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Abstract. A trajectory-harps is made of a trajectory for a Kidhler magnetic field B, and an associated variation
of geodesics, and a trajectory-horn is made of a geodesic and an associated variation of trajectories. On a Hadamard
Kéhler manifold M we study thickness and string-angles of trajectory-harps, and study tube-lengths and tube-angles
of trajectory-horns. As an application of these we show that two distinct points on the compactification of M with
geometric ideal boundary can be joined by a trajectory for By if the strength |«| is less than the upper bound of
sectional curvatures of M.

1. Introduction

On a Kidhler manifold M we have a canonical closed 2-form B; induced by the complex
structure J, which is called the Kihler form. We say constant multiples of this form to be
Kdhler magnetic fields (cf. [1]). Generally, a closed 2-form on a Riemannian manifold is
said to be a magnetic field because it can be regarded as a generalization of static magnetic
fields on a Euclidean 3-space (see [8, 13]). We call a smooth curve y on M parameterized by
its arclength a trajectory for a Kihler magnetic field B, = «By if it satisfies the differential
equation Vyy = «kJy. When « = 0, the magnetic field By = 0 is the trivial magnetic field
and its trajectories are geodesics. Hence we may say that trajectories for Kihler magnetic
fields are perturbations of geodesics. In this sense the authors consider that properties of
trajectories for Kéhler magnetic fields show features of the underlying Kéhler manifold just
like geodesics do (cf. [9, 12]).

In order to study behavior of trajectories the second author defined trajectory-harps in
[5]. A trajectory-harp is made of a trajectory and geodesics joining each point of this trajec-
tory and its origin. Since a trajectory-harp gives a variation of geodesics, by applying Rauch’s
comparison theorem, he gave an estimate of its string-lengths, the length of geodesic seg-
ments joining two points of the trajectory. In this paper, we study more on trajectory-harps
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on a Hadamard Kéhler manifold. A Hadamard manifold is a simply connected complete Rie-
mannian manifold of nonpositive sectional curvature. On this manifold, if the strength |« | of
a Kihler magnetic field B, is not greater than the square root of the infimum of the absolute
values of sectional curvatures, every trajectory for B, is unbounded. For a trajectory-harp
made by such a trajectory, we give an estimate of the distance between this trajectory and
each string of this harp. Also, we define trajectory-horns in this paper. A trajectory-horn is
made of a geodesic and trajectories joining each point of this geodesic and its origin. We give
estimates of arclength of each trajectory-segment joining two points of this geodesic and of
the angle between two trajectory-segments at the origin.

As an application we study asymptotic behavior of trajectories. For a Hadamard man-
ifold M we can define its ideal boundary dM as the set of asymptotic classes of geodesic
half-lines. Since the ideal boundary inherits properties of the outside of some compact subset
of the manifold by definition, the geometry of the ideal boundary shows some properties of
the manifold itself (see [6, 7, 11] for example). In this sense we are interested in whether tra-
jectories show some properties of the underlying Kéhler manifold in connection with its ideal
boundary. In this paper we show that trajectories have the same properties as for geodesics
when the strength of a Kéhler magnetic field is less than the absolute value of the upper bound
of sectional curvatures of the underlying manifold.

2. Trajectory-harps

Let (M, J) be a Hadamard Kihler manifold with complex structure J. We denote by
B, its Kéhler form. We consider Kéhler magnetic fields, which are closed 2-forms given
as constant multiples of the Kihler form. Since M is complete, every trajectory for Kéhler
magnetic fields is defined on the whole line R. A trajectory-harp in this paper consists of a
trajectory half-line and geodesics. Given a trajectory half-line y : [0, c0) — M for a Kihler
magnetic field B, = «B; (¢ € R) on M, which is the restriction of a trajectory to the interval
[0, 00), we define a variation a, : [0, 00) X R — M of geodesics by the following conditions:

) ay(2,0) =y(0);

ii) when t = 0, the curve s — a, (0, s) is the geodesic of initial vector y (0);

iii) when ¢ > 0, the curve s = a,, (¢, s) is the geodesic of unit speed joining y (0) and

y ().

