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Abstract. Let G = Sp,,(C) be a simply connected simple algebraic group over C of type C,, B and B_ its
two opposite Borel subgroups, and W the associated Weyl group. For u, v € W, it is known that the coordinate
ring C[G"V] of the double Bruhat cell G*Y = BuB U B_vB_ is isomorphic to an upper cluster algebra A(i)c
and the generalized minors A(k; i) are the cluster variables of C[G*:V][5]. In the case v = e, we shall describe the
generalized minor A (k; i) explicitly.

1. Introduction

Let G be a simply connected simple algebraic group over C of rank r, B,B_ C G
the opposite Borel subgroups, H := B N B~ the maximal torus, N C B, N_ C B_ the
maximal unipotent subgroups and W the associated Weyl group. For u,v € W, define
G*V := (BuB) N (B_vB_) (resp. L"" := (NuN) N (B_vB_)) and call it the (reduced)
double Bruhat cell.

In [5], it is shown that the coordinate ring C[G*'V] (u, v € W) of double Bruhat cell G**¥
has the structure of an upper cluster algebra. The initial cluster variables of this upper cluster
algebras are given as certain generalized minors on G**V.

In [7], we treated the case of type A and v = e, where we described the explicit forms
of the generalized minors {A(k; i)} and revealed the linkage between A (k; i) and monomial
realizations of crystals.

In this paper, we shall write down the explicit forms of the generalized minors A(k; i)
on the (reduced) double Bruhat cell G*-¢ (L*-¢) of type C, by using the ‘path descriptions’ of
generalized minors (see Sect. 6), where we only treat a Weyl group elements u with the form
as in (3.2) and denote its reduced word i by (3.3). Indeed, generalized minors are expressed in
terms of certain invariant bilinear forms (see (4.3)). And then, using this bilinearity we obtain
‘path descriptions’ of the generalized minors.
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Unfortunately, we do not present the relation between the explicit forms of A(k; i) and
crystals here unlike with [7]. We will, however, discuss this elsewhere.

The main result is given as in Theorem 5.7: Let i be the reduced word of u as above
and iy is the k-th index of i from the left. In [2], it is shown that there exists a biregular
isomorphism from (C*)" to a Zariski open subset of L"-¢ (n := [(u)) (see Theorem 3.3). We
denote this isomorphism by x[* and set AL (k; i) := A(k; i) o x". We also set the monomials
C(l,k)and C(l, k) asin (5.11).

THEOREM 5.7. Wesetd := iy =i, and

Y=, Y120 - Yoo oo Ymetts oo oo Ymetrs Y 1o o ooy Yimsiy) € (C7)™

Then we have

d

(%) i=1

Cm — 17D

k;5i+1)| B 1) N C(m . li(m—m’), ki(m—m’)| — l) s

) K b5 —i—1 ifs <5,
o

s—i+4r ifs > §; (I=i=d
where m’ is as in 4.4, () is the conditions for ki(s) AQ<s<m-m,1<i<d:
1<k <k < <k <T d<s<m-—m) 1 <kM <. <™ <
m+i A<i<r—m)andl <kV <. <k"™™ <T ¢G-m+1<ic<a,
and §; (i = 1,...,d) are the numbers which satisfy 1 < ki(l) < ki(z) < ... < kl-(ai) <r

F < kl_(ai+1) <...< kl_(m—m’) <1

Fork = (kl.(s)) satisfying (%), let us write the monomial

d
C == []C(m — 1" k") - C(m — 1, k)
i=1

. C(m _ li(‘si'i'l)’ |ki(5i+1)| . 1) . C(m . li(m—m’)’ ki(m—m’)| _ 1)'

Note that even if k # k/, we may have C(k) = C(Kk’). Thus, we will know that the coeffi-
cients of the monomials in A” (k; i) are not necessarily 1 (See Example 5.8). We shall show
Theorem 5.7 in the last section by using “path descriptions”. By this theorem, we find that all
the generalized minors { A’ (k; i)(Y)} are Laurent polynomials with non-negative coefficients.

Finally, we also define AG(k; i) :=A(k;i)o YiG , Where YiG is a biregular isomorphism
from H x (C*)" to a Zariski open subset of G**¢ (see Proposition 3.4). In Proposition 5.3,
we shall show that AC (k; i) is immediately obtained from ALk ).
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2. Fundamental representations for type C,

Let I := {1, ..., r} be a finite index set and A = (a;;);, jes be the Cartan matrix of type
C,. Thatis, A = (a;, ;)i jer is given by

2 ifi=,
-1 ifli—jl=Tand (@ j)# @ —1,7r),
-2 1f(l7]):(r_lsr)v

0 otherwise.

aj,j =

Let (b, {0 }ier, {hi}ier) be the associated root data satisfying «; (h;) = a;; where o; € h* is
a simple root and k; € § is a simple co-root. Note that o; (i # r) are short roots and ¢, is
the long root. Let {A;};es be the set of the fundamental weights satisfying «j (h;) = a; j and
Ai(hj) = 8; j. Let P = @;.; ZA; be the weight lattice and P* = &, _; Zh; be the dual

weight lattice. Define the order on the set J :={i,i | 1 <i < r} by
l<2<--<r—l<r<f<r—1<---<2<1. 2.1

For the simple Lie algebra g = sp(2r, C) = (b, e;, fi(i € I)), let us describe the vector rep-
resentation V(A1). Set B := {v;, v; | i =1,2,...,r} and define V(A1) := @, Cv.
The weights of v;, vz (i =1, ..., r) are as follows:

wt(v) = Aj — Aj—1, wt(vy) = Ao — A, (2.2)

where Ag = 0. We define the sp(2r, C)-action on V(A1) as follows:

hvj = (h, wt(vj))v; (h e P*, jelJ), (2.3)
fivi =vit1, fivigr =5, eivipr = v, ey =vp (1 <0 <), 2.4)
fror=vr,  evr=vr, (2.5)

and the other actions are trivial.

Let A; be the i-th fundamental weight of type C,. As is well-known that the fundamental
representation V(A;) (I < i < r) is embedded in AV (A1) with multiplicity free. The
explicit form of the highest (resp. lowest) weight vector u 5, (resp. va;) of V(A;) is realized
in A’V (A1) as follows:

VI AV A - AV,
A RARRRAN (2.6)

UA;
UA;

3. Factorization theorem for type C

In this section, we shall introduce (reduced) double Bruhat cells G*'Y, L*-Y, and their
properties in the case G = Spy,(C), v = e and some special u € W. In [2] and [3], these
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properties had been proven for simply connected, connected, semisimple complex algebraic
groups and arbitrary u, v € W.
Forl € Z~o, weset[1,1] :={1,2,...,1}.

3.1. Double Bruhat cells. Let G = Sp»,(C) be the simple complex algebraic group
of type C,, B and B_ two opposite Borel subgroups in G, N C B and N_ C B_ their
unipotent radicals, H := B N B_ a maximal torus. Let W := (s; | i = 1, ..., r) be the Weyl
group of Lie(G), where {s;} are the simple reflections. We identify the Weyl group W with
Normg(H)/H. An element

si = xi(=Dyi(Dxi(=1) (3.1

is in Normg (H ), which is a representative of s; € W = Normg(H)/H [6]. Foru € W, we
denote the length of u by I (u).
We have two kinds of Bruhat decompositions of G as follows:

G = ]_[BuB: ]_[B_uB_.

ueW ueW
Then, for u, v € W, we define the double Bruhat cell G*V as follows:
G"*':= BuBN B_vB_.

This is biregularly isomorphic to a Zariski open subset of an affine space of dimension r +
I(u) + I(v) [3, Theorem 1.1].
We also define the reduced double Bruhat cell L*V as follows:

L*Y := NuN N B_vB_ Cc G*".

As is similar to the case G*'¥, L">V is biregularly isomorphic to a Zariski open subset of an
affine space of dimension /(u) + [(v) [2, Proposition 4.4].

DEFINITION 3.1. Letu =s;, ---s;, be areduced expressionof u € W (iy,...,i, €
[1, 7]). Then the finite sequence

i:=0(0...,0
is called a reduced word for u.

In this paper, we treat (reduced) Double Bruhat cells of the form G*-¢ := BuB N B_ and
L"*¢ := NuN N B_, where u € W is an element whose reduced word can be written as a left
factorof (1,2,3,...,r)":

w=(s152---5)" 515, 3.2)
where n := [(u) is the length of # and 1 < i,, < r. Letibe a reduced word of u:

i={,...,r, o0, Lo r 1,200, 3.3)
——— ——— —_—— — 4} —

1stcycle 2nd cycle m—1 thcycle m th cycle
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Note that (1,2, 3, ...,r)" is a reduced word of the longest element in W.

3.2. Factorization theorem for type C,. In this subsection, we shall introduce the
isomorphisms between double Bruhat cell G*¢ and H x (C*)H  and between L*¢ and
(C*)!® | As in the previous section, we consider the case G := Sp,, (C). We set g := Lie(G)
with the Cartan decomposition g =n_ @ h @ n. Let¢;, f; (i € [1, r]) be the generators of n,
n_.Fori € [1,r]andt € C, we set x; (1) := exp(te;), y; :=exp(tf;). Letg; : SLr(C) > G
be the canonical embedding corresponding to simple root ¢¢;. Then we have

1 ¢ 1 0
xi(t) = @i <0 1) s yi() =g (t 1) . 3.4
For a reduced word i = (i1, ...,i,) (i1,...,in € [1,r]), we define a map xiG : H x
C" - G as
xl@it, ) =ac v () i, () - (3.5)

THEOREM 3.2 [3, Theorem 1.2]. We set u € W and its reduced word i as in (3.2)
and (3.3). The map xiG defined above can be restricted to a biregular isomorphism between

H x (C*'®™ and a Zariski open subset of G*>°.

