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A Perturbed CR Yamabe Equation
on the Heisenberg Group

Takanari SAOTOME

(Communicated by M. Kurihara)

Abstract. We will study the CR Yamabe equation for a partially integrable CR structure on the Heisenberg
group which is deformed from the standard CR structure. By using the Lyapunov-Schmidt reduction, it is shown that
a perturbed standard solution of the CR Yamabe equation is a solution of the deformed CR Yamabe equation, under
certain conditions of the deformation. Especially, the deformed CR structure is only partially integrable, in general.

1. Introduction

As is well known the Yamabe problem is as follows: let (M", g) be a compact smooth
Riemannian manifold of dimension n > 3 with a Riemannian metric g. Then is the met-
ric g on M conformal to a metric with constant scalar curvature? This differential geo-
metrical problem can be reduced to an elliptic PDE, the so-called Yamabe equation. Let

Ly, = 4(:__21) Ay — Ry be the conformal Laplacian, where A is the Laplace-Beltrami oper-

~ 4
ator and Ry is the scalar curvature of g. Then a metric ¢ = un-2 g has the constant scalar
curvature c if and only if

n+2
Lgu+cun2 =0. (1)

Every solution of (1) is a critical point of the functional

4n—1) 2 2
Eyu) = G |dZ|g+Ri7_”2)dv9 . @)
(S um=2 dvg) ™

Due to the historical works of N. Trudinger, T. Aubin, R. Schoen, the existence of positive

solution of this PDE is known for any Riemannian manifold (M, g).
Recently, by virtue of the positive mass theorem, the geometry of the moduli space of
solutions of the Yamabe equation on a Riemannian manifold is studied. Among these studies,
it is conjectured that the set of all solutions of the Yamabe problem is compact in the C*°-

topology unless (M, g) is conformally equivalent to the round sphere. After many studies
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along the strategy proposed by R. Schoen, this conjecture is shown to be true by M. Khuri, F.
Marques, and R. Schoen [11] for dimensions # < 24 under a positive mass theorem condition.
On the other hand, this compactness conjecture is not true for n > 25. In [2], S. Brendle
showed that the existence of non conformally flat metric on R”, n > 52, which has non-
compact moduli space of solutions of the Yamabe equation. S. Brendle and F.C. Marques [3]
proved a non-compactness theorem for 25 < n < 51. More precisely, it was shown that if
n > 25, we can construct a non conformally flat Riemannian metric g on S” and a blowing-up
sequence of Yamabe equation of g. The metric g on S” satisfies the following properties.

(i) g is not conformally flat,
(ii) there exists a sequence of positive functions v, € C*°(S"), u € N such that each v,
is a solution of the Yamabe PDE (1),
(iii) Eg(vy) < Y(S") forall u € N, and E4(v,) — Y(S") as u — o0,
(iv) supgn v, — 00 as ;L — 00.

(Here, Y (S") denotes the Yamabe energy of the standard metric on S”.)

The metric g was constructed by a gluing procedure based on some local model metric.
These local models were obtained by a perturbation of the standard metric on S". More
precisely, the local model metrics were obtained as follows. The first step for constructing the
local model metrics is to find a family of functions v ¢) on R" parametrized by £ € R", ¢ >
0, which satisfy certain PDE. We consider a small deformation metric g of the standard metric
go on R”". Let P, be the differential operator of the Yamabe equation

n— n+2
Py(v) = Agv — ngv +nn —2)vn—2,
and let
n— 4
P;(v) = Agv — ngv +nn+ Z)M&’é)v,
be a linearized operator of Py, where u ¢ is the standard solution of the Yamabe equation
of go. Although the operator Pé is not invertible on the Sobolev space E(R") = {w €

2n
L—2(R") N WZZ’S(R") | fR” |dw|2 dvy < oo}, we can consider a certain subspace Eg ) (R")
of £(R™), on which the operator Pé is invertible. Let ¢ ¢ j), j =0, 1, ..., n be functions on
R" defined by

N ) 5 9 .
Pe.c0) = ~5-UEe), and Qe j) = gg7 16 forj =1,

and we define ¢ ¢ j), j =0,1,...,nby

2e € 2 - o1
N = N, =0,1,...,n.
PE.e.)) n—2\ef|x—g P& J
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Then, it is shown that the functions @ ¢, ;) satisfy
/] o~ .
Pgw(g,e,j)zo, ]:O,l,...,n.

We define a weighted inner product on £(R") by

2¢ € 2
(w, vV)gmn) = /]R" — <62+ i _$|2> wvdvy, forw,veERY).

This inner product on £(R") is corresponding to the L>-inner product on the unit sphere 5"
via the stereographic projection. We define the subspace £ )(R") C E(R") by

E(S,E)(Rn) = {w € 8 | (wa ¢(S,E,]))5(R”) = OaJ = 05 17 L] }’l} .

The subspace Eg ¢)(R") is the L?-orthogonal component of the finite dimensional subspace
spanned by ¢ ¢ jy, j =0, 1, ..., n. By using some estimates of eigenvalues of the Laplacian
on S”, it is shown that the operator Pé is invertible on the orthogonal subspace £ ¢)(R").

2n
That is, for any given f € L#+2(R") there is a weak solution w € £ ¢)(R") of an equation
4 [
Pyw = f.

By using the solution operator G ¢ ¢) for Py, we construct a family of functions v e), £ €
R™ € > 0 which satisfies

n—2

4
A - " R -2 =2 =0, 3
/Rn ( 9VEe) = g0, =) Roveo +n(n —2)[ve el v<s,e>> v 3)

for all functions ¥ € & ) (R").
Next, using the family of functions v ), we define a function Frn 4 : R" x (0, 00) —
R by

n _2 2n
Frn g(&,€) = d 24— Rgvl ,, — (n —2)? -2 ) d
R, g (€, €) /Rn (l VEoly + 20D eV (n=2)" .ol Vg

Y (S") )5

-20-2 (g6

Then, it is shown that the function v ¢) is a weak solution of the Yamabe equation of g if
(&, €) is a critical point of Fgr 4. In the argument up to here, we do not use the condition
n > 25 of the dimension of R”.