We call this the trajectory-harp associated with y. We denote by £,(¢) the distance
d(y(0), y (1)) between y(0) and y (1), and set 8, (1) = (y (1), E’%(r, £, (1))). We call £, (1)
and 8, (¢) the string-length and the string-cosine of this trajectory-harp at ¢, respectively.
These satisfy %Ey(t) = §,(¢). In [4] the second author gave a comparison theorem on

trajectory-harps. For a negative ¢ and a constant k with || < /|c|, we define a function
£ (55 ¢) 1 [0, 00) — [0, 00) by the following relation:

(2.1) Vlel=«2Zsinh 3 /Te[ € (t; ¢) = /Iclsinh 1/|c| =2, when [«| < /e[,
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(22)  2sinh 4 /Je[ £ (1; 0) = Vel t, when « = +/[c].

Also, we define a function §, (; ¢) : [0, c0) — (0, 1] by

Vel = k2 cosh(y/|e| — k% 1/2)
5t ) = | Jlelcost?(v/ie[ = k2 1/2) — i
2

Vel +4’

Since one can easily check that %E,((t; c) = 6¢(t;c) > 0, we see that £, (-; ¢) is monotone

, when |k| < /]|,

when « = +./]|c|.

increasing. Denoting by 7, (-; ¢) the inverse function of £, (-; ¢), we have the following.

PROPOSITION 1 ([4]). Suppose sectional curvatures of a Hadamard manifold M sat-
isfy Riem™ < ¢ < 0 for some constant c. For each trajectory-harp ay for a Kihler magnetic
field B with |k| < {/Ic|, its string length and string cosine satisfy £, (t) > £.(t; c) and
8y (1) = & (‘L’,( (Ky(t); c); c) fort = 0. In particular, every trajectory half-line for B, with
lk| < A/]c] is unbounded.

For a trajectory-harp o,,, we denote the geodesic segment e, (¢, -) : [0, £, ()] — M by

af, and call it the harp-string at y (t). First, we estimate angles between two harp-strings at

the origin and show that every trajectory-harp has a limit string.

THEOREM 1. Let M be a Hadamard Kiihler manifold of sectional curvature Riem™

¢ < 0. If || < «/Icl|, then for every trajectory half-line y for B, its trajectory-harp a,, has a

=

limit lim;_, o %(t, 0) € Uy (0yM of initial vectors of harp-strings in the unit tangent space.

PROOF. We set Z;(s) = a%(t, s), which is a Jacobi field along the geodesic s +—>

ay (t,s). By Rauch’s comparison theorem on Jacobi fields, if Riem™ < ¢ < 0 we have
A= ||Va§_3, Z; ()|l x (1/4/Icl) sinh /[c[ . On the other hand, as o, (; £, (1)) = y (1),

we have (1) = Z, (€, (1)) +8, (1) 222 (1; €, (1)), which shows that | Z, (€, () |> = 1-35, (1)
Thus we have
VIel1Z: (¢, ) - Vel - Vel

sinh /Te[ £y (1) sinh /e[ €, (t) ~ sinh /[c[ £ (t5¢)

”V?’Sﬂ Z:(0)ll =
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When |«| < /|c|, by the relation (2.1), we have

1
——sinh+/|c| £ (¢t; ¢)

Vel
smh—,/|c| /czt\/H sinh? = ,/|c|—/<2t+l

1 .
> ————sinh,/|c|—
le|—k?

Viel-i?

we therefore obtain
/tz A S
1 sinh/|c| —«?¢

for all » > # > 0. When « = =% /|c|], by (2.2) we have sinh/|c|{(t;c) =
Vel 1/ (el /4)t2 + 1 > |c|t2/2. We hence obtain

5]
I -
5] 4

Since we have
5]
( % 410, 2 (t2,0>) f
|

and have [ (sinhy/|c|—«21)7'dt < oo and [[°t72dt < oo, we find that the limit
limy— 00 8%(r, 0) € Uy )M exists. d

Jo 5] 15}
Ve, =2 (1,0) H dt =f Vi, Z1(0) H di 5/
o Os f ko 1

day,
Vi, —(2,0)
< 0§

Via, Z:(0) H dt < / \/Fﬂ

at

]
VM%(LO)H dt,

We shall call the geodesic half-line o, with initial vector lim;_, o az%”(t, 0) the limit
harp-string of a trajectory harp o, .

