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Abstract. Let N be a positive integer greater than 1. We define a modular function of level N which is a
generalization of the elliptic modular lambda function. We show this function and the modular invariant function j

generate the modular function field with respect to the principal congruence subgroup of level N . Further we study
its values at imaginary quadratic points.

1. Introduction

For a positive integer N , let Γ (N) be the principal congruence subgroup of level N of
SL2(Z), thus,

Γ (N) =
{(

a b

c d

)
∈ SL2(Z)

∣∣∣∣ a − 1 ≡ b ≡ c ≡ 0 mod N

}
.

We denote by A(N) the modular function field with respect to Γ (N). For an element τ of
the complex upper half plane, we denote by Lτ the lattice of C generated by 1 and τ and
by ℘(z; Lτ) the Weierstrass ℘-function relative to the lattice Lτ . Let ei(i = 1, 2, 3) be the
2-division points of the group Eτ = C/Lτ . The elliptic modular lambda function λ(τ) is
defined by

λ(τ) = ℘(e1; Lτ ) − ℘(e3; Lτ )

℘ (e2; Lτ ) − ℘(e3; Lτ )
.

The function λ generates A(2) and is used instead of the modular invariant function j (τ )

to parametrize elliptic curves. Further 24λ is integral over Z[j ] (see [6] 18, §6). Note that
e3 = e1 + e2. In the case the genus of A(N) is not 0, thus N ≥ 6, A(N) has at least two
generators. It is well known that A(N) is a Galois extension over C(j) with the Galois group
SL2(Z)/{±E2}Γ (N), where E2 is a unit matrix. Therefore A(N) is generated by a function
over C(j). Henceforth let N ≥ 2. For the group Eτ [N] of N-division points of Eτ , there exists
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an isomorphism ϕτ of the group Z/NZ ⊕ Z/NZ to Eτ [N] given by ϕτ ((r, s)) ≡ (rτ + s)/N

mod Lτ . If {Q1,Q2} is a basis of Z/NZ ⊕ Z/NZ, then {ϕτ (Q1), ϕτ (Q2)} is a basis of
Eτ [N]. In this article, we consider a modular function associated with a basis of the group
Eτ [N] which is a generalization of λ(τ), defined by

Λ(τ ; Q1,Q2) = ℘(ϕτ (Q1); Lτ ) − ℘(ϕτ (Q1 + Q2); Lτ )

℘ (ϕτ (Q2); Lτ ) − ℘(ϕτ (Q1 + Q2); Lτ )
. (1)

For N �= 6, we shall show that Λ(τ ; Q1,Q2) generates A(N) over C(j). In the case N = 6,
Λ(τ ; Q1,Q2) is not a generator of A(6) over C(j), for any basis {Q1,Q2} (see Remark 3.4).

For N , let us define an integer CN as follows. Put C2 = 24. Let N > 2. If N = pm is a power
of a prime number p, then put

CN =
{

p2 if p = 2, 3 ,

p if p > 3 .

If N is not a power of a prime number, then put CN = 1. We shall show that CNΛ(τ ; Q1,Q2)

is integral over Z[j ], and the value of CNΛ(τ ; Q1,Q2) at an imaginary quadratic point is an
algebraic integer. Further if N �= 6, then it generates a ray class field modulo N over a Hilbert
class field. For the modular subgroups Γ1(N) and Γ0(N), we have obtained similar results by
using generalized lambda functions of different types. See Remark 4.6 and for more details,
refer to [4] and [5]. Throughout this article, we use the following notation:

For a function f (τ) and A =
(

a b

c d

)
∈ SL2(Z), f [A]2 and f ◦ A represent

f [A]2 = f

(
aτ + b

cτ + d

)
(cτ + d)−2, f ◦ A = f

(
aτ + b

cτ + d

)
.

The greatest common divisor of a, b ∈ Z is denoted by GCD(a, b). For an integral domain
R, R((q)) represents the ring of formal Laurent series of a variable q with coefficients in R

and R[[q]] is the power series ring of a variable q with coefficients in R. For f, g ∈ R((q))

and a positive integer m, the relation f − g ∈ qmR[[q]] is denoted by f ≡ g mod qm.

