim double zeta-function

o0 o0 1
CMT,Z(SL 52;83) = Z Z m s

m=1n=1

Okamoto-Onozuka [7] obtained some results on the mean square values which imply
! (2]
[ e atismia +infd ~ e 1522007 (7= o0) )
2

in some subset in the region for o1 + 02 + o > 3/2, here ;5]12@1, s2; 207) is defined by

k—1

1
Z mSt (k — m)sz

m=1

2

o0
2
C}E/[]T’z(slas%s) = Z R

k=2

which is absolutely convergent for 2Re(s1) +Re(s) > 1, 2Re(s2) +Re(s) > 1 and 2Re(s1) +
2Re(s2) + Re(s) > 3. Theorem 1 and Theorem 2 are the results corresponding to (3), (4) of
the Barnes double zeta-function (1) version.

2. Proof of Theorem 1

In this section, we give a proof of Theorem 1.

PROOF OF THEOREM 1. Let o + it € C with o0 > 2. We first calculate
122 (s, a; v, w)|?. We have

125, a5 v, w)|* = (s, @3 v, W (s, a3 v, w)



560 TAKASHI MIYAGAWA

= Z Z (O[ + vmyp + wnl)a+it Z Z (Ol + vmy + wnz)(r—it
mp=0n1=0 mo=0ny=0
- X :
- (o + vm1 4+ wn1)° (@ + vmy + wny)®
my,ny,mo,ny>0
vmi+wn|=vmy+wny
n Z 1 o + vmy + wny it
(¢ 4+ vm1 + wnp)? (o + vmy + wno)?® \a + vm + wny
my,ny,mo,ny>0
vm|+wn|F#Fvmo+wny
= CZ[Z](G, o, v, W)
n Z 1 o + vmy + wny it
(a 4+ vm1 +wnp)?(a + vmy + wno)® \a + vmy + wny ’
ml,nl,mz,nzzo
vm|+wn|F#Fvmo+wny
Hence we have
T 2
/ 18205, e v, w)Pdt = 670, 0,0 v, w)(T — 1)
1
+ X 1
(@ +vmy + wn)? (o + vmy + wny)®

my,ny,my,n2>0
vmi+wn|F#Evmy+wny

eiTlog{(a+vm2+wn2)/(a+vm1+wn1)} _ ei log{(a4+vmy+wny)/(a+vmi+wny)}
X

ilog{(ax + vmy + wny) /(e + vmy + wny)}

The second term on the right-hand side is

1
< X
(a 4+ vm1 + wn1)° (@ + vmy + wny)®
my,ny,ma,n2=0
vmi+wn) <vmy+wny

1
X
log{(a + vmy + wny)/(a + vm| + wny)}

- 3 >

my,ny,my,ny>0 my,ny,my,n2>0
atvmi+wn| <atvmyt+wny <2(a+vmi+wny)  atvmr+wny>2(a+vmi+wny)

1
(o + vmy + wny)? (o + vmy + wno)? log{(a + vmy + wna) /(o + vmy + wny)}
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We denote the right-hand side by V1 + V>. Then we have

1
\%
2 < Z (a + vm1 + wn1)? (a + vmy + wny)®

my,ny,my,np>0
a+vmy+wny>2(a+vm+wny)

! 1
- Z Z (@ +vmi +wni)? Z Z (o +vmy + wna)? =0om.

m;>0n;>0 my>0ny>0

Next we consider the order of V;. The range of n satisfying the inequalities « +vm+wn; <
o+ vmy + wny < 2(a + vmy + wny) of the condition on the sum V| is

v o v
—(my—mo)+n; <np < —+—QCmy—mp)+2n;.
w woow

Let ¢ = e(my,mo,n1),6 = §(my, mo, ny) be the quantities satisfying 0 < ¢,§ < 1 and
(w/w)(my —mp) +n1 +¢ € Z and o/w + (v/w)2m1 — my) + 2n1 — § € Z. Then
K =a/w+ (v/w)m +n; —¢e — § is an integer, and n, can be rewritten as