REMARK 1. As we have

2 1 1
——sinh—/|c|—«2t >t and el sinh? =/|c|—«2t + 1 > ut2
1/|C|—K2 2 |C|—K2 2 4

the proof of Theorem 1 shows that under the same assumption for every trajectory harp o,

8ay

for B, we have Z( L(11,0), 5L(12,0)) < (2/«/|c|)ftj2 =2 dt foralltp, > t; > 0. Hence

we have

<8°‘V (11.0), —V(0>> 2 dt

gl

for each f; > 0.
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Next we study “thickness” of a trajectory-harp (cf. [5]). Given a trajectory-harp oy,
associated with a trajectory y for Be, weset I') = {a, (1,5) |0 <7 <1, 0 <5 < £,0)}
and I, = (U, I'y- We call I’y the body of a;,. For a smooth curve y, we denote by U (y; r)
the tube {p € M | d(p,y) < r} of radius r around it.

THEOREM 2. Let M be a Hadamard Kdhler manifold whose sectional curvatures sat-
isfy RiemM < ¢ < 0, and let k be a real number with || < /[c]. We put p(k;c) =
|k |n/(2m). Then for each trajectory half-line y for By, the following properties
hold.

(1) Ateacht > 0, the harp-sector F}f att is contained in the tube U(O’;, p(k; c)) around

the string o,.
(2) The body I, is contained both in the tube U ()/, po(k; c)) around y and in the tube
U(oy, p(K; c)) around the limit harp-string o, .

PROOF. Since E;, = §,, we see by Proposition 1 that £,, is monotone increasing. We
denote by 1, the inverse function of £,. In order to show the assertion we are enough to
estimate the length of a curve t > ), (¢, £) (1, (£) <t < oo) for an arbitrary positive £.

We take a trajectory p for B, on a complex hyperbolic space CH'(c) of constant holo-
morphic sectional curvature ¢, and take the trajectory-harp &); 1 [0,00) x R = CH(c)
associated with p. We then find that its string-length is given by £, (¢; ¢) and its string-cosine
is given by &, (¢; ¢). We put Z;(s) = ([%V(t, s) and Z (s) = d:—f(t, s), which are Jacobi fields
along geodesics s > ay, (¢, s) and s > &y (¢, s), respectively. By Proposition 1 we have

2 2 = 2
[Z:(6, )" = 1=8,)* =1 = bc(ne(by (0): )1 €)” = | Zreity a0 (€4 (1)
Since s — || Z:(s)]l/ ||ZK (6, (t);0)(8) ]| is monotone increasing by Rauch’s comparison theo-
rem, we find || Z,(s)|| < ||2,K(4V(,);C)(s)|| for0 <s < £,(t). If we put u = 7, (€, (1); ¢), we

have 24 = 8, (1) /8 (tc (€, (1); ¢); ¢) > 1, because 7, (-; ¢) is the inverse function of £, (+; ¢).
Thus, by taking a positive r so that £,,(r) = £, we obtain

o0
(the length of the curve t > a,, (¢, £)) = / | Z: ()| dt
r
o0 Y o0 Y
< / 1Zes e, 0120 @)l dt < / 1Zu(0)] du.
r T (;¢)

As the Jacobi field 24 on CH! satisfies

sinh \/|? s,

Ju

1Zu(s)] = )]vaz 0) H smh\/|7s H : ay 2% . 0)
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we have

(the length of the curve t = o, (¢, £))

— s1nh\/|c E/
VI T (5¢)

Vs V(u O)H du

%
du
A

\/_smh\/|?ﬁ lim L( y(u 0) (IK(Z c), 0))

Here, by use of the inequality 20/7 < sin6 for 0 < 6 < /2 and the addition theorem in
trigonometry, and by (2.1), we have

