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Introduction.

This paper originates from a question raised by Professor J. J.
Schaffer during the meeting on Banach spaces at Kent State University
in August, 1977. The question is this: Let X and Y be compact Haus-
dorff spaces, let C(X)*(resp. C(Y)*) be the lattice of non-negative continuous
functions on X(resp.Y), and let T be a lattice isomorphism of C(X)*
onto C(Y)*; does T preserve the strict inequality <? Here, for f and
g in C(X)*, f<g means that f(x)<g(x) for each z in X. By Kaplansky’s
theorem [7], if C(X)* and C(Y)* are lattice isomorphic, then X and Y
are homeomorphic, and so we may assume that X=1Y. It turns out that
the answer to Schiffer’s question depends on the space X, and the rather
unexpected result is: Each lattice isomorphism of C(X)* onto igself
preserves the strict inequality if and only if X is not the Stone-Cech
compactification of a non-compact, o-compact, locally compact Hausdorff
space. If X satisfies this condition, we say that the space X has property
(S). (The reason for our choice of the letter “S” should, by now, be
clear.) Professor E. Hewitt then started to ask us questions concerning
the case where X and Y are not assumed to be compact. Then we can
no longer assume that X=7, and the answer to Schaffer’s question (as
generalized by Hewitt) depends on the topological properties of X and
Y. Property (S), suitably generalized, again plays the central role. The
purpose of the present paper is to present the answers to the questions
of Schiffer and Hewitt, to investigate related questions, and to establish
further properties of spaces with (S).

The paper is organized as follows: Section 1 contains characterizations
of those compact Hausdorff spaces X such that each lattice isomorphism
- C(X)*—C(X)* preserves the strict inequality. The proofs are relatively
simple and transparent.

Section 2 contains generalizations of the results of Section 1 to non-
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compact spaces. The lack of compactness introduces various complications
which unfortunately render the section somewhat opaque. (The reader
who is not interested in the non-compact case can proceed from Section
1 directly to Section 4.) More specifically, we first assume that, for
Tychonoff spaces X and Y, there exists a lattice isomorphism CX)r—
C(Y)* that does not preserve the strict inequality, and from this as-
sumption we deduce certain topological properties of X and Y. These
properties are subsequently shown to be sufficient for the existence of
non-strict lattice isomorphisms. For the convenience of organization,
property (S) is defined purely topologically, and it is shown that each
lattice isomorphism of C(X)* onto itself is strict if and only if X has
property (S). One indispensable tool in our analysis is the isomor-
phism o of Boolean algebra of regular open subsets of X onto that
of Y that corresponds to a lattice isomorphism C(X)*—C(Y)*. The
construction of ¢ and the derivation of a few of the properties of o
that are needed in Section 2 are carried out in the beginning of the
section. Additional properties of ¢ are established in Section 3. For
instance, it is shown that ¢ can be described by a continuous one-to-one
map of X into the real-compactification »Y of Y. From this it is a
simple matter to recover Shirota’s theorem [10]: If X and Y are real-
compact and if C(X)* and C(Y)* are lattice isomorphic, then X and Y
are homeomorphic. This is a generalization of the theorem of Kaplansky
mentioned above.

In Section 4, we consider the class of topological spaces with property
(S). The product of a family of spaces with property (S) has again
property (S). The notion of weakly sequential spaces is introduced, and
it is proved that a weakly sequential space has property (S) and that the
product of a family of first-countable spaces is weakly sequential. Although
a quotient of a space with property (S) need not have property (S), a
quotient of weakly sequential space is again weakly sequential. Finally,
we give necessary and sufficient conditions for Y to satisfy the following:
X X Y has property (S) for each Tychonoff space X.

We are grateful to Professor J. J. Schaffer for raising the original
question and for the subsequent correspondence on the subject, and to
Professor E. Hewitt for encouraging us to consider the non-compact case.
We also acknowledge with gratitude Professors W. W. Comfort, E. van
Douwen, and E. Michael for enlightening us with topological information
concerning property (S) and for giving us permission to incorporate some
of their remarks into the present paper.
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§1. Lattice isomorphisms (the compact case).

Let X and Y be compact Hausdorff spaces, and let C(X)* and C(Y)™*
denote the lattices of all non-negative continuous real-valued functions
on X and Y respectively. A map T:C(X)*—C(Y)" is called a lattice
isomorphism if it is one-to-one, onto, and, for f and g in C(X)*, Tf =
Tg if and only if f<g. The last condition is equivalent to T(fAg)=
T(HOANT(@) (or T(fFVg)=T()V T(9)) for arbitrary f and ¢ in CX)".
Clearly the inverse of a lattice isomorphism is also a lattice isomorphism.
A lattice isomorphism 7: C(X)*—C(Y)* is said to be strict if Tf<Tyg
whenever f<g, where f<g means that f(x)<g(x) for each z in X. For
a real-valued function f on X, the support of f (denoted by supp f)
is defined by {x: f(x)+0}".

LEMMA 1.1. Let T be a lattice isomorphism C(X)™—C(Y)*, where
X and Y are compact Hausdorff spaces. Then for each y im Y, there
i8 a unique point P(y) in X such that Tf(y)=0 whenever f € C(X)" and
o(y) ¢ supp f. Moreover, the map y+— o(y) 18 continuous.