Next, fori € [1,r] and t € C*, we define as follows:

. t 0 _ 710
af (1) :=1" = g ) oxmi@) = i) 7Y = ¢ . (36
0 ¢ 1 t
Fori= (iy,...,iy) (i1,...,ip € [l,r]),wedeﬁneamapxiL :C" > G as
xE(t, ) = xg () - X, (1) - (3.7

We have the following theorem which is similar to the previous one.

THEOREM 3.3 [2, Proposition 4.5]. We set u € W and its reduced word i as in (3.2)
and (3.3). The map xiL defined above can be restricted to a biregular isomorphism between

(C*'®™ and a Zariski open subset of L'¢.
We define a map EiG tH x (CH" — G*¢ as
y?(a;tla"‘5tn) =axiL(tl5"'7t}’l)a
wherea € H and (t1, ..., 1) € (C*)".

PROPOSITION 3.4. In the above setting, the map fiG is a biregular isomorphism be-
tween H x (C*)" and a Zariski open subset of G"-°.

PROOF. In this proof, we use the notation

(Yl,la MR Yl,r, M) Ym—l,la MR Ym—l,ra Ym,l, L] Ym,i,,) € (Cx)n
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for variables instead of (1, ..., ;).
We defineamap ¢ : H x (C*)" — H x (C*)" as follows: For

Y:= (a; Y1,15"'5Yl,ra"'7Ym,l5"'5Ym,in)a
we define ¢(Y) = (D4 (Y); @1,1(Y), ..., @1, (Y), ..., P 1 (Y), ., Py, (X)) as

m—1
(V) i=a- | [[ed @)™ o) @)™ | oy W)™ e Vi)™
j=1

andfor 1 <s < m,

Fstri—1 Y501 Y- D) Fs g1 Ysq v Yma41) ifl<l<r
b Z(Y) — YV,I(Y5+1.1"2'Ym,l)2 - ’ (3 8)
S5 : (Ys+l,r—lYS+2,r—l‘“Ym,r—l) lfl —r :
Ys,r(Ys+],r"'Ym,r)2 ’

where in (3.8), if we see the variables Y; o (1 < ¢ < m) and Y, ¢ (i < &), then
we understand Y; o = Yu¢ = 1. For example, Ysy1;-1 = 1 in the case [ = 1.
Note that ¢ is a biregular isomorphism since we can recurrently construct the inverse map
Y Hx (CH" - Hx (CH, Y = (W (Y); ¥1,1(Y), ..., Uyi, (Y)) of ¢ as fol-
lows: The definition (3.8) implies that @, ; (Y) = # and hence Y, ;, = ﬁ

So we set W, ;. (Y) = YL Suppose that we can construct Wy, ;, (Y), Wi, —1(Y), .. .,

\pm,l(Y)v cee qjs—l—l,r(Y)’ sy LI1s+1,1(Y)s \ps,r(Y)s cee \ys,l+l(Y)- Then we define

(W11 (Y) Wi 1 (Y))?

ifl<l<r,

w, (Y) = Yo (W11 (VD) Wsi21 (Y)W 11 (V) (W 141 (Y)W 141 (Y))
SIS = (Wt 1 (V)W r (V) ifl =r
Ys,r (\ps-%—l,r—l (Y) ly.?+2,r—l (Y)“‘\pm,r—l (Y))Z '
We also define
m—1
Y, (Y) :=a- 1_[ af (W1 () - o) (Wi, () | - o) (W1 (V) -+ - ) (Wi i, (Y)) .
j=1

Then, we get the inverse map y of ¢.
Let us prove

() =0 0 9)(Y),
which implies that fiG : H x (C*)* — G™"° is biregular isomorphism by Theorem 3.2.
First, it is known that
yie?haY (o) ifi=j,
yie ey ()7t ifli—jl=1land (i, j) # (r —1,7),

yie 20 (7" if G, )= —1,r),
yi(Oe ()™ otherwise,

af ()7 ly@) = (3.9)
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forl <i, j <randc, t € C*.
On the other hand, it follows from the definition (3.5) of xiG and (3.8) that

(x7 0 $)(Y)
m—1
=ax | [[ay @™ @™ e G ) V)
j=1

X yi(@11(Y)y2(P12(Y)) -+ yr (@1, (Y)) -+ y1 (P, 1(Y)) - - - yiyy (P, (Y)) . (3.10)

Foreachsand! (1 <s <m, 1 <[ <r), we can move

o) Vo) o)y (YearD) ™oy (Y ) ™!

m—1
[] /@™ ey @™ | o G )™ ) i)™
j=s+1

to the right of y; (P, ;(Y)) by using the relations (3.9). For example,

oy Y1)~ o (Vi)™ i(@50(Y)) =
Y2 .
Vi (m%m) oy V)" Y,)7h i1 < <7,

Y2 .
Yr <Y2chs,r(Y)) 05;/(Ym,1)_1 e 'Oll'vn (Ym,i,,)_l ifl=r.

m,r—1

Repeating this argument, in the case [ < r, we have

@) Vo) o)y (Yopp) ™ ) (Y )™

m—1
< | JT v @™oy @™ | ) )™ 0! (Vo)™ 30D 1 (V)
Jj=s+1
=y ( Ysa¥srr0 Yme1,0Ym1)?
Ysqr—1- Ym—11=1Ym 1D s 141 Ym—1141Ym 141)

<1>s,l(Y)> ) (Y

m—1
Y —1 \% -1 \% -1 \% -1
<) Vo)™ ey W)™ | [T ed @™ e ()
Jj=s+1

oy V)™ ) Vi)

FsaYyr10Ymo1Ymn)?
Yri—1-Ym—r1=1Ym i) s 1--Ym—1,141 Ym 141)

o (Yo ™ 0 Vi) ™ (@50 (V) = yi(Ye)ey sy (Yo ) ™ 0 (Vi) 7'
(3.11)

Note that

@, /(Y) = Ys1, which implies
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In the case | = r, we can also verify the relation (3.11) similarly. Thus, by (3.10) and
(3.11), we have

T oY) =a- (V1)) Y1) oy (Ve (V)7 x
X 1m0y V)™ i, Vi )ty Yoni) ™!
=a-x1(Y1,0) - x—r Y p) o x21Ym1) - x—iy Vi)
=x7(Y). 0

4. Cluster algebras and generalized minors

For this section, see e.g.,[1, 3, 4, 5].

Weset[1,1]:={1,2,...,l}and [—1, =[] :={—1,-2,...,—=l}forl € Z~o. Forn,m €
Z~o,letxy, ..., Xp, Xn+1, - - . , Xn+m be variables and P be a free multiplicative abelian group
generated by X411, ..., Xnam. We set ZP := Z[xﬂl,...,x,ﬂm]. Let K :=={Z| g he

ZP, h # 0} be the field of fractions of ZP, and F := K (x1, ..., x,) be the field of rational
functions.

4.1. Cluster algebras of geometric type.
DEFINITION 4.1. Let B = (b;;) be ann X n integer matrix.

(1) B is skew symmetric if bjj = —bj; forany i, j € [1,n].
(ii) B is skew symmetrizable if there exists a positive integer diagonal matrix D such that
DB is skew symmetric.
(iii) B is sign skew symmetric if bjjbj; < O forany i, j € [1,n], and if b;jb;; = O then
b; j = b ji = 0.
Note that each skew symmetric matrix is skew symmetrizable, and each skew symmetriz-
able matrix is sign skew symmetric.

DEFINITION 4.2. We set n-tuple of variables x = (x1,...,x,). Let B =
(bij)1<i<n, 1<j<n+m be n x (n + m) integer matrix whose principal part B := (b;j)1<i,j<n
is sign skew symmetric. Then a pair ¥ = (X, B’) is called a seed, x a cluster and x1, ..., X,

cluster variables. For a seed ¥ = (x, B), principal part B of B is called the exchange matrix.

DEFINITION 4.3. If B is skew symmetric (resp. skew symmetrizable, sign skew sym-

metric), we say B is skew symmetric (resp. skew symmetrizable, sign skew symmetric).

DEFINITION 4.4, Foraseed & = (x, B = (bij)), an adjacent cluster in direction
k € [1, n] is defined by

X = (x\ {x ) U fag}
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where x; is the new cluster variable defined by the exchange relation
XXy = 1—[ x;””' + 1—[ xi_bki .
1<i<n+m, by;>0 1<i<n+m, by <0

DEFINITION 4.5. LetA = (q;j), A’ = (alfj) be two matrices of the same size. We say

that A’ is obtained from A by the matrix mutation in direction k, and denote A" = i (A) if

—ajj ifi=korj==k,
& ajj + laiklaw; Faiklai| era’k‘“k’ L otherwise .
For A, A’, if there exists a finite sequence (ki,...,ks), (ki € [1,n]) such that A’ =

Mk, -+ Uk, (A), we say A is mutation equivalent to A’, and denote A = A’
PROPOSITION 4.6 [1]. Fork €[1,n], ux(ur(A)) = A.

DEFINITION 4.7. Let A be a sign skew symmetric matrix. We say A is fotally sign
skew symmetric if any matrix that is mutation equivalent to A is sign skew symmetric. Then a
seed (x, A) is called a totally mutable seed.

Next proposition can be easily verified by the definition of pu:

PROPOSITION 4.8 [1, Proposition 3.6].  Skew symmetrizable matrices are totally sign
skew symmetric.

For a seed ¥ = (x, B), we say that the seed £’ = (X', B') is adjacent to ¥ if X’ is
adjacent to x in direction k and B’ = ur(B). Two seeds © and ¥ are mutation equivalent if
one of them can be obtained from another seed by a sequence of pairwise adjacent seeds and

we denote X ~ .
Now let us define the cluster algebra of geometric type.

DEFINITION 4.9. Let B be a skew symmetrizable matrix, and ¥ = (X, B) a seed. We
set A := Z[xp+1, ..., Xn+m]. The cluster algebra (of geometric type) A = A(X) over A
associated with seed X is defined as the A-subalgebra of F generated by all cluster variables
in all seeds which are mutation equivalent to X.