,}H&%(a (IK(Z ), 0)) = uli)ngo{cos_l 8 (u; ¢) — cos™L 8, (te(t; ©); c)}
< % sin{cos_1 Vel=«2)/)c| — cos™! S (T (s 0): ¢)}

2|c| cosh 3/l ¢

/el — i2 1 1
:M{\/Sinhziv|clﬁ+| ||C| 2—sinh§\/lc|ﬁ}
ol —

|k |m 1
= X
2/ le| — k2 cosh%«/lclﬁ \/smhz L/lele + - | K2 + sinh 2«/lc [£
|| 1

2,/|C| — K2 sinh~/|c|Z ’

Therefore we obtain

(the length of the curve 1 > oy, (1, £)) < k|7 /(2/|c|(c] — k2)),

and get the conclusion. O

REMARK 2. Inview of the above proof under the same condition as in Theorem 2, for
every trajectory-harp a;, we have d(0y' (s), 0,2 (s)) < ||/ (2y/Iel(lc] — k2)) for0 < t; < 1

and 0 < s < €, (#1). Trivially, this guarantees d(oy (), 0y (8)) < lelm/(2y/Iel(c] — «?)) for
t>0and0 <s < £,(1).

3. Trajectory-horns

In order to study the behavior of trajectories we need also to study a family of trajectories
associated with a given geodesic. A smooth map 8 : R x (—¢, &) — M on a Kihler manifold
M is said to be a variation of trajectories for a Kéhler magnetic field B, if for each s € (—¢, ¢)
the curve t — B(t, s) is a trajectory for B,..
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Let M be a Hadamard Kiihler manifold whose sectional curvatures satisfy Riem™

<c<
0 with some constant c. It was shown in [5] that when |« | < /|c| for given distinct two points
P, q € M there exists a unique trajectory for B, which goes from p to g. Given a geodesic
half-line o : [0, 00) — M of unit speed we define a variation B : [0,00) x R — M of

trajectories for B, with |«| < /|c]| by the following condition:
i) By(s,0) =0 (0);
ii) whens = 0, the curve ¢ — B% (0, 1) is the trajectory for B, with initial vector ¢ (0);
iii) when s > 0, the curve ¢ = BX(s, t) is the trajectory for B, joining o (0) and o (s).
We call this the trajectory-horn for B, associated with 0. We denote by r, . (s) the arc-
length of the trajectory segment SX (s, -) from o (0) to o (s), and call it the B, -tube-length
at s. Trivially we have r,,(s) > 5. We set g5, (s) = (a(s), to (s rouc(s))) and call it
the B, -tube-cosine at o (s). If we denote by y; the trajectory t — BS(s,t), we see that

Eo.x (Zys (¢)) = 8, (¢). For a negative c and a constant ¥ with |k | < /|c], we define a function
&k (s; ¢) 1 [0,00) — (0, 1] by

2 STAT
ge(s;c) =\/1 — K—tanhzﬂs

|l 2

We note that g, (s; ¢) = §; (‘L’,( (s;¢); c) holds. Thus, as a consequence of Proposition 1, we
have the following.

PROPOSITION 2. Let o be a geodesic on a Hadamard Kdihler manifold M whose sec-
tional curvatures satisfy Riem™ < ¢ < 0 for some constant c. We take the trajectory-horn BE
for B with k| < «/|c| which is associated with o. We then have the following:

(1) Its B-tube-length satisfies s < rg (s) < T, (5; €);
(2) Its B-tube-cosine satisfies €5, (s) > &, (s; c) fors > 0.