The second step for constructing the local model metrics is to show the function Fgn 4
has a critical point, under certain conditions. To show this, we approximate g~ 4 by an aux-
iliary function Fgn 4. The function Fgn 4 consists of a certain Hermitian tensor H, functions

UE e)s 2E,€) and their derivatives 8ﬁ, 314(516), 32u(§,5), where the function (e € g(g,é) (R")
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is a weak solution of the equation

4 "o
(Ago a2l 20 = Y Hudithueo-
i,k=1

It is shown that the auxiliary function Frn 4 has a local minimum point, if the difference
between g and gp is sufficiently small and if n(= dimR") > 25. In particular, we have a
family of local model metrics {g;},=1,2,.. on R" such that the functions Fgn 9 has a local
minimum point. Hence for each u the function Fgn g, has a critical point, and we have a
family of functions {v,},—=1,2,... such that each v, is a solution of the Yamabe equation of the
local model metric g,,.

As an analogy of these studies, it is natural and interesting to consider a CR analogue of
the compact/non-compact theorem for moduli space of solutions of the CR Yamabe equation.
The Yamabe problem is also formulated for CR manifolds, odd-dimensional manifolds with
a codimension 1 subbundle of the tangent bundle, which carries an almost complex structure
and a Hermitian metric. The results of this paper are analogues of the first step of S. Brendle’s
non-compactness theorem. In this paper, we will study an appropriate perturbation of the CR
structure to adapt S. Brendle’s argument to CR geometry, and its CR Yamabe equation.

In the geometry of pseudo-Hermitian CR manifold, there are many parallels with Rie-
mannian geometry. One of the most important objects to study CR geometry is the Levi form.
Since the geometric structure of the Levi form is determined only up to a conformal multiple
by the CR structure, we proceed by analogy with conformal geometry to find CR-invariant
information. The simplest scalar invariant for a CR manifold is the Tanaka-Tanno-Webster
scalar curvature.

Let (M ntl g g ) be a compact pseudo-Hermitian CR manifold of dimension 2n + 1 >
3. The CR Yamabe problem is concerned with finding contact structures of constant Tanaka-
Tanno-Webster scalar curvature R, 7y (see § 2 for definition) in the conformal class of the
contact form 6. This was introduced by D. Jerison and J.M. Lee in [8], and was solved by
D. Jerison and J.M. Lee for the case when n > 2 and M is not locally CR equivalent to the
sphere $2**1 in [8], [9], [10]. We set p =2+ 2 and C(n) = 1/p = Gy - 1tis known that
the transformation law of the Tanaka-Tanno-Webster scalar curvatures can be written

ARG, = Roy =200+ D(fa® + fz%) — dn(n+ 1) fu £,

if we consider the conformal transformation 8 = e2/ 6 of the contact form on M (refer to
[9]). Hence, a necessary and sufficient condition for the contact form 0 = uP2p, (u > 0)to
have the constant Tanaka-Tanno-Webster scalar curvature R(é n= A is that u satisfies

2
<2~|— —) ALQ’J)M%—R(()“])M —)LMH'% =0, 4)
n

where, Ag)’]) is the CR sub-Laplacian, and R, ) is the Tanaka-Tanno-Webster-scalar cur-
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vature (see § 2 for definition). This PDE is called the CR Yamabe equation, which is the
Euler-Lagrange equation for the constrained variational problem:
[wran=1}. o
M

. 2
Y(M) = 1nf{ / <<2 + ;) ||Vbu||%9’1) + R(Q,J)u2> dvg
M

where, Vpu is the sub-gradient of a function u (see § 2 for definition) and dvy = 6 A (dB)" is
the standard volume element on M. (Remark that, if M is compact, Holder’s inequality shows
that Y(M) > —o0.)

To construct a non-flat CR manifold, we deform the standard CR structure on the Heisen-
berg group H,, which is a flat CR manifold. So we now recall the standard CR structure on
the Heisenberg group H,, as follows. The underlying space of the Heisenberg group H,, is
R x C". Hereafter, we use ¢t and z = (zl, ..., 7" for the real and complex component of
the standard coordinate of the Heisenberg group HI,. Although the Heisenberg group H, is a
noncompact CR manifold, it is CR equivalent to the punctured standard sphere S2"+! — {pt.},
via the Cayley transform (see § 2 for definition). We denote the standard contact form on the
Heisenberg group H,, by 6p. Then by using standard coordinate, we can represent

n
O =dt + /=1 (dz/ —7/d2)).
j=1
The holomorphic subbundle Ho determined by the contact form 6y is the subbundle of the
complexified tangent bundle TC(Hn) which is spanned by {Z1, Z», ..., Z,}, where

0 .0
7 T s
Zj_azj~|—\/ 1Z a7’ j=12,...,n.

The standard almost complex structure Jy of the Heisenberg group Hi, acts on the contact
subbundle Ho @ Ho by,

JZj=~-1Z;, Jo?j:—x/—l?j.

We denote the vector field d/9¢ by T or Zy. This vector field is called Reeb vector field, and
satisfies the conditions

00(T) =1, d6y(T,X)=0, foranyX e TC(H,).

We define JoT = 0 and consider Jy as an endomorphism on TC(]HIn).
On the Heisenberg group H,, with its standard CR structure, the CR Yamabe equation
becomes

2

n

-1

Apu = —u?
4

2
, p=2+4+—,
n

and C*°-solutions of the equation are well known. In fact, the solutions of the CR Yamabe
equation on the Heisenberg group are parameterized by a pair of a point of the Heisenberg
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group and a positive number (§,¢) € H, x R.og. We denote the parameterized standard
solution of the CR Yamabe equation by u g ). The solution u ¢) can be written as follows

(9D):
4de "2
u(fsf)(t’z): ((t_.[_'_zlmz-ﬁ)z—'—(e"‘|Z_77|2)2> ’

where £ = (7, ) € H, = R x C". We next define Y ¢.¢ jy, j = 1,2,...,n by

2 =) (e + |z — nI*) — V/=1(t — T +2Imz - 7))
(t —1+2Imz - 72+ (e + |z — n]?)?

1
Ve (s 2) —e1yatt.

3

where U = 4e((t — +2Imz - 7)? + (e + |z —n]?)?)~'. We define Y¢ e ntjy, j = 1,2, ..., 1
by V.entj) = m Moreover, we define for j = 0,2n + 1,
2(t — 7+ 2Imz - 7)
(t—7+42Imz -7+ (e + |z — n[?)?’
(t —t+2Imz - 7)% — (€2 — |z —n|h
(t =7 +2Imz-M* + (e + [z = nH?

V.ot 2)=eU2T.

Ve, z)=U2T".