For a seed X, we define ZP-subalgebra /(%) of F by
UE) =ZPINZPIx' 1N NZPxE].

Here, ZP[x*!] is the Laurent polynomial ring in x.

DEFINITION 4.10. Let Xy be a totally mutable seed. We define an upper cluster alge-
bra A = A(Zo) as the intersection of the subalgebras /(%) for all seeds £ ~ X.

For a totally mutable seed X, following the inclusion relation holds [5]:

AZ) Cc AD).
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4.2. Upper cluster algebra A(i). Asin Sect.3, let G = Sp,,(C) be the simple alge-
braic group of type C, and W be its Weyl group. We set u € W and its reduced word i as in
(3.2) and (3.3):

MZSlsz...SrSI...Sr... Sl...sr Sl...sin’ (4.1)

1stcycle 2nd cycle m—1 th cycle ;5 th cycle

i=,....,r, 1,0, 00, oo 1L 4.2)
e e’ —— — —
1stcycle 2nd cycle m—1 th cycle m th cycle

In this subsection, we define the upper cluster algebra A(i), which satisfies that A(i) ®
C is isomorphic to the coordinate ring C[G*¢] of the double Bruhat cell [5]. Let iy (k €
[1,I(u)]) be the k-th index of i from the left.

At first, we define a set e(i) as

e(i) := [—1, —r] U {k | There exist some [ > k such that iy = i;}.
Next, let us define a matrix B = B(i).

DEFINITION 4.11. Let B(i) be an integer matrix with rows labelled by all the indices
in [—1, —r] U [1, I(x)] and columns labelled by all the indices in e(i). For k € [—1, —r] U
[1,I(u)] and [ € e(i), an entry by of B(i) is determined as follows:

—sgn ((k—1)-ip) ifp=gq,
by = —sgn((k —1) - ip-ayy) if p<gqandsgn(y,- i)k — DET =17 >0,
0 otherwise .

PROPOSITION 4.12 [5, Proposition 2.6]. B(i) is skew symmetrizable.

By Proposition 4.8, Definition 4.10 and Proposition 4.12, we can construct the upper
cluster algebra:

DEFINITION 4.13.  We denote this upper cluster algebra by A(i).

4.3. Generalized minors and bilinear form. As in the previous section, we set G =
Sp2-(C), u € W and its reduced word i as in (4.1) and (4.2). We also set A(i)c := A®i) ® C
and F¢ := F ® C. It is known that the coordinate ring C[G":¢] of the double Bruhat cell
is isomorphic to fl(i)c (Theorem 4.15). To describe this isomorphism explicitly, we need
generalized minors.

We set Go := N_HN, and let x = [x]_[x]o[x]+ with [x]— € N_, [x]o € H, [x]+ € N
be the corresponding decomposition.

DEFINITION 4.14. Fori € [1,r] and w, w' € W, the generalized minor Ay, /A,

—1

is a regular function on G whose restriction to the open set wGow is given by
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Ayp; wa; (X)) = ((w™'xw'lo)*. Here, A; is the i-th fundamental weight. In particular,
we write A, := A, a; and call it principal minor.
We set g = Lie(G). Let w : g — g be the anti involution
wle) = fi, o(fi)=e, ol =h,

and extend it to G by setting w(x;(c)) = yi(c), w(yi(c)) = xi(c) and w(t) =t (t € H).
Here, x; and y; were defined in Sect.3.2 (3.4).

There exists a g (or G)-invariant bilinear form on the finite-dimensional irreducible g-
module V ()) such that

(au, v) = (u, w(a)v), w,ve V@), acglorG)).
For g € G, we have the following simple fact:
AAi (g) = <gMAi s uA,‘) s

where u 4, is a properly normalized highest weight vector in V (A;). Hence, for w, w’ € W,
we have

Apnrwn(9) = Ap, @ gw) = @ gW - un un) = (g0 - up, Weoup),  (43)
where w is the one we defined in Sect.3.1 (3.1), and note that a)(Eii) = Ef.

4.4. Cluster algebras on Double Bruhat cells of type C. For k € [1,1(u)], let iy be
the k-th index of i (4.2) from the left, and we suppose that it belongs to the m’ th cycle. We
set

U<k = U<f(0) 1= 8152 Sr 818818 - 4.4)
N e N e’ —_——
1stcycle 2nd cycle m’ th cycle

Fork € [—1, —r],we set u< := e and iy := k. Fork € [-1, —r] U [1, [(u)], we define
Ak D(x) = Ausn, .y, ().
Finally, we set
F@) = {Ak;D(x) | ke [-1,—r]U[1, I)]}.

It is known that the set F (i) is an algebraically independent generating set for the field of
rational functions C(G*-¢) [3, Theorem 1.12]. Then, we have the following theorem.

THEOREM 4.15 [5, Theorem 2.10]. The isomorphism of fields ¢ : Fc — C(G"°)
defined by ¢(xx) = A(k; i) (k € [—1, —r]U[1, [(u)]) restricts to an isomorphism of algebras
A@)c — C[G™].
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5. Explicit formulas of cluster variables
In the rest of the paper, we consider the case G = Sp,(C). Letu € W be
= (sis2--5)" 518, .1

wheren =1(u), 1 <i, <rand1 <m <r. Let

i= (L, L i), (5.2)
—_— — —_— S —
1stcycle 2nd cycle m—1th cycle mth cycle
be a reduced word i for u, that is, i is the left factor of (1,2,3,...,r)". Let iy be the k-th

index of i from the left, and belong to m’-th cycle. As we shall show in lemma 5.5, we may
assume i, = iy.

By Theorem 4.15, we can regard C[G":¢] as an upper cluster algebra and {A(k; i)} as its
cluster variables. Each A(k; i) is a regular function on G*¢. On the other hand, by Proposi-
tion 3.4 (resp. Theorem 3.3), we can consider A(k; i) as a function on H x (CX)lw) (resp.
(C*)!®), Then we change the variables of {A (k; i)} as follows:

DEFINITION 5.1. Fora € H and

Y =Y1.1,.12, ... Y1, Y21, Y20,..., Y2,
Y1, Ym—1 Y1 oo Yoiy) € (CH", (5.3)
we set
A%k D)@, Y) := (A(k: 1) o X)(a. Y),
AL (ks )(Y) = (Alk; D) o x{)(Y) .

We will describe the function AL (k; i) (Y) explicitly since A% (k;i)(a,Y)is immediately
obtained from A (k; i)(Y) (Proposition 5.3).

REMARK 5.2. If we see the variables Y; o, Y5 ,+1 (1 <s < m) then we understand
Yso=Ysry1=1.
For example, if i = 1 then
Ysic1=1.
5.1. Generalized minor AC(k;i)(a,Y). In this subsection, we shall prove that
AS (k;i)(a, Y) is immediately obtained from AL (k; i)(Y):
PROPOSITION 5.3. Wesetd := ix. Fora = t2=i%hi ¢ H (t € C*), we have

t@r=aw =i rim) AL (k; i) (Y) ifm +d>r,

AS(k;i)(a,Y) =
1 @nrra=a) AL (k; i) (Y) itm'+d<r.
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This proposition follows from (2.2) and the following lemma:

LEMMA 5.4. In the above setting, if m’' +d > r, then we have
A%k i) (@, Y) = (axf (D)1 Ava A AVa),  Ugt A AV A A AvY)

AM(k: ) (Y) = (f D@1 AV A AV, Vgt A AV AV A Avy)
where {, ) is the bilinear form we defined in Sect. 4.3. In the case m' + d < r, we have
A%k i)(a, Y) = (axf D@1 Ava A AVD), Vst Ao AVmita) s
AM (k) (Y) = (fF DI AV A AV, Vgt A A Viga) -

PROOF. Let us prove this lemma for A (k; i)(Y) since the case for A (k;i)(a,Y) is
proven similarly. Using (4.3) and (4.4), we see that AL (k; i)(Y) = Ay A ha (xiL (Y)) is
given as

(D@L AV A AV, ST S ST SgI AV A A ) (54
—— — ——
1st cycle m’ th cycle

By (3.1),forl <i <r—1landl <j <r, we get

viy1 ifj=i, vy ifj=i+1,
S_in= —v; ifj=i+1, EUTZ VT ifj=1i,
Vj if otherwise , vy if otherwise ,
and we obtain
_ v ifj=r, _ —v, ifj=r,
Srvj = e Srvy = r
v; if j #r, vy ifj#r.

Therefore, if m’ +d < r, then

ugk(vl/\"'/\vd) =518 51 Sda(VIA---AVg) = Up/ 1 AU/ 42 A+ = AUpy/ 4 - (5.5)
—_—— ———

1st cycle m’ th cycle
If m" +d > r, then we get
U<V A+ Ag)

— 1"'&"‘5"'@(”1/\U2A"'Avd)
—_——

———
1st cycle m’ th cycle

=351 8-+ S{ -8 (Ur—d—i-l/\"’/\vr)
—— ——

1 st cycle m’—r+d th cycle
:ﬂg Slg (Ur—d+2A"‘AUr/\UT)
—— ———

1 st cycle m’—r+d—1 th cycle
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=515 S8 (Va3 A AU AVTA (= 13)
—— ——
1st cycle m’—r+d—2th cycle
2 d—r4m'—1
= = U A AU AV A () A(=DP) A A (DT o)
=vm/+1/\---/\vrAvm/\---/\vT. (5.6)
Hence, we get our claim by (5.4). O

In the rest of the paper, we will treat AL (k; i)(Y) only by Proposition 5.3.