Proor. Fix a point y in Y, and let % be the family of all open
subsets U of X such that Tf(y)=0 whenever feC(X)" and supp f CU.
Then % is closed under finite unions. In fact, suppose that U,, U,e ¥
and supp fc U,U U, for some fin C(X)*. Then there are f,, f, in C(X)*
such that suppf,cU,(i=1,2) and f=f,Vf.,. By the definition of 7,
Tf(y)=0 for i=1, 2, whence Tf(y)=T(/,V)W)=(Tf,V Tf)(y)=0. This
shows that U,uU,e%. Let V=U%. If suppfcV, then supp fC
UU---UU, where U, e % (i=1, ---,n). Since U,U---UU, € %, we have
Tf(y)=0. Hence Vez. If V=X, then Tf(y)=0 for all f in C(X)* in
contradiction to the fact that 7 is onto. Hence V=+X. Suppose that
X~V contains two distinct points x, and x,. Then there are disjoint open
neighborhoods W, and W, of x, and «, respectively. Since W, ¢ 7/, there
is a g, in C(X)* such that suppg,c W, and Tg,(y)>0. Similarly, there
is a g, in C(X)* such that suppg,c W, and Tg,(y)>0. Since 9,A\g.=0,
0=T(9,A9.)¥)= (Tg,A Tg,)(y)>0. This contradiction shows that X~V
is a singleton. Let po(y) be the unique element in X~V, then o(y)
satisfies the condition of the lemma. Suppose that a point  in X also
satisfies the condition. Then X~ {x}e %, and hence X~{r}c V=X~
{o(y)}. Therefore x=p(y). To see the continuity of o, let W be an open
neighborhood of p(y). Then there exists an & in C(X)* such that supphC w
and Th(y)>0. Let U={z:z€ Y and Th(z)>0} Then U is a neighborhood
of y and p[U]cC W.
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We call the map p:Y—X in Lemma 1.1 the map associated with
the lattice isomorphism T: C(X)*—C(Y)*.

LEMMA 1.2. Let T and p be as in Lemma 1.1. Then p is a homeo-
morphism, and p7': X —Y is the map associated with T ': C(Y)*—C(X)*.

PROOF. Let 0 be the map associated with 7. Suppose that op(x) ¢
supp f for some z in X and f in C(X)*. Then there is an open neigh-
borhood V of 0(x) in ¥ such that o[V]Nsupp f=@. By the definition
of o, we then have Tf|V=0 and, consequently, A(x) ¢ supp (Tf). Since
0 is associated with T, 0=T"'T(f)(x)=s(x). It follows that o is as-
sociated with the identity: C(X)*—C(X)*, and consequently p@=id.
Reversing the roles of T and T, we see also that gpo=id. Hence p is
a homeomorphism and p=p™.

It follows from Lemma 1.2 that, if X and Y are compact Hausdorft
spaces such that C(X)* and C(Y)* are isomorphic as lattices, then X and
Y are homeomorphic. This was proved by Kaplansky [7] and was subse-
quently generalized by Shirota [10] (cf. Remark 3.8(b) below). Since our
analysis of T would yield Kaplansky’s theorem automatically, we began
this section with two compact Hausdorff spaces X and Y. In the rest
of the section, however, we only consider lattice isomorphisms of C(X)*
onto itself.

LEMMA 1.3. Let T and p be as in Lemma 1.1 with X=Y. If f
and g are elements of C(X)* such that f(x)<g(x) for each x in an open
subset U of X, then Tf(y)=Tg(y) for each y in p[U]. In particular,
FU=g|U implies Tf|p ' [Ul=Tyg|p'[U]

Proor. Let h be a member of C(X)* such that supp hcp[U]. Then,
for each x in X~ U, po7'(x) ¢ supp » and hence T 'k (x)=0. It follows that
FANT7h=gA\T'h, whence hATf<hATg. Therefore Tf=<Tg on p'[U].

Let U be an open subset of X. Then by C*(U)* we shall denote
the lattice of all bounded continuous non-negative functions on U.

LEMMA 1.4. Let T and p be as in Lemma 1.1 with X=1Y, let U be
an open subset of X, and let V=p0p"[U]. Then there is a lattice isomor-
phism Ty: C*(U)*—C*(V)* such that, for each f in C(X)*, T, (f|U)=
Tf|V.

PrOOF. Given g e C*(U)*, we define T,(g) as follows: Let xze U and
let W be an open neighborhood of x such that W-c U. Then g|W- can
be extended to an element i in C(X)*. Define Ty,(g)(0~(x)) = T(h)(p ' (x)).
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Then by Lemma 1.3, T,(g)(0 *(x)) is well-defined. Since T,(g) and T(h)
agree on o '[W], Ty(g) is continuous at p~'(x). From the definition it is
clear that T, (f|U)=Tf|V for each f in C(X)*. Also in view of Lemma
1.3, T, preserves the order relation <. Consequently, T,(g) € C*(V)*
whenever g € C*(U)*. Finally by applying the same construction to T
and V, we see immediately that (7Y, T,=id. Similarly 7T, (T™),=id.
Therefore T, is a lattice isomorphism.

The next theorem is the main theorem of this section. This theorem
will be generalized in the next section with a considerably more compli-
cated proof.

THEOREM 1.5. Let X be a compact Hausdorff space. Then the
Sollowing conditions are equivalent:

(1) Each lattice isomorphism of C(X)" onto itself is strict.

(2) X is not the Stome-Cech compactification of a mon-compact,
locally compact, o-compact Hausdorff space.

(3) X 18 mot the Stone-Cech compactification of a mon-pseudo-
compact Tychonoff space.

PrROOF. (1)=(2). Suppose that X=RQU where U is a non-compact,
locally compact, o-compact subspace of X. Then U is a proper dense
open F,-set in X. Therefore, there is a ¢ in C(X)* such that U=
{x: p(x)>0}. We define a map T,: C*(U)*—C*(U)* as follows:

_ (f@) if flx)=1 . T
To()(x)= {(f(x))w’ i Fa)<1 feC*U),xeU).
The inverse T,' is given by a similar formula:
) _ {9(@) if gx)=1 .
T, (9)(x)—{(g(x))1/¢m i glm)=1 (geC*(U),xeU).

