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A Perturbed CR Yamabe Equation
on the Heisenberg Group

Takanari SAOTOME

(Communicated by M. Kurihara)

Abstract. We will study the CR Yamabe equation for a partially integrable CR structure on the Heisenberg
group which is deformed from the standard CR structure. By using the Lyapunov-Schmidt reduction, it is shown that
a perturbed standard solution of the CR Yamabe equation is a solution of the deformed CR Yamabe equation, under
certain conditions of the deformation. Especially, the deformed CR structure is only partially integrable, in general.

1. Introduction

As is well known the Yamabe problem is as follows: let (Mn, g) be a compact smooth
Riemannian manifold of dimension n ≥ 3 with a Riemannian metric g . Then is the met-
ric g on M conformal to a metric with constant scalar curvature? This differential geo-
metrical problem can be reduced to an elliptic PDE, the so-called Yamabe equation. Let

Lg = 4(n−1)
n−2 �g − Rg be the conformal Laplacian, where �g is the Laplace-Beltrami oper-

ator and Rg is the scalar curvature of g . Then a metric g̃ = u
4
n−2 g has the constant scalar

curvature c if and only if

Lgu+ cu
n+2
n−2 = 0 . (1)

Every solution of (1) is a critical point of the functional

Eg(u) =
∫
M

( 4(n−1)
n−2 |du|2g + Rgu

2
)
dvg(∫

M
u

2n
n−2 dvg

) n−2
n

. (2)

Due to the historical works of N. Trudinger, T. Aubin, R. Schoen, the existence of positive
solution of this PDE is known for any Riemannian manifold (M, g).

Recently, by virtue of the positive mass theorem, the geometry of the moduli space of
solutions of the Yamabe equation on a Riemannian manifold is studied. Among these studies,
it is conjectured that the set of all solutions of the Yamabe problem is compact in the C∞-
topology unless (M, g) is conformally equivalent to the round sphere. After many studies
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along the strategy proposed by R. Schoen, this conjecture is shown to be true by M. Khuri, F.
Marques, and R. Schoen [11] for dimensions n ≤ 24 under a positive mass theorem condition.
On the other hand, this compactness conjecture is not true for n ≥ 25. In [2], S. Brendle
showed that the existence of non conformally flat metric on Rn, n ≥ 52, which has non-
compact moduli space of solutions of the Yamabe equation. S. Brendle and F.C. Marques [3]
proved a non-compactness theorem for 25 ≤ n ≤ 51. More precisely, it was shown that if
n ≥ 25, we can construct a non conformally flat Riemannian metric g on Sn and a blowing-up
sequence of Yamabe equation of g . The metric g on Sn satisfies the following properties.

(i) g is not conformally flat,
(ii) there exists a sequence of positive functions vμ ∈ C∞(Sn), μ ∈ N such that each vμ

is a solution of the Yamabe PDE (1),
(iii) Eg(vμ) < Y(Sn) for all μ ∈ N, and Eg (vμ) → Y (Sn) as μ → ∞,
(iv) supSn vμ → ∞ as μ → ∞.

(Here, Y (Sn) denotes the Yamabe energy of the standard metric on Sn.)
The metric g was constructed by a gluing procedure based on some local model metric.

These local models were obtained by a perturbation of the standard metric on Sn. More
precisely, the local model metrics were obtained as follows. The first step for constructing the
local model metrics is to find a family of functions v(ξ,ε) on Rn parametrized by ξ ∈ Rn, ε >

0, which satisfy certain PDE. We consider a small deformation metric g of the standard metric
g0 on Rn. Let Pg be the differential operator of the Yamabe equation

Pg (v) = �gv − n− 2

4(n− 1)
Rgv + n(n− 2)v

n+2
n−2 ,

and let

P ′
g (v) = �gv − n− 2

4(n− 1)
Rgv + n(n+ 2)u

4
n−2
(ξ,ε)v ,

be a linearized operator of Pg , where u(ξ,ε) is the standard solution of the Yamabe equation
of g0. Although the operator P ′

g is not invertible on the Sobolev space E(Rn) = {w ∈
L

2n
n−2 (Rn) ∩W 1,2

loc (R
n) | ∫

Rn
|dw|2 dvg < ∞}, we can consider a certain subspace E(ξ,ε)(Rn)

of E(Rn), on which the operator P ′
g is invertible. Let ϕ̃(ξ,ε,j), j = 0, 1, . . . , n be functions on

Rn defined by

ϕ̃(ξ,ε,0) = − ∂

∂ε
u(ξ,ε), and ϕ̃(ξ,ε,j) = ∂

∂ξj
u(ξ,ε), for j ≥ 1 ,

and we define ϕ(ξ,ε,j), j = 0, 1, . . . , n by

ϕ(ξ,ε,j) = 2ε

n− 2

(
ε

ε2 + |x − ξ |2
)2

ϕ̃(ξ,ε,j), j = 0, 1, . . . , n .
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Then, it is shown that the functions ϕ̃(ξ,ε,j) satisfy

P ′
g ϕ̃(ξ,ε,j) = 0, j = 0, 1, . . . , n .

We define a weighted inner product on E(Rn) by

(w, v)E(Rn) =
∫
Rn

2ε

n− 2

(
ε

ε2 + |x − ξ |2
)2

wv dvg for w, v ∈ E(Rn) .

This inner product on E(Rn) is corresponding to the L2-inner product on the unit sphere Sn

via the stereographic projection. We define the subspace E(ξ,ε)(Rn) ⊂ E(Rn) by

E(ξ,ε)(Rn) = {w ∈ E | (w, ϕ̃(ξ,ε,j))E(Rn) = 0, j = 0, 1, . . . , n} .
The subspace E(ξ,ε)(Rn) is the L2-orthogonal component of the finite dimensional subspace
spanned by ϕ(ξ,ε,j), j = 0, 1, . . . , n. By using some estimates of eigenvalues of the Laplacian
on Sn, it is shown that the operator P ′

g is invertible on the orthogonal subspace E(ξ,ε)(Rn).
That is, for any given f ∈ L 2n

n+2 (Rn) there is a weak solution w ∈ E(ξ,ε)(Rn) of an equation

P ′
gw = −f .

By using the solution operator G(ξ,ε) for P ′
g , we construct a family of functions v(ξ,ε), ξ ∈

Rn, ε > 0 which satisfies∫
Rn

(
�gv(ξ,ε) − n− 2

4(n− 1)
Rgv(ξ,ε) + n(n− 2)|v(ξ,ε)| 4

n−2 v(ξ,ε)

)
ψ = 0 , (3)

for all functions ψ ∈ E(ξ,ε)(Rn).
Next, using the family of functions v(ξ,ε), we define a function FRn,g : Rn× (0,∞) −→

R by

FRn,g (ξ, ε)=
∫
Rn

(
|dv(ξ,ε)|2g + n− 2

4(n− 1)
Rgv

2
(ξ,ε) − (n− 2)2|v(ξ,ε)| 2n

n−2

)
dvg

− 2(n− 2)

(
Y (Sn)

4n(n− 1)

) n
2

.

Then, it is shown that the function v(ξ,ε) is a weak solution of the Yamabe equation of g if
(ξ, ε) is a critical point of FRn,g . In the argument up to here, we do not use the condition
n ≥ 25 of the dimension of Rn.

The second step for constructing the local model metrics is to show the function FRn,g

has a critical point, under certain conditions. To show this, we approximate FRn,g by an aux-

iliary function FRn,g . The function FRn,g consists of a certain Hermitian tensor H , functions

u(ξ,ε), z(ξ,ε) and their derivatives ∂H, ∂u(ξ,ε), ∂2u(ξ,ε), where the function z(ξ,ε) ∈ E(ξ,ε)(Rn)



410 TAKANARI SAOTOME

is a weak solution of the equation

(
�g0 + n(n+ 2)u

4
n−2
(ξ,ε)

)
z(ξ,ε) =

n∑
i,k=1

Hik∂i∂ku(ξ,ε) .

It is shown that the auxiliary function FRn,g has a local minimum point, if the difference
between g and g0 is sufficiently small and if n(= dimRn) ≥ 25. In particular, we have a
family of local model metrics {gμ}μ=1,2,... on Rn such that the functions FRn,gμ has a local
minimum point. Hence for each μ the function FRn,gμ has a critical point, and we have a
family of functions {vμ}μ=1,2,... such that each vμ is a solution of the Yamabe equation of the
local model metric gμ.