2. Auxiliary results

Let N be an integer greater than 1. Put q = exp(2πiτ/N) and ζ = exp(2πi/N). For an
integer x, let {x} and μ(x) be the integers defined by the following conditions:

0 ≤ {x} ≤ N

2
, μ(x) = ±1 ,

{
μ(x) = 1 if x ≡ 0, N/2 mod N ,

x ≡ μ(x){x} mod N otherwise.
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For a pair of integers (r, s) such that (r, s) �≡ (0, 0) mod N , consider a function

E(τ ; r, s) = 1

(2πi)2 ℘

(
rτ + s

N
; Lτ

)
− 1/12

on the complex upper half plane. Clearly,

E(τ ; r + aN, s + bN) = E(τ ; r, s) for any integers a, b ,

E(τ ; r, s) = E(τ ; −r,−s) ,
(2)

since ℘(z; Lτ) is an even function. It follows that E(τ ; r, s) is a modular form of weight 2
with respect to Γ (N) from the transformation formula:

E(τ ; r, s)[A]2 = E(τ ; ar + cs, br + ds), for A =
(

a b

c d

)
∈ SL2(Z) . (3)

Put ω = ζμ(r)s and u = ωq{r}. From proof of Lemma 1 of [3], the q-expansion of E(τ ; r, s)

is obtained as follows:

E(τ ; r, s) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ω

(1 − ω)2
+

∞∑
m=1

∞∑
n=1

n(ωn + ω−n − 2)qmnN if {r} = 0 ,

∞∑
n=1

nun +
∞∑

m=1

∞∑
n=1

n(un + u−n − 2)qmnN otherwise.

(4)

Therefore E(τ ; r, s) ∈ Q(ζ )[[q]]. For an integer � prime to N , let σ� be the automorphism of
Q(ζ ) defined by ζ σ� = ζ �. On a power series f = ∑

m amqm with am ∈ Q(ζ ), σ� acts by

f σ� = ∑
m a

σ�
m qm. By (4),

E(τ ; r, s)σ� = E(τ ; r, s�) . (5)

If (r1, s1) and (r2, s2) are pairs of integers such that (r1, s1), (r2, s2) �≡ (0, 0) mod N and
(r1, s1) �≡ (r2, s2), (−r2,−s2) mod N , then E(τ ; r1, s1)−E(τ ; r2, s2) is not 0 and has neither
zeros nor poles on the complex upper half plane, because the function ℘(z; Lτ) − ℘((r2τ +
s2)/N; Lτ ) has zeros (resp.poles) only at the points z ≡ ±(r2τ + ss)/N (resp.0) mod Lτ .
The next lemma and propositions are required in the following sections.

LEMMA 2.1. Let k ∈ Z and δ = GCD(k,N).
(i) For an integer �, if � is divisible by δ, then (1 − ζ �)/(1 − ζ k) ∈ Z[ζ ].

(ii) If N/δ is not a power of a prime number, then 1 − ζ k is a unit of Z[ζ ].
PROOF. If � is divisible by δ, then there exist an integer m such that � ≡ mk mod N .

Therefore ζ � = ζmk and (1 − ζ �) is divisible by (1 − ζ k). This shows (i). Let pi (i = 1, 2)

be distinct prime factors of N/δ. Since N/pi = δ(N/δpi), 1 − ζN/pi is divisible by 1 − ζ δ.
Therefore pi (i = 1, 2) is divisible by 1 − ζ δ. This implies that 1 − ζ δ is a unit. Because of
GCD(k/δ,N/δ) = 1, 1 − ζ k is also a unit. �
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The following propositions are immediate results of (4).

PROPOSITION 2.2. Let (ri, si ) (i = 1, 2) be as above. Assume that {r1} ≤ {r2}. Put
ωi = ζμ(ri)si and ui = ωiq

{ri}.
(i) If {r1} �= 0, then

E(τ ; r1, s1) − E(τ ; r2, s2) ≡
N−1∑
n=1

n(un
1 − un

2) + u−1
1 qN − u−1

2 qN mod qN .

(ii) If {r1} = 0 and {r2} �= 0, then

E(τ ; r1, s1) − E(τ ; r2, s2) ≡ ω1

(1 − ω1)2
−

N−1∑
n=1

nun
2 − u−1

2 qN mod qN .

(iii) If {r1} = {r2} = 0, then

E(τ ; r1, s1) − E(τ ; r2, s2) ≡ (ω1 − ω2)(1 − ω1ω2)

(1 − ω1)2(1 − ω2)2 mod qN .