We construct a non-flat CR structure on H,, by perturbing the almost complex structure

Jo of the standard CR structure on the Heisenberg group H,,. We define endomorphisms K
and Jz on T7C(H,) by

Je=JooK, K=expu®—|zI>—vV-10K), (6)

where p, A > 0 and K is a compact supported trace-free Hermitian endomorphism on
TC(H,,) suchthat Z;K =0, j =1, 2, ..., n. While we deform the almost complex structure
Jo to Jg, we fix and do not change the contact form 6. The structure (6o, J¢) defines a
partially integrable CR structure (see §3). Next, we define a non-linear differential operator
P by

2
—|w|"w.

~ n
Pw=A —Rw —
w hw+2(n+l) w n

Here, A, and R are the sub-Laplacian and the Tanaka-Tanno-Webster scalar curvature, re-
spectively. We will sometime omit the subscript (89, J¢ ) unless any confusion occurs.

In general, for a relatively compact subset U of a general CR manifold (M, 6, J), the
CR analogue of the Sobolev space can be considered. This is called the Folland-Stein space,

and is denoted by W,f P(U). Let || - ||Wk, » ., denote the norm defined by
b

w)

V4

— Jonip
lwllyer gy = > /UIwa| dvg

0=j<k
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Here, V;, represents derivative along the contact subbundle H @ Ho. The Folland-Stein space

W,f "P(U) is the completion of the space C5°(U) of all compact supported smooth functions.
Let &£ and & ¢) be a function space defined by

E= {w € LP(H,) N W, 2 (H,)

/ |wa|2dvo < oo} ,

S(g,E)Z{wES‘ / wl/f(g,e,j)dv():(),j=0,1,...,2n~|—1} ,
H,

where dvg = dvg, = 0y A (dBp)", respectively. We note that a function w € £ is a solution of

the CR Yamabe equation for (H,, 6y, J¢), if w is positive and satisfies Pw = 0.
The followings are the main results of this paper.

THEOREM 1. Let (80, J) be a deformed CR structure on Hy, defined as above. We

assume that the deformation tensor K as in (6) is sufficiently small. Then, for each (€, ¢€) €
H, x R, there exists a unique function v ¢y € £ such that v ) — u.e) € Eg,e) and v ¢
satisfies

/H YPue.e dvg =0, (7

for all test functions ¥ € Ek o).
We define a function ]:12 : H, x (0,00) — R by

- 3
]-'~(§,e)=/ Ve AR Ve o+ Rp R . — ————Jue.)|? ) duo — T
K g & T2+ 1) K TED a1

A 2
Here, I = 4(:—“)1/(32"“).

THEOREM 2. The function F is smooth. Moreover, if(é‘, €) is a critical point of F z,
then the function V. is a non-negative weak solution of the CR Yamabe equation on the

Heisenberg group H, with the deformed CR structure (6o, Jg ).

These results are analogues of the argument developed by S. Brendle. Although we fol-
low the main ideas of [2], there are some difficulties in our situation. One of the difficulties is
a geometric analysis of CR manifolds. The sub-Laplacian which is used in CR geometry is a
subelliptic operator and many inequalities known for elliptic operators are still not known for
subelliptic operators. Another difficulty is the choice of the deformation of the CR structure.
Since the CR structure (8, J) satisfies the integrability condition and the compatibility con-
dition, the deformation of the CR structure is complicated. For this reason, we use partially
integrable setting in this paper. The existence of a solution to the CR Yamabe equation for
general partially integrable CR manifold is not known. Theorem 1 asserts the existence of a
solution to the CR Yamabe equation for the certain kind of partially integrable CR structure.



414 TAKANARI SAOTOME

This paper is organized as follows. In Section 2, we introduce some basic materials of
the Heisenberg group H, and consider its deformations. In Section 3, we study the standard
solutions of the CR Yamabe equation on the Heisenberg group H,, with the standard CR
structure, and compute the derivatives of the standard solutions. In Section 4, we prove the
main theorems, by using the Lyapunov-Schmidt reduction. Using the Cayley transformation,
given in the Appendix, we will show the CR analogue of Rey’s inequality, which is used to
prove the existence of a solution of the linearized CR Yamabe equation.

2. Preliminary

Let M be an orientable, real (2n + 1)-dimensional manifold. A CR structure on M is a
complex n-dimensional subbundle  of the complexified tangent bundle 7C (M), satisfying

HNH = {0}. A CR structure is partially integrable if [H, H] C H@H. Since M is orientable,
we can find a global nowhere vanishing real 1-form 6 such that 6(X) = 0, for any X € H.

The Levi form Ly associated with 6 is a Hermitian form on H @ H such that
Lo(X,Y) = —/—1d0(X,Y), for any X, Y e H.

A CR manifold M is strongly pseudo-convex, if the Levi form is a positive definite on . In
this case, the 1-form 6 defines a contact structure on M, that is 6 A (d9)" defines a volume
form on M. We denote this volume form by dvg. By the general theory of contact geometry,
there exists a unique vector field 7" such that

6(Ty=1, do(T,X)=0, foranyX e TC(M).

The vector field T is called the Reeb vector field. We have a canonical decomposition of the
complexified tangent bundle 7€ (M) = H@H ®CT. We denote the almost complex structure
on H by J, and we consider J as an endomorphism on 7€ (M) by defining

JX=+v-1X, JX=—-+V-1X, JT =0,

for X € H. Throughout this paper, we assume that all CR manifolds are partially integrable
strongly pseudo-convex.

We denote the subbundle Re (H & H) of tangent bundle 7 (M) by H (M), and we call a
tangent vector in H (M) a horizontal vector. The Tanaka-Tanno-Webster metric g = g(g,s) on
M is given by

9(X,Y)=do(X,JY), ¢gX,T)=0, g(T,T)=1,

for X,Y € H(M). For a real smooth function u € C° (M), the subgradient Vpu is the
horizontal vector in H (M) such that g(Vpu, X) = du(X). The sub-Riemannian inner prod-
uct L} on the complexified cotangent bundle (TCM)* is induced from the Levi form. The
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(pointwise) norm |w|g of a real 1-form w is defined by

n
wlf = Lj(@.0) =2 |o(Z))I*
j=1

where, Z1, ..., Z, form an orthonormal basis for Lg. Since Lg(T, T) = 0, we have |09 = 0.
The sub-Laplace operator A, is defined as follows. Let u € C° (M) be a real function
on M. Then,

/(Ahu)vdve =/ L;(du,dv)dvg, forallvngo(M).
M M

Although the sub-Laplace operator A, is degenerate, it is known that A, satisfies the sub-
ellipticity condition.

An arbitrary CR manifold (M, 8, J) is equipped with a unique real linear connection V.
This connection is called the Tanaka-Tanno-Webster connection, and satisfies the following
properties.