Hence T is a lattice isomorphism. The restriction map »: C(X)* —C*(U)*
is a lattice isomorphism. Hence we can define a lattice isomorphism
T:C(X)*—-C(X)* by T=r"'Tyr. Clearly, T1)=1 and T(1/2)(x)=(1/2)*™
for  in X. Since {x: ¢(x)=0} is not empty, T(1/2)< T(1) is false. Thus,
if X does not satisfy condition (2), then there is a non-strict lattice
isomorphism of C(X)* onto itself.

(2)=(3). Suppose that Y is a non-pseudo-compact Tychonoff space
and X=pBY. Then there is a bounded continuous real-valued function
S on Y such that f(y)>0 for each ¥ in Y and inf{f(y):y € Y}=0. Let
f be the continuous extension of f to X, and let U={x: f(*)>0}. Then
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U is a proper dense open F',-set in X, and X=8U since YCUCRY=X.
Hence X does not satisfy condition (2). '

(8)=(1). Assume that X does not satisfy condition (1). Then there
is a lattice isomorphism T: C(X)*—C(X)* which is not strict. Let f, g
be members of C(X)* such that f<g but Tf<Tg is false. Let V=
{x: Tf(x)< Tg(x)}. Then V is a proper open F,-subset of X. Let p: X—X
be the map associated with 7, and let U=p[V]. Then, since p is a
homeomorphism, U is a proper open F,-subset of X. We claim that V
and, hence, U are dense in X. For, otherwise, there would be a non-void
open set W such that WNV=®. Then Tf|W=Tg| W, and therefore
Flo[W]=g|o[W] by Lemma 1.3 (applied to T'). This contradicts the
assumption that f<g. We now show that X=QU. Let heC*(U)".
Then there is a positive number ¢>0 such that f|Useh+f|U=g|U. If
eh+f|U can be extended to a continuous function ¥ on X, then e™'(k—f)
is a continuous extension of % to X. Hence for the purpose of extending
h continuously to X, we may assume that f<h<g on U. Then by
Lemma 1.4, T,(h)eC*(V)" and Tf<T,(h)<Tg on V. Consequently, if
we extend T,(h) to a function I on X in such a way that [ agrees with
Tf and Tg outside V, then [ is continuous and [ € C*(X)*. Let h=T"Q).
Then by Lemma 1.4, T, (h)=1|V=Tk)|V="Ty,(h|U). Since T, is one-to-
one, we have h=h|U. Hence h admits a continuous extension to X.
This shows that X=pU, and, since U is clearly not pseudo-compact, X
does not satisfy condition (3).

In §2, condition (2) of Theorem 1.5 is generalized to an arbitrary
Tychonoff space and is called property (S).

§ 2. Lattice isomorphisms (the general case).

In this section we generalize the results of §1 to Tychonoff (i.e.,
completely regular and T,) spaces. Although the spirit of the proof for
the general case remains the same as that of the compact case, the detail
becomes far more complicated.

One of the reasons for the complication is that, for an arbitrary
Tychonoff space X, we must distinguish C(X)* (the lattice of all con-
tinuous non-negative functions on X) from C*(X)* (the lattice of all
bounded continuous non-negative functions on X). For Tychonoff spaces
X and Y, a lattice isomorphism T:C(X)*—C(Y)* or T: C*(X)* —-C*(Y)" is
defined in the same way as in the compact case (§1). As before, a lattice
isomorphism is said to be strict if it preserves the strict inequality <.

In the general case, it is not always possible to construct the map
associated with a lattice isomorphism. The following lemma provides a
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substitute in the form of an isomorphism of Boolean algebras of regular
open sets. An open subset U of a topological space X is called regular
if U=U"". Here A° denotes the interior of the set A. We note that if
A is closed. then A° is regular. Let <#(X) denote the family of all
regular open subsets of X. It is well-known that #(X) is a complete
Boolean algebra [1, p. 216]. The Boolean operations are given as follows:
For wwcZ(X), V.or=(U.%)"° and A.% =(N.27)"% and for Ue #(X),
U'=X~U". If U, Ve Z(X), then UNn V e & (x) and, therefore, UA V=
UNV. The partial ordering of .<Z(X) is given by the inclusion: U<V
if and only if Uc V.

Let X be a Tychonoff space. For an f in C(X)*, let Z(f)={x: S(x)=0}.
A subset of X of the form Z(f) is called a zero-set in X. For a regular
open subset U of X, let I, ={f: f e C(X)* and Uc Z(f)}. A similar object
can be defined for C*(X)*, namely I, N C*(X)*, which we continue to
denote by I,. We note that, for U, Ve.<#(X), Vc U if and only if
I,cI,. We also note that felI, if and only if {x: f(x)>0}cU.

THEOREM 2.1. Let X and Y be Tychonoff spaces and let T: C(X)*—
C(Y)* (or T:C*(X)*—C*(Y)") be a lattice isomorphism. Then there is
a corresponding isomorphism o:. B (X)—.B(Y) of Boolean algebras such
that T[I;]=I,, for each U in .Z(X). The inverse isomorphism
07 .FB(Y)—> AB(X) corresponds to T .

ProoF. We give a proof only for T:C(X)*—C(Y)*. The proof of
the other case is essentially identical.

For U in 2 (X), let o(U)=(N{Z(Tf): f € I,})*. Then clearly T[I,]C
I,y and o(V)co(U) whenever VcU. If fel, and geI,, then TOHN
T(9)=T(f A g)=T(0)=0, or equivalently Z(Tf)U Z(Tg)=Y. It follows that
(NMZ(TS): fehU(N{Z(T9):geI,})=Y and hence oc(HU(N{Z(Tg9): g€
I,})=Y. Therefore o(U")D(Y~a(U)) =Y ~a(U)"=0(U)Y. Suppose that
S ¢lI,. Then there is a g in I, such that 04g<f. Then Tge Ly, L,
and 0+ Tg<Tf. Therefore Tf¢I,,. This shows that T I;1=1,4,.