ny = E(m1 —my)+n+e+k (forsomek=0,1, 2,...,K).
w

Since K < o+ vm; +wny < 1+ m1 + ny, we have

log

a+vm2+wn2_lo <1+ we + wk )V we + wk

o+ vmp +wny o+ vmy + wny oz—l—vm1~|—wn1’

and hence

1
DI (o +vmy + wny)®

m1>0n;>00<my<K 0<k<K
1 o+ vmp + wn
X X
(a + vm1 + wni + wk + we)? wk + we

log K
2D DD DD DL LS

m1>0n1>00=<m;<K

< Z Z log (e + vmy + wny)

202
o +vmy + wn
20nI=0 (¢ + vy + wny)

oo o0

log(2+m+n)
<<ZZ—(1+m+n)20_2 <1,

provided that o > 2. Therefore the proof of Theorem 1 is complete. O
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3. The approximation theorem

Leto; >0, x > 1 and C > 1. Suppose s = o + it € Cwitho > o7 and |¢| < 27x/C.
Then
1 xl—s
— —0
¢(@s) = E _ns_l—s+0(x ) (x > 00). (%)

1<n<x

This asymptotic formula has been proved by Hardy and Littlewood (see Theorem 4.11 in
Titchmarsh [8]). Here we prove an analogue of (5) for the case of the Barnes double zeta-
functions as follows.

THEOREM 3. Letl < o] <03, x > land C > 1. Suppose s = o + it € C with
o1 <o <opand|t| <2mx/C. Then

1
o.avw= Y > (ot + vm + wn)*

0<m<x0<n<x

n (o +vx)2 + (o + wx)2S — (o + vx + wx)?™*
vw(s — 1)(s —2)

+0x'7%) (6)
as x — OQ.

LEMMA 1 (Lemma4.101in [8]). Let f(§) be a real function with a continuous and
steadily decreasing derivative f'(€) in (a,b), and let f'(b) = ¢, f'(a) = d. Let g(§) be a
real positive decreasing function with a continuous derivative ¢'(£), satisfying that |g'(£)| is
steadily decreasing. Then

b
Z g(n)e271if(n) — Z / g(%-)ean(f(S)—vS)dg

a<n<b veEZ
c—e<v<d+e

+0(g(a)log(d — ¢ +2)) + O(lg'(@)) )
for an arbitrary € € (0, 1).
PROOF OF THEOREM 3. Let N e N be sufficiently large. Then we have
o (¢ +vm + wn)’
N N N oo oo N 00 oo 1
“(CX+X X+ X X+ Y Y armra
m=0n=0 m=0n=N+1 m=N+1n=0 m=N+1n=N+1

We denote the second, the third and the fourth term on the right-hand side by A1, A> and A3z,
respectively. By the Euler-Maclaurin summation formula (see Equation (2.1.2) in [8]), we
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have forany a,b € Z with0O <a < b

i 1 . (o + vb + wn)' = — (@ + va + wn)' =S
(@ +vm +wn)s v(l —5)
m=a+1
b x —[x1—-1/2
—vs

dx +

1
- b —s
SR ——— 2{(oz~|—v + wn)

— (¢ 4+ va ~|—wn)_s} ,
i 1 _ (o + vm 4+ wb)' =% — (o + vm + wa)'~*
(e + vm +wn)s w(l —s)
n=a+1
b
— —1/2
—ws * — I / dx +

a (Ol+Um+wx)S+1 5{(0l-|-vm-|-wb)—é‘_

(o +vn + wa)_s} .
If we take a = N and let b — o0, we have
i 1
ol (o + vm + wn)*
_ 1 1
T ws =1 (¢4 vm+wN)ys—!
/00 x—[x]—1/2 1 1
—ws dx — —

N (o 4+ vm 4+ wx)st!
1

2.(a+vm+wN)S
1 1 1
. — 4+ 0 (N7,
ws—1) (¢ 4+vm+wN)s—1 2 (a+vm+wN)S+ ( )
for o > 1, uniformly inm =0, 1

.. Therefore we have
N
n=y
m=0

> 1
=2N: (o + vm + wn)’

N 1 1
=§{w<s '

—1) (¢ +vm+wN)s—!