(i) VX eH, forany X € H,
(i) VJ=0,V8=0,Vg=0,
(iii) the torsion TV of V satisfies TV(X,Y) = —g(X,Y)T, for any X € H(M), and
J o Tor + Tor o J = 0, where Tor(X) = TV(T, X) is a pseudo-Hermitian torsion.
We set A(X,Y) = ¢g(Tor(X), Y) forany X,Y € T(M). Let {Zy,...,Z,} be a local frame

of H defined on some open set U C M. The connection 1-forms w j’ is given in terms of the
local frame {Z;} by

VZj=w/®2, VZj=wi®Z. VI=0.
For the dual coframe {0, 0!, 51}, the first structure equation is
. _; 1 e
do' =g/ /\a),-’+A7’9A91—5N§;’93/\9’. 8)

Here, the coefficients N;' satisfy Ny} = —Ni, and the (1,2)-tensor N determined by
N(X,Y) = NE;I 9 (X) 9 (Y) Z; is called Nijenhuis tensor. The Tanaka-Tanno-Webster con-
nection induces covariant differentiation of functions and tensors, which we will indicate with
indices preceded by a comma. For derivatives of a scalar function, we will sometimes omit
the comma, for instance, u; = Zju, u;; = Z1Zju — ;" (Z)) Zmu, ug = Tu.

The curvature components R le; of the curvature tensor of the Tanaka-Tanno-Webster

connection V with respect to the local frame (T, Z;, z j}1s given by

= 1
R(Z;, Zt)Zj = stvftzj — VZVZSZ/‘ — V[ZJ,Z]Zj =R; s?Zl .
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We set
d6 =/ ~Th;6/ AT .

We will use the matrix (h ﬂ) and its inverse (h/ 7) to raising and lowering indices of tensors.
The CR Ricci tensor is the contraction Rj;; = R jj ;7 Of the Tanaka-Tanno-Webster curvature
tensor, and the Tanaka-Tanno-Webster scalar curvature is R = R jj = Rjm h™J | The Chern-

Moser tensor C Fum can be written as

1
Citm = Rixm = 7 Rjxhim + Righjm + Rimh jz + Righ jm)

R
N (hthim+ Rhm) .
+(n+1)(n+2)( Jjk Im+ Ik Jm)

Itr gcj is the Christoffel symbol of the Tanaka-Tanno-Webster connection, we have @ j[ =

an J.Q’” + Flﬁ]ﬁm + Fé j9. The components of the curvature tensor are represented as follows.

Rj* = —Tm + (@Th )1 + T Ty =TT )
+ V=10 i — T T 4+ To Ty (10)

By taking contractions,

Ry =—(dT{)7 + (T} ))s + T/;Tj = T) T{, 4+ /=11 st (1D)

R =2Re((dT?), - r;‘jr_g,) W+ V/=1nT]; . (12)

3. A deformation of the CR structure

In this section, we consider a deformation of the standard CR structure (6p, Jo) on the
Heisenberg group H,, and estimate its CR scalar curvature. Later we impose an additional
assumption for the deformation, so that the deformed structure has a non-trivial Chern-Moser
tensor. We will vary the almost complex structure Jo to J¢, while the contact structure 6 is
fixed.

As we mentioned in § 1, we consider the Heisenberg group H,, = R x C" with its
coordinate (f, 7). The standard contact form 6y is 6y = dt + \/—_lzzle(zjdfj —7dz)),

and the holomorphic subbundle Hy is spanned by {Z;},j = 1,...,n, where Z; = % +
=1z’ %. If we consider a group law

(w,s)-(z,1) = (z+s,1+s5—2Im(z - w)),
for (w, s), (z,t) € H,,, where z - w = Z;le 727w/, then the vector fields Z; and the contact
form 6 are left invariant. The Levi form satisfies Lo(Z;, Z) = —v/=1d6y(Z;, Z) = 25j1.
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Let « = k(¢,7) be a (1, 1)-tensor field, acting on TC(Hn) as an endomorphism, such
that

K(Z)=«j'Z1, k(Z)=x]'Z, «(T)=0.
Itis easy to check that Jook = —koJy. We assume that « is self-adjoint and trace-free, namely
Kjl = 2ij5m[ = kj. We define another endomorphism K : TC(Hn) — TC(H,,) by
K=K@tz2) = exp (k (¢, z)). Let « and g be the holomorphic part and the anti-holomorphic
part of K, respectively. Then, we can write
KZp=qaj'21+8;'Z.

By the power series expansion of the matrix exponential, we have

1 —_ = _— -
ajl =8+ Ekjm Km! + ﬁ/cjm tem® ks kil + O(k®),
T T 1 e 7 1 T— —— =
,le =Kjl + ngs Kt K;l + ml(jl Ki™ K k! K,l + 0(K7) .

In particular, we have « = W;, Bji = ,3_1] Let Jy be a standard almost complex structure on
Hi,,, and gp be the Tanaka-Tanno-Webster metric of (6p, Jo). We define the deformation of the
almost complex structure and the metric by

Jg=Jo K ,
9z (X, Y) = go(X — 0o(X)T, K(Y — 6p(Y)T)) + 60(X)60(Y) .
We remark that the CR structure (6, J) satisfies the partial integrable condition.
Let H be the holomorphic subbundle of the CR structure (6p, Jz). It is not hard to

check that {Zy, ..., Z,} forms an orthonormal frame of H e with respect to 9i> if { K127 1s

..., K27} is an orthonormal frame of H, with respect to go. Therefore the sub-Laplace
operator Ay, of the CR structure (69, Jz) is

Apu = = (KR™VPZR V225 + RV 2RV 2, (13)
for a real function u € C*°(H,,).

PROPOSITION 1. Let R be the Tanaka-Tanno-Webster scalar curvature of the CR
structure (8o, Jg). We assume that the deformation tensor field K=K (t, z) can be writ-
ten as K = exp (k), where k = Kk (t, z) is a self-adjoint trace-free (1, 1)-tensor field on H,
satisfying |k (t, z)| < 1 forall (¢, z) € H,.

Then there exists a constant C such that the following estimate holds:

1, = 1 1 - 1
R +2Re (ngZS(Kimei) - EZsZiKis - ZZS(KiszKip) + Z|ZsKsl|2
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1

1 = __
16/(,,,2 s Zskip + EKiszZsKip) < Clk||Vpk|* + Cle|*| Vx| .

Here, Vpx and Vgl( represent a linear combination of Zj«k, Z jk and a linear combination of
Z1Zjk, Zlgj/c, Zlgj/c, ?;?jic, respectively.