As an analogy of these studies, it is natural and interesting to consider a CR analogue of
the compact/non-compact theorem for moduli space of solutions of the CR Yamabe equation.
The Yamabe problem is also formulated for CR manifolds, odd-dimensional manifolds with
a codimension 1 subbundle of the tangent bundle, which carries an almost complex structure
and a Hermitian metric. The results of this paper are analogues of the first step of S. Brendle’s
non-compactness theorem. In this paper, we will study an appropriate perturbation of the CR
structure to adapt S. Brendle’s argument to CR geometry, and its CR Yamabe equation.

In the geometry of pseudo-Hermitian CR manifold, there are many parallels with Rie-
mannian geometry. One of the most important objects to study CR geometry is the Levi form.
Since the geometric structure of the Levi form is determined only up to a conformal multiple
by the CR structure, we proceed by analogy with conformal geometry to find CR-invariant
information. The simplest scalar invariant for a CR manifold is the Tanaka-Tanno-Webster
scalar curvature.

Let (M2n+1, θ, J ) be a compact pseudo-Hermitian CR manifold of dimension 2n+ 1 ≥
3. The CR Yamabe problem is concerned with finding contact structures of constant Tanaka-
Tanno-Webster scalar curvature R(θ,J ) (see § 2 for definition) in the conformal class of the
contact form θ . This was introduced by D. Jerison and J.M. Lee in [8], and was solved by
D. Jerison and J.M. Lee for the case when n ≥ 2 and M is not locally CR equivalent to the

sphere S2n+1 in [8], [9], [10]. We set p = 2 + 2
n

and C(n) = 1/p = n
2(n+1) . It is known that

the transformation law of the Tanaka-Tanno-Webster scalar curvatures can be written

e2fR(θ̃,J ) = R(θ,J ) − 2(n+ 1)(fαα + fα
α)− 4n(n+ 1)fα f α ,

if we consider the conformal transformation θ̃ = e2f θ of the contact form on M (refer to

[9]). Hence, a necessary and sufficient condition for the contact form θ̃ = up−2θ, (u > 0) to
have the constant Tanaka-Tanno-Webster scalar curvature R(θ̃,J ) = λ is that u satisfies(

2 + 2

n

)
�
(θ,J )
b u+ R(θ,J )u− λu1+ 2

n = 0 , (4)

where, �(θ,J )b is the CR sub-Laplacian, and R(θ,J ) is the Tanaka-Tanno-Webster-scalar cur-
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vature (see § 2 for definition). This PDE is called the CR Yamabe equation, which is the
Euler–Lagrange equation for the constrained variational problem:

Y (M) = inf

{∫
M

((
2 + 2

n

)
‖∇bu‖2

(θ,J ) + R(θ,J )u
2
)
dvθ

∣∣∣∣
∫
M

|u|p dvθ = 1

}
, (5)

where, ∇bu is the sub-gradient of a function u (see § 2 for definition) and dvθ = θ ∧ (dθ)n is
the standard volume element onM . (Remark that, ifM is compact, Hölder’s inequality shows
that Y (M) > −∞.)

To construct a non-flat CR manifold, we deform the standard CR structure on the Heisen-
berg group Hn, which is a flat CR manifold. So we now recall the standard CR structure on
the Heisenberg group Hn as follows. The underlying space of the Heisenberg group Hn is

R × Cn. Hereafter, we use t and z = (z1, . . . , zn) for the real and complex component of
the standard coordinate of the Heisenberg group Hn. Although the Heisenberg group Hn is a

noncompact CR manifold, it is CR equivalent to the punctured standard sphere S2n+1 − {pt.},
via the Cayley transform (see § 2 for definition). We denote the standard contact form on the
Heisenberg group Hn by θ0. Then by using standard coordinate, we can represent

θ0 = dt + √−1
n∑
j=1

(zj dzj − zj dzj ) .

The holomorphic subbundle H0 determined by the contact form θ0 is the subbundle of the

complexified tangent bundle T C(Hn) which is spanned by {Z1,Z2, . . . ,Zn}, where

Zj = ∂

∂zj
+ √−1zj

∂

∂t
, j = 1, 2, . . . , n .

The standard almost complex structure J0 of the Heisenberg group Hn acts on the contact

subbundle H0 ⊕ H0 by,

J0Zj = √−1Zj , J0Zj = −√−1Zj .

We denote the vector field ∂/∂t by T or Z0. This vector field is called Reeb vector field, and
satisfies the conditions

θ0(T ) = 1, dθ0(T ,X) = 0, for any X ∈ T C(Hn) .

We define J0T = 0 and consider J0 as an endomorphism on T C(Hn).

On the Heisenberg group Hn with its standard CR structure, the CR Yamabe equation
becomes

�bu = n2

4
up−1, p = 2 + 2

n
,

and C∞-solutions of the equation are well known. In fact, the solutions of the CR Yamabe
equation on the Heisenberg group are parameterized by a pair of a point of the Heisenberg
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group and a positive number (ξ, ε) ∈ Hn × R>0. We denote the parameterized standard
solution of the CR Yamabe equation by u(ξ,ε). The solution u(ξ,ε) can be written as follows
([9]):

u(ξ,ε)(t, z) =
(

4ε

(t − τ + 2Imz · η)2 + (ε + |z− η|2)2
)n/2

,

where ξ = (τ, η) ∈ Hn = R × Cn. We next define ψ(ξ,ε,j), j = 1, 2, . . . , n by

ψ(ξ,ε,j)(t, z) = ε
1
2U

n
2 +1 · 2(zj − ηj )((ε + |z− η|2)− √−1(t − τ + 2Imz · η))

(t − τ + 2Imz · η)2 + (ε + |z− η|2)2 ,

where U = 4ε((t−τ+2Imz · η)2 + (ε+|z−η|2)2)−1.We defineψ(ξ,ε,n+j), j = 1, 2, . . . , n

by ψ(ξ,ε,n+j) = ψ(ξ,ε,j). Moreover, we define for j = 0, 2n+ 1,

ψ(ξ,ε,0)(t, z)= εU
n
2 +1 · 2(t − τ + 2Imz · η)

(t − τ + 2Imz · η)2 + (ε + |z− η|2)2 ,

ψ(ξ,ε,2n+1)(t, z)=U
n
2 +1 · (t − τ + 2Imz · η)2 − (ε2 − |z− η|4)

(t − τ + 2Imz · η)2 + (ε + |z− η|2)2 .

We construct a non-flat CR structure on Hn by perturbing the almost complex structure

J0 of the standard CR structure on the Heisenberg group Hn. We define endomorphisms K̃

and JK̃ on T C(Hn) by

JK̃ = J0 ◦ K̃, K̃ = exp (μ(λ− |z|2 − √−1t)K) , (6)

where μ, λ > 0 and K is a compact supported trace-free Hermitian endomorphism on

T C(Hn) such that ZjK = 0, j = 1, 2, . . . , n. While we deform the almost complex structure
J0 to JK̃ , we fix and do not change the contact form θ0. The structure (θ0, JK̃ ) defines a
partially integrable CR structure (see §3). Next, we define a non-linear differential operator

P̃ by

P̃w = �bw + n

2(n+ 1)
R w − n2

4
|w| 2

n w .

Here, �b and R are the sub-Laplacian and the Tanaka-Tanno-Webster scalar curvature, re-
spectively. We will sometime omit the subscript (θ0, JK̃ ) unless any confusion occurs.

In general, for a relatively compact subset U of a general CR manifold (M, θ, J ), the
CR analogue of the Sobolev space can be considered. This is called the Folland-Stein space,

and is denoted by Wk,p

b (U). Let ‖ · ‖
W
k,p
b (U)

denote the norm defined by

‖w‖
W
k,p
b (U)

=
⎛
⎝ ∑

0≤j≤k

∫
U

|∇j
bw|p dvθ

⎞
⎠

1
p

.
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Here, ∇b represents derivative along the contact subbundleH0 ⊕H0. The Folland-Stein space

W
k,p

b (U) is the completion of the space C∞
0 (U) of all compact supported smooth functions.