PROOF. By Proposition 1 we find that t = £, (¢) is monotone increasing. We denote
by 1, the inverse function of £, .
(1) By Proposition 1, we have

ZK(TK(S; c); C) =5 =14, (VJ,K(S)) > Uy (rO',K(S); C)-

As £, (-, ¢) is monotone increasing, we get the first assertion.
(2) By definition of &5, we have

€0, (8) = 8y, (T, (8)) = 8 (T (€y (T, ()5 €)1 ©) = 8 (T (55 0); €) = £, (53 )
and get the conclusion. O

We here study embouchure angles of trajectory horns. A vector field Y along a trajectory
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y for B, is said to be a normal magnetic Jacobi field if it satisfies

VyVpY —kJ(VyY) + R(Y,y)y =0,

(VyY,y)=0.
Variations of trajectories induce normal magnetic Jacobi fields, and for each normal magnetic
Jacobi field there exists a variation of trajectories which induces this field (see [2]). For a nor-

mal magnetic Jacobi field Y along a trajectory y, we denote by Y? its component orthogonal
to y. We have the following result which corresponds to Rauch’s comparison theorem.

PROPOSITION 3 ([3]). Let By be a Kdihler magnetic field with |k| < +/|c| on a Kdhler
manifold M whose sectional curvatures satisfy Riem™ < ¢ < 0 for some constant c. Then,
every normal magnetic Jacobi field Y with Y (0) = 0 along a trajectory y for B, satisfies

IYE@OI = 1IV5 YEO)] x \/ﬁ sinhy/|c|—k21,  when k| < J/]c],
IYEOI = IV, YEO) I £, when k = £4/|c].
For a trajectory-horn 8/, we denote the trajectory segment B5 (s, -) : [0, 1o (s)] = M

by v; , and call it the horn-tube at o (s). We estimate angles between two horn-tubes at the
origin and show that every trajectory-horn has a limit tube.

THEOREM 3. Let M be a Hadamard Kdhler manifold whose sectional curvatures sat-
isfy RiemM < ¢ < 0 for some constant c. If |k| < /Ic], then for every geodesic half-line o
of unit speed its trajectory-horn % for B, satisfies

9B« 9B« 52 2
z( Po (s1,0>,ﬁ(s2,0)> 5/ A ek S
ot ot si sinh+/|c| — kZs

for all s > s; > 0. In particular, it has a limit lim;_, » %(s, 0) € Ugwo,00M of initial

vectors of horn-tubes.

PROOF. As we have o(s) = B(s,rox(s)) we see 6(s) = Y(rou(s)) +
r[’,’,{(s))}s (rm,((s)), where y; denotes the trajectory t — B(s,t) and Y(¢) = %(s, t). This
shows that Ysﬁ(rm,((s)) = 6(5) — €04 (5)Vs(rou(s)). We hence obtain ||Y3("zr,:<(s))||2 =
11— SU,K(S)Z. Since B5 (s, 0) = B£(0,0) we have Y;(0) = 0. This leads us to Vs Y (0) =

o

V ape Yst (0). Therefore, by use of Proposition 3, we obtain
“at

Viel = 2 1% (rauc ) _ /el =2
sinh/|c| — k2 7o (s) — sinhy/]c| —k2s

[9:5 7:0)] <
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Since we have

K K 52
z<aﬂ”(s1,0>, aﬂ”(sz,w) < [ vagro]as.

ar ar :

we get the estimate.
By the estimate we have Z(%(sl, 0), %(sz, 0)) < 4exp(—y/lc| — k2s1/2) for s >
51> 1/y/]c] — k2. As Uk (0,00M is compact we get the conclusion. O

We shall call the trajectory half-line ¥ with initial vector lim,_, oo %(s, 0) the limit
horn-tube of a trajectory-horn 8.
We have a similar estimate on embouchure angles of trajectory-horns for B, /. on a

Hadamard manifold M satisfying Riem” < ¢ < 0. But our estimate on tube-lengths from
below is too rough to get some properties on trajectory-horns for B, .

Given a trajectory-horn 8. for B, associated with a geodesic half-line o of unit speed,
we set Xy o = {BE(s, 1) |s>0 0<t< ro.c(s)} and call it the body of B%. By Theorem 2
we have the following.

PROPOSITION 4. Let M be a Hadamard Kdhler manifold whose sectional curvatures
satisfy Riem™ < ¢ < 0, and let k be a real number with || < /|c|. For each geodesic half-
line o of unit speed, the body X  of a trajectory-horn for B, on M is contained in the tube

U(y¥; p(x; ¢)) around the limit horn-tube yX , where p(ic; ¢) = |k |7 /(2+/c|(|c] — «2)).