PROOF. Let b;™, c;™ be a coefficient of the endomorphism K ~!/2 with respect to
{Z;}, that is we set

Zj= K_l/zzj = bijm —i—Cjﬁ?m .

Let 6% be the dual co-frame of {Z;}, and we set 0% = B¥,,d7" 4+ C¥pdz™.
It is easy to see that the Christoffel symbols with respect to {Z;} are given by

Iy, =do"(2;,Z)) = B jor” = BY 1b;" + Cs jb” — CPspe)” (14)
Fszgk(VZ[Zjvfk)Z_!]K(Z/,Vflzk):—rijk’ (15)
1—‘gj:_Bks,ObjS —Ckaocﬁ. (16)

172 we can estimate the coefficients

By the Taylor series expansion of the endomorphism K ~
b;™, c;™ and B¥,,, C¥s in terms of « ;¥ and its derivatives.
Therefore, by substituting the formulae (14), (15), (16) to (12), we get the desired esti-

mate. O

To assure non-triviality of the deformation of the CR structure, we impose some addi-
tional conditions. Hereafter, we consider the following deformation of the CR structure on
H,,. Fix a multi-linear form W : C* x C" x C" x C" —> C. We assume that the components
Woigj satisfy the following symmetry properties:

Wokgj = Wpjgk = Wipjg = WEp;q’ and Z pkjj =

Moreover, we assume that some components of W are non-zero, for instance,

n
Y Woigj + Woig))* > 0.
Jil,p.g=1

We set W' !

Ly .
5 qj = 2Wplgj» and

n
Ki'(t,2) = Z Wol T, Kt =y Wog; 220

p.q=1 p.q=1
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Let p(t,7) = (% + |z|4)1/ 4 be the Heisenberg distance from the origin. Let x be a tensor
field such that

(@) ;' =0.forp(t.2) > 1,

(ii) there exists a positive constant C such that |/<ji|, |Vb/<ji|, |V§/<jzl < Cforany (t,z) €
HVL,
(iii) the components satisfy « j; = «;; for any (¢, z) € H,,

(v) ;' = — 2P+ V=10)K, (t,2) for p(1,2) < po,

where , A, po are real constants, and the components are determined by «(Z;) = « jl Z.

We assume that the parameters u, A, pg are chosen so that 4 < 1 and A < pg < 1. We have
trace-free condition Z ; K ji =0.

PROPOSITION 2. Let (69, Ji) be a deformed CR structure defined as above. Then
the components C kim of the Chern-Moser curvature tensor at the origin 0 = (0,0) € H,
are equal to ur ijﬁ. Here, we take the components C

{(Z1,...,2Z,} Of'H(eo,Jg), where Zj = 12_1/22]‘.

ki with respect to the frame

PROOF. We note that «;;(0) = 0 and V,«;;(0) = 0. Hence, we have B, (0) =
bi" (0) = 8im. C'm(0) = ¢;"(0) = VpB' ,(0) = V,C'3(0) = 0.

Since F;m involves only first order derivatives of B’ P> ci 7> it vanishes at the origin. By
the same reason, we also have I‘f)m (0) = 0. The value at the origin of the first derivatives of

k
Fm ; are

(AT )10) = (B jew® — BX b + Chs b — Crs e
1 -

=52 Zjkn*(0), (17)
—(dTf)m(0) = (B xc* — Bi ;b + Clsibi® — Cl e
1 — =
=3 Zn 2k’ (0). (18)

Therefore the value of the Tanaka-Tanno-Webster curvature at the origin is given by
R;* 15 (0) = —(dT)m(0) + (dT )1(0)

LW s wik oy =
—5“)‘( Tt Witm) = 1AW

On the other hand, by the trace-free condition, we have R7(0) = 0, R(0) = 0. This com-
pletes the proof. g

19)

Im *
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4. The proofs of the main theorems

In this section, we consider the deformed CR structure (6o, J¢), K = expk on the
Heisenberg group Hj,, which is used in the Proposition 2.
We define differential operators P and P’ by
2

K n n- o142
Pu="Pg(u) ZAbu_'_iZ(n—i—l)Rku_ Zu "y

nn+2) 2

/ _ / — IZ -
’Pw—Pk(w)—Abw+72(n+l) FW 1 U o) W

Here, Af and Ry represent the sub-Laplacian and the CR Tanaka-Tanno-Webster curvature

of the CR structure (6, Jz ), respectively. We sometimes omit the super- or sub-script K,
which represents the deformation of the CR structure, when it should be clear from the con-
tents. The CR version of Sobolev’s inequality is known ([6], [9]). There exists a positive
constant Cy, ,, such that

lwl2 ) < Cop /H IVyw|? dup (20)
where p = 2 + 2/n. In particular, if || + |Vpk| + |V§K| < «ay for sufficiently small og and
k(t,z) = 0for p(t,z) > 1, we have

2 2 n 2
hlp ) < 2cn,p/Hn<|vhw| + 5o Rew?) don, @1

for any w € £. We define a norm on & by ||w||% = an IVyw|? dvy.

PROPOSITION 3. Consider a CR structure (6o, Ji) on Hy of the form Jgz = J o

K, K = expk, where k is a self-adjoint trace-free (1, 1)-tensor field on H,. We assume
that the deformation tensor field k is bounded by some constant oy < 1 up to the second
derivatives, i.e. |k| + |Vpk| + |V§K| < «ag on H,, and we also assume that k = 0 for
(t, z) € H,, such that p(t,z) > 1.

Then, there exists a constant C such that

: n
Pu ¢ = |[(AK — A%y ——R:u < Cup,
IPuc,elliLe '( b — Ap) o+ 50 ) kUG L, = Cw
where q = 1_11 5= %, and A} is the sub-Laplacian of the standard CR structure

(6o, Jo).

PROOF. By using pointwise estimates, which are derived in § 3, we have

[(AF = ADue.ol < C(IVblkVoue.o)) < CUkl|Viue.ol + Vx| Viue.ol)
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IRg| < C(IVEk| + |Vik]?) .

Hence, by Holder’s inequality,

o n
AK —A° — R:
H( b pUE ) T 2t 1) RGO By

< C(llicllLoe | Viue.ellie + Ikl 2na | Voo ll 2
+ IIVZKIILM lue,elle + IVokll p2a+0 lue, e llLr)
<Ciap.