Let E and E(ξ,ε) be a function space defined by

E =
{
w ∈ Lp(Hn) ∩W 1,2

b loc(Hn)

∣∣∣∣
∫
Hn

|∇bw|2 dv0 < ∞
}
,

E(ξ,ε) =
{
w ∈ E

∣∣∣∣
∫
Hn

wψ(ξ,ε,j) dv0 = 0, j = 0, 1, . . . , 2n+ 1

}
,

where dv0 = dvθ0 = θ0 ∧ (dθ0)
n, respectively. We note that a functionw ∈ E is a solution of

the CR Yamabe equation for (Hn, θ0, JK̃ ), if w is positive and satisfies P̃w = 0.

The followings are the main results of this paper.

THEOREM 1. Let (θ0, JK̃ ) be a deformed CR structure on Hn defined as above. We

assume that the deformation tensor K̃ as in (6) is sufficiently small. Then, for each (ξ, ε) ∈
Hn×R>0, there exists a unique function v(ξ,ε) ∈ E such that v(ξ,ε)−u(ξ,ε) ∈ E(ξ,ε) and v(ξ,ε)
satisfies ∫

Hn

ψP̃v(ξ,ε) dv0 = 0 , (7)

for all test functions ψ ∈ E(ξ,ε).
We define a function FK̃ : Hn × (0,∞) −→ R by

FK̃ (ξ, ε) =
∫
Hn

(
v(ξ,ε)�

K̃
b v(ξ,ε) + n

2(n+ 1)
RK̃ v

2
(ξ,ε) − n3

4(n+ 1)
|v(ξ,ε)|p

)
dv0 − ̂ .

Here, ̂ = n2

4(n+1)Y (S
2n+1).

THEOREM 2. The functionFK̃ is smooth. Moreover, if (ξ̂ , ε̂) is a critical point of FK̃ ,
then the function v

(ξ̂ ,ε̂)
is a non-negative weak solution of the CR Yamabe equation on the

Heisenberg groupHn with the deformed CR structure (θ0, JK̃ ).

These results are analogues of the argument developed by S. Brendle. Although we fol-
low the main ideas of [2], there are some difficulties in our situation. One of the difficulties is
a geometric analysis of CR manifolds. The sub-Laplacian which is used in CR geometry is a
subelliptic operator and many inequalities known for elliptic operators are still not known for
subelliptic operators. Another difficulty is the choice of the deformation of the CR structure.
Since the CR structure (θ, J ) satisfies the integrability condition and the compatibility con-
dition, the deformation of the CR structure is complicated. For this reason, we use partially
integrable setting in this paper. The existence of a solution to the CR Yamabe equation for
general partially integrable CR manifold is not known. Theorem 1 asserts the existence of a
solution to the CR Yamabe equation for the certain kind of partially integrable CR structure.
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This paper is organized as follows. In Section 2, we introduce some basic materials of
the Heisenberg group Hn and consider its deformations. In Section 3, we study the standard
solutions of the CR Yamabe equation on the Heisenberg group Hn with the standard CR
structure, and compute the derivatives of the standard solutions. In Section 4, we prove the
main theorems, by using the Lyapunov-Schmidt reduction. Using the Cayley transformation,
given in the Appendix, we will show the CR analogue of Rey’s inequality, which is used to
prove the existence of a solution of the linearized CR Yamabe equation.

2. Preliminary

Let M be an orientable, real (2n + 1)-dimensional manifold. A CR structure on M is a
complex n-dimensional subbundle H of the complexified tangent bundle T C(M), satisfying

H∩H = {0}.A CR structure is partially integrable if [H,H] ⊂ H⊕H. SinceM is orientable,
we can find a global nowhere vanishing real 1-form θ such that θ(X) = 0, for any X ∈ H.

The Levi form Lθ associated with θ is a Hermitian form on H ⊕ H such that

Lθ (X, Y) = −√−1dθ(X, Y), for any X,Y ∈ H .

A CR manifold M is strongly pseudo-convex, if the Levi form is a positive definite on H. In
this case, the 1-form θ defines a contact structure on M , that is θ ∧ (dθ)n defines a volume
form on M . We denote this volume form by dvθ . By the general theory of contact geometry,
there exists a unique vector field T such that

θ(T ) = 1, dθ(T ,X) = 0, for any X ∈ T C(M) .

The vector field T is called the Reeb vector field. We have a canonical decomposition of the

complexified tangent bundle T C(M) = H⊕H⊕CT .We denote the almost complex structure

on H by J , and we consider J as an endomorphism on T C(M) by defining

JX = √−1X, JX = −√−1X, JT = 0 ,

for X ∈ H. Throughout this paper, we assume that all CR manifolds are partially integrable
strongly pseudo-convex.

We denote the subbundle Re (H ⊕ H) of tangent bundle T (M) by H(M), and we call a
tangent vector in H(M) a horizontal vector. The Tanaka-Tanno-Webster metric g = g(θ,J ) on
M is given by

g(X, Y ) = dθ(X, JY ), g(X, T ) = 0, g(T , T ) = 1 ,

for X,Y ∈ H(M). For a real smooth function u ∈ C∞(M), the subgradient ∇bu is the
horizontal vector in H(M) such that g(∇bu,X) = du(X). The sub-Riemannian inner prod-

uct L∗
θ on the complexified cotangent bundle (T CM)∗ is induced from the Levi form. The
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(pointwise) norm |ω|θ of a real 1-form ω is defined by

|ω|2θ = L∗
θ (ω, ω) = 2

n∑
j=1

|ω(Zj )|2 ,

where, Z1, . . . , Zn form an orthonormal basis for Lθ . Since Lθ(T , T ) = 0, we have |θ |θ = 0.
The sub-Laplace operator �b is defined as follows. Let u ∈ C∞(M) be a real function

on M . Then, ∫
M

(�bu)v dvθ =
∫
M

L∗
θ (du, dv) dvθ , for all v ∈ C∞

0 (M) .

Although the sub-Laplace operator �b is degenerate, it is known that �b satisfies the sub-
ellipticity condition.

An arbitrary CR manifold (M, θ, J ) is equipped with a unique real linear connection ∇.
This connection is called the Tanaka-Tanno-Webster connection, and satisfies the following
properties.

(i) ∇X ∈ H, for any X ∈ H,
(ii) ∇J = 0,∇θ = 0,∇g = 0,

(iii) the torsion T ∇ of ∇ satisfies T ∇(X, Y ) = −g(X, Y )T , for any X ∈ H(M), and
J ◦ Tor + Tor ◦ J = 0, where Tor(X) = T ∇(T ,X) is a pseudo-Hermitian torsion.

We set A(X, Y ) = g(Tor(X), Y ) for any X,Y ∈ T (M). Let {Z1, . . . , Zn} be a local frame
of H defined on some open set U ⊂ M . The connection 1-forms ωj l is given in terms of the
local frame {Zj } by

∇Zj = ωj
l ⊗ Zl, ∇Zj = ωj

l ⊗ Zl, ∇T = 0 .

For the dual coframe {θ, θ l, θ l}, the first structure equation is

dθl = θj ∧ ωj l + Aj
l θ ∧ θj − 1

2
Nst

l θ
s ∧ θt . (8)

Here, the coefficients Nst
l satisfy Nst

l = −Nts l , and the (1, 2)-tensor N determined by

N(X, Y ) = Nst
l θ
s
(X) θ

t
(Y ) Zl is called Nijenhuis tensor. The Tanaka-Tanno-Webster con-

nection induces covariant differentiation of functions and tensors, which we will indicate with
indices preceded by a comma. For derivatives of a scalar function, we will sometimes omit

the comma, for instance, uj = Zju, ujl = ZlZju− ωj
m(Zl)Zmu, u0 = T u.

The curvature components Rj lst of the curvature tensor of the Tanaka-Tanno-Webster

connection ∇ with respect to the local frame {T ,Zj , Zj } is given by

R(Zs,Zt )Zj = ∇Zs∇Zt Zj − ∇Zt∇ZsZj − ∇[Zs,Zt ]Zj = Rj
l
st Zl .
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We set

dθ = √−1hjl θ
j ∧ θ l .

We will use the matrix (hjl) and its inverse (hjl) to raising and lowering indices of tensors.