Since T7': C(Y)*—C(X)* is a lattice isomorphism, it follows from
what is already proved that there exists an order preserving map
G: #(Y)—.#(X) such that T-[I,]=Is., for each Ve#Z(Y). Then for
such V, I, =TT'[I,]=T[I; )= I,55. Hence V=05(V) for each V in
F#(Y), i.e., 06=id. Similarly Go=id. Consequently ¢ is an isomorphism
of partially ordered sets and, hence, of Boolean algebras, and G=o"".
This completes the proof.

REMARK 2.2. The isomorphism o . constructed in Theorem 2.1 neces-
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sarily preserves all the Boolean operations. In particular, if U, V € &2(X),
then o(U")=0(U) and a(UN V)=0(UA V)=0(U)Aa(V)=0(U)No(V). Let
7 be a subfamily of <Z(X) such that U .o is dense in X. Then V.7 =
X, and therefore Y=0(X)= V{o(U):U e &}, i.e., U{o(U):U € .} is dense
in Y.

In the following lemma, the notation is that of Theorem 2.1.

LEMMA 2.3. Let f and g be members of C(X)* (or C*(X)*) such that
f@)<g(x) for each point x in U, where Ue #(X). Then Tf(y)< To(y)
for each y in a(U).

PROOF. Again the proofs for two cases are identical. Let h be an
arbitrary function in C*(X)* such that {y: h(y)>0}co(U). Then ke I,,.,
and therefore T '(h)e I, by Theorem 2.1. By hypothesis, fFAT'(h)=
gA T-'(h). It follows that (TAHAR=TUEAT'M)S=TQGANT*(h)=(Tg)Nh.
The conclusion now follows.

A subset U of a Tychonoff space X is said to be C*-imbedded in X
if each bounded continuous real-valued function on U admits a continuous
real-valued extension to X. Clearly this is the case if and only if the
restriction map C*(X)*—C*(U)* is onto.

LEMMA 2.4. Let U be a C*-embedded subspace of a Tychonoff space
X. If feCU)* and if f<g on U for some g in C(X)*, then f can be
extended to a function in C(X)*.

PROOF. Let h=f/(g+1); then heC*(U)*. Let h be a continuous
non-negative extension of » to X. Then (g+1)h extends f and is a
member of C(X)*. _

A subset U of a Tychonoff space X is called a cozero-set if X~ U is
a zero-set. A Tychonoff space X is said to have property (S) if there
is no dense proper cozero-set that is C*-embedded in X. If X is compact
Hausdorff, then property (S) is equivalent to condition (2) (hence, to
each of conditions (1), (2), and (3)) of Theorem 1.5. Corollary 2.6 below
generalizes Theorem 1.5 to Tychonoff spaces. The next two theorems
are the main results of this section.

THEOREM 2.5. Let X and Y be Tychonoff spaces. If there exists a
lattice isomorphism T:C(X)*—C(Y)" which is not strict, then:

(i) X does mot have property (S); and

(ii) Y does mot have property (S).

THEOREM 2.5*. Let X and 'Y be Tychonoff spaces. If there exists a
lattice isomorphism T:C*(X)*—C*(Y)* which is mot strict, then:
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(1) FHither X does not have property (S) or X is not pseudo-compact;
and
(i1) Y does not have property (S).

Proor. We shall give a proof for Theorem 2.5*. Modifications for
the proof of Theorem 2.5, if necessary, will be given in parentheses.

We break the proof into four steps.

I. We first prove that, by modifying the given 7T, we obtain a
lattice isomorphism 7% C*(X)*—C*(Y)* such that T1(y)=0 for some ¥ in
Y. By hypothesis there exist elements f and g of C*(X)* such that
f<g and such that Tf<Tg is false. We may and do assume that f=0,
because the map hi—T(f + k) — T(f) is a lattice isomorphism C*(X)*—C*(Y)*,
which maps g—f to Tg—Tf. Let M be a positive number such that
g<M, and let 6(x)=(log M—log g(x))/log 2. Define T,: C*(X)*—>C*(X)* by

L Mha) if h@)=2,

Ti(h)(x)= 1
f(z 3

M(Eh(x)) @ if h@)<2.
Then it is easy to check that 7, is a lattice isomorphism such that
T,(1)=g. (For the case of Theorem 2.5, define T,:C(X)*—C(X)* by
T.(h)=gh for each h in C(X)*.) Hence T=TT, is a lattice isomorphism
such that T(1)=T(g), and therefore T'(1)(y)=0 for some y in Y.

II. By step I, we may assume that the isomorphism 7 of the theorem
satisfies T1(y)=0 for some y in Y. Let 0: 2 (X)—.Z(Y) be the iso-
morphism of Boolean algebras that corresponds to T, and let N denote the
set of positive integers. For each » in N, let W,={y: Ti(y)=n"'}° and
V.,=0"(W,), and let W= U{W,:n e N}=Y~Z(T1) and V= U{V,: n e N}.
Since W,CW,,, and W,=@ for each =, it follows that V,cV,,, and
V.#@. The interior of Z(T1) is empty. For, otherwise, there would
be a non-void regular open set U such that Uc Z(T1). Then, by Lemma
2.3, 1=0 on ¢7(U), which is absurd. Therefore W is dense in Y, and
consequently V is dense in X by Remark 2.2.

For each n, by forming the composite of 71 and a suitable continuous
function on the real line, we obtain a continuous function Y.t Y —][0, 1]
such that

¥(y)=1 if Tl(y)zn', and
¥ay)=0 if Tly)=(n+1)7.