PROPOSITION 2.3. Let the assumption and the notation be the same as in Proposition
2.2. Then

E(τ ; r1, s1) − E(τ ; r2, s2) = θq{r1}(1 + qh(q)) ,

where h(q) ∈ Z[ζ ][[q]] and θ is a non-zero element of Q(ζ ) defined as follows. In the case
of {r1} = {r2},

θ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ω1 − ω2 if {r1} �= 0, N/2 ,

− (ω1 − ω2)(1 − ω1ω2)

ω1ω2
if {r1} = N/2 ,

(ω1 − ω2)(1 − ω1ω2)

(1 − ω1)2(1 − ω2)2 if {r1} = 0 .

In the case of {r1} < {r2},

θ =
⎧⎨
⎩

ω1 if {r1} �= 0 ,
ω1

(1 − ω1)2
if {r1} = 0 .

3. Generalized lambda functions

For a basis {Q1,Q2} of the group Z/NZ ⊕ Z/NZ, let Λ(τ ; Q1,Q2) be the function
defined by (1). Henceforth, for an integer k prime to N , the function Λ(τ ; (1, 0), (0, k)) is



GENERALIZED LAMBDA FUNCTIONS 241

denoted by Λk(τ) to simplify the notation, thus,

Λk(τ) = ℘(τ/N; Lτ ) − ℘((τ + k)/N; Lτ )

℘ (k/N; Lτ) − ℘((τ + k)/N; Lτ )

= E(τ ; 1, 0) − E(τ ; 1, k)

E(τ ; 0, k) − E(τ ; 1, k)
.

(6)

PROPOSITION 3.1. Let {Q1,Q2} be a basis of the group Z/NZ ⊕ Z/NZ. Then there
exist an integer k prime to N and a matrix A ∈ SL2(Z) such that

Λ(τ ; Q1,Q2) = Λk ◦ A .

PROOF. Each basis {Q1,Q2} of Z/NZ ⊕ Z/NZ is given by {(1, 0)B, (0, 1)B} for

B ∈ GL2(Z/NZ). It is easy to see that B ≡
(

1 0
0 k

)
A mod N , for an integer k prime to N

and A =
(

a b

c d

)
∈ SL2(Z). Therefore Q1 ≡ (a, b),Q2 ≡ (ck, dk) mod N . Since

Λk(τ) = E(τ ; 1, 0) − E(τ ; 1, k)

E(τ ; 0, k) − E(τ ; 1, k)
,

by (3)

Λk ◦ A = E(τ ; a, b) − E(τ ; a + ck, b + dk)

E(τ ; ck, dk) − E(τ ; a + ck, b + dk)
= Λ(τ ; Q1,Q2) .

�

Let A(N)Q(ζ ) be the subfield of A(N) consisted of all modular functions having Fourier
coefficients in Q(ζ ). By (4),

Λ(τ ; Q1,Q2) ∈ A(N)Q(ζ ) . (7)

Theorem 3 of Chapter 6 of [6] shows that A(N)Q(ζ ) is a Galois extension over Q(ζ )(j) with
Galois group SL2(Z)/Γ (N){±E2}.

PROPOSITION 3.2. Let N �= 6 and let k be an integer prime to N . Then

A(N)Q(ζ ) = Q(ζ )(Λk, j) .

PROOF. By (5), Λ
σ�

k = Λk�. If A(N)Q(ζ ) = Q(ζ )(Λ1, j), then we can write Λk−1 =
F(Λ1, j) for a rational function F(X, Y ) of X and Y with coefficients in Q(ζ ). By applying
σk to this equality, we have Λ1 = Fσk (Λk, j), and A(N)Q(ζ ) = Q(ζ )(Λk, j). Therefore we
have only to prove the assertion in the case k = 1. Let k = 1 and H the invariant subgroup
of Λ1 in SL2(Z). Since Λ1 ∈ A(N)Q(ζ ), it is sufficient to show H ⊂ Γ (N){±E2}. Let
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A =
(

a b

c d

)
∈ H , thus, Λ1 ◦ A = Λ1. Then by (3) and (6),

(E(τ ; a, b) − E(τ ; a + c, b + d))(E(τ ; 0, 1) − E(τ ; 1, 1))

= (E(τ ; c, d) − E(τ ; a + c, b + d))(E(τ ; 1, 0) − E(τ ; 1, 1)) .
(8)

From Proposition 2.2 it follows:

E(τ ; 0, 1) − E(τ ; 1, 1) ≡ θ − ζq − 2ζ 2q2 mod q3 ,

E(τ ; 1, 0) − E(τ ; 1, 1) ≡ (1 − ζ )q + 2(1 − ζ 2)q2 mod q3 ,
(9)

where θ = ζ/(1 − ζ )2. By considering the order of q-series in the both side of (8), it follows
from Proposition 2.3 that

min({a}, {a + c}) = min({c}, {a + c}) + 1 . (10)

This equality implies that {a}, {a + c} �= 0. At first we shall show that c ≡ 0 mod N .
Let us assume that {c} �= 0. We have three cases: (i) {a} < {a + c}, (ii) {a} > {a + c},
(iii) {a} = {a + c}. Let us consider the case (i). Then {c} = {a} − 1 �= 0. Therefore
0 < {a}, {c} < {a + c} ≤ N/2. By comparing the coefficient of q{a} of q-series in the both
side of (8), from Proposition 2.3 it follows that

ζμ(a)bθ = ζμ(c)d(1 − ζ ) .

This gives |1 − ζ | = 1, hence N = 6, which contradicts the assumption. In the case (ii),
{c} = {a + c} − 1. Therefore 0 < {c} < {a + c} < {a} ≤ N/2. An argument similar to
that in the case (i) gives that N = 6. Now we deal with the case (iii). Put {c} = t . Then
{a} = {a + c} = t + 1 ≤ N/2, and t �= 0, N/2. Since t �= 0, the equality {a} = {a + c}
implies that c ≡ −2a mod N,μ(a) = −μ(a + c). Therefore t = 2{a} (resp.N − 2{a}) if
2{a} ≤ N/2 (resp.2{a} > N/2). The equality {a} = t + 1 implies that t = N − 2{a},thus

N = 3t + 2. Hence N ≥ 5 and {a} �= N/2. From comparing the coefficient of qt+1 of
q-series in the both side of (8), from Proposition 2.3 it follows that

ζ

(1 − ζ )2
(ω1 − ω3) = (1 − ζ )ω2 , (11)

where ω1 = ζμ(a)b, ω2 = ζμ(c)d, ω3 = ζμ(a+c)(b+d). Therefore,

ζω1ω
−1
2

(
1 − ω3ω

−1
1

1 − ζ

)
= (1 − ζ )2 .

Let N = 5. Then (1 − ζ ) is not a unit but by Lemma 2.1,

(
1 − ω3ω

−1
1

1 − ζ

)
is 0 or a unit. This

gives a contradiction. Let N ≥ 6. Then t > 1 and noting that t < N/2−1, 2t−1, N −(t +3),
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the following congruences are obtained from Proposition 2.2:

E(τ ; a, b) − E(τ ; a + c, b + d) ≡ (ω1 − ω3)q
t+1 mod qt+3 ,

E(τ ; c, d) − E(τ ; a + c, b + d) ≡ ω2q
t − ω3q

t+1 mod qt+2 .
(12)

Therefore, comparing the coefficient of qt+2 of q-series in (8), we have:

ζ(ω1 − ω3) = (1 − ζ )ω3 − 2(1 − ζ 2)ω2 .

From this, by using (11), it follows that 3 + ζ 2 = ω3/ω2. Therefore |3 + ζ 2| = 1. However

|3 + ζ 2| > 1. This is a contradiction. Hence we obtain c ≡ 0 mod N . From (10), it is
deduced that a ≡ d ≡ ±1 mod N . If necessary, by replacing A by −A, we can assume that

A =
(

1 b

0 1

)
. By (8),

(E(τ ; 1, b)−E(τ ; 1, b + 1))(E(τ ; 0, 1) − E(τ ; 1, 1))

= (E(τ ; 0, 1) − E(τ ; 1, b + 1))(E(τ ; 1, 0) − E(τ ; 1, 1)) .
(13)

By comparing the coefficients of q ,

(ζ b − ζ b+1)θ = (1 − ζ )θ .

This implies that ζ b = 1. Hence we obtain A ∈ Γ (N). �

THEOREM 3.3. Let {Q1,Q2} be a basis of the group Z/NZ ⊕ Z/NZ. Then
A(N)Q(ζ ) = Q(ζ )(Λ(τ ; Q1,Q2), j).