The CR Ricci tensor is the contraction Rlm = Rj
j
lm of the Tanaka-Tanno-Webster curvature

tensor, and the Tanaka-Tanno-Webster scalar curvature is R = Rj
j = Rjm h

mj . The Chern-
Moser tensor Cjklm can be written as

Cjklm =Rjklm − 1

n+ 2
(Rjkhlm + Rlkhjm + Rlmhjk + Rlkhjm)

+ R

(n+ 1)(n+ 2)
(hjkhlm + Rlkhjm) .

If k
lj

is the Christoffel symbol of the Tanaka-Tanno-Webster connection, we have ωj l =
lmj θ

m +lmj θ
m + l0j θ. The components of the curvature tensor are represented as follows.

Rj
k
lm = −(dklj )m + (dkmj )l + ksj

s
ml − ksj

s

lm
(9)

+ √−1k0jhlm − slj
k
ms + smj

k
ls . (10)

By taking contractions,

Rst = −(djsj )t + (d
j

tj
)s + 

j
lj

l
ts

− 
j

lj
lst +

√−1j0jhst , (11)

R = 2Re((dj
tj
)s − 

j

lj
lst ) h

st + √−1nj0j . (12)

3. A deformation of the CR structure

In this section, we consider a deformation of the standard CR structure (θ0, J0) on the
Heisenberg group Hn and estimate its CR scalar curvature. Later we impose an additional
assumption for the deformation, so that the deformed structure has a non-trivial Chern-Moser
tensor. We will vary the almost complex structure J0 to JK̃ , while the contact structure θ0 is
fixed.

As we mentioned in § 1, we consider the Heisenberg group Hn = R × Cn with its

coordinate (t, z). The standard contact form θ0 is θ0 = dt + √−1
∑n
j=1(z

j dzj − zjdzj ),

and the holomorphic subbundle H0 is spanned by {Zj }, j = 1, . . . , n, where Zj = ∂
∂zj

+√−1zj ∂
∂t

. If we consider a group law

(w, s) · (z, t) = (z+ s, t + s − 2Im(z · w)) ,
for (w, s), (z, t) ∈ Hn, where z · w = ∑n

j=1 z
jwj , then the vector fields Zj and the contact

form θ0 are left invariant. The Levi form satisfies L0(Zj ,Z l) = −√−1dθ0(Zj ,Z l ) = 2δjl.
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Let κ = κ(t, z) be a (1, 1)-tensor field, acting on T C(Hn) as an endomorphism, such
that

κ(Zj ) = κj
l Z l , κ(Zj ) = κj l Zl , κ(T ) = 0 .

It is easy to check that J0◦κ = −κ◦J0. We assume that κ is self-adjoint and trace-free, namely

κjl = 2κjmδml = κlj . We define another endomorphism K̃ : T C(Hn) −→ T C(Hn) by

K̃ = K̃(t, z) = exp (κ(t, z)). Let α and β be the holomorphic part and the anti-holomorphic

part of K̃ , respectively. Then, we can write

K̃(Zj ) = αj
l Zl + βj

l Z l .

By the power series expansion of the matrix exponential, we have

αj
l = δjl + 1

2
κj
m κml + 1

24
κj
m κms κs

t κt l +O(κ6) ,

βj
l = κj

l + 1

6
κj
s κs t κt

l + 1

120
κj
i κim κm

s κs t κt
l +O(κ7) .

In particular, we have αjl = αlj , βjl = βlj . Let J0 be a standard almost complex structure on

Hn, and g0 be the Tanaka-Tanno-Webster metric of (θ0, J0). We define the deformation of the
almost complex structure and the metric by

JK̃ = J ◦ K̃ ,
gK̃ (X, Y )= g0(X − θ0(X)T , K̃(Y − θ0(Y )T ))+ θ0(X)θ0(Y ) .

We remark that the CR structure (θ0, JK̃ ) satisfies the partial integrable condition.
Let HK̃ be the holomorphic subbundle of the CR structure (θ0, JK̃ ). It is not hard to

check that {Z1, . . . , Zn} forms an orthonormal frame of HK̃ with respect to gK̃ , if {K̃1/2Z1,

. . . , K̃1/2Zn} is an orthonormal frame of H0 with respect to g0. Therefore the sub-Laplace
operator�b of the CR structure (θ0, JK̃ ) is

�bu = −hjl(K̃−1/2Z l (K̃
−1/2Zj )+ K̃−1/2Zj (K̃−1/2Z l ))u , (13)

for a real function u ∈ C∞(Hn).

PROPOSITION 1. Let R be the Tanaka-Tanno-Webster scalar curvature of the CR

structure (θ0, JK̃ ). We assume that the deformation tensor field K̃ = K̃(t, z) can be writ-

ten as K̃ = exp (κ), where κ = κ(t, z) is a self-adjoint trace-free (1, 1)-tensor field on Hn

satisfying |κ(t, z)| ≤ 1 for all (t, z) ∈ Hn.

Then there exists a constant C such that the following estimate holds:∣∣∣∣R + 2Re (
1

8
ZsZs(κimκmi)− 1

2
ZsZiκis − 1

4
Zs (κipZsκip)+ 1

4
|Zsκsl|2
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− 1

16
κipZsZsκip + 1

16
κipZsZsκip)

∣∣∣∣ ≤ C|κ ||∇bκ |2 + C|κ |2|∇2
bκ | .

Here, ∇bκ and ∇2
bκ represent a linear combination of Zj κ,Zj κ and a linear combination of

ZlZj κ,ZlZj κ,ZlZj κ,Z lZj κ , respectively.

PROOF. Let bjm, cjm be a coefficient of the endomorphism K̃−1/2 with respect to
{Zj }, that is we set

Zj = K̃−1/2Zj = bj
mZm + cj

mZm .

Let θk be the dual co-frame of {Zj }, and we set θk = Bkmdz
m + Ckmdz

m.

It is easy to see that the Christoffel symbols with respect to {Zj } are given by

k
lj

= dθk(Zj , Zl) = Bks,j cls − Bks,lbj
s + Cks,j bl

s − Cks,lcj
s , (14)

klj = gK̃ (∇ZlZj , Zk) = −gK̃ (Zj ,∇ZlZk) = −j
lk
, (15)

k0j = −Bks,0bj s − Cks,0cj
s . (16)

By the Taylor series expansion of the endomorphism K̃−1/2, we can estimate the coefficients

bj
m, cj

m and Bkm,Ckm in terms of κj k and its derivatives.
Therefore, by substituting the formulae (14), (15), (16) to (12), we get the desired esti-

mate. �

To assure non-triviality of the deformation of the CR structure, we impose some addi-
tional conditions. Hereafter, we consider the following deformation of the CR structure on

Hn. Fix a multi-linear formW : Cn×Cn×Cn×Cn −→ C. We assume that the components
Wpkqj satisfy the following symmetry properties:

Wpkqj = Wpjqk = Wkpjq = Wkpjq, and
n∑
j=1

Wpkjj = 0 .

Moreover, we assume that some components of W are non-zero, for instance,

n∑
j,l,p,q=1

(Wplqj +Wplqj )
2 > 0 .

We set Wp
l
qj = 1

2Wplqj , and

Kj
l(t, z) =

n∑
p,q=1

Wp
l
qj z

pzq, Kjl(t, z) =
n∑

p,q=1

Wplqj z
pzq .
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Let ρ(t, z) = (t2 +|z|4)1/4 be the Heisenberg distance from the origin. Let κ be a tensor
field such that

(i) κj
l = 0, for ρ(t, z) ≥ 1,

(ii) there exists a positive constant C such that |κj l |, |∇bκj l |, |∇2
bκj

l | ≤ C for any (t, z) ∈
Hn,

(iii) the components satisfy κjl = κlj for any (t, z) ∈ Hn,

(iv) κj
l = μ(λ− (|z|2 + √−1t))Kj l(t, z) for ρ(t, z) ≤ ρ0,

where μ, λ, ρ0 are real constants, and the components are determined by κ(Zj ) = κj
l Z l .

We assume that the parameters μ, λ, ρ0 are chosen so that μ ≤ 1 and λ < ρ2
0 ≤ 1. We have

trace-free condition ZjKj
l = 0.