Let g.,=+,-T1l. Then, for m=n, g,|W,=T1|W,. Also 0<9,=T1 and
g. € IW;‘+1 for each n. Let ¢,=T"g,. Then, from Theorem 2.1 and Lemma
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2.3, we see that:

() éulV.=1 for m=n;

(b) 0=¢,=<1 for each =; and

(¢) ¢.€ly, e i.e., {x: ¢,(x)>0}C V,,, for each n.

Finally, let ¢= 2{2”‘¢,, ne€N}. By (b), ¢ is well-defined and is con-
tinuous. It follows from (a) and (¢) that

(@) V={x: ¢(x)>0}.
If xeV,, then ¢@)=< D {2 n=m}=2-2™ from (¢). Since, as noted
above, V, +#¢ for each m, we also have

(e) inf {¢(x): x € X}=0.

III. Now we distinguish two cases according to V=X or V+X.

Case 1. V=X. In this case, the existence of the function ¢ satisfying
(d) and (e) shows that X is not pseudo-compact. (We show in step IV
that Case 1 cannot occur for Theorem 2.5.)

Case 2. V=X. In this case, V is a proper dense cozero-set. We
shall prove that V is C*-embedded in X. Let f be an arbitrary element
of C*(V)* such that 0<f<1. For each n in N, let f, be the element
of C*(X)* defined as follows:

[\ V=f-6,1V and f,=0 on X~V.
Then, from (@), fu|V.=f.|V.=f|V, for m=n, and, from (b),
0=f.=1.

Therefore, by Lemma 2.3, Tf,.|W,=Tf,|W, for m=n. Furthermore,
since 0= Tf, <T1, Tf,=0 on Z(Tl)=Y~W. It follows that h(y)=
lim, Tf,(y) exists for all ¥ in Y. Clearly, h|W,=Tf,|W, and 0<h<T1.
Consequently h e C*(Y)*. (In case of Theorem 2.5, hc C(Y)*.) Let f=
T-'(h). Then, by Lemma 2.3 again, f|V,=f,|V.=f|V, for each n, i.e.,
FflV=f. This proves that V is C*-embedded in X, and, therefore, X
does not have property (S).

IV. Finally we show that the proper dense cozero-set W is C*-
embedded in Y. (We shall also rule out Case 1 of part III for Theorem
2.5.) This will complete the proof.

Let h be an arbitrary member of C(W)*. For each n, define a function
h, on Y as follows:

h,|\W=hy,|]W and h,=0 on Y~W.

From the properties of {v,} (see part II), it follows that %, is continuous
and h,|W,=h,|W,=h|W, for m=n.
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(Consider the case of Theorem 2.5. Since T"*hk,)|V,=T"h,)|V, for
mz=n, f(x)=lim, T7'(h,)(x) exists for each « in V and f|V,=T"h,)|V,
for each n. Hence f is continuous on V. Assume now that V=X.
Then fe(CX)*, and Tf|W,=h,.|W,=h|W, for each =, i.e., Tf|W=h.
This shows that each function in C(W)* can be extended to a continuous
function on Y. This is absurd, because the function y+—(T1(y))™ on W
cannot be extended continuously to Y. This proves that Case 1 cannot
occur for Theorem 2.5.)

Now assume that the h satisfies h<1. Then clearly 0<h,<1 for
each n. As in the last paragraph, f(x)=1im, T7'(h,)(x) exists for each x in
V, f is continuous on V and 0<f<T'(1)|V. Since feC*(V)* and since
either V=X or V is C*-embedded in X, there exists an f in C*(X)* such
that f|V=f. (For the case of Theorem 2.5, we only know that f € C(V)*,
However, since f<T 1) on V, there exists an f in C(X)" such that
flV=f by Lemma 2.4.) Then, as in the last paragraph, we can check
that Tf extends h. Hence W is C*-embedded in Y.

COROLLARY 2.6. Let X be a Tychonoff space. Then the following
conditions are equivalent:

(1) X has property (S).

(2) There ©s mo proper, dense, open F,-subset of X which 1s C*-
embedded.

(3) FEach lattice isomorphism: C(X)"—C(X)*t 18 strict.

(4) Each lattice isomorphism: C*(X)*—C*X)* 48 strict.

PrROOF. The implications (1)=(3) and (1)=(4) follow from Theorem
2.5. The implication (2)= (1) is obvious.

(1)=(2): Assume that U is a proper, dense, open F', in X which is
C*-embedded in X. Write U= |J {F,: » € N}, where each F, is a closed
subset of X. Let z,€e X~ U, and, for each =, let f, be a continuous
function: X —|[0, 1] such that f,(x,)=0 and f,|F,=1. Let f= >, {27"f,:
n € N}; then f is continuous and @ = Z(f)c X~ U. Therefore the cozero-
set X~ Z(f) is dense, proper and is C*-embedded in X. Thus the negation
of (2) implies the negation of (1), i.e., (1)=(2).

Finally assume that X does not have property (S). Then there is
a ¢ in C(X)* such that U={x: ¢(x)>0} is a dense proper subset of X which
is C*-embedded in X. We define a map T,: C(U)*—C(U)* as in the proof
of Theorem 1.5:

{9 if gx)=1 N
Ty(g) (@)= @™ if @)=l (geCU)", zel).
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The inverse T,' is given by a similar formula:
9(x) if g(x)=1
(gx))*= if g(x)<1

Therefore T, is a lattice isomorphism and the restriction of T, to C*(U)*
is a lattice isomorphism: C*(U)* —C*(U)*. We note that T,(9)<gV1
and T;(g9)<gV1 for each g in C(U)*. Now let f e C(X)*. Then T\(f|U)<
fVvl and T;(f|U)<fV1 on U. Hence, by Lemma 2.4, T,(f|U) and
T;Y(f|U) extend continuously to X. Let T(f) and T(f) denote the
extensions respectively. Then clearly T7T=id and TT=id. Since both
T and 7T preserve the partial ordering of C(X)*, T is a lattice iso-
morphism. Furthermore, 7T induces a lattice isomorphism C*(X)*—
C*(X)*. From the definition of T, it is clear that T(1/2)(x)=(1/2)** and
T1)=1. Since Z(¢)+ D, T(1/2)<T(1) does not hold, and therefore, T is
not strict. Hence both (8) and (4) fail. This proves that (3)=(1) and
4)=().