PROOF. By Proposition 3.1, there exists an integer k prime to N and an element A ∈
SL2(Z) such that Λ(τ ; Q1,Q2) = Λk ◦ A. Since Γ (N) is a normal subgroup of SL2(Z), the
assertion is deduced from (7) and Proposition 3.2. �

REMARK 3.4. Let N = 6. Then the matrix M =
(

3 11
1 4

)
�∈ Γ (6) fixes the function

Λ1(τ ). This fact is proved as follows. Let us consider the function

F(τ) = (E(τ ; 1, 0) − E(τ ; 1, 1))[M]2(E(τ ; 0, 1) − E(τ ; 1, 1))

− (E(τ ; 0, 1) − E(τ ; 1, 1))[M]2(E(τ ; 1, 0) − E(τ ; 1, 1))

= (E(τ ; 3, 1) − E(τ ; 2, 3))(E(τ ; 0, 1) − E(τ ; 1, 1))

− (E(τ ; 1, 4) − E(τ ; 2, 3))(E(τ ; 1, 0) − E(τ ; 1, 1)) .

Here we used (2) and (3). Then F is a cusp form of weight 4 with respect to Γ (6). If
F �= 0, then F has 24 zeros in the fundamental domain. See [7], III-6, Proposition 10.

Let A =
(

a b

c d

)
∈ SL2(Z). Then the order of F at the cusp a/c = A(i∞) is greater
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than or equal to minimum of two integers min({3a + c}, {2a + 3c}) + min({c}, {a + c}) and
min({a + 4c}, {2a + 3c}) + min({a}, {a + c}). It is easy to see that F has at least 22 zeros at

cusps other than i∞ and the coefficient of q2 of the q-expansion of F is 0. This shows that
F has at least 25 zeros. Hence F = 0.

4. Values of Λ(τ ; Q1,Q2) at imaginary quadratic points

In this section, we study values of Λ(τ ; Q1,Q2) at imaginary quadratic points. In the

case N = 2, it is well known that 24λ is integral over Z[j ]. For example see [6] 18, §6. We
shall consider the case N > 2.

LEMMA 4.1. Let k be an integer prime to N and A =
(

a b

c d

)
∈ SL2(Z). Let Ak be

a matrix of SL2(Z) such that Ak ≡
(

a bk−1

ck d

)
mod N . Then

Λk ◦ A = (Λ1 ◦ Ak)
σk .

PROOF. Let Ak =
(

t u

v w

)
. Then

(Λ1 ◦ Ak)
σk = E(τ ; t, uk) − E(τ ; t + v, (u + w)k)

E(τ ; v,wk) − E(τ ; t + v, (u + w)k)

= E(τ ; a, b) − E(τ ; a + ck, b + dk)

E(τ ; ck, dk) − E(τ ; a + ck, b + dk)

= Λk ◦ A .

�

PROPOSITION 4.2. Let N > 2 and k be an integer prime to N . Then for any A ∈
SL2(Z), (1 − ζ k)3Λk ◦ A ∈ Z[ζ ]((q)).

PROOF. By Lemma 4.1, we have only to prove the assertion in the case k = 1. Put

A =
(

a b

c d

)
. Proposition 2.3 shows that

E(τ ; a, b) − E(τ ; a + c, b + d) = θ1q
t1(1 + h1(q)) ,

E(τ ; c, d) − E(τ ; a + c, b + d) = θ2q
t2(1 + h2(q)) ,

(14)

where ti are non-negative integers, θi are non-zero elements of Q(ζ ) and hi ∈ Z[ζ ][[q]]
(i = 1, 2). This shows Λk ◦ A = ωf (q), where ω = θ1/θ2 and f ∈ Z[ζ ]((q)). Therefore it
is sufficient to prove that (1 − ζ )3ω ∈ Z[ζ ]. By Proposition 2.3, if min({a}, {a + c}) �= 0 and

{c} �= {a+c}, then θ1, θ
−1
2 ∈ Z[ζ ]. Therefore ω ∈ Z[ζ ]. Let {c} = {a+c}. If μ(c) = μ(a+c),
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then a ≡ 0 mod N . This implies that GCD(c,N) = 1 and {a} = 0 < {c} = {a + c} < N/2.
Therefore

θ1 = ζ b/(1 − ζ b)2, θ2 = ζμ(c)d − ζμ(c)(b+d),

and ω = ζ �/(1 − ζ b)3 for an integer �. Since GCD(b,N) = 1, by (i) of Lemma 2.1,
(1 − ζ )3ω ∈ Z[ζ ]. Let μ(c) = −μ(a + c). Then a ≡ −2c mod N . Since GCD(a, c) = 1,
GCD(c,N) = 1. It follows that {c} �= 0, N/2 and {a}, {a + c} �= 0. Therefore θ1 ∈ Z[ζ ] and