N N
3 _EZ—
w(s—l) —~ (a—i—vm—i—wN)* L2 ~ (@ +vm+wN)*
1 1 1

. L 1—0o
wiEs—1) (@+wN)y—1 2 («+wN)S TOWT.

Applying again the formula (2.1.2) in [8] to the first term and the second term on the right-

R
2 (a+vm+ wN)*

3

+

hand side of the above, we obtain

1 1 1
" ow(s — D(s — 2) {(06 +wN)»—2 (¢ + N+ wN)S—Z}
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x —[x]— 1/2
—— X
(¢ 4+ vx + wN)S

1 1
2w(s -1 { (@ +wN)y—1 (¢ + N+ wN)s—! }

1 1 1
S 2us— D) { (@+wN)™T " (@+ N +wN) ! }

N —[x]1-1/2 1 1 1
s x—[x]—1/ +_{ }

+ 2 Jo (¢+vx+wN)stl (@+wN)* (e + N+ wN)s

1 1 1
+w(s ) . (¢ +wN)s—! T2 (¢ + wN)S
(¢ + wN)2™ — (@ + vN + wN)**

_ 1—0o
B vw(s — 1)(s — 2) TOWTT).

+ O(N'")

Applying the same method to A, and A3, we obtain

_ (@+VN)* —(@+vN +wN)*™* o
Az= vw(s — (s — 2) TOWTT) (@>1)
_ (@ + VN +wN)>*

vw(s — (s —2)

+ON'"%) (o >1.

Therefore we have

N N

1
v =D Y oy

m=0n=0

(a +uN)2 5 + (@ + wN)2* — (@ + vN + wN)**
vw(s — 1)(s —2)

+ O(N'79) (8)

for o > 1. Next we consider the double sum on the right-hand side of (8). First we divide the
sum as follows:

Zz(a—i-vm—i—wn)*

m=0n=0

1
)IDIED DD LD DED DL D DD DN Formemarmpm
m=xn=<x m=xx<n<N n=<xx<m<N x<m<Nx<n<N (Ol +vm + wn)s
We denote the second, the third and the fourth term on the right-hand side by Bj, B> and Bs,
respectively. Fix m € N, set

fé) = —10g(oe~|—vm~|—w§) 9(&) = (@ +vm +wé)™°
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and take (a, b) = (x, N) in Lemma 1. Then we have

(.d) tw tw

c,d) = , .
27 (a + vm + wN) 27 (x + vm + wx)

We see that

1

2w

tw
2w (a + vm + wx)

2w x w

—_— | < =<1
C o+vm+wx

- C

Lf'ol =

When o > 0, the function g(§) is decreasing, and hence Lemma 1 can be applied. For
sufficiently large N, we can take ¢ such thatc — ¢ < 0 < d + ¢ < 1, by which only the term
with v = 0 appears in the sum on the right-hand side of (7). We obtain from (7) that

eitlog(a+vm+wn)

N
= —o+it s
Ay @t um +un)e ‘/x (o + vm + w§) " H'dE + O((m +x)7°) .

Taking complex conjugates on the both sides, we have

N
y =/ (o + vm + wE) " dE + O((m + x)~°)

o (a + vm + wn)’

_ (a+vm+ wN)' =5 — (o + vm 4+ wx)' S
B w(l — )

+O0((m+x)"%).