5.2. Generalized minor AL (k; i)(Y).

LEMMA 5.5. Letu,iandy be asin (5.1), (5.2) and (5.3). Letiyy1 € [1,7] be an
index such that u’ := us;, ., € W satisfies [(u") > (). We set the reduced word i for u’ as

of

rt=,....r, 1, .o, o, oo S oo, i),
e e e’ —— ——
1stcycle 2nd cycle m—1th cycle mth cycle

and denote Y' € (C*)"+! by
Y = T Yaaa oo Y Yt oo Y, YD

For an integer k (1 < k <n), ifd := iy # int1, then AL(k; i(Y') does not depend on Y , so
we can regard it as a function on (C*)". Furthermore, we have

Al (s i) (Y) = Al (ks i)Y . (5.7)
PROOF. By the definition (3.7) of x;*, we have
X () = xf (Y)x_,,, (V). (5.8)
On the other hand, since fl.2 =0onV(Ay),wehaveexp(tf;) = 1+tfi (i=1,...,r, t € C).

Hence, by x—;, ., (Y) := exp(Y fi,, ) - (Y_h""+1) (see (3.6)), we get

Y_lvin+1 + Vi 41 1 =ingr,
Xy (V)0 = 3 Vi, 41 if = in1 + 1, (5.9)
Vj otherwise,
where in the case j = ip41, weset vy := vr. Thus,if d < iy, thenwehavex—; ., (Y)(viA
< Avg) =V A--- Avg. If d > i,41, then we have
X (V)WL A - Avg)
—1
SULA AV -1 A Y Vi vin+1+1) AYVi 41 A Ag

=Vl A ANVg.
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Since we assume i,] # d, we get
Xeiy NI A~ Avg) =V1 Ao AVg . (5.10)

We can easily see that u<; = u’<k(= Sy ---Sp---81---5q). Therefore, it follows from (4.3),
= — — ——

1'st cycle m’ th cycle

(5.8) and (5.10) that
AL YY) = Ay ag,n, O (Y))
= (xy (Y)Wi Ava A Avg), u i Ava A Avg))
= ()1 AV A A V), kW1 Ava A Avg)) = ALK DY),
which is our desired result. |

By this lemma, when we calculate AL(k; i)(Y), we may assume that i, = i; without
loss of generality.
Forl <l <mand1 <k <r, we set the Laurent monomials

— Y- Y
Cl, k) ==L o k) = DAL (.11)
Y1k Yii1k
REMARK 5.6. In [6], it was defined Cy := Y=li=l and ¢ := ;XL which
r—1k r—I+1,k—1
coincide with C(r — [, k) and C(r — I,k — 1) in (5.11) respectively.
For 1 <[ <r,weset|l| = |I| = I. The following theorem is our main result.

THEOREM 5.7. In the above setting, we set d := iy = i,, and
Y=, Y12, . Yir oo os Yot ity oo s Yty Y1y o« o Ymiy) € (C)"

Then we have

d
ALy (¥) =Y []Con =10 k) Tlom — 1% k%)

(x) i=1
. C(m _ ll-(5i+1), |ki(5i+1)| _ 1) . C(m _ li(m—m’)’ |kl(m—m/)| B 1) ’
, 9 4s—i—1 ifs<s,
I IS0 q<i<a
s—i+r if s > §;
where () istheconditionsforki(s) A<s<m-m, 1§i§d):1§k%s)<kés)<~-~<
KO <T (G<s<m—m) 1<k <. <k™™) <m'+i (1<i<r—m), and
1§k;1)§~-~§ki(m_m/)§T r—m'+1<i<d),ands; (i =1,...,d) are the numbers

which satisfy 1 <k <k® <. <k® < F <k@HD << gD <)
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EXAMPLE 5.8. Forrank r = 3, u = 5152535152535152, kK = 5 and the reduced word
i=(-1,-2,-3,—-1,-2,-3,—1,—-2) foru, we have m = 3, m' = 2 and d = 2 (see
(5.1), (5.2)). Then, we have s = 1 and write k; for kl.(s). Thus, the set of all (k1, k2) satisfying
(*) in Theorem 5.7 is

{(1,2),(1,3),(1,3),(1,2), (1,1),(2,3),(2,3), (2,2, (2, 1), 3,3), (3,2), 3, )}
Here, for all (k1, k2) the corresponding monomials are as follows:
(1,2) & C(3,1DCAB.2) (1,3) < CB,1)CR2,3) (1,3) < C3, 1)C(,2)
(1,2) « C3,DC1, 1) (1,1) < CB,1DHC(,0) (2,3) < C(2,2)C(2,3)

(2,3) © C(2,2)C(1,2) (2,2) & C(2,2)C(1,1) (2,1) < C(2,2)C(1,0)
(3,3) « C(1,3)C(1,2) (3,2) < C(1,3)C(1,1) 3,1) < C(1,3)C(1,0)

Thus, we obtain:

AL (Y)=C3B, 1)C3,2)+C3, 1DC2,3) +C(3, HC(1,2) + C(3, HC(, 1)
+C(3,1)C(1,0)+ C(2,2)C(2,3) + C(2,2)C(1,2) + C(2,2)C(1, 1)
+C(2,2)C(1,0)+ C(1,3)C(1,2) + C(1,3)C(1, 1) + C(1,3)C(1, 0)

:L—F Y2 Y13 Y12 Yig i Yalis
3o Y3ila3  Y3iYap  Yi3iYon o Yaio Y23 Y7,

2
+2&+ Y21Y11 e, Y1112
Y20 Y20 Y21Y13 Yi3

Note that since C(1,3)C(1,2) = C(2,2)C(1,1) = %, the coefficient of % in the above

formula is equal to 2.

6. The proof of Theorem 5.7

In this section, we shall give the proof of Theorem 5.7.

6.1. The set X;(m, m’) of paths: path descriptions. In this subsection, we shall
introduce a set X4(m, m’) of “paths” which correspond to the terms of AL (k; i)(Y), which
we call path descriptions of generalized minors. Let m, m’ and d be the positive integers as
in52 WesetJ:={j,j|1<j<r}andforl <l <r,set|l|=]|l|=1.

DEFINITION 6.1. Let us define the directed graph (Vy, E;) as follows: We define the
set V; = Vz(m) of vertices as

Va(m) == {vt(m — a{s), aés), R aés)) | 0<s <m, a® € J}.

i
And we define the set E; = E;(m) of directed edges as

(s+1) (s+1)
1 a )

E;(m) = {Vt(m — s a}s),...,at(f)) — vt(m —s—1;a seeesdy
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|0<s<m—1, vt(m —s; a?), ...,af;)), vt(m —s —1; a}SH), ...,affH)) € Va(m)}.

Now, let us define the set of directed paths from vt(m; 1,2, ...,d) to vt(0; m’ + 1, m’ +
2,....rd—r+m,d—r+m' —1,...,2,1) (resp. vt(0; m' +1,m’ +2,...,m’ +d))in
the case m’ +d > r (resp. m’ +d < r)in (Vy, Eg).

DEFINITION 6.2. Let X (m,m’) be the set of directed paths p

p= vt(m; afo), e ag(io)) — vt(m —1; ail), .. .,aél)) — Vt(m —2: afz), e aﬂ({Z))

gm—l)’ e a((im_l)) — Vt(O; aim), ey a;m)) )

- .. vt(l; a
which satisfy the following conditions: For 0 < s < m,

i) a el =t <d),

(ii) ais) < aés) <. < aa(f),

(i) al e (11 <j<r—1,thenal™ = a® oral + 1. 1fa? = r,
then ag‘jl e rFr—L... T} fa® e G 1 <) <r)thena’ e

{lal]1a®) = 1..... 2. T},

. 0 0 0
(v) (a\”,a,...,a")=,2,...,a),

) oy _ | L m 2, nd—r 4w, 2, 1) ifm +d >,
(™, ... a") =

m +1,m+2,....,m' +4d) ifm +d<r,

+1 - . s+1 g
W) Kaf™ e G 1<j<r}then ol > [af)].

IA

DEFINITION 6.3. We say that two vertices vt(m — s; afs), o at(is)) and vt(m — s —
I; af”l), o affrl)) are connected if these vertices satisfy the conditions (i), (ii), (iii) and
(v) in Definition 6.2.

Define a Laurent monomial associated with each edge of a path in X4(m, m’).

DEFINITION 6.4. Let p € X4(m, m’) be a path:

p = vt(m; a}o) . ,aso)) — vt(m —1; afl), .. .,aél)) — Vt(m - 2; afz), ey aéz))

g o

—> > Vt(l; afm_l), .. .,a[(im_l)) — Vt(O; afm), .. .,a((im)) .
(i) Foreach 0 < s < m, we define the label of the edge vt(m — s; ais), aés), .. .,af;)) —

vi(m—s—1; a}SH), aé”l), o, a;SH)) as the Laurent monomial which determined as

follows and denote it Q(“)(p) : We suppose that) < § <d, 1 < ais) << aés) <r,
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(s) (s)

andagy,...,a; € i|1<i<r) Inthecaseaés) < r, we set
Q(S)(p) _ m—s,a§5+1)—l N Ym—s,ag‘ﬂ'l)—l Ym—s,lagi)l\ . Ym—s,\a,(f)\
Ym—s,af‘y) Ym—s,a?) Ym—s, \atg‘:ﬁl”—l Ym—s, \a((i‘y+l)|—l
In the case aés) =r, we set
Yi—s.r—1 : (s+1) _
PRGNS e ifay ~ =1,
@ =y L et e fi=1,. ),
m .?,\a§5+1)| 1
and set
s Y s Y s 5
Q(s)(p) — m—s,ai oy . m_s’atg—-ﬁl) ly(aés+1)) m—Ss\atgl.l o Ym—s’|“¢(1)|
Ym—s,afs) Ym—s,aésjl Ym—s,\aéfjll)\—l Ym—s,latyﬂ)\—l
(i) And we define the label Q(p) of the path p as the product of them:
m—1
o) =[] 2. (6.1)
s=0
(iii) For a subpath p’
p = vtim —s'; afs,), .. .,aa(is,)) — vtim —s' — 1; afs,'H), .. .,a(s,'H)) —
ce > vtim — 5" — 1’;a§5 _1),...,aff _1)) — vt(m — 5”; a}s ),...,a((; ))
of p (0 < s’ < s” < m), we define the label of the subpath p’ as
s//
o) =[] 2% . (6.2)

s=s’