PROPOSITION 2. Let (θ0, JK̃ ) be a deformed CR structure defined as above. Then
the components Cjklm of the Chern-Moser curvature tensor at the origin 0 = (0, 0) ∈ Hn

are equal to μλWjklm. Here, we take the components Cjklm with respect to the frame

{Z1, . . . , Zn} ofH(θ0,JK̃)
, where Zj = K̃−1/2Zj .

PROOF. We note that κij (0) = 0 and ∇bκij (0) = 0. Hence, we have Bim(0) =
bi
m(0) = δim,C

i
m(0) = ci

m(0) = ∇bBim(0) = ∇bCim(0) = 0.
Since i

lm
involves only first order derivatives of Bip,Cip, it vanishes at the origin. By

the same reason, we also have i0m(0) = 0. The value at the origin of the first derivatives of

kmj are

(dkmj )l(0)= (Bks,j cms − Bks,mbj
s + Cks,j bm

s − Cks,mcj
s)l

= 1

2
ZlZj κmk(0) , (17)

−(dklj )m(0)= (Bj s,kcl
s − Bj s,l bk

s + Cj s,kbl
s − Cj s,l ck

s)m

= 1

2
ZmZkκl

j (0) . (18)

Therefore the value of the Tanaka-Tanno-Webster curvature at the origin is given by

Rj
k
lm(0)= −(dklj )m(0)+ (dkmj )l(0)

= 1

2
μλ(Wk

j
ml

+Wj
k
lm) = μλWj

k
lm . (19)

On the other hand, by the trace-free condition, we have Rsm(0) = 0, R(0) = 0. This com-
pletes the proof. �
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4. The proofs of the main theorems

In this section, we consider the deformed CR structure (θ0, JK̃ ), K̃ = exp κ on the
Heisenberg group Hn, which is used in the Proposition 2.

We define differential operators P and P ′ by

Pu=PK̃ (u) = �K̃b u+ n

2(n+ 1)
RK̃u− n2

4
u1+ 2

n ,

P ′w=P ′
K̃
(w) = �K̃b w + n

2(n+ 1)
RK̃w − n(n+ 2)

4
u

2
n

(ξ,ε) w .

Here, �K̃b and RK̃ represent the sub-Laplacian and the CR Tanaka-Tanno-Webster curvature

of the CR structure (θ0, JK̃ ), respectively. We sometimes omit the super- or sub-script K̃ ,
which represents the deformation of the CR structure, when it should be clear from the con-
tents. The CR version of Sobolev’s inequality is known ([6], [9]). There exists a positive
constant Cn,p such that

‖w‖2
Lp(Hn)

≤ Cn,p

∫
Hn

|∇bw|2 dv0 , (20)

where p = 2 + 2/n. In particular, if |κ | + |∇bκ | + |∇2
bκ | ≤ α0 for sufficiently small α0 and

κ(t, z) = 0 for ρ(t, z) > 1, we have

‖w‖2
Lp(Hn)

≤ 2Cn,p

∫
Hn

(|∇bw|2 + n

2(n+ 1)
RK̃w

2) dv0 , (21)

for any w ∈ E . We define a norm on E by ‖w‖2
E = ∫

Hn
|∇bw|2 dv0.

PROPOSITION 3. Consider a CR structure (θ0, JK̃ ) on Hn of the form JK̃ = J ◦
K̃, K̃ = exp κ , where κ is a self-adjoint trace-free (1, 1)-tensor field on Hn. We assume
that the deformation tensor field κ is bounded by some constant α0 ≤ 1 up to the second

derivatives, i.e. |κ | + |∇bκ | + |∇2
bκ | ≤ α0 on Hn and we also assume that κ = 0 for

(t, z) ∈ Hn such that ρ(t, z) ≥ 1.
Then, there exists a constant C such that

‖Pu(ξ,ε)‖Lq =
∥∥∥∥(�K̃b −�◦

b)u(ξ,ε) +
n

2(n+ 1)
RK̃u(ξ,ε)

∥∥∥∥
Lq

≤ Cα0 ,

where q = 1
1−1/p = 2(n+1)

n+2 , and �◦
b is the sub-Laplacian of the standard CR structure

(θ0, J0).

PROOF. By using pointwise estimates, which are derived in § 3, we have

|(�K̃b −�◦
b)u(ξ,ε)| ≤C(|∇b|κ∇bu(ξ,ε))|) ≤ C(|κ ||∇2

bu(ξ,ε)| + |∇bκ ||∇bu(ξ,ε)|) ,
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|RK̃ | ≤C(|∇2
bκ | + |∇bκ |2) .

Hence, by Hölder’s inequality,∥∥∥∥(�K̃b −�◦
b)u(ξ,ε) +

n

2(n+ 1)
RK̃u(ξ,ε)

∥∥∥∥
Lq

≤ C(‖κ‖L∞‖∇2
bu(ξ,ε)‖Lq + ‖κ‖L2n+2‖∇bu(ξ,ε)‖L2

+ ‖∇2
b κ‖Ln+1‖u(ξ,ε)‖Lp + ‖∇bκ‖L2(n+1)‖u(ξ,ε)‖Lp )

≤ C1α0 .

Here C1 = C1(n) only depends on n. In fact, ‖u(ξ,ε)‖Lp, ‖∇bu(ξ,ε)‖L2 and ‖∇2
bu(ξ,ε)‖Lq do

not depend on the parameter (ξ, ε). �

Since u(ξ,ε) is a solution of the CR Yamabe equation for the standard CR structure, we
have

n

2

∣∣∣∣
∫
Hn

u
1+ 2

n

(ξ,ε)
w dv0

∣∣∣∣ ≤
∣∣∣∣
∫
Hn

wP ′u(ξ,ε) dv0

∣∣∣∣+ C1α0‖w‖Lp ,

for any function w ∈ E . This implies(∫
Hn

wP ′u(ξ,ε) dv0

)2

≥ n2

4

(∫
Hn

u
1+ 2

n

(ξ,ε) w dv0

)2

− �δ

2Cn,p
‖w‖2

Lp ,

if α0 is sufficiently small, where the constant � > 0 and the small constant δ > 0 will be
chosen later. Combining this with Rey’s inequality (cf. Appendix),∫

Hn

(|∇bw|2 − au
2
n

(ξ,ε)w
2) dv0 + 1

δ

(∫
Hn

wP ′u(ξ,ε) dv0

)2

(22)

≥ 3�

2

∫
Hn

|∇bw|2 dv0 +
(

1

δ

n2

4
−�′

)
A(ξ,ε)(w)

2 .

Here,�,�′, and A(ξ,ε)(w) = ∫
Hn
wu

p−1
(ξ,ε) dv0 are constants defined in Appendix. We choose

δ > 0 so that 1
δ
n2

4 ≥ �′. If a = n(n+2)
4 , then

2�= 1 − n+ 2

n+ 4
= 2

n+ 4
,

�′ = Y−1n(n+ 2)

4

4n

n(n+ 4)
= Y−1 n(n+ 2)

n+ 4
,

where Y = A(0,1)(u(0,1)). Hence, we choose a constant δ > 0 such that

δ ≤ Y
n+ 4

4(n+ 2)
.
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On the other hand, the first term of the left hand side of (22) is estimated as follows.∫
Hn

(|∇bw|2 − au
2
n

(ξ,ε)w
2) dv0 ≤

∫
Hn

wP ′w dv0 + �

2

∫
Hn

|∇bw|2 dv0 ,

here we make α0 smaller if necessary.

Since
(

1
δ
n2

4 −�′
)
A(ξ,ε)(w)

2 ≥ 0, we have shown that, for any w ∈ E(ξ,ε) there exists a

positive number δ > 0 such that the following holds.

PROPOSITION 4. Consider a CR structure (θ0, JK̃ ) on Hn of the form J
K̃

= J ◦
K̃, K̃ = exp κ , where κ is a self-adjoint trace-free (1, 1)-tensor field on Hn. We assume that
the deformation tensor field κ is bounded by some sufficiently small constant α0 ≤ 1 up to the

second derivatives, i.e. |κ | + |∇bκ | + |∇2
bκ | ≤ α0 on Hn and we also assume that κ = 0 for

(t, z) ∈ Hn such that ρ(t, z) ≥ 1.
Then, there exists a positive number δ > 0 such that,∫

Hn

wP ′w dv0 ≥ δ

∫
Hn

|∇bw|2 dv0 − 1

δ

(∫
Hn

wP ′u(ξ,ε) dv0

)2

, (23)

for any w ∈ E(ξ,ε).
Next, we consider a functional If for a given function f ∈ Lq(Hn).