Therefore, we obtain
1
5= ¥ wroior
m=x x<n<N (Ol +vm + wn)s

_ Z { (o +vm +wN)' ™5 — (@ + vm + wx)' =
N w(l —s)

+ O((m + X)_U)}

m<x

__ 1 1 1 .
_w(l—s){z(a+vm+wN)S—1 _Z (a+vm+wx)5—1}+0(x )-

m=<x m=<x

We denote the first and the second term on the right-hand side by (1/w(1 — s))(B11 — B12),
and apply Lemma 1 for Byj and By,. For Bjj set

t
2

and on taking (a, b) = (0,x) in Lemma 1. We can treat Bj similarly, where Lemma 1 is
applied on replacing the variable £ by 7, on setting

(&) = —log(a + vE + wN), g(&) = (a + vE + wN)' ™

£ = é log(er + v + wx), g(x) = (@ + vy + wx)
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and (a, b) = (0, x). Then we have

_(a+ox+ wN)2=5 — (@ + wN)2~S

B O(N'79),
11 "G =) + O( )
o 4 vx + wx)? ™ — (a + wx)?S
312=( ) ( ) +0x'79).
v(2 —¥)

Therefore, we obtain

_(atox + wN)2™S — (o + vx + wx)2 ™ — (@ + wN)? + (o + wx)?~*

B
vw(s — 1)(s —2)

+OWN'"") + 0.
By the argument similar to the treatment of B, we obtain

_(@+uN+ wx)2S — (@ 4+ vx + wx)? ™ — (@ + VN2 + (@ + vx)>*
B vw(s — 1)(s —2)

2

+ON'""")+ o(x'7%)
and

_(@+uN+ wN)2™S — (@ 4+ vx + wN)? — (@ + vN + wx)* ™5 + (o + vx + wx)*™*
N vw(s — 1)(s —2)

B;

+ON'""%) + 0(x'79).

Summing up the results above, we obtain

N N 1
Zz(a—i-vm—i—wn)s

m=0n=0

. Z Z 1 n (@ 4+ vx)2 5 + (@ + wx)** — (o + vx + wx)*™*
- (o + vm + wn)* vw(s — 1)(s —2)

m<x n<x

(@ 4+ vN)25 + (@ +wN)2S — (@ + vN + wN)**

1-0o 1-0o
vw(s — (s — 2) O O,

and by (8), we conclude that

&o(s, a; v, w)

1 (o +vxX)% + (o + wx)2 — (& + vx + wx)>~*
- Zz(a+vm+wn)s + vw(s — D(s — 2)
m=<x n=<x

+0x'""%) + O(N'7%)

in the region o > 1. Letting N — oo, we obtain the proof of Theorem 3. O



MEAN VALUES OF THE BARNES DOUBLE ZETA-FUNCTION 567

4. Proof of Theorem 2

In this section, we prove Theorem 2 from Theorem 3.

PROOF OF THEOREM 2. Setting C = 27 and x = ¢ in (6), we easily see that the
second term on the right-hand side is O (¢ ~7), hence we have

1
$a(s, a5 v, w)ZZZMU—-FO(tl_U). 9)

m + wn)*®
m=<t n<t + )

We denote the first term on the right-hand side by X (s). Then

T
/ | X (s)|?dt
1

r 1 1
:/ Z Z (o + vmy _|_wn1)a+it Z Z (o + vmyp _|_wn2)a—itdt'

Uom<tn<t my<t ny<t

Now we change the order of summation and integration. First we note that 1
mi,ny,mo,no < T. Let us fix one such (m1, n1, my, ny). Then from the condition m
t, np <t, my <t, np <t,we find that the range of t is M = max{m,ny,mo,ny} <t <T.
Therefore

T
/ | X (s)|?dt
1

=
=

- ¥ : > :
- (a + vm + wn1)® " (a 4+ vmy + wny)®

my,n <T 2,m<T
T (o +vmy +wnp\"
X — | dt
M \a+vmy + wny

= > ! x (T — M)

(a + vm1 4+ wn1)? (@ + vmy + wny)®
0<my,ny,my,ny<T

vmi+wn)=vmy+wny
1
+ X
(a +vmy 4+ wn)° (@ + vmy + wny)°
my,ny,my,n2>0

vmi+wn|F#Evmy+wny

eiT10g{(a+vm2+wn2)/(a+vm1+wn1)} _ eiM10g{(a+vm2+wn2)/(a+vm1+wn1)}
X

ilog{(a + vy + wny) /(¢ + vmy + wny)}

We denote the first and the second term on the right-hand side by S; and S, respectively. As
for Sy, we have