EXAMPLE 6.5. Letr =m = 3,m’ = 2,d = 2. We can describe the paths of X»(3, 2)
as follows. For simplicity, we denote vertices Vt(x; *, %) by (x; *, *) :
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(1;2,2)  (1:2,1) (1:3,3)  (1:;3,2) (1;

Thus, X2 (3, 2) has the following paths:
pr=03:1,2) = (2:1,2) > (1;2,3) = (0; 3, 1),
p2=0;1,2) = (2;1,3) = (1;2,3) — (0; 3, 1),
p3=03:1,2) = (2:1,3) > (1;2,3) — (0; 3, 1),
pa=03;1,2) = (2;1,3) = (1;2,2) — (0; 3, 1),
ps=03:1,2) = (2:1,3) = (1;2,1) = (0; 3, 1),
pe=(3;1,2) > (2;2,3) = (1;2,3) — (0;3, 1),
p1=@3;1,2)— (2:2,3) = (1;2,3) — (0; 3, 1),
pg=03:1,2) > (2:2,3) » (1;2,2) — (0; 3, 1),
po=(3;1,2) = (2:2,3) = (1;2,1) — (0; 3, 1),
pio=(3:1,2) > (2:2,3) — (1:3,3) - (0: 3, 1),
pii=(:1,2) > (2:2,3) - (1;3,2) - (0; 3, D),
pio=03:;1,2) = (2:2,3) = (1;3,1) = (0; 3, 1).
Let us calculate the label of the path p;. By Definition 6.4 (iii), the label Q*)(p;) of the

edge (3;1,2) = (2;1,2) is

Y3i-1¥30-1 1

Y31 Yo Vi

00 p)) =

where we set Y3 0 = 1 following Remark 5.2. The labels of the edges (2; 1,2) — (1;2,3)
and (1; 2, 3) — (1; 3, 1) are as follows:

Y20-1Y23-1 2) Yiga 1
0P (p) == = =1, 0¥W(p) == =1.
21 Yoo Yip Y14

Therefore, we get Q(p;) = -

Y3o®
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Similarly, we have

0 = . 0= 22 Q(py) = 2 o(py = 2
Y30 31123 Y3112 31121
Y11 Y21 2113 Yio
O(ps) = ——, Q(ps) = 5—, O(p7) = > Q(p8) =5 —,
Y31 Y23 Yy, Y22
2
21Y1,1 Yio e, YiaYip
O(py) = ———, Q(p1o) = —, Q(pn) = ——, O(p12) = ——=—.
Y25 Y25 Y21Y13 Yi3

DEFINITION 6.6. For each path p € X4(m, m’)

p= vt(m; a}o), e, aflo)) — vt(m —1; afl), .. .,afll)) — Vt(m -2 a}z), e, aflz))
SN vt(l; aim_l), .. .,a;m_l)) — Vt(O; a{m), e aém))
andi € {1, ..., d}, we call the following sequence
al-(o) — ai(l) — al.(z) —> al-(m)

an i-sequence of p.
We can easily see the following by Definition 6.2 (iii) and (iv): For 1 <i <d,

i=a® <a® <. <™ ©3)

= = = 3

in the order (2.1).

6.2. One-to-one correspondence between paths in X;(m,m’) and terms of
AL (k; i)(Y). Inthis section, we describe the terms in AL (k; i)(Y) as the paths in X4(m, m’):

PROPOSITION 6.7. We use the setting and the notations in Sect. 5:
u=(sis2---5)" L S8, v=e.

Then, we have the following:

Atk = Y 0(p).

pEeXa(m,m')
Let us give an overview of the proof of Proposition 6.7. For 1 < s < m, we define
= ) - x (Y (6.4)
Forl <s <mandiy,...,igeJ :={i,i |1 <i<r}, weset

.. . 1 2 S
(s; i1, 02, ..., 0q) i= <x(_[)1’r]x(_[)1’r] e 'x(_Y[)l’r](vil AN A, U<V A A Ud))- (6.5)
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We shall prove AL(k; i)(Y) = (m;1,2,...,d) in Lemma 6.9 (i). In Lemma 6.9 (ii)
and (iii), we shall also prove the recurrence formula for {(s; i1, ..., igz)}, which implies that
AL (k;i)(Y) = (m;1,2,...,d) is expressed as a linear combination of {(0; ji,..., ji) |
Jlseeinja € J, j1 < --- < jq}. Note that if (ji,...,j5) = m + 1,m + 2,
coord—r+m d—r+m' —1,...1) (tesp. = (m' + 1,m' +2,....,m" + d)), then
0; j1,...,ja) = linthe case m' +d > r (resp. m' +d < r) by (5.5), (5.6) and (6.5).
If (j1,..., ja) is not as above, then we get (0; ji, ..., j¢) = 0. As a sequence of this calcu-
lation, we obtain Proposition 6.7 .

First, let us see the following lemma. We can verify it in the same way as (5.9).

LEMMA 6.8.
Y~ +uvy ifj=i, Yo+ ifj=i+1,
x_i(Y)vj = {Yviqy ifj=i+1, xi(Y)v;=Yv; ifj=i,
vj otherwise , v otherwise ,

J

foralll <i,j<randY € C*, where we set vy4+1 := Vr.
In the next lemma, weset |I| = |I| = for1 <l < r.

LEMMA 6.9. (i) ALk i)(Y) = (m;1,...,d).

(i) ForO0<8<d,1 <ij<---<is<r, isp1,...,iqel{i|1<i<ryandl <s <m,
we have the followings:
Inthe caseis < r,

(s;i15"'7i85i3+15"'7id)

- ¥ Ysn—t Y=t Yoiisol  Ysial 6.6)
G ey Yo Yis Ysljspl=1 Ysljal-1
'(S_1;jla"‘aj(saj(s-i-la""jd)a

where (ji, ..., ja) runs over V := {(ji, ..., ja) | j1 < -+ < jJs, jr = i¢oric+
11 =¢=9), jeellicl, lig]=1,...,1} (§+1=¢ <d)}.
In the case iy = r, we set

Lol jy=r,

YU =1 " _
7 ifjselili=1,...,r}.
s, ljgl—1

Then we have

(S; ila"‘7i8—15r7i8+17"‘5id)

- ¥ Ys,jl—l_,_Ys,js_.—l.Y(ja). Ysdisul  Yslial ©.7)
Yy iy Yy is Y&\jcw-l\—l Y ljal-1

U1sejd)€V
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'(s - 1; J15 "'7j8—17j85j5+17 "‘ajd)a

where (ji, ..., ja)runsoverV :={(j1, ..., ja) | j1 <+ < Js, je =icorig+1(1 <

(iii) In addition to the assumptions in (ii), we suppose that i} < --- <is <is4] < --- <lig
with the order (2.1). If is < r, then we can reduce the range V of the sum in (6.6) to

V=AU, da) €V Il > g1l G+1 <1 <d—1)}.
Ifis = r, then we can reduce the range V of the sum in (6.7) to
Ve Gy JoeV Il > liml@+1<l<d-1} if js=r,
{Gty s Jo eV Il > lupl =l <d-1} if sefi |1 <i<r}.

PROOF. (i) By Lemma 6.8,if i > j (i, j € {1,...,r}), then we have x_;(Y)v; = v;.
Thus, we get

1 -1
(m;1,...,d) := (x(_[)“] .- -x(_”[ll’r])x(_”[lf’r](vl A AVg), U<V A A vd))
1 -1
= (2 ) X a U a) W1 A= A va), k01 A=+ A vg)

= (V@1 A Ava),  usk(ui A= Avg)) = AL DY)
(il)) By Lemma 6.8, for 1 <s <mand 1 <i <r, we get

Y.c,i—l

—V; + Vi1l ifl<i<r-—1,
A = 6.8)
—[1,r] Ysr—1 r 1L e
Yo Ur + ZFI YAy ifi =r,
and
i
© . Yi
=2 Yo I 6.9)
PRENE

where we set Y o = 1. Since we supposed that is41,...,iqg € {i |1 <i<r},ifis <r,then

1 s—1) (s
x(—[)l,r] e x(_s[lﬁr)]x(_v[)l’r](v,~1 Ao AUy AVjg Av s Aiy)

1 s=1) (( Ysir—1 Yis—1
=+ "'xf[l,r)](( ;”, Viy + Ui1+1) Ao A < ;ls, vis + vi5+1)
S,11 $,18

lis+1l Y lis| lial Yo.iiy|
Z 8, lis41 Z 8,lig
VAN 1272 IVANRIRRIVAN — Uy
< Ysi-1 l) ( Ysi-1 l))

=1 I=1
_ Z <Ys,j1—l YS,jg—l Ys,\iHl\ Ys,\id\
remia S Yo Yois Ysljpnl=t Yl
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1 1)
xS @ A A A /\'-'/\vjd)), (6.10)
where (ji,..., jq) runs over {(ji,...,ja) | j1 < -+ < Js, je =irorig+1(1 <¢ <
8, je €llicl, licl=1,...,1} 8 +1 < ¢ < d)}. We remark that

Ysip -1

Ys,j;—l _ Y“.€ if j{' = i; s

Yoic 1 if =i +1,

forl <¢ <34.

By pairing both sides in (6.10) with u<x(v1 A --- A vg), we obtain (6.6). Similarly, we
see (6.7) in the case is = r.

(iii) We suppose that is < r. Let V=V \ V' be the complementary set. We define
the map 7 : V — V as follows: Take (J1sevvs Jos Js1s---» Jd) € V. Let! Bb+1<l<
d — 1) be the index such that |js4+1| > lis+2l, ..., |ji—1] > li7] and |ji| < |ij+1]. Since
|ji+1] < li;+1] by the definition of V, we have (ji, ..., ji+1, ji,---» Jd) € V. So, we define
Ty eees JIs i1y v e Jd) := (J1s -y Ji+1, Jis - - -5 ja)- We can easily see that 2 = id(,.