If (w) =
∫
Hn

w(P ′w − 2f ) dv0 + 1

δ

(∫
Hn

wP ′u(ξ,ε) dv0

)2

,

for all functionsw ∈ E(ξ,ε), where δ is the positive number in the above proposition.
By the above Proposition 4, there exist constants δ′, C(δ′) > 0 such that If (w) ≥

(δ−δ′) ∫
Hn

|∇bw|2 dv0−2C(δ′)C−1
n,p‖f ‖2

Lq . Letwn ∈ E(ξ,ε) be a minimizing sequence for the

functional If . The functional If is bounded below by μ = inf{If (w) | w ∈ E(ξ,ε)} > −∞.
Moreover, If is coercive, and weakly lower semi-continuous. Hence, the weak convergence
limit w̃0 ∈ E(ξ,ε) of the sequence wn is the minimizer of If .

We note that the operator P ′ is self-adjoint. For this minimizer w̃0, we have

1

2

∂If
∂t

(w̃0 + tψ) |t=0

=
∫
Hn

ψ(P ′w̃0 − f ) dv0 + 1

δ

(∫
Hn

ψP ′u(ξ,ε) dv0

)(∫
Hn

w̃0P ′u(ξ,ε) dv0

)
= 0 ,

for any test function ψ ∈ E(ξ,ε). That is the function w̃0 is a weak solution of

P ′(w̃0)+ 1

δ

(∫
Hn

w̃0P ′u(ξ,ε) dv0

)
P ′u(ξ,ε) = f .
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We define the function w0 ∈ E(ξ,ε) by

w0 = w̃0 + 1

δ

(∫
Hn

w̃0P ′u(ξ,ε) dv0

)
u(ξ,ε) .

Then, we have

P ′(w0) = P ′w̃0 + 1

δ

(∫
Hn

w̃0P ′u(ξ,ε) dv0

)
P ′u(ξ,ε) = f ,

in weak sense. That is w0 ∈ E(ξ,ε) satisfies∫
Hn

(
ψ�K̃b w0 + n

2(n+ 1)
RK̃w0ψ − n(n+ 2)

4
u

2
n

(ξ,ε) w0ψ

)
dv0 =

∫
Hn

fψ dv0 , (24)

for all test functions ψ ∈ E(ξ,ε). The uniqueness of such a function w0 can be shown by an
argument which is similar to that of [2]. Therefore, we have the following.

PROPOSITION 5. Consider a CR structure (θ0, JK̃ ) on Hn of the form JK̃ = J ◦
K̃, K̃ = exp κ , where κ is a self-adjoint trace-free (1, 1)-tensor field on Hn. We assume that

the deformation tensor field κ satisfies |κ | + |∇bκ | + |∇2
bκ | ≤ α0 on Hn and κ = 0 for

(t, z) ∈ Hn such that ρ(t, z) ≥ 1.
For each fixed function f ∈ Lq(Hn), there exists a unique function w0 ∈ E(ξ,ε) such that∫
Hn

(
ψ�K̃b w0 + n

2(n+ 1)
RK̃w0ψ − n(n+ 2)

4
u

2
n

(ξ,ε) w0ψ

)
dv0 =

∫
Hn

fψ dv0 , (25)

for all test functions ψ ∈ E(ξ,ε). Moreover, we have ‖w0‖E ≤ C‖f ‖Lq .

We write this solution operator G(ξ,ε) = GK̃(ξ,ε) : Lq −→ E(ξ,ε), f �→ w. That is, we

have P ′G(ξ,ε)f = f in weak sense and the estimate∫
Hn

|∇bG(ξ,ε)f |2 dv0 ≤ C‖f ‖2
Lq

holds.
Here, we are in a position to prove Theorem 1. To this end, we define a differential

operator P̃ by

P̃w= P̃K̃ (w) = �K̃b w + n

2(n+ 1)
RK̃ w − n2

4
|w| 2

n w .

We will construct intermediate functions v(ξ,ε). These functions will be considered as candi-
dates for the solutions of the CR Yamabe equation of deformed CR structure. We here present
the statement of Theorem 1, again.
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THEOREM 1. Consider a CR structure (θ0, JK̃ ) on Hn of the form JK̃ = J ◦ K̃, K̃ =
exp κ , where κ is a self-adjoint trace-free (1, 1)-tensor field on Hn such that κ = 0 for
(t, z) ∈ Hn such that ρ(t, z) ≥ 1. Let (ξ, ε) ∈ Hn × R>0. Then there exists a positive
constant α1 < α0 depending only on n, with the following property:

if |κ | + |∇bκ | + |∇2
bκ | ≤ α1 for all (t, z) ∈ Hn, then there exists a function v(ξ,ε) ∈ E such

that v(ξ,ε) − u(ξ,ε) ∈ E(ξ,ε) and ∫
Hn

ψP̃v(ξ,ε) dv0 = 0 , (26)

for all test functions ψ ∈ E(ξ,ε). Moreover, we have the estimate

‖v(ξ,ε) − u(ξ,ε)‖E ≤ C‖PK̃ (u(ξ,ε))‖Lq . (27)

PROOF. Define a non-linear mapping �(ξ,ε) : E(ξ,ε) −→ E(ξ,ε) by

�(ξ,ε)(w) = −G(ξ,ε)(Pu(ξ,ε))+ n2

4
G(ξ,ε)(ϕ(w)− u

p−1
(ξ,ε)) ,

where ϕ(w) = |u(ξ,ε) +w|p−2(u(ξ,ε) +w)− (p − 1)up−2
(ξ,ε) w. It follows from Propositions 3

and 5 that ∫
Hn

|∇b�(ξ,ε)(0)|2 dv0 ≤ C‖Pu(ξ,ε)‖2
Lq ≤ Cα2

1 .

Using the pointwise estimate

|ϕ(w)− ϕ(w̃)| ≤ C(|w|p−2 + |w̃|p−2)|w − w̃| , (28)

where w, w̃ ∈ E , we obtain∫
Hn

|∇b(�(ξ,ε)(w)−�(ξ,ε)(w̃))|2 dv0 = C

∫
Hn

|∇bG(ξ,ε)(ϕ(w)− ϕ(w̃))|2 dv0

≤ C‖ϕ(w)− ϕ(w̃)‖2
Lq

≤ C(‖wp−2‖Lqr + ‖w̃p−2‖Lqr )‖w − w̃‖Lqs ,
where, 1

s
+ 1

r
= 1. If qs = p then ‖wp−2‖Lqr = ‖w‖p−2

Lp , and we have∫
Hn

|∇b(�(ξ,ε)(w)− �(ξ,ε)(w̃))|2 dv0

≤ C

((∫
Hn

|∇bw|2 dv0

)p−2

+
(∫

Hn

|∇bw̃|2 dv0

)p−2
)∫

Hn

|∇b(w − w̃)|2 dv0 ,

for all functionsw, w̃ ∈ E .
Therefore, if α1 is sufficiently small, by the contraction mapping principle, �(ξ,ε) has

a unique fixed point v0. We define v(ξ,ε) by v(ξ,ε) = v0 + u(ξ,ε). Then, v(ξ,ε) ∈ E satisfies
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v(ξ,ε) − u(ξ,ε) ∈ E(ξ,ε) and ∫
Hn

ψP̃v(ξ,ε) dv0 = 0 ,

for all test functions ψ ∈ E(ξ,ε), as desired. �

Assume that the scale of the variation tensor α1 is sufficiently small, as above. We define

a functional F̂K̃ : E −→ R by

FK̃ (v) =
∫
Hn

(
v�K̃b v + n

2(n+ 1)
RK̃ v

2 − n3

4(n+ 1)
|v|p

)
dv0 − ̂ .

Here, ̂ = n2

4(n+1)Y is a constant such that FK̃ (u(ξ,ε)) = 0. We next define a function

FK̃ : Hn × (0,∞) −→ R by FK̃ (ξ, ε) = FK̃ (v(ξ,ε)). Under these settings, we can show the
following Theorem 2.