COROLLARY 2.7. Let X be a Tychonoff space. Then the following
two conditions are equivalent:

(1) For each Tychonoff space Y, if T is a lattice isomorphism:
C*X)*—-C*(Y)*, then T is mecessarily strict.

(2) The space X is pseudo-compact and has property (S).

T (g)(x)= (geCU),zeU).

ProoF. The implication (2)=(1) follows from Theorem 2.5. Suppose
that X does not satisfy (2). Then either X is non-pseudo-compact or it
fails to have property (S). In the latter case, there is a non-strict lattice
isomorphism C*(X)*—C*(X)* by Corollary 2.6. So assume that X is not
pseudo-compact. Then there is an element f of C*(X)* such that f>0
and inf {f(x): x € X}=0. The natural map: C*(X)* — C*(8X)* is obviously
a lattice isomorphism, but it is not strict because the extension f of f
fails to satisfy f>0. In either case, therefore, X does not satisfy (1).

The proofs of the following two corollaries are similar to the one
above.

COROLLARY 2.8. Let X be a Tychonoff space. Then the following
two conditions are equivalent:

(1) For each Tychonoff space Y, if T is a lattice isomorphism:
CX)*—C(Y)*, then T is mecessarily strict.

(2) The space X has property (S).

COROLLARY 2.9. Let Y be a Tychonoff space. Then the following
conditions are equivalent:
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(1) For each Tychonoff space X, if T is a lattice isomorphism:
CX)*—-C(Y)*, then T is mecessarily strict.

(2) For each Tychonoff space X, if T is a lattice isomorphism:
C*(X)t—>C*(Y)*, then T s necessarily strict.

(8) Then space Y has property (S).

To conclude this section, we discuss briefly some lattices of continuous
functions other than those of non-negative functions. For a topological
space X, let C(X) (resp. C*(X)) be the lattice of all continuous (resp.
bounded continuous) real-valued functions on X, and let C(X)**=
(f: feCX)*, f>0} and C*(X)™*={f:feC*X)", f>0}. The notions of
lattice isomorphisms and strict lattice isomorphisms can easily be extended
for these new lattices. The following theorem, which was communicated
to us by Professor Schaffer, makes it clear that we have not lost gen-
erality by considering exclusively the lattices of non-negative functions.

THEOREM 2.10. For topological spaces X and Y, the following
statements are equivalent:

(1) Each lattice isomorphism: C(X)—C(Y) is strict.

(2) Each lattice isomorphism: C(X)*—C(Y)* is strict.

(8) Each lattice isomorphism: C(X)**—C(Y )" s strict.

Also the following statements are equivalent:

(1)* Each lattice isomorphism: C*(X)—C*(Y) is strict.

(2)* Each lattice isomorphism: C*(X)*—C*(Y)* s strict.

(3)* Each lattice isomorphism: C*(X)**—C*(Y)*™* 4s strict.

PROOF. A continuous order isomorphism of (— o, ) and (0, «)(e.g.
x+—¢*) induces an order isomorphism of C(X) and C(X)** which preserves
the strict ordering <. Therefore (1) and (3) are equivalent. Assume (1)
and let T: C(X)J“—>C’(Y)+ be a lattice isomorphism. Extend T to C(X)
by the formula: T(f)=T({")— T~ Y f e C(X)), where f*=fV0and f~=
—(fA0). It is easy to see that T is order preserving. Since T(f)A
T(f)=T(f*Af)=0, T(f)*=T(f*) and T(f)"=T(f7). If we denote by
T a similar extension of T~ to C(Y), then T~ 1T(f Y=T(T(f)*)—

T T )=T (TS HN—T T )=f"—f"=f. Hence T-T=id, and simi-
larly 7T-'=id. Hence T is a lattice isomorphism, and it is strict by the
assumption. Therefore T is strict. Finally assume (2), and let T: C(X) —
C(Y) be a.lattice isomorphism. If feC(X), then h— T(f+h)—T(f) is
a lattice isomorphism: C(X)*—C(Y)*. Hence T(f+h)>T(f) for each
h such that A>0. Therefore T is strict. The proof of the *-version is
identical.
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§3. The isomorphism o.

In Section 2, the isomorphism ¢ of Boolean algebras of regular open
sets was introduced as a substitute for the associated map p, which
played an important réle for the compact case. For the purpose of
proving the main Theorem 2.5, it was not necessary to delve into the
nature of 0. In the present section we shall examine the map ¢ more
closely. For the moment, let X and Y be compact Hausdorff spaces and
let T:C(X)*—-C(Y)* be a lattice isomorphism. Then the connection
between the associated map 0:Y—X (Lemma 1.1) and 0: & (X)—.2(Y)
that corresponds to T' (Theorem 2.1) can easily be described: If Ue .22 (X)
and f eI, then UNsupp f=@. Hence, if yep[U], then p(y) ¢ supp f
and, hence, Tf(y)=0 by the definition of the associated map. In other
words, T[IyJCI,-y,;. Since p™* is associated with 7', we also have
T [L-yplcIy. 1t follows that T[I,]=I,-y, i.e.,0(U)=p '[U]. One of
the results of this section is that the map ¢ can be described in terms of a
map X—RY in case X and Y are only assumed to be Tychonoff spaces.
Throughout the section, unless otherwise stated, o: .2 (X)—.2(Y) is the
isomorphism of Boolean algebras that corresponds to a lattice isomorphism
T: CX)*—-C(Y)* or T: C*(X)*—C*(Y)*, where X and Y are Tychonoff
spaces..