In (6.6), (s — 1, j1, ..., Ji, ji+1s---»ja) and (s — 1, j1, ..., ji+1, ji,--., ja) have the
same coefficient

Y-t Yol Yepinl  Ysgial _ Y=t Yspul Ysgiml  Ysial

Yy i Y =1 Yojpai=1 Ysljal-1 Yy i Yo =1 Ysi=1 Yslja-1
Furthermore, by (6.5), we obtain
(S_15j15"'7jlajl+l5"'ajd)=_(s_lajla"‘7jl+lajla"‘ajd)'

Therefore, we get %, = 0 in (6.6), which implies our desired result. We can verify the case
is = r in the same way. O

PROOF OF PROPOSITION 6.7. By the definition of V and V' in Lemma 6.9, we see
that (ji, ..., ja) € V' if and only if the vertices vt(s — 1; ji, ..., jg) and vt(s; i1, ..., iq)
are connected (Definition 6.3). Further, the coefficient of (s — 1; ji, ..., jg) in (6.6), (6.7)
coincides with the label of the edge between Vt(s‘ i1,...,0g)and vt(s — 1; j1, ..., jg) (Defi-

nition 6.4 (i)). Let us denote it by ) Qll ..... . Hence, in the case both is = r and i5 < r, we
get
(Siin.. i)=Y WU (s~ 1. ja). (6.11)
1seeesJd)

where (ji,..., jg) runs over the set {(ji,...,jq) | vts — 1; j1,..., ja) and vt(s;iq,
., iq) are connected}. Note that the conditions |j;| > |ij+1| in V/ and |ij+1| > |ji+1] in
V implies |ji| > |ji+1], and we get j1 < jo < --- < jq. Using Lemma 6.9 (iii), we obtain
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the followings in the same way as (6.11):

=Liji..jo= Y. VoI (s=2ki,....k),  (6.12)
(k1,....kq)

where (ki,...,kq) runs over the set {(ki,...,kq) | vt(s — 2;kq,...,kg) and vt(s —

1; ji, ..., ja) are connected}, and (S_l)Q,Jé;::iiiifi is the label of the edge between vt(s —

1; j1, ..., jq) and vt(s — 2; kg, ..., kg). By (6.11), (6.12), (s;i1,...,i4) is a linear com-
bination of {(s — 2; k1, ..., kg)}, and the coefficient of (s — 2; k1, ..., kg) is as follows:
3 150 .c -1 / ,-~-,j .
Y WO Tt (s =2k k)
where (ji, ..., jqg) runs over the set {(ji,..., jqg) | vt(s — 1; ji, ..., jq) is connected to the
vertices vt(s; i1, ..., ig) and vt(s —2; k1, . .., kg)}. The coefficient (S)Qi.ll":‘"']‘?d (s=1) Qljclliilz
coincides with the label of subpath (Definition 6.4 (iii))

Vi(s; i1, ...y ig) = Vt(s — 1; j1, ...y Ja) = vt(s — 25 k1, ..., ka).

Repeating this argument, we see that (s;iy,...,ig) is a linear combination of
(O ,....Ip1 A <= < -+« < g < T). The coefficient of (0;/1,...,1 ) is equal
to the sum of labels of all subpaths from vt(s; i1, ..., i) to vt(0;1y,...,1lz). In the case
m 4+d > r(@esp. m +d < r),forl <} < - <1y < 1,if (y,....1) =
m' +1,m' +2,....,rnd—r+m',...,2,1) (resp. = (m’ + 1,m' +2,...,m" +d)), then
we obtain (0; Iy, ...,lz) = 1 by (5.5), (5.6) and (6.5). If (/1,...,1y) is not as above, we
obtain (0; /1, ..., ly) = 0. Therefore, we see that (s; i1, ..., ig) is equal to the sum of labels
of subpaths from vt(s; i1, ..., ig) tovt(O; m’ + 1, m' +2,....r,d —r +m’, ..., 2, 1) (resp.
vtO;m’ +1,m' +2,...,m +d)).

In particular, AL(k; YY) = (m; 1,2,...,d) is equal to the sum of labels of paths in
X4(m, m’), which means AL (k; i)(Y) = ZpEXd(m,m’) o(p). a

EXAMPLE 6.10. Let us assume the same setting as Example 5.8, ie., r = 3, u =
S1525385182838182, v =e, k =5,i =(—1,-2,-3,—-1,-2,-3,—-1,-2),m =3, m' =2 and
d = 2. Therefore, by Example 6.5, we obtain

1 Y Y Y Y Y
AL DY) = — + —22 = 2yl e
Yo Y313 Y31Yon Y3iYo1 Y31 Yo3

Y 1Y Y Y 1Y Y2 Y1 1Y
2103 HN i 2 haiho

_l’_
Yiz Y2,2 Y2,2 Y2,1Y113 Y1’3

We find that this just coincides with the explicit form of AL (5;1)(Y) in Example 5.8.

REMARK 6.11. We suppose thatm’ +d < r.



EXPLICIT FORMS OF CLUSTER VARIABLES 667

(1) Definition 6.2 shows that the set X;(m, m’) is constituted by paths p

p= Vt(m; afo), o, aéo)) — Vt(m —1; ail), .. .,a;)) —
el vt(l; afm_l), .. .,afim_l)) — Vt(O; afm), o, afim))

which satisfy the following conditions: For 0 < s < m,
@ aefl.....r}1 ¢ =),
(i1) a{s) < aés) < oe < at(is),

s+ _ _(s) (s)
¢ =a;’ ora; + 1.

(iii) a
(v) (a\”,a,...,a")=,2,...,d),
(afm),...,a;m)) =m+1,m'+2,....,m" +d).

(2) By Definition 6.4, the label Q) (p) of the edge vt(m—s; a\™, al”, ..., a}") — vt(m—

s —1:a%tD g6t a(sH)) is as follows:
1 2 d
(s+1) Y (s+1)
Q(s)(p) — m—s,alY —1 o m—s,adY —1
Y ® Y ®
m—s,a, m—s,a;

(3) For G4 = SL,4+1(C), let B4 and (B_)4 be two opposite Borel subgroups in G 4,
Ny C Bj and (N_)4 C (B-)4 their unipotent radicals, and W4 be the Weyl group of
G 4. We define a reduced double Bruhat cell as LZ’” == Npg-u-NaN(B_)g-v-(B_)4.
We set u, v € W4 and their reduced word i 4 as

u:sl...srsl...Sr_l...sl...sl»n’ vV=e,
D ——

1 st cycle 2 nd cycle m th cycle
ia=(,...r,1---(r=10---1,...,in),
—— —, —
1 st cycle 2 nd cycle m th cycle

where n = [(u) and 1 < i, < r —m + 1. Let iy be the k-th index of i 4 from the
left, and belong to m’-th cycle. Using Theorem 3.3, we can define AL4 (k;ia)(Y4) :=

(A(k;ig)o xéA)(YA) in the same way as Definition 5.1, where
YA = (Yl,17 Y1,21 LRI Yl,rv Y2,17 Y2,27 IR Y2,r—17 IR Ym,lv ] Ym,i,,) € (Cx)n k]

and the map xiLAA S(CH S L'," is defined as in Theorem 3.3.
Then, we already had seen in [7] that AL4(k;ia)(Y4) = > pexyommy Q(P), where
X (m,m") and the label Q = ]_[2”:_01 0®)(p) is the one we have seen in (1) and (2).

Therefore, it follows from Proposition 6.7 that if m’ 4+ d < r, then AL(k; 1)(Y) coin-
cides with ALA(k; i4)(Y 4).
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6.3. The properties of paths in X;(m,m’). In this subsection, we shall see some
lemmas on X4(m, m’). By Remark 6.11, we suppose that m’ +d > r. We fix a path p €
Xg(m,m")

0) (0))

p= Vt(m a;’”, ..., ag 2: ai’"—z) a(m—Z))

- vt( ) sy
— vt(l; afm_l), el at(im_l)) — vt(O; afm), .. .,ac(im)) . (6.13)

LEMMA 6.12. Forp € Xgm,m')in(6.13),i (1 <i <d—1)ands (1 <s <m), if

1 - .
e Vefll<j<riand

(s) (s—D
a;” <a;y .

(S) e{j|1<j<r}, thenwe have a

()e{7|l<j<r}we
(Yl)

PROOF. Using Definition 6.2 (iii) and the assumption a

(s—1)

obtain g; e (r.r—1,...,1) by

) (Y 1
iy1 - 0

€ {r,7,r —1,...,1}. Therefore, we also get a;,

Definition 6.2 (ii). Further, it follows from Definition 6.2 (v) that a;’
LEMMA 6.13. Forp € Xy(m,m’) in (6.13) andi (r —m’' +1 < i < d), we obtain

a™ ="V = = gD T (6.14)
(m)

r—m+1 = d —r+m', and by Lemma 6.12,

PROOF. By Definition 6.2 (iv), we get a
(m) (m—1)

wealsogetd —r+m'=a,_,,  <a._ , ;=< 1. Using Lemma 6.12 repeatedly, we obtain

d—r+m = ar(’fin,ﬂ < af"f;l,ljﬂ < ar(’fm,23r3 << a[gm —d4r=m+D T which means
a" D ST - 1 <i < d).

It follows from (6.3) and Definition 6.2 (iv) that d —i +1 = o™=+ <

amTHrImED << gD < o =TT, which yields (6.14). m

(s)

By this lemma, we geta;”’ =d —i + 1 forr—m’+1 <iandm—i+r—m'+1 <s <m.

In the next lemma, we see the properties for al.(s) O<s<m—i+r—m).