Here C; = Ci(n) only depends on n. In fact, |lu e)llLr, | Vou,e)ll 2 and ||Vgu(g,g)||Lq do
not depend on the parameter (&, €). d

Since ug,¢) is a solution of the CR Yamabe equation for the standard CR structure, we
have

n
2

< + Crapllwllze ,

/ w”P/u(g,e) dvo
H

n

142
/Hn U ) w dvg

for any function w € £. This implies

[ P = ([ ) -2
wrFu U — u wav —
" Eeodvo ) =7 I, (£.€) 0 2C,.,

if o is sufficiently small, where the constant ® > 0 and the small constant § > 0 will be
chosen later. Combining this with Rey’s inequality (cf. Appendix),

2
lwlzs

2 1 2
f (Vowl* — aufy jw?) dvo + 3 <f WP e dvo) (22)
H, H,
30 1 n?
> Vow|>d -— -0 )A 2,
z 5 /Hnl pw| vo+<8 2 > &6 (W)

Here, ®, ®’, and Ageo(w) = an wué_gl) dvp are constants defined in Appendix. We choose

8 >Osothat%§ > Q. Ifa = %,then

2®_l_n+2_ 2
N n+4 n+4+4’
@,:Y_ln(n—i—Z) 4n _ Y_ln(n+2)
4 nn+4) n+4 ’

where Y = A(o,1)(#(0,1)). Hence, we choose a constant § > 0 such that

n-+4
<Y——.
T 4n+2)
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On the other hand, the first term of the left hand side of (22) is estimated as follows.
2 o9 / S 2
/ (| Vpw]| —au{;E oW )dv()f/ wP wdvo—i——/ [Vow|” dvg,
H, ’ H, 2 Ju,

here we make o smaller if necessary.
Since (% % — @’) A .e)(w)? > 0, we have shown that, for any w € £ ) there exists a

positive number § > 0 such that the following holds.

PROPOSITION 4. Consider a CR structure (6o, Jg) on Hy of the form Jg = J o
K.K = expk, where k is a self-adjoint trace-free (1, 1)-tensor field on H,. We assume that
the deformation tensor field k is bounded by some sufficiently small constant ag < 1 up to the
second derivatives, i.e. |k| + |Vpk| + |V§K| < og on H,, and we also assume that k = 0 for
(t, z) € H,, such that p(t,z) > 1.

Then, there exists a positive number § > 0 such that,

1 2
/ wP'wdvy > 5/ |wa|2dvo - = </ w”P’u(g,é) dvo> , (23)
H, H, & \Ju,

Sforany w € Eg o).

Next, we consider a functional Z¢ for a given function f € L7 (H,).

1 2
Tr(w) :/ w(P'w—2f)dvo + — </ w’P’u(gﬁé)dv()) ,
H, 8 \Ju,

for all functions w € £ ¢), where 8 is the positive number in the above proposition.

By the above Proposition 4, there exist constants §', C(§’) > 0 such that Z;(w) >
698" an |Vyw|? dvo—2C(8’)Cn_’}, I f ||i,, .Letw, € £¢ ¢) be a minimizing sequence for the
functional Z¢. The functional Z¢ is bounded below by 1 = inf{Zr(w) | w € E¢ )} > —00.
Moreover, Iy is coercive, and weakly lower semi-continuous. Hence, the weak convergence
limit wo € & ¢) of the sequence wy, is the minimizer of Z.

We note that the operator P’ is self-adjoint. For this minimizer Wy, we have

102y

EW(wO + 1Y) li=0

/o~ 1 ~
= / Y (P'wo — f)dvo + E </ I/fp’u(g,e) dv()) (/ wOP/u(S,E) dv()) =0,
Hn Hn H’l

for any test function ¥ € & ). That is the function wy is a weak solution of

- 1 -
P (Wo) + g (/H woplu(g,g) dv()) Plu(g’g) =f.

n
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We define the function wy € £ ¢ by

. 1 -
wo = o + ¢ (/ WoP'u(z.¢) dv0> U,e) -
H,

Then, we have

- 1 -
P’ (wo) = P'wo + 3 (/H WoP g e) dvo) Puge=f,
in weak sense. That is wg € £ ¢) satisfies

e n _n(n~|—2) 2
g VA, w0+2(n+1) woyr Ue o) Wo¥ | dvo = f‘/fdvo, (24)

for all test functions ¥ € &g ¢). The uniqueness of such a function wg can be shown by an
argument which is similar to that of [2]. Therefore, we have the following.
PROPOSITION 5. Consider a CR structure (6o, Ji) on Hy of the form Jgz = J o

K,K = expk, where k is a self-adjoint trace-free (1, 1)-tensor field on H,,. We assume that
the deformation tensor field « satisfies |k| + |Vpk| + |V}3K| < g on H,, and k = 0 for
(t, z) € H,, such that p(t,z) > 1.

For each fixed function f € LY(H,), there exists a unique function wo € Eg ¢y such that

I n _ nn +2) % _
/Hn (WA;, wo + 72(n+ D woY — —— U wolﬁ) dvy = . Jfdv, (25)

for all test functions W € E ¢). Moreover, we have ||lwolle < C|| fllLa.

We write this solution operator G ¢,¢) = Gé o LT — &g, f > w. Thatis, we

have P'G ¢, f = f in weak sense and the estimate

/H VsGeor fPdvo < ClLF IR

holds.
Here, we are in a position to prove Theorem 1. To this end, we define a differential
operator P by
~ - ; n n?
Pw="Ps(w) = Afw+ i D 1)ng w— Ilwﬁw.

We will construct intermediate functions v ¢). These functions will be considered as candi-
dates for the solutions of the CR Yamabe equation of deformed CR structure. We here present
the statement of Theorem 1, again.
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THEOREM 1. Consider a CR structure (8, Jg) on Hy, of the form Jz = J o I%, K =
expk, where k is a self-adjoint trace-free (1, 1)-tensor field on H,, such that k = 0 for
(t,z) € H, such that p(t,z) > 1. Let (§,¢) € H, x R.o. Then there exists a positive
constant o] < o depending only on n, with the following property:
if lk| 4+ |Vpk| + |VZK| < a1 forall (t,z) € Hy, then there exists a function vg ¢y € € such
that Ug,e) — Ue) € 5(5,5) and

/ w'ﬁv(gﬁé) dvg =0, (26)
H,

for all test functions ¥ € Ek ¢). Moreover, we have the estimate
lve,e) —uEolle < ClIPg(uee)lliLe . 27

PROOF. Define a non-linear mapping Wz ¢) : £,y —> Eg,e) bY

2
n -1
Vo) =—Geo(Pugo) + Okalpw) - Uz o) s

where (w) = |u,e) + w|1’—2(u(§,e) +w)—(p— l)ufgz) w. It follows from Propositions 3

and 5 that

/H 1V We.0/0)2duo < CllPuge o3, < Ca?.