THEOREM 2. The function FK̃ : Hn × (0,∞) −→ R is smooth. Moreover, if (ξ̂ , ε̂)
is a critical point of FK̃ , then the function v

(ξ̂ ,ε̂)
is a non-negative weak solution of the CR

Yamabe equation for (θ0, JK̃ ),

�K̃b v + n

2(n+ 1)
RK̃v − n2

4
v1+ 2

n = 0 . (29)

PROOF. Fix (ξ, ε) ∈ Hn × R>0, ξ = (τ, η1, . . . , ηn) ∈ Hn = R × Cn. We define
constants aj (ξ, ε) by

∫
Hn

ψ(ξ,ε,j)P̃v(ξ,ε) dv0 =
2n+1∑
l=0

al(ξ, ε)

∫
Hn

ψ(ξ,ε,l)ψ(ξ,ε,j) dv0 .

We recall that we use the convention of index identification n + j = j for 1 ≤ j ≤ n.

We note that for each function ψ ∈ E , we can find ψ̂ ∈ E(ξ,ε) and bj (ξ, ε) such that ψ =
ψ̂ + ∑2n+1

j=0 bj (ξ, ε)ψ(ξ,ε,j). Since the function v(ξ,ε) is a weak solution of P̃v(ξ,ε) = 0 in

E(ξ,ε),
∫
Hn

ψP̃v(ξ,ε) dv0 =
2n+1∑
k=0

aj (ξ, ε)

∫
Hn

ψ(ξ,ε,j)ψ dv0 .

This implies

∂FK̃
∂ε

(ξ, ε)= 2
2n+1∑
j=0

aj (ξ, ε)

∫
Hn

ψ(ξ,ε,j)
∂v(ξ,ε)

∂ε
dv0 , (30)
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∂FK̃
∂ηl

(ξ, ε)= 2
2n+1∑
j=0

aj (ξ, ε)

∫
Hn

ψ(ξ,ε,j)
∂v(ξ,ε)

∂ηl
dv0 , (31)

and

∂FK̃
∂τ

(ξ, ε)= 2
2n+1∑
j=0

aj (ξ, ε)

∫
Hn

ψ(ξ,ε,j)
∂v(ξ,ε)

∂τ
dv0 . (32)

We define the family of constants C′
j l(ξ, ε) by

C′
j l(ξ, ε) =

∫
Hn

ψ(ξ,ε,j)ψ(ξ,ε,l)U
−1 dv0 ,

where U = 4ε((t − τ + 2Imz · η)2 + (ε + |z− η|2)2)−1. It is easy to show that C′
j l(ξ, ε) = 0

if j �= l, and C′
j l(ξ, ε) do not depend on the choice of (ξ, ε) (cf. Appendix). We can write

C′
j l
(ξ, ε) = Cjδjl .

A direct computation shows∫
Hn

ψ(ξ,ε,j)
∂u(ξ,ε)

∂ε
dv0 = n

2ε
C2n+1δj2n+1 , (33)

∫
Hn

ψ(ξ,ε,j)Dku(ξ,ε) dv0 = n

2ε
1
2

Cjδjk , (34)

∫
Hn

ψ(ξ,ε,j)
∂u(ξ,ε)

∂τ
dv0 = n

2ε
C0δj0 . (35)

Here, Dj = ∂

∂ηj
+ √−1 ηj ∂

∂τ
. Therefore,

0 =
∫
Hn

∂ψ(ξ,ε,l)

∂ε
(v(ξ,ε) − u(ξ,ε)) dv0 +

∫
Hn

ψ(ξ,ε,l)
∂v(ξ,ε)

∂ε
dv0 − n

2ε
C2n+1δ2n+1l , (36)

0 =
∫
Hn

(Djψ(ξ,ε,l))(v(ξ,ε) − u(ξ,ε)) dv0 +
∫
Hn

ψ(ξ,ε,l)Dj v(ξ,ε) dv0 − n

2ε
1
2

Cj δjl , (37)

0 =
∫
Hn

∂ψ(ξ,ε,l)

∂τ
(v(ξ,ε) − u(ξ,ε)) dv0 +

∫
Hn

ψ(ξ,ε,l)
∂v(ξ,ε)

∂τ
dv0 − n

2ε
C0δ0l . (38)

It follows from (38) that

a0(ξ, ε)= 2ε

nC0

{
2n+1∑
l=0

al(ξ, ε)

∫
Hn

∂ψ(ξ,ε,l)

∂τ
(v(ξ,ε) − u(ξ,ε)) dv0 + 1

2

∂FK̃
∂τ

(ξ, ε)

}
.

Similarly, we have

aj (ξ, ε)= 2ε
1
2

nCj

{
2n+1∑
l=0

al(ξ, ε)

∫
Hn

(Djψ(ξ,ε,l))(v(ξ,ε) − u(ξ,ε)) dv0 + 1

2
(DjFK̃ )(ξ, ε)

}
,
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a2n+1(ξ, ε)= 2ε

nC2n+1

{
2n+1∑
l=0

al(ξ, ε)

∫
Hn

∂ψ(ξ,ε,l)

∂ε
(v(ξ,ε) − u(ξ,ε)) dv0 + 1

2

∂FK̃
∂ε

(ξ, ε)

}
.

Therefore, if (ξ̂ , ε̂) is a critical point of FK̃ , then we have

2n+1∑
l=0

|al(ξ̂ , ε̂)| ≤ C‖v
(ξ̂ ,ε̂)

− u
(ξ̂ ,ε̂)

‖Lp
2n+1∑
l=0

|al(ξ̂ , ε̂)| . (39)

Here, C is a constant which depends only on n. On the other hand, we have ‖v
(ξ̂ ,ε̂)

−
u
(ξ̂ ,ε̂)

‖Lp ≤ Cα1. Hence, if we choose α1 sufficiently small, then we have aj (ξ̂ , ε̂) = 0

for j = 0, 1, . . . , n, 1, . . . , n, 2n + 1. That is, if (ξ̂ , ε̂) is a critical point of the function FK̃ ,
then the function v

(ξ̂ ,ε̂)
is a weak solution in E to the equation

�K̃b v + n

2(n+ 1)
RK̃v − n2

4
|v| 2

n v = 0 . (40)

It remains to show that the function v
(ξ̂,ε̂)

is non-negative (almost everywhere). We put

ψ = min{v
(ξ̂ ,ε̂)

, 0}. Since v
(ξ̂ ,ε̂)

∈ E , we have ψ ∈ E and

∫
{v
(ξ̂,ε̂)

<0}

(
v
(ξ̂ ,ε̂)

�bv(ξ̂ ,ε̂) + n

2(n+ 1)
RK̃v

2
(ξ̂ ,ε̂)

)
dv0 =

∫
{v
(ξ̂,ε̂)

<0}
n2

4
|v
(ξ̂,ε̂)

| 2
n+2 dv0 .

Combining this with the Sobolev’s inequality (21),

n2

4
‖v
(ξ̂ ,ε̂)

‖pLp(v
(ξ̂,ε̂)

<0) =
∫

{v
(ξ̂ ,ε̂)

<0}
n2

4
|v
(ξ̂ ,ε̂)

| 2
n+2 ≥ 1

2Cn,p
‖v
(ξ̂ ,ε̂)

‖2
Lp(v

(ξ̂,ε̂)
<0) .

Hence

‖v
(ξ̂ ,ε̂)

‖
2
n

Lp(v
(ξ̂,ε̂)

<0) ≥ 2

n2Cn,p
, (41)

if
∫
{v
(ξ̂,ε̂)

<0} dv0 �= 0.

On the other hand, we have

‖v
(ξ̂ ,ε̂)

‖Lp(v
(ξ̂,ε̂)

<0) ≤
(∫

{v
(ξ̂,ε̂)

<0}
|v
(ξ̂,ε̂)

− u
(ξ̂,ε̂)

|2+ 2
n dv0

) n
2(n+1)

≤ ‖v
(ξ̂ ,ε̂)

− u
(ξ̂,ε̂)

‖Lp ≤ Cα1 .

Since we can take α1 as an arbitrary small number, this implies a contradiction with (41). We
therefore conclude that the function v

(ξ̂ ,ε̂)
is non-negative almost everywhere. �
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APPENDIX. Rey’s inequality

In this appendix, we show the following inequality. This is a CR analogue of the inequal-
ity shown by Olivier Rey in the Appendix D of the paper [18].