LEMMA 6.14. Fori (1 <i <d)and p € Xg(m,m’), let

al-(o) — a( ) > a(z) = al-(m)

be the i-sequence of the path p (Definition 6.6).

(1) Inthecasei <r —m’,

#{Ofsfm—l|1§al.(‘)

~

(v+l)}

<r, anda m—m .
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(ii) In the casei > r —m’,

#{05s§m—i~|—r—m/|1§ai(s)

<rand ai(s) = al-(Hl)}—l—
#{OfsSm—i—i—r—m’|7§ai(s)§T}=m—m’.
PROOF. (i) Inthe case i < r — m’, Definition 6.2 (iv) and (6.3) show that

i=a¥ <aV <..<a™ =m' +i, a* =aVora +1. (6.15)

1

In particular, we get 1 < al.(s) <rforl <s <m. By (6.15), we obtain

#Ho<s<m—1|a"""=a +1} =

i(S-‘rl)} — ’

which implies #{0 <s <m — 1| a® = m—m'.

(ii) In the case i > r — m/, by (6.3), we have

0) (1) (m—i+r—m') -
;i <a  <---Zaq <1.

i=a

We suppose that

i = ai(o) < ai(l) <. < al.(l) <r and ¥ < a(l+1) < ai(m_iﬂ_m,) <71, (6.16)
forsome 1 <[ < m — i +r — m’. Definition 6.2 (iii) implies that a(YH) al( ) (Y) +1
(I1<s=<l-1)and ai(l) = r. Therefore,

i= ai(o) < ai(l) <..- < al.(l) =r, al.(SH) = al.(s) or ai(s) +1.
Sowehave #{1 <s <1 —1| a§3+1) } — (r — i) in the same way as (i).

On the other hand, by the assumption 7 < a .(Hl) < ... < ai(m_iﬂ_m,) < 1in (6.16),

i =

weclearlyseethat#{l+1§s<m—z+r—m’|7<a®§T}=m—i+r—m’—l

Hence,#{15s51—1|al.(s+l) m}~|—#{l~|—1<s<m—z+r— |r<a( <1}
l—(r—-D+m—i+r—m —l=m-m'. O

By this lemma, we define /) € {0, 1,...,m} (1 <i <d, 1 <5 < m—m') for the path

p € Xg(m, m') in (6.13) as follows: Fori < r —m’, we set {li(S)}lfsgm—m’ (ll.(l) < <

ll-(m_m/)) as
0@, Y = s e = e, 0<s <m—1}). (6.17)

Fori > r — m’, we set {li(S)}lfsgm—m’ (ll.(l) <. < ll.(m_m )) as

(D @,y
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::{s|1§al()<r a() (3+1)0<S<m—l—|—r—ml}
Uls|F<a®<T,0<s<m—i+r—m}

Wealsosetk” € {j.j|1<j<rf(l<i=<d 1<s<m—m)as

l‘(s)
kl.(s) =g

i
Using (6.3) and ll.(l) << li(m_m/), we obtain
kl_(l) <...< ki(m—m/)‘

Forl <i <d,letusdefine$; (0 <68 <m —m’) as

1<k <o <k® < <7 <k@HD << g < T

which is uniquely determined from {k*’ b
LEMMA 6.15. (i) Forl1 <i <d,

o _ K s it i e i =j<n).

s—i+r itk e{jl1<j<r}.
(i) Forl<s<m—m'and1 <i<d—1,ifk> € {(j| 1< j<r), then

(s) (s) (s) (s)
ki <k L =1

Forl<i<d—1,ifk® e (j|1<j<r), then

kl(Y) k(f)

() _ 4
i+ Lo =1

t+1

(6.18)

(6.19)

(6.20)

6.21)

PROOF. (i) We suppose that k) € {j | 1 < j < r}. The definition of [*) in (6.17)

means that the path p has the following i-sequence (Definition 6.6):

o _ . (1) @ (l“)) NN
a;” =i, a =i+1, a7 =i+2,. =i+
1V41 1D42 1?
al(, + ) 1(1) ( +2) l(l) +1, ( ) l(z)
1241 z@ 2 1?3)
G +1§2) — 14" " =i+1§2),...,a.(' : =i+l§3> —2,
l-(S_l) 1 _ l.(s—l) > _ l_(S)
;' + :i—i—ll.(s l)—s—i—2, al.(’ +2) =i+li(s 1)—s+3,...,al.(' )=
A+ _ ® 4+ _ &)
+l s+1, a’ +l s+2,....

i 1

+1

(6.22)

—s+1,
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Hence we have

(s)
KO =a) =i 419 —s 41, (6.23)
which implies /") = k) +5 —i — 1.
) 6 _ = . a“”
Next, we suppose thata;* ~ = k;7” € {j | 1 < j < r}. Using (6.3), we geta,' ~ <

(s)
I 1
a;' +)§

Thus, by the definition (6.18) of 1), we obtain I ™) = m — i +r —m/, 1"V =
m—i+r—m — l,li(m_m/_z) =m—i+r—m' =2, ...,li@) =f—i+r(s<&<m-m).
In particular, we get

<" anda e f11 = ¢ sm—itr—m),

11.(” =s—id4r. (6.24)

(i) We suppose that kl.(s) e{jll=<j=<ri If kl(_?l e {j | 1 <j <r}, then we obtain

kl.(s) < kl.(i)l in the order (2.1), and it follows li(s) < ll-(i)l from (i). So we may assume that

K efjl1<j<r)

19 41 19 41
By Definition 6.2 (i) and the definition (6.18) of I, we have a; "' < /1" =
1)
ai( jj') = kl(_?l < r. Therefore, the inequality (6.3) implies
1 19 41
P = ai(O) < ai(l) <...< ai(xﬂ) < al_(z+1+ ) <r, (6.25)
al.@) = ai({_l) or ai@_l) +1(=<¢=< ll.(i)l +1).
We obtain
I +1—s=#c]a® =a"+1, 1<¢ <1 +1}, (6.26)
. . (U ) I (s) (3]
otherwise, it follows from (6.25) and (i) that a, > l+li+1+l—s = ki+1—l =a; ] -1,
an Ay . . ..
and hence a; >a; .y ,which contradicts Definition 6.2 (ii).
The inequality (6.26) means that
s<#{c]a®=a" 1<t <i®) +1). (6.27)

. L 1941 1
On the other hand, the definition of li(s) implies al.(‘ +) = al.(‘ )

The inequality (6.3) shows

kM efjl1<j<r).

. 1o 1941
lzai(o)ﬁal.(l)f...<al.(’ ) _ l.(’ )=kl.(s),
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a =a Vora® V1 (1<c<1¥+1),

and
s=#c]a®=a""" 1<¢ <1V 41}, (6.28)
. () P +1) .
Since q; =aq, , the equation (6.28) means
s—1=#{¢]a® =a"" 1< <1} (6.29)
Thus, by (6.27) and (6.29), we have [ < )| + 1, and hence [, < [{?)|, which yields
kY < k) since k) =i 418 —s 41 <i+18 s 2=+ D+ s+ 1=k,
® N
Next, we suppose that al.(li ) = kl.(b) e{j|1<j<r} Aswehaveseenin Lemma 6.12,
(s)_ _ ‘(s)_ ‘(s) i -
we obtain i, ) € {7 |1 < j <r) Sincea, ) <ayt) < ... < qrOEDEm
wegeta, e Gll<j<rn®-1<¢<m—G+D+r—m)adlTT™ =
m—G+D+r—m 1" =m— G DA —m =1, == G D
(s <& < m — m') by the definition (6.18) of li(i)l. In particular, we get
I =s—G+D+r.
. &) _ () () ) ¥ —1)
Therefore, it follows from (6.24) that [;"" = [; gt 1. Further, k;”" = a;' ; jr h =
1)
ai(jr*l‘) = kl(_?l by Lemma 6.12. O

6.4. The proof of Theorem 5.7. In this subsection, we shall prove Theorem 5.7.
First, we see the following lemma. Let us recall the definition (5.11) of C and C.

LEMMA 6.16. For p € Xq(m,m') in (6.13), we set I, k) and &; as in (6.17),
(6.18), (6.19) and (6.21). Then we have

d
o(p) = [[Clm — 1. kD) - Tlm — 1 k)
i=1

Si+1 Si+1 —m’

C(m — 1O kO] — 1) O (m = 1T,

G+D

PROOF. At first, we geta, '

. . ®)
160 — 64D (100)

i

K1 1), (6.30)

1

6;+1)
< r, otherwise, we have 7 < a;

= k) by the definition (6.18) of /", which contradicts
(5,'+1)_1) 6;+1)

. . 1.
the assumption of §;. Further, we geta; ' l( d

1) ]

and hence
—land7 <a

e{jll<j<r)

=rbya - kl@"H)
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and Definition 6.2 (iii). Hence we obtain

G, 6i+D
1

1<a®<aV<... <’ 'or<r<a V<<a™ <1 (631
Next, for0 <s <m — land 1 <i < d, we set the label Q(al-(s) — al-(sH)) as follows:
;m;m(ilj" ifl <a” <a*V <r,
0 — ") = {yi, e =ramdr a1 63

m—s,la;
i

which means that the label Q®)(p) of the edge vt(m — s; a?), ...,ag(;)) — vt(m — s —

1; aisﬂ), e affrn) is as follows (see Definition 6.4 (i)):

d
Q(S‘)(p) — l_[ Q(ai(s) - ai(S+1)) .

i=1
Therefore, we get

m—1 d

o(p) = l—[ l_[ Q(ai(s) N ai(s+l)) ,

s=0i=1

which is obtained from Definition 6.4 (ii). To calculate ]_[:”:_01 Q(al.(s) — al.(sH)) forl <i <

m—

d, let us divide the range of product [ [} ! as follows:

8;+1) —m’

[ 1= m—1
IT . I1 and IT
s=0 s:li@"H)—l s=li(m_m/)+l

where in the case §; = m — m/, we set
S ) (6.33)