Using the pointwise estimate
lp(w) — ()] < C(w|P~> + []" ) |w — b, (28)

where w, W € £, we obtain

/H Vb (W) (w) — We o) ())|* dvg = C /H IVbG (.6 (0(w) — p(0))]* dvg

n n

< Cllg(w) — o(@)|13,

< C>lwP 2| par + 10P 2l zar) lw — @l ras

1,1 _ -2 _ p=2
where, & + - = 1. If gs = p then |[w”™“|Ler = ||w]|}, ", and we have

/ Vb (W) (w) — We o) () |* duvg

n

p—2 p—2
sC((/ |vbw|2dvo) +<f |vbw|2dvo> )/ Vo (w — )] dvo.
Hn Hn H’l

for all functions w, w € £.
Therefore, if «; is sufficiently small, by the contraction mapping principle, W ) has
a unique fixed point vo. We define v ¢) by ve,e) = vo + U, ). Then, v ) € & satisfies
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V(g,e) — Ug,e) € Eg,e) and

/ W’]sv(g,é) dvo =0 s
H,

for all test functions ¥ € £¢ ¢, as desired. O

Assume that the scale of the variation tensor o is sufficiently small, as above. We define
a functional 7€ — Rby

3
~ n n A
Fe(v) = Afv+ —— R — ——— P ) dvy - T
&) /m(v AR T T & 4(n+1)|v|) %0

Here, ' = T Jrl)Y is a constant such that Fg(u,e)) = 0. We next define a function

Fi i Hy x (0,00) —> Rby Fz(§,€) = Fg(ve,e)). Under these settings, we can show the
following Theorem 2.

THEOREM 2. The function F : H, x (0,00) —> R is smooth. Moreover, if(é, €)
is a critical point of F, then the function Vi .o is a non-negative weak solution of the CR
Yamabe equation for (6o, J¢),

ARy 4+ It =0, (29)

n
" Rov-— —
2n+1) KV g

PROOF. Fix (£,¢€) € H, x Rog,& = (7, n',...,n") € H, = R x C". We define
constants a; (&, €) by

2n+1

/H Ve ) Pue.e) dvo = Z az(S,G)'/H Ve e)Vit.ej)dvo.

1=0

We recall that we use the convention of index identificationn + j = j for 1 < j < n.
We note that for each function ¢ € &£, we can find 1& € &g and bj(&, €) such that ¥ =
v+ ZZ"H bj(£, €)Y j)- Since the function v ) is a weak solution of Pve ) = 0 in
Eee)s

2n+1

/ VPV e dvg = Z aj(ésf)/ Vg ¥ duo.
H, = H,
This implies
9F 2n+1 (S o
TR a=2) ajte. e)/ Ve dug (30)

j=0
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2n+1

K(s 0=23 a, e)/ Teens S v, G31)
j=0
and
2n+1
Y, e)-zza,so/ Ve 89 gy, (32)
j=0

We define the family of constants C}l(é , €) by

Cly(&, € =/H Yie.e ) Ve.enU ™" dvg,

where U = 4€((t — 7 +2Imz - )% + (¢ + |z — n|»)?) ™! It is easy to show that C}l(é, €)=0
if j # [, and C}l(é, €) do not depend on the choice of (£, €) (cf. Appendix). We can write
C;Z(S, €) =Cjéj.

A direct computation shows

/ Vis.e /) <) dvo = e C2n+15j2n+1 ) (33)

n
Vie.e.jyDiu,eydvo=—Cjdjk (34)

n 26?

due,e n
8D Gy = 2 Cosjo .- 35
/H V(g j) 5, 4v0=5-Codjo (35)

Here, D; 8 -+ V= n/ d Therefore,
OV(g,e) v

0=/ :;6 (Vg e) — U, e))dvo-l-/ Ve, el a(s 9 dvy — 2_C2n+152n+lls (36)

0=/ (Dj¥rg,en) Vg, e) — Ug,e) dvo +/ Yie,e.)Djve,e) dvg — 2—1Cj5jz, (37)
H, €2

oy
/ @“(v@e)—u@e)>dvo+/ Veen €9 g — 5 Codor (38)

It follows from (38) that

2n+1 i
2e S 0V(g,e) 10F;
) = ) —_— - d AN A ) .
ap(§, €) nCO{ E ai§,e) ‘/H[n Py (V(g,e) — U(g,e) dvo + o &, e

=0

Similarly, we have

o 26% 2n+17 1 L
aj(§, €)= pren Z ai(§,¢€) /Hn (DjYe.en)(Vi,e) — ue,e) dvo + E(Dj]:,g)(é, €,

U
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am1(§,€) =

2n+1 _
— 31,0@ €,l) 10 K
> ) rEed - dvo+ - —~K @& ot .
nCone { aj(§,€) /Hn o (V(g,e) — U(z,e)) dvo 2 3¢ ¢, e

=0

Therefore, if (é , €) is a critical point of F, then we have

2n+1 2n+1
Y ol O < Cllvg e —uggler Y laé, ol (39)
=0 =0

Here, C is a constant which depends only on n. On the other hand, we have |v

éo
U g)||Lp < Cay. Hence, if we choose o sufficiently small, then we have a; (é, & =0
forj=0,1,...,n,1,...,7m,2n + 1. Thatis, if (§, €) is a critical point of the function F,

then the function Vi o) is a weak solution in £ to the equation

2

D Rgv— T liv=0 (40)
—Rzv— —|v["v=0.
2m+1) K 4

Afv+

It remains to show that the function Ve is non-negative (almost everywhere). We put

Y= min{v(é’g), 0}. Since Vg € E,wehave ¢ € £ and
2
/ <vuAhvm +LRkv2”>dv0=/ n—|vm|%+2dvo.
(g e) <0} EOTPED T2+ 1) .9 (g e) <0} 4769

Combining this with the Sobolev’s inequality (21),

n? p +
Z”v(é’é\)”l’p(v(é’,é)<0) :/ |U(§’€)|n

. 2
g =30, Mol <o
.6 ’

<0y 4
Hence

2

2
”U(g’g)”lrﬁp(v(é’é)<0) = m s 41)

if flu <o) dv0 #0.

On the other hand, we have
G
log o) ller < Vg o) — g o) dv
E)lILP (e e <0) = g€ T ES 0
Vg ¢ <0}
< ”U(é-’g) - u(é’g)”L” <Caj.