Two subsets A and B of a topological space are said to be completely
separated in the space if there is a continuous function f on the space
into [0, 1] such that f|A=0 and f|B=1. The following simple lemma
is quite useful throughout this section. '

LEMMA 3.1. Regular open subsets U and V of X are completely sepa-
rated in X if and only if o(U) and o(V) are completely separated in Y.

PROOF. Suppose that U and V are completely separated. Then there
is a continuous function f: X—][0, 1] such that f|U=0and f|V=1. Let
9=f-T7'1;theng|U=0and g|V=T"1|V. Hence by Lemma 2.8, Tg|o(U)=
0 and Tg|o(V)=1. Clearly this implies that ¢(U) and o(V) are completely
separated. Since o' corresponds to the lattice isomorphism 7!, the
converse follows from what is already proved.

Let X be a dense subspace of a space Z. Then there is a natural
isomorphism a: FZ(Z)— Z(X). In fact @ and @™ are given by

a(U)=UnX (UeF#(Z))
a(V)y=int,el,V @ (Ve#HX)).

Here cl;A and int, A denote respectively the closure of A in Z and the
interior of A in Z.
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LEMMA 3.2. For each x in X, the intersection N{cl,;yo(U):xe Ue
A (X)} is a singleton in LY.

Proor. Let A=nN{clyyo(U): x € Ue £(X)}. By the compactness of
BY, the set A is non-void. Suppose that y,€ A, y,€ A, and y¥,#¥,. Then
there are open neighborhoods U, and U, of y, and v, respectively such
that U, e Z(BY)(1=1, 2) and U, and U, are completely separated. By the
above remark, there are V, and V, in Z2(X) such that ¢(V))=U,N Y and
d(Vy)=U,NY. By Lemma 3.1, V, and V, are completely separated. In
particular ViNV;=@. Henceeitherx ¢ Vi orx¢ V;. We may, therefore,
assume that x¢ Vi, ie.,, x€ V). Hence y,e€ACclyyo(V)) =clyo(V)) =
el (UiNY)=¢lyyUi=8Y~U,. This contradicts the fact that y, e U,.
Therefore A is a singleton.

For each « in X, let 7z(x) denote the unique element in N{clsyo(U):
xeUe #A(X)}. We say that the map 7: X — LY is induced by the lattice
isomorphism T:C(X)*—C(Y)" or C*(X)"—>C*(Y)*. The next theorem
summarizes the properties of the map 7.

THEOREM 3.3. Let 7: X— LY be as above. Then:

(i) The map T is continuous and one-to-one;

(ii) For each regular open subset U of X, clgyo(U)=clgr[U].
Moreover, T 18 the unique continuous mapping: X—LY that satisfies
this relation.

(iii) For each regular open subset U of X,

o(U)=(nt,y clspwr[UDN Y .

ProOF. (i) Let z€ X, and let V be an open neighborhood of z(x)
in BY. Then by the compactness of 2Y, there exists a regular open
neighborhood U of x such that ¢l;;6(U)c V. Then z[U]C V, and conse-
quently 7 is continuous. Next suppose that x, and x, are two distinct
points of X. Then there are completely separated regular open neigh-
borhoods U, and U, of z, and x, respectively. Then by Lemma 3.1, o(U,)
and o(U,) are completely separated in Y and, hence, in BY. Therefore
(elgya(U)) N (eleyo(U,)= @, and this implies that o(x,)+=7(x,).

(ii) Let Ue.s#(X). From the definition of 7z, z[U]Cclsy0(U) and,
therefore, cl;t[U]celsy0(U). Suppose now that y e 6(U) and V is a regu-
lar open neighborhood of ¥ in 2Y. Then there is a member W of #Z(X)
such that e(W)=VNY. Since c(UNW)=c(U)No(W)=o, UNn W=Q.
Let xe UNW; then z(x)ecly;y(a(U)Nno(W))Celgyo(W)Tel,y V.  Hence
lUlNelyy V=@, and therefore y eclyyyc[U]. This proves that o(U)C
clgyz[U]. The second statement of (ii) is obvious.
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(iii) This follows from (ii) and the formula: ¢(U)= Y nint,y el;yo(U)
(cf. the remark preceding Lemma 3.2).

ExAmMPLE 3.5.

(@) Let ¢:Y—X be a homeomorphism. Then ¢ induces the lattlce
isomorphisms T,: C(X)* —C(Y)* and T,: C*(X)*—C*(Y)*, where Ti(f)=
fop(feC(X)* or feC*(X)*). The corresponding ¢ is given by o(U)=
¢ [UJ(U € #(X)). Hence the map r induced by T, is i¢™!, where i:Y - QY
is the inclusion map.

(b) Suppose that YC X RBY. Then the restriction defines a lattice
isomorphism T: C*(X)*—C*(Y)*. It can be verified easily that the corre-
sponding ¢: Z(X)— A2(Y) is given by o(U)=UnN Y(U € (X)) and that
the induced map 7 is simply the inclusion: X—8Y. The map Y —gX
induced by T7: C*(Y)*—C*(X™") is the composite of two inclusion maps:
Y- X and X—pgX.

So far, the results are valid for lattice isomorphisms T: C*(X)*—
C*(Y)* as well as for lattice isomorphisms T: C(X)*—C(Y)*. The next
theorem, however, gives a more precise information on the ranges of
only those maps z that are induced by lattice isomorphisms C(X)*— C(Y)*.
The crucial difference lies in the following lemma.

LEMMA 3.6. Let T:C(X)*—>C(Y)* be a lattice isomorphism, and let
0. 7#(X)—A(Y) be the Boolean algebra isomorphism that corresponds
to T. If {U,:neN} is a sequence in é?(X) such that N{U,:me N}# O,
then N{o(U,):neN}#=Q.