$i=T{¢} N0, 0,0,v,w) = (U + Uz + Us + Us)}
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_ Z M(my,ny, my, ny)

o+ vmy + wn1) (o + vma + wnp)®
<y <T (@ +vmy +wn1)? (o« + vma + wny)

vm+wn=vmy+wny

where
U = >+ X
m1>T n>T
0<ny,ma,ny<T 0<my,ma,ny<T

vm+wn|=vmy+wny vmi+wn|=vmy+wny

T S ) 1

o o’
ey T (¢ 4+ vm1 + wny)? (@ + vmy + wny)

0<my,ny,n, <T 0=<my,n1,my<T
vm|+wn|=vmy+wny vmi+wn=vmy+wny

=l X+ X :

o +vmy + wn) (o + vmy + wnp)°’
i e T nieT (a +vmy + wny)? (a + vmy + wny)

0<ny,ny<T 0<my,my<T
vm+wn|=vmy+wny vmi+wn|=vmy+wny

1
Us= X o+ X :
(a 4+ vm + wny)? (o + vimy + wny)®
my,ny>T ny,my>T
0<ny,my<T 0<my,ny<T

vm|+wn|=vmy+wny vmi+wn=vmy+wny

2 D D »

my,mp,ny>T myi,my,ny>T
0<nr<T 0<m <T
vm|+wn|=vmy+wny vmi+wn=vmy+wny

1
LD DI DD :
(a +vmy 4+ wny)° (¢ + vmy + wny)°
my,ny,ny>T mo,ny,ny>T
0<mp<T 0<m<T

vmi+wn|=vmy+wny vmi+wn|=vmy+wny

We can estimate U] as follows. Since @ + vim + wn < 1 + m + n we have

U K !
! I; A+k+D°(I+m+n)e’
0<l,m,n<T
k+l=m+n
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Setting j =k +1I,sinceT +1 < jxm+n <2T < T and m < j, we obtain

1
U K Z Z Z W

T+1<j<«T T<k<j0<m<j

1 j=T
< ) le— > e

THI<jKT T<j<j TH+1<jKT
1 3
< — =T o>=.
Z (1 _|_j)2cr—2 -2
TH+1<jKT

Similarly we obtain U, Uz, Uy < T372%. The sum involving M (m1, n1, ma, np) in Sy is
estimated, since M (k, [, m,n) < k + [ + m 4+ n in this case, as

k+l+m+n 1
< Z<T(1+k+l>"(1+m+n)” «2 2 2 A+ jy!

0<k,l,m,n< 0<j<2T 0<k<j0<m<Kj
k+I=<m+n
1 T4 2 (3/2<0<2),
<D grms< { /
0<j=aT I+ logT (0=2).

Therefore, we have

4—20
$i = 6. 0. 0. v, w)T oT*—°) (3/2<0<2), 0
=6 @ ey +{0(logT) (0 =2). (10)

Next, as for S», we have

1
S K Z
(a 4+ vm1 + wnp)? (o + vmy + wny)®
0<my,ny,mp,ny<T
vmt+wn <vm+wny

1
X
log{(e + vma + wna) /(o + vmy + wny)}

- ¥ D>

0<my,ny,mp,ny<T 0<my,ny,mp,ny<T
a+tvmi+wn| <a+vmotwny <2(a+vmi+wny)  at+vmytwny>2(a+vmi+wny)

1
(o 4+ vmy + wny)? (o + vmy + wnp)? log{(a + vma + wna) /(o + vmy + wny)}

We denote the first and the second term on the right-hand side by W; and W5, respectively.
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As for W5, we have

1
Wr «
2 < Z (a +vm1 4+ wny1)? (a + vmy + wny)®

0<mj,ny,mp,ny<T
a+vmy+wny>2(a+vm+wny)

1 2
NP (l—i—m—i—n)”}

0<m,n<T
0<j<2T m=0 0<j<2r J

T2  (1<o0<?2),

<
(logT)> (0 =2).