θ2 = ζμ(c)d(1 − ζ−μ(c)(b+2d)). Let GCD(b + 2d,N) = D, then b ≡ −2d mod D, a ≡ −2c

mod D. It follows that 1 = ad−bc ≡ 0 mod D. This shows b+2d is prime to N . Lemma 2.1
shows that (1 − ζ )ω ∈ Z[ζ ]. Let min({a}, {a + c}) = 0 and {a + c} �= {c}. Then {a + c} = 0
and {a}, {c} �= 0. Therefore 0 = {a + c} < {a}, {c}, and θ1 = θ2, thus ω = 1. �

Let C2 = 24 and for N > 2 put

CN =

⎧⎪⎪⎨
⎪⎪⎩

p2 if N = p�(p = 2, 3) ,

p if N = p�(p : a prime number > 3) ,

1 if N is not a power of a prime number .

COROLLARY 4.3. Let N > 2 and k be an integer prime to N . Then CNΛk ◦ A ∈
Z[ζ ]((q)) for any A ∈ SL2(Z).

PROOF. Lemma 2.1 implies that CN/(1 − ζ k)3 ∈ Z[ζ ]. The assertion follows from
Proposition 4.2. �

THEOREM 4.4. Let {Q1,Q2} be a basis of the group Z/NZ ⊕ Z/NZ. Then the func-
tion CNΛ(τ ; Q1,Q2) is integral over Z[j ]. Further Let θ be an element of the complex
upper half plane such that Q(θ) is an imaginary quadratic field. Then CNΛ(θ; Q1,Q2) is an
algebraic integer.

PROOF. For N = 2, the assertion has been already proved. Let N > 2. For an integer
k prime to N , let us consider a polynomial of X:

Ψk(X) =
∏
A

(X − CNΛk ◦ A) ,

where A runs over all representatives of SL2(Z)/Γ (N){±E2}. Then each coefficient of
Ψk(X) is belong to Z[ζ ]((q)) and is SL2(Z)-invariant, and has no poles in the complex half
plane. Therefore Ψk(X) is a monic polynomial with coefficients in Z[ζ ][j ]. Since CNΛk ◦ A

is a root of Ψk(X) = 0, CNΛk ◦ A is integral over Z[ζ ][j ]. From Proposition 3.1 and the
fact that Z[ζ ][j ] is integral over Z[j ], it follows that CNΛ(τ ; Q1,Q2) is integral over Z[j ].
Since j (θ) is an algebraic integer (see [1],Theorem 10.23) and CNΛ(θ; Q1,Q2) is integral
over Z[j (θ)], CNΛ(θ; Q1,Q2) is an algebraic integer. �

THEOREM 4.5. Let N �= 6 and {Q1,Q2} be a basis of the group Z/NZ ⊕ Z/NZ.
Let θ be an element of the complex upper half plane such that Z[θ ] is the maximal order of
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an imaginary quadratic field K . Then the ray class field RN of K modulo N is generated by
Λ(θ; Q1,Q2) and ζ over the Hilbert class field K(j (θ)) of K .

PROOF. The assertion is deduced from Theorems 1, 2 of [2] and Theorem 3.3. �

REMARK 4.6. Let k and � be integers such that 0 < k �= � < N/2, GCD(k + �,N) =
1. We consider a function

Λ∗
k,�(τ ) = ℘( k

N
; Lτ ) − ℘(k+�

N
; Lτ )

℘ ( �
N

; Lτ ) − ℘(k+�
N

; Lτ )
.

This is a modular function with respect to the group

Γ1(N) =
{(

a b

c d

)
∈ SL2(Z)

∣∣∣∣ a − 1 ≡ c ≡ 0 mod N

}
.

In Corollary 1 of [4] we show that Λ∗
k,� and j generate the function field rational over Q(ζ )

with respect to Γ1(N). Let the notation be the same as in Theorem 4.5. From Corollary 3
and Theorem 4 of [4], we obtain that RN is generated by Λ∗

k,�(θ) and ζ over the Hilbert class

field of K and that Λ∗
k,�(θ) is an algebraic integer under an additional assumption GCD(k(k+

2�),N) = 1.
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