Since we can take o1 as an arbitrary small number, this implies a contradiction with (41). We
therefore conclude that the function Vi g is non-negative almost everywhere. O
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APPENDIX. Rey’s inequality

In this appendix, we show the following inequality. This is a CR analogue of the inequal-
ity shown by Olivier Rey in the Appendix D of the paper [18].

PROPOSITION 6. Let a be a real number such that w > a and (€,¢) € H, x
R.o0,& = (t,n) € H,. Then, there exist positive constants ® = O(a,n,Q),0 =
®'(a, n, Q) such that, for any function u(t, 7) € E,e) on a domain Q@ C H,, we have

2
/|th|2dvo—a/ Uu2dv022®/ |v,,u|2dvo—®’(/ U1+%udv0) ,
Q Q Q Q

4e
(t — 7 +2Imz - )2 + (e + [z — n|*)?
Originally, in the Appendix D of the paper [18], the domain 2 is a subset of R” and
A

where U = Ug ¢)(t,2) =

the function ——————— 1is used instead of the function U = U ). We will show all
1+ 22| — x|? ’

the arguments in [18] are still valid for our cases. In this paper, we only consider the case of
Q = H,, for simplicity.

First we consider the Cayley transform F : Sg"'“ c C"! — 9D ~ H, defined by

: 4 1 — g+l
i_ =v_1(—
ST YT 1<1+;"+1> ’
where §3"*! = §2*!1 — {pt}and D = {(z', w) € C"*! | w =1 + /=15, s > |z|?}. This
CR isomorphism F is sometimes called the Cayley transformation. It is easy to show that we

have

B 27 o = 2t
I AT A v 2+ (1 + 1z

o — A+ 22 + /=161 — |22 + /=11
12 4 (1 + |z]2)2 ’

é.i

We denote the contact form on the Heisenberg group H,, by 8y and the contact form on
the sphere $?"*! by 6;. Namely, we have,

n
bo=dt +~=1) (/dz/ —7/dz’), (42)

j=1

B - _ - | n+1 ; _ _ ;
91_—V2(a—a>|z| ——Vzgl(; dt’ —7dey. (43)
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It is known (cf. [8]) that
2

In particular, the volume forms are related by
2n+1
dvi = 27" N1 4 ¢ P20y = 0- (45)

dv
11+ |22 + v/ —1z?+2

Let v be a real valued function on Sé"“. We define ug : H, — R by v = ug o F, then
we have the following relation of the norms of V,ug and Vg m v:

SZn-H

VS )2 = 211 + 22 V)2 (46)

Let v be a real valued function on Sg"“. We consider the function u on H,, defined by
v =2""(|1 + |z|> + v/—1t|" u) o F. Then, we have

st 11+ |z + /=112 +2 o L4z + V=1 Pz

A 22n+1 |Vpu|~ + ot
11+ 122 + /=11 nu ‘
+ 22 Y Re{(l+ 21> —=v=1nz/ Zju}.  47)
j=1

Therefore, combining (45) and (47), we obtain

s+l o —n , P2
. IVp  v|[fdvy =2 s |Vpu| _Z”(O,l)"‘ dvg . (48)

Now, we note that for the functions v on Sg”‘“, u on H, such that v = 27" (|1 + |z|® +
V—=1t|" u) o F, we have

/ u%ﬁ(o,l,O)dv():Z"“/ vIme" ! dvy ,
H s2n+1

/W(o,l,j)dvo=2”“/ e’ dvy
H, §2n+1

and

/ u0.1.2041) dvg = 2" /2 N vRe¢" ! dv; .
S n

n

Hence, the condition u € &,1) is equivalentto v L ¢/, v L Zj, (G=1,....,n+1.

We define a constant A () for a function u € &1y,

Auug e 1
A o)(u) :/ ’ dvg =/ uub . dvy. 49)
@O H, |1+ |z|2 ++/—1¢|2 H, &©
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We define i by = u — A'u(g,1), where A’ is
A =Y"Ao @), Y =A0nuo)-

Then, we have i€ & 1), since u g ¢) € Eg,e). Moreover we have

u (t,2) up,1)(t, 2) wug,1) — A'ugy
: dvy = —— dvg =0
H, |1+ 122+ /=112 H, |14 |z]? + /=1t

Hence, for v=2""(|1 + |z|*> + v/—=1t|" ) o F,

i u,1) el .
0 2/ dvg =2 / v dvg .
H, |1+ |22 + /=112 s2n+1

We here briefly recall some basic facts about the eigenvalues of the sub-Laplacian on the
CR sphere S?"*1. It is known that the first and second eigenvalues A1, A, of the sub-Laplacian

2n+1 . . .
A;j are A1 = n and Ap = 2n. Moreover, the eigenspace of A; is spanned by the coordinate

. —1 —n+1 . . .
functions ;“1, R {"“, e, §n+ . Now, since the function v defined above is orthogonal
to1,¢7,77, we have
§2n+l o o 2
A v |“dvy = Ao v dvy. (50)
S2n+l S2n+l

It follows from (48) that,

2
o [ (v =i i) dio =2 [ wi i di
- b 4 1o 0= 2 Jy fon 0-

Thus,

o 1 2 2
/ |Vb u |2d‘U0 > Z (2)\2 ~|—n2)\/H l/l(no’l) u dl)(). (51)

n n

We note that
P2 P2 -1 2
Uip, 1y U dvg = Uip,1) dvo—Y A",
H, Hp,
and
n2
f IV 1t |* dug =/ [Voul>dvo — —Y "Au)?.
H, H, 4
Hence, if u € £,1) we have

1 2 A
/ [Vpul? dvy > 1 <n2 + ZAZ) /H u("o’l)uz dvg — ?2 Y 'Aw)?. (52)

n
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For a function u € £ ), we use change of variables

7

1 - 1
—(t —t 4+ 2Imz - 79), 2=—@—-n.
€ €2

If we define a function & by i (7, Z) = u(t, z), we can see
uelee <= uecl,.
Therefore, for any functions u € £ ), the inequality (52) holds.
For a positive number a, we define constants ®, ® by

4a ;L 2aY 2,

0=1-—", 0=— "2
(n2 +22) (n% + 22)

(53)
We note that © > 0if 1(n? 4+ 1,) = "("TM) > a. Therefore we have

2
/H (| Vpu|* — au&f)uz) dvy > 2@/ |Vpul? dvg — O A o) (w)* .

n

This completes the proof of the proposition.
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