First, let us consider the first range of the product. For 0 < s < ll.(a"ﬂ) — 2, using (6.31) and
(6.32), we get

() .o (s+1) ()
=C(m—s,a; if a: =a’’,
Q(ai(s) ai(s+1)) _ Ym_w@,) ( i ) i i

1 ifa* =a® 41

i ’
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which means

&+1)
i

l 2

3i
[T (e@® = o)) =]l —12.£9), (6.34)
s=0 =1
©
by (6.18) and k) :=a" .
Next, we consider the second range of the product. If r—m’ > i thenr > m'+i = al.(m) >
(m—m")

e I
> al.(l) > a9, which implies 8; = m — m’, and nsl=1(5f+‘)_1 (Q(al»(s) — gl,(”l))) = 1by

="

(6.33). So we consider the case r —m’ < i. Fors = 197D 1, we get 0 a® — a8y =
L g 1 L

Y ®)

1 @i+1) (m—m') () _, Dy meslal)]
m,andforli <s Sll ,Q(al. —>ai ) = mby (63l)and
(6.32). Thus, we obtain

l.(m—m/)
() (s+1)
l—[ (Q(aiv _>aiv ))
S:L(Bi-%—l)_l
(m—m")
1 l Ym—s \a(s)\
= . l_[ e
Y @& +1) Y (s+1)
R A
lfmfm/)
N ' l—[ Ym—s, |ai(‘q)| 1
S:li(a,-ﬂ) Ym—s+1,|ai(s)|—1 Ym—ll.(mfm,), li(,i(m—m’)H) .
m—m’ 1
= [] con-12 k| -1} ——, (6.35)
=8 +1 Ym’+i—r,d—i
where for the third equality, we used ["™™) = m — m’ — i + r (Lemma 6.15) and

™= D) — g — i 41 (Lemma 6.13).
Finally, we consider the last range of the product. Using Lemma 6.13, Lemma 6.15 and
(6.17), we obtain

m—1 m—1 Yin—sd—i+1 / .
) ) _ . st ifr—m’ <0,
1_[ (Q(al.(b) — ai(b-‘rl))) = ]_[S—m—m —itr+l Yi—sd—i . (636)
[ 1 ifr —m’ >1i.
s=l; +
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By (6.34), (6.35) and (6.36), to prove (6.30), we need to show that

d m—1

l_[ 1 l_[ Ym—s,d—i+1 —1. 6.37)

Yoraviora—i Yi—s.a—i
i=r—m'+1 m'ti—rd ls:m—m’—i+r+1 m—s,d—i

We set

d d m—1

A= l_[ <;),and B = l_[ l_[ %

Y, i . _ .
i=r—m'+1 m'+i—r.d=i i=r—m'+1 \s=m—m'—i+r+1 m—s,d—i

We obtain the followings:

d d—1 m' +d—r—1
1 1 1
A= | | Yi = | | Yi = | | Yi ’
imr—m/ 41 m'+i—r,d—i imr—m/+1 m'+i—r,d—i k=1 k,d—r+m’'—k

and

d m—1 d m'+i—r—1

B— l—[ l—[ Y;—s,d—i+1 _ l—[ l—[ Yd—i+1

Csd—i Y5 a—i
i=r—m'+1 \s=m—m'—i+r+1 m—s,d—i i=r—m'+1 s=1 s,d—i

m'+d—r—1
l—[ ( Ys,d—r+m’—s Ys,d—r+m’—s—l Ys,d—r+m’—s—2 Ys,l)

s=1 Ys,d—r+m’—s—l Ys,d—r+m’—s—2 Ys,d—r+m’—s—3 YS,O

m'+d—r—1

l—[ Ys,d—r+m’—s s

s=1

where note that Y; o = 1 (see Remark 5.2). Thus we have A-B = 1, which implies (6.37). O

Let us prove the main theorem.

PROOF OF THEOREM 5.7. Using Lemma 6.16, we see that Q(p) (p € X4(m, m’)) is
described as (6.30) with {k*’

i }lfifd,lfsgm—m

(i), thatis, 1 < &\” <k < <k <T.1fm' +i <r,thena® <al’ <... <a™ =

i i

, which satisfy the conditions in Lemma 6.15

m’ + i, which means that 1 < ki(l) < ki(z) <...< ki(m_m,) <m'+iforl <i<r—m' For
r—m'+1<i<d,the inequality (6.3) implies 1 < k" <k® <... < k™) <T. Thus,
{kl.(s)} satisfies the conditions (x) in Theorem 5.7.

Conversely, let {K i(s)}
(%) in Theorem 5.7:

L<i<d 1<s<m—m' the set of numbers which satisfies the conditions

1<kK® <k <. <kP<T (1<s<m—m), (6.38)



676 YUKI KANAKUBO AND TOSHIKI NAKASHIMA

1<kM<oo<ck™™ <m'+i (I<i<r-m), (6.39)
and
1<k <o<k™™ <T —m'+1<i<d). (6.40)

We need to show that there exists a path p € X4 (m, m’) such that

0(p) = HC m—LO KDY Tm — L%, k)

C(m ) Clm— L™ K™ — 1), (6.41)

where §; (1 < 8; < m — m’) are the numbers which satisfy 1 < Kl,(l) <...< Kl.(‘s") <r <

7 < Ki(3i+1) <...< Ki(m_m/) <1, and

K9 +s—i—1 itKDe(jl1<j<r),

L(S) ——
P F KO o7 :
s—i+r itk e{jll<j=r},

for1 <s <m—m’and 1 <i < d. Since we supposed Kl.(s) < K(jr)l, we can easily verify

LY <L), itk el{jl1<j<r}, (6.42)
and

(s) (s) (s)

L7 =L/ +1 ifkK; el{jll<j<r}. (6.43)

We claim that 0 < L;S) < m — 1. By the condition (6.38), we get i < Ki(s). So it is clear that
0< L(S) Forl <i<r—m'and1 <s <m — m/, it follows from the condition (6.39) that
Lm K(S)—i—s—z—l <m'+i+s—i—1l=m+s—1<m—1.Forr—m' <i,weget

Ll@ <r—i+s <m'+s <m. Therefore, we have 0 < Ll@ <m—1foralll <i <dand
l<s<m-—m.
Note that if Ki(s) € {j |1 <j<r}thenr < Ki(s) < Ki(i)l < 1 and hence

LS =19 41, (6.44)
We define a path p = vt(m afo), .. afio)) - Vt(O a(m), . afim)) € Xy(m, m’) as
follows: Fori (1 <i <r —m'), we define the i-sequence (Deﬁnltlon 6.6) of p as
L0
ai(o) =1, al-(1 =i+1, a(z) =i+2,. ( - i+ L(l)
M M5 L@
R B A +L(1)+1,...,af P L@,
@ @5 ©)
(L; +) +L(2) laL +) +L(2) ,aL) +L(3) 2,

i 1 1
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(6.45)
@y ) ( e
D =i+L; —-m+m'+2,. =i+L; —m+m' +1,
L4 - L<’” 0, 2 !
ST i L e 41, a) i L w42,
L(mfm’) 3 _
i(’ +)=i—|—L§m m)—m+m’~|—3,...,al-(m)=m’+i.
Fori (r —m’ + 1 <i < d), we define the i-sequence of p as
© _ . M _ . @ ( L _ )
a;” =i, a =i+1, a7 =i+2,. i+L;",
LV+1 LV42 L®
R B +L§”+1,...,a(’)=i+L§2)—1,
LP41 L@ 2 L®
& +>=i+L§2)—1, a" P =i 1® a1 -2,
(6.46)
-1 @)
L. 1 L L. .
R Ry TR T A ey SO SIS
@) @)
L4 L 42 .
alt T i L s 1 a P =i L% — s 42,
) @i+
L +3 . LT
al( ) _ +L§5‘)—8-+3..., l( )=r,
3+1) 5+2) (m—m")
L; . L; . L! —w
al( ) Ki(3,+1) ( ) Ki(5[+2)f o ai( i ) — Ki(m m)’
L(mfm’) 1 L(m m) 2 -
A DU Ny g
1O
It is easy to see that a( ) Ki(s) (1 <s < m—m') by the above lists. Clearly, the path
p satisfies Definition 6.2 (iii) and (iv). For 1 < s < L(a"ﬂ) 1, we obtain a( ) < a by
L® L L
(6.42). For §; +1 < s < m — m/, we obtain a( ) < al(+1 ) since a( ) K(s) Kl(jr)l =
(V) (s) (s)
LY-1 L
) = %Y < %) by (6.38) and (6.43). For L™ £1 < s < m, we obtain
aV=d—i+1, andthenwegetal(ﬁl =d —lSlIlCCL(m ) =L "1 < L ") <,
(s) ()

which means a;”” < a |- Therefore, a; +1 foralll <i<d-—1landl1<s<m-—m,
which means the path p satlsﬁes Deﬁn1t1on 6.2 (ii).

Finally, for ai(s) € {7 | 1 < j < r}, we need to verify al.(s < a(C D The definition

(6.45), (6.46) of i-sequence of p shows that either s = Ll@ forsome ¢ (6; +1 < ¢ <
m —m') or L(m_m/) < s. Inthe case s = L@, using (6.38) and (6.43), we see that a.(s) =

L© 1O
= Kl.@) k@ = g% g ETTD 67D 1 the case L(m ") s, we obtain

©
(L)
i i1 = iy i+1 i+1
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ai(s) =d—i+l<d—i= al.(i_ll) since L;ﬁl_m/) = Lgm_m/) — 1 < s — 1. Therefore, we
() (

have a;” < “ii_11) for al.(s) € {j | 1 < j < r}, which means the path p satisfies Definition 6.2
).
Hence p is well-defined, and (6.41) is follows from Lemma 6.16, and Theorem 5.7

follows from Proposition 6.7. O
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