PROOF. For each trajectory t — B4 (s, t), the geodesic o can be regarded as a string
of the trajectory-harp associated with this trajectory, which we denote by y;. By Remark 2,

we have d(y;s (1), o (€, (1)) < Iklm/(2V/ Icl(c| — k2)). As (1) = lims_oo ¥5(1), we have
d(y[’,‘ (), G(Zy; (t))) < |K|7T/(2\/ le|(Je| = KZ)), and get the conclusion. d

4. Asymptotic behavior of trajectory half-lines

For a Hadamard manifold M, its (geometric) ideal boundary o M is defined as the set
of all asymptotic classes of geodesic half-lines of unit speed. Here, two geodesic half-lines
01,02 : [0, 00) = M of unit speed on M is said to be asymptotic to each other if the distance
function t — d (01 (1), 02 (t)) is uniformly bounded. For a geodesic half-line o of unit speed
we denote by o (c0) its asymptotic class, and call it its point at infinity. When a geodesic
half-line o of unit speed is contained in an asymptotic class z € M (i.e. o(00) = z), we
say that this ¢ joins ¢(0) and z. On the union M U dM a topology which is called the
cone topology is introduced. We briefly recall its definition. For a point p € M and two
points x1,x2 € M U dM, we take geodesic segments or geodesic half-lines joining p and
x; (i =1, 2). We denote them by o1, 02, where we set their parameters as y;(0) = p. We set
Lp(x1,x2) = Z()h 0), )?2(0)). For z € M, we take an arbitrary point p € M and positive
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numbers R, ¢, set V,(z; R, &) = {x e MUIM | Lp(x,2) <&, d(x, p) > R}, and consider
the family of such sets as the fundamental neighborhood system at z. On M we use its original
topology. As M is nonpositively curved, the function ¢ d(m (), 02 (t)) for two geodesic
half-lines of unit speed is a convex function. Therefore we see that every exponential map
exp,, : TyM — M induces a bijection aexpp : UpM — 0M (see [10]). With the cone
topology this induced map is a homeomorphism.

In this section we study limit points of trajectory half-lines. Since trajectories for Kihler
magnetic fields can be regarded as perturbations of geodesics, it is natural to consider that
they have similar properties as of geodesics. The authors are interested in the relationship the
maximum of strengths of Kéhler magnetic fields whose trajectories have similar properties as
of geodesics and sectional curvatures of the underlying Kihler manifold.

Let M be a Hadamard Kéhler manifold whose sectional curvatures satisfy Riem™ <c<
0. We take a Kihler magnetic field B, of strength |«| < /[c|. For each trajectory half-line y
for By, Proposition 1 guarantees lim; o £, (f) = 00, hence Theorem 1 shows that y has its
point at infinity y(00) := lim; o y(t) € dM and that it coincides with the point o, (00) at
infinity of the limit harp-string o, of the trajectory-harp associated with y. Our goal in this
section is the following.

THEOREM 4. Let M be a Hadamard Kiihler manifold of sectional curvature Riem™ <
¢ < 0. We take a Kdhler magnetic field B, on M with |k| < /|c].

(1) For arbitrary points p € M and z € dM, there exists a trajectory y satisfying
v(0) = p and lim,_,» y (t) = z. Moreover when |k| < «/|c|, such a trajectory is
uniquely determined.

(2) When || < 4/Icl, for arbitrary distinct points z, w € M, there exists a trajectory
y satisfying lim;_ oo v (t) = z and lim; 0 Y () = w.

For a Kéhler magnetic field B, on a Kahler manifold M, we define the magnetic expo-
nential map Bcexp, : T,M — M atapoint p € M by

Yu/lw) (W), if w #0p,

B.exp,(w) =
R P, if w=0,.