Next we consider the order of W;. The range of n, in the inequalities « + vm| + wn; <
o +vmy + wny < 2(a + vmy + wny) of the summation condition on W is

v . o v
—(my—mp)+n1 <npy < mln{— + —Qmi —my) +2n1, [T]+ 1} .
w w w

Let ¢ = e(my,ma,n1),8 = &(my,ma,n1) be constants satisfying 0 < &, < 1 and
(w/w)(my —my) +n1+e €Zando/w+ (v/w)(2my —m3y) +2n1 — § € Z. Then

o v
K:mini——i——-ml—i—nl—s—& [T]—E(ml—mz)—nl—s}
woow w
is an integer, and n, can be rewritten as
v
ny=—@m; —mp)+n;+e+k (forsomek=0,1,2,...,K).
w
Since

log

a+vm2~|—wn2_lo - wk + we _ wk + we
a+vm1+wn1_ o+ vmy + wng Aa—i—vml—i—wnl’

we obtain

1
Wi « Z Z Z Z(a+vm1+wn1)"

0<m|<T 0<n|<T 0<m< K 0<k<K
1 o+ vmy + wn
X X
(a + vm1 + wny + wk + we)? wk + we

log K
< Z Z Z (a_l_vml _I_wnl)Q.U—l

0<m<T 0=<n; <T 0<m <K

< Z Z log (@ + vmy + wny)

202
o+ vm wn
O<mi<T 0<mi<T (o +vmy + wny)
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< Z Z log (2 + m + n)

1 m n 202
0<m<T0<n<T( + + )

T log2+x+y)
—————~"dxd
<</ / Aty 2 T

O(T*2710gT) (1 <o <3/2,3/2<0 <2),
=10(T(ogT)?) (0 =3/2),
O((log T)?) (c=2).

Then, we have

O(T* 2 10egT) (1 3/2,3/2 2
O(T* %) (l<o<?2) ( el) (<o <3/23/2<0<2)

Sy = ) B +430(TdogT)?) (o6 =3/2)
O((logT)*) (0 =2) 0(log TY) (=2

O(T* 2 logT) (1 <o <3/2,3/2<0 <2),
=10T(ogT)») (0 =3/2),
0((log T)?) (0=2).

By (10), we have

T
/ |3 (s)|%dt
1

O(T* 27 1ogT) (1 <o <3/2,3/2<0 <2),
=0, 00,0, )T +{0(TogT?) (0 =3/2),

O ((logT)%) (c=2).

Furthermore, we obtain from (9) that

T
/ [&2(0 +it, o5 v, w)|2dt
1

T
=/ |Z(s) + O ~)|dr
1

T T T
= / |2 (s)|%dt + O (/ |E(s)|t1_"dt) +0 (/ tH“dz) .
1 1 1

We see that the third term on the right-hand side is estimated as

O(T372) (1 <o <3/2),
O(logT) (o =3/2), (11)
0(1) (3/2 <0 <2).
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Also, using the Cauchy-Schwarz inequality for the second term on the right-hand side, we see

that
T 172 T
< f |E(s)|2dt> ( / tz_z"dt>
1 1

0(T7/2—2a(10gT)1/2) (1<0o<3/2),
O(T"2(log T)*/2) (c =3/2), (12)
O(TV?) (B3/2<0<2).

1/2

IA

T
f | Z(s)|t' 0 dt
1

Therefore, since (11) and (12) we have

O(T* 2 logT) (3/2<0<7/4),

T
182(s, @; v, w)2dt = (0, 0, 05 0, w)T +
/1 ¢ & O(T'/2) (7/4 <o <2),

and hence the proof of Theorem 2 is complete. O
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