PROPOSITION 6. Let a be a real number such that n(n+4)
4 > a and (ξ, ε) ∈ Hn ×

R>0, ξ = (τ, η) ∈ Hn. Then, there exist positive constants � = �(a, n,�),�′ =
�′(a, n,�) such that, for any function u(t, z) ∈ E(ξ,ε) on a domain � ⊂ Hn, we have

∫
�

|∇bu|2 dv0 − a

∫
�

Uu2 dv0 ≥ 2�
∫
�

|∇bu|2 dv0 −�′
(∫

�

U1+ n
2 u dv0

)2

,

where U = U(ξ,ε)(t, z) = 4ε

(t − τ + 2Imz · η)2 + (ε + |z− η|2)2 .

Originally, in the Appendix D of the paper [18], the domain � is a subset of Rn and

the function
λ

1 + λ2|ξ − x|2 is used instead of the function U = U(ξ,ε). We will show all

the arguments in [18] are still valid for our cases. In this paper, we only consider the case of
� = Hn, for simplicity.

First we consider the Cayley transform F : S2n+1
0 ⊂ Cn+1 −→ ∂D � Hn defined by

zi = ζ i

1 + ζ n+1
, w = √−1

(
1 − ζ n+1

1 + ζ n+1

)
,

where S2n+1
0 = S2n+1 − {pt.} and D = {(zi, w) ∈ Cn+1 | w = t + √−1s, s ≥ |z|2}. This

CR isomorphism F is sometimes called the Cayley transformation. It is easy to show that we
have

ζ i = 2zi

1 + |z|2 − √−1t
, Imζ n+1 = 2t

t2 + (1 + |z|2)2 ,

ζ n+1 = (1 + |z|2 + √−1t)(1 − |z|2 + √−1t)

t2 + (1 + |z|2)2 .

We denote the contact form on the Heisenberg group Hn by θ0 and the contact form on
the sphere S2n+1 by θ1. Namely, we have,

θ0 = dt + √−1
n∑
j=1

(zj dzj − zj dzj ) , (42)

θ1 =
√−1

2
(∂ − ∂)|ζ |2 =

√−1

2

n+1∑
j=1

(ζ j dζ
j − ζ

j
dζ j ) . (43)
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It is known (cf. [8]) that

θ0 = 2

|1 + ζ n+1|2 θ1 . (44)

In particular, the volume forms are related by

dv1 = 2−n−1|1 + ζ n+1|2n+2dv0 = 2n+1

|1 + |z|2 + √−1t|2n+2
dv0 . (45)

Let v be a real valued function on S2n+1
0 . We define u0 : Hn −→ R by v = u0 ◦ F , then

we have the following relation of the norms of ∇bu0 and ∇Sn+1

b v:

|∇S2n+1

b v|2 = 2|1 + ζ n+1|−2|∇bu0|2 . (46)

Let v be a real valued function on S2n+1
0 . We consider the function u on Hn defined by

v = 2−n(|1 + |z|2 + √−1t|n u) ◦ F . Then, we have

|∇S2n+1

b v|2 = |1 + |z|2 + √−1t|2n+2

22n+1 |∇bu|2 + n2|1 + |z|2 + √−1t|2nu2|z|2
22n+1

+|1 + |z|2 + √−1t|2nnu
22n

n∑
j=1

Re {(1 + |z|2 − √−1t)zjZj u} . (47)

Therefore, combining (45) and (47), we obtain∫
S2n+1

|∇S2n+1

b v|2 dv1 = 2−n
∫
Hn

(
|∇bu|2 − n2

4
u

2
n

(0,1)u
2
)
dv0 . (48)

Now, we note that for the functions v on S2n+1
0 , u on Hn such that v = 2−n(|1 + |z|2 +√−1t|n u) ◦ F , we have∫

Hn

uψ(0,1,0) dv0 = 2n+1
∫
S2n+1

v Imζ n+1 dv1 ,∫
Hn

uψ(0,1,j) dv0 = 2n+1
∫
S2n+1

vζ
j
dv1 ,

and ∫
Hn

uψ(0,1,2n+1) dv0 = −2n+1
∫
S2n+1

vReζ n+1 dv1 .

Hence, the condition u ∈ E(0,1) is equivalent to v ⊥ ζ j , v ⊥ ζ
j
, (j = 1, . . . , n+ 1).

We define a constant A(ξ,ε)(u) for a function u ∈ E(0,1),

A(ξ,ε)(u) =
∫
Hn

4u u(ξ,ε)
|1 + |z|2 + √−1t|2 dv0 =

∫
Hn

u u
p−1
(ξ,ε) dv0 . (49)
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We define
∨
u by

∨
u= u− A′u(0,1), where A′ is

A′ = Y−1A(0,1)(u), Y = A(0,1)(u(0,1)) .

Then, we have
∨
u∈ E(0,1), since u(ξ,ε) ∈ E(ξ,ε). Moreover we have

∫
Hn

∨
u (t, z) u(0,1)(t, z)

|1 + |z|2 + √−1t|2 dv0 =
∫
Hn

u u(0,1) − A′u2
(0,1)

|1 + |z|2 + √−1t|2 dv0 = 0 .

Hence, for
∨
v= 2−n(|1 + |z|2 + √−1t|n ∨

u) ◦ F ,

0 =
∫
Hn

∨
u u(0,1)

|1 + |z|2 + √−1t|2 dv0 = 2n−1
∫
S2n+1

∨
v dv1 .

We here briefly recall some basic facts about the eigenvalues of the sub-Laplacian on the

CR sphere S2n+1. It is known that the first and second eigenvalues λ1, λ2 of the sub-Laplacian

�S
2n+1

b are λ1 = n and λ2 = 2n. Moreover, the eigenspace of λ1 is spanned by the coordinate

functions ζ 1, . . . , ζ n+1, ζ
1
, . . . , ζ

n+1
. Now, since the function

∨
v defined above is orthogonal

to 1, ζ j , ζ
j
, we have ∫

S2n+1
|∇S2n+1

b

∨
v |2 dv1 ≥ λ2

∫
S2n+1

∨
v

2
dv1 . (50)

It follows from (48) that,

2−n
∫
Hn

(
|∇b ∨

u |2 − n2

4
u

2
n

(0,1)
∨
u

2
)
dṽ0 ≥ 2−n−1λ2

∫
Hn

u
2
n

(0,1)
∨
u

2
dṽ0 .

Thus, ∫
Hn

|∇b ∨
u |2 dv0 ≥ 1

4

(
2λ2 + n2

) ∫
Hn

u
2
n

(0,1)
∨
u

2
dv0 . (51)

We note that ∫
Hn

u
2
n

(0,1)
∨
u

2
dv0 =

∫
Hn

u
2
n

(0,1) u
2 dv0 − Y−1A(u)2 ,

and ∫
Hn

|∇b ∨
u |2 dv0 =

∫
Hn

|∇bu|2 dv0 − n2

4
Y−1A(u)2 .

Hence, if u ∈ E(0,1) we have∫
Hn

|∇bu|2 dv0 ≥ 1

4

(
n2 + 2λ2

) ∫
Hn

u
2
n

(0,1)u
2 dv0 − λ2

2
Y−1A(u)2 . (52)
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For a function u ∈ E(ξ,ε), we use change of variables

t̃ = 1

ε
(t − τ + 2Imz · η), z̃ = 1

ε
1
2

(z− η) .

If we define a function ũ by ũ(t̃ , z̃) = u(t, z), we can see

u ∈ E(ξ,ε) ⇐⇒ ũ ∈ E(0,1) .
Therefore, for any functions u ∈ E(ξ,ε), the inequality (52) holds.

For a positive number a, we define constants�,�′ by

2� = 1 − 4a(
n2 + 2λ2

) , �′ = 2aY−1λ2(
n2 + λ2

) . (53)

We note that � > 0 if 1
4 (n

2 + λ2) = n(n+4)
4 > a. Therefore we have∫

Hn

(|∇bu|2 − au
2
n

(ξ,ε)u
2) dv0 ≥ 2�

∫
Hn

|∇bu|2 dv0 −�′A(ξ,ε)(u)2 .

This completes the proof of the proposition.
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