Here, for a unit tangent vector u € U, M we denote by y,, the trajectory for B, of initial vector
u. Itis clear that when « = 0 it is the ordinary exponential map exp, at p. As we mentioned
before, if M is a Hadamard Kihler manifold whose sectional curvatures satisfy Riem¥ <
¢ < 0and |k| < /Ic], it is known that the magnetic exponential map Bcexp,, : T,M — M
is bijective (see [4]). Since every trajectory half-line has its point at infinity, we see that the
magnetic exponential map B,exp,, at p induces a map dBexp, : UpM > v > yy(00) €
oM. Our first assertion in Theorem 4 is equivalent to the assertion that this map is surjective
when [k| < +/|c| and is bijective when |« | < +/|c|. We shall study induced maps step by step.
First, we study the image of the induced map dB,exp,,.



IDEAL BOUNDARY OF A HADAMARD KAHLER MANIFOLD 233

PROPOSITION 5. Let M be a Hadamard Kdhler manifold whose sectional curvatures
satisfy Riem” < ¢ < 0. If k| = V/lcl, the induced map 9B.exp, : UpM — 0M is
surjective.

PROOF. We take an arbitrary z € dM and choose a geodesic ray o : [0,00) — M
satisfying 0(0) = p and o(c0) = z. First we study the case |k| < +/]c|]. We consider
the trajectory-horn % for B, associated with o. By Theorem 3 we have its limit horn-
tube yX. For this trajectory for B, we take the associated trajectory-harp. Then it has limit
harp-string o« by Theorem 1. By Remark 2 and by the proof of Proposition 4 we find that

d(o(t), Oyx (t)) < |K|ﬂ/m. Hence we find 0 = oy« and y, (00) = 0(00) = z.
Thus we obtain that 9Bexp,, is surjective when |k | < Jcl.

Next we study the case k = ++/]c]. We take a sequence {« J} -, satisfying limj 00 kj =
« and |kj| < +/[c|. Considering the trajectory-horn ,BU’ for By, associated with o we

take its limit horn-tube y; := y(’;j . As we see above, the limit harp-string oy, of the
trajectory-harp ay; associated with y; coincides with o. Therefore by Remark 1 we have

( ,99.0)) < (2/4/1¢l) f77 72 dt forevery T > 0.
Slnce UU(O)M is compact we have a convergent subsequence {y;;(0)}72,. We denote
by ¥ the trajectory for B, with initial vector lim;_ o yj;(0). We shall show yx(c0) =
z. We take the trajectory-harp o, associated with yo,. By perturbation theory we see

0ty .
lim; 00 yj; (T) = Yoo(T') for each T. We therefore have lim;_, oo %(T, 0) = 3‘?;“ (T,0),

and hence obtain
Ja
L —=L2(T,0 ) /
< ( ) ( ) N

As lim;, o0 £, () = 00 by Proposition 1, this estimate shows that yx.(c0) = 0(00) = z.
Thus we get the conclusion also in this case. O

When a Hadamard Kihler manifold M satisfies Riem™ < ¢ < 0, for a constant i
with k| < 4/]c], we can define a map qﬁ; :UpM — UpM by v — 0,(0), where y,
denotes the trajectory for B, with initial vector v and oy, the limit harp-string of the trajectory-
harp associated with y,. This map satisfies y,(00) = 0x)(00). On the other hand, when
lk] < 4/]c], by the proof of Proposition 5, we can define a map v, : UM — U,M by
v > ¥, (0), where oy, denotes the geodesic with 6,(0) = v and y;; the limit horn-tube of the
trajectory-horn for B, associated with o,,. This map satisfies o, (c0) = Yws () (00). We shall
use these maps to study the induced map dB,exp,,.

Next, we study the injective property of the induced map dB,exp,,.

PROPOSITION 6. Let M be a Hadamard Kdhler manifold whose sectional curvatures
satisfy Riem™ < ¢ < 0. If |«| < /Ic], the induced map dBcexp, : UpM — OM is injective.
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PROOF. In order to show the assertion we are enough to show that the map @Z :
UpM — U,M is injective. As usual, for a unit tangent vector v € UM we denote by o,
the geodesic with 6;,(0) = v and by y, the trajectory for B, with y,(0) = v.

We consider the composition ¢, o ¥ : UM — U,M. Forv € U,M we put w =
!I/I’;(v), u = @Z o !I/I’,‘(v). We then have 0y, (00) = y(00) = 04,(00). As dexp, : UpM —
dM is bijective, we find that v = u, which means that @Z o lI/[’f is the identity. Thus, to show
that @} is injective we only need to show that ¥, is surjective.

Given v € UpM and an arbitrary positive ¢, we consider the trajectory-horn g8, :
[0,00) x R — M for B, associated with the geodesic o; which joins p = y,(0) and
yu(t). Hence u — (s, u) is the trajectory for B, joining p = o0;(0) and o;(s). We
denote by r;(s) the tube-length of f; at s and set w = %(s, 0) € U,M. By Propo-
sition 1 we see r:(s) < t(s;c). Thus we have a subsequence {tj}‘]?i1 depending on s

which satisfies that both {w] }%, (C UpM) and {r ()52, (C R) converge. We set
wi, = limj w‘;j_ and roo(s) = lim; Wy, (s). On the other hand, by Theorem 1, we
find that lim;_, o 6, (0) = dﬁg (v), hence find that lim;_, o, 0;(s) = O'dﬁf)(v)(s) for each s. As

01(s) = Bi(s. r:(s)) we obtain that
o5 w($) = lim yu; (re; () = Vue (roo(s)) -

This shows that each y,,s_ is a tube of the trajectory-horn associated with Ok (v)- By Proposi-
tion 3 we have

Ly, (1) 2
Lty = [T g
s sinh{/|c| — k2&

fors < ¢, (¢), hence obtain

oo / 2
s sinh+/|c| — k2&

Thus we find that lim,_, oo wg, = v and get ¥, (dﬁg (v)) = v. This shows that ¥/ is surjective

dé < o0.

or more precisely shows that ¥ o @7 is the identity. We therefore get the conclusion. O
By Propositions 5, 6, we get the first assertion of Theorem 4.

REMARK 3. (1) We take an arbitrary geodesic half-line o of unit speed emanating
from p € M. The condition ¢, o ¥, = Id means that for the limit horn-tube y,;
of the trajectory-horn for B, associated with o the limit harp-string oy« of its
trajectory-harpis o.

(2) We take an arbitrary trajectory half-line y for B, which is emanating from p € M.
The condition ¥ o @), = Id means that for the limit harp-string oy, of the trajectory-
harp associated with y the limit horn-tube y(’fy of its trajectory-horn is y.
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Finally we show the second assertion of Theorem 4. Given two distinct points z, w € dM
in the ideal boundary of a Hadamard Kéhler manifold M with Riem™ < ¢ < 0, we take a
geodesic o satisfying z = lim;—, oo 0(¢) and w = lim;_,« o (¢). Given a Kihler magnetic
field B, with |«| < 4/|c[, for each positive s we take a trajectory y; for B, joining o (—s)
and o (s). We take the parameter of y; so that y,(0) = o(—s) and y,(¢;) = o (s) with some
positive ;. As a restriction of ¢ is a harp-string of the trajectory-harp o, associated with y;
for each s, Remark 2 guarantees the following:

1) If we take positive ry satisfying s = £, (r;), we have d(o(O),ys(rs)) <

|/ (21l (el —&2) );
2) For 0 <t <ty we have d(y;(t),0) < |«|m/(2V/Icl(lc|—«?)).

We take the geodesic ball B of radius |« |7 /+/|c|(|c|—«?2) centered at 6(0). As y;(rs) € B,
we can choose a monotone increasing sequence {s;}32 so that it satisfies limj_.cos; =

oo and that {)75,- (rsj)} C UM]|p converges. We denote by y. the trajectory whose

J
initial is limj_ o ¥s;(rs;). By perturbation theory of differential equations we see that

B.exp,, is smooth with respect to p. Therefore, we find d (yoo(t), a) is not greater than

lic|7r/(2y/Ic|(|c|—K?2)) for each 7. This shows that lim;, _so Yoo (t) = z and limy o Yoo (1) =
w. This completes the proof of the second assertion of Theorem 4.
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