ProorF. Without loss of generality, we can assume that U, and U,,,
are completely separated for each n. Then by Lemma 8.1, o(U,) and
o(U,,,) are completely separated. In particular o(U,,,)”"co(U,). Assume
that N{oc(U,):meN}=n{o(U,) :meN}=@. For each n, let +, be a
continuous function on Y into [0, 1] such that y,=0 on o(U,)’ and v,=1
on g(U,,,). Then supp +,={y: ¥.(y)>0}"co(U,)", and the family {supp y,:
n € N} is locally finite. Therefore the function ¢= 3 {v,- T(n): n € N}
is well-defined and ¢ € C*(Y). Since ¢=T(n) on o(U,,), T '¢=n on U,,,
by Lemma 2.3. Therefore N{U,: n € N}=, contrary to the hypothesis.
Hence N{o(U,):ne N}=o.

Let X be a Tychonoff space. Then each f in C(X)* can be extended
to a continuous function f: 8X —[0, ], where [0, -] is given the order-
topology under which it is compact Hausdorff. Let R,={x: f(x) <o},
and let v .X= N {B,;: feC(X)"}. Then XcuvXcpgX, and vX is called the
real-compactification of X. If X=vX, then X is called real-compact.
The space vX itself is real-compact, i.e., vwX=vX. A Tychonoff space
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which is Lindeof is real-compact, and a topological space is real-compact
if and only if it is homeomorphic to a closed subspace of the product
of a family of copies of the real line (see, for instance, [4, p. 272]).

THEOREM 3.7. Let T:C(X)"—C(Y)* be a lattice isomorphism, and
let 7: X— RBY be the map induced by T. Then the image of T is contained
m vY.

ProOF. Suppose that, for some z,€ X, ¥Yo=7(x,) 2¢vY. Then there
exists a continuous map f: BY —[0, -] such that f(y,)=c and f(y)<
for each ¥ in Y. For each positive integer =, let V,={y: f(y)=n}. Then
clearly (N{V.:neN)NY=. Since V, is a neighborhood of y,=7(x,),
there exists a regular open neighborhood U, of z, such that ¢[U,]CV,.
Then by Theorem 2.3, o(U,) Celyut[U,]JV,. Consequently N{o(U,):
neNc(N{V,:ne N)N Y=, whereas x,€ N{U,: ne N} This contra-
dicts Lemma 3.6.

REMARK 3.8.

(¢) Both Lemma 3.6 and Theorem 3.7 are false for lattice isomor-
phisms C*(X)*—C*(Y)*. Let X be a Tychonoff space which is not
pseudo-compact. ThenvX=pBX. The restriction map T: C*(BX)" > C*(X)*
is a lattice isomorphism, and the induced map 7 is the identity map:
BX —pBX (Example 8.5(b)). Therefore Theorem 3.7 and, hence, Lemma
3.6, are no longer valid for lattice isomorphisms C*X)r—-C*(Y)*.

(b) Let T:C(X)*—C(Y)* be a lattice isomorphism. Then, because
of Theorem 3.7, we may regard the induced map as a map X —>vY rather
than a map X—BY. Now assume that both X and Y are real-compact.
Then the lattice isomorphisms T and T~ induce 7: X—Y and T:Y—->X
respectively, and, by using Theorem 3. 3(ii), it is straight forward to
prove that t7=id and 7r=id. In particular, X and Y are homeomorphic.
This is Shirota’s theorem [10], which generalizes a Kaplansky’s theorem
for compact X and Y [7].

The next theorem explains why we need not consider lattice isomor-
phisms of the type C*(X)*—C(Y)".

THEOREM 3.9. Let X and Y be Tychonoff spaces. If C*(X)" and
C(Y)* are lattice isomorphic, then Y is pseudo-compact, and consequently
C(Y)r=C*(Y)".

PROOF. If C*(X)* and C(Y)* are lattice isomorphic, then C(BX)*
and CY)* are lattice isomorphic. Since both BX and vY are real-
compact, they are homeomorphic by Remark 3.8(b). Hence vY is compact.
This implies that vY=8Y or, equivalently, that Y is pseudo-compact.
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§4. Spaces with property (S).

In this section we discuss a number of conditions for a Tychonoff
space to have property (S). We also consider the permanence of property
(S). The most notable fact is that property (S) is preserved under
arbitrary products. In contrast, neither a subspace nor a continuous
image of a space with property (S) has the property in general. Finally,
there is a wide class of spaces Y such that Xx Y has property (S) for
an arbitrary Tychonoff space X.

LEMMA 4.1. Let U be a cozero-set in a Tychonoff space X. If there
i8 a sequence in U that converges to a point outside U, then U is mnot
C*-embedded in X.

PROOF. Let ¢ be a continuous function on X into [0, 1] such that
U={x: ¢(x)>0}, and let {z,:n €N} be a sequence in U which converges
to a point z, in X~U. We may assume that o(x,) #~o(x;) if 1£5. Let
t,=¢(x,), and let g be a bounded continuous real-valued function on (0, 1]
such that g(t,)=(—1)*. Then the funection g9°¢ cannot be continuously
extended to X. Hence U is not C*-embedded in X.

It follows immediately from the lemma that each first countable
Tychonoff space has property (S). We shall see that this fact can be
considerably generalized. Let A be a subset of the product Xx Y. Then,
for each x in X, the section A, of A at z is the set {y: (z, ¥) € A}.

LEMMA 4.2. Let U be a cozero-subset of the product Xx Y of Tychonoff
spaces X and Y. If U is C*-embedded in Xx Y, then for each % in X,
the section U, is C*-embedded in Y. If, furthermore, U is dense in
X XY, then the closure U; is open in Y.

PROOF. Let ¢ be a continuous function on X x Y into [0, 1] such that
U={(x, ¥): ¢(x, ¥y)>0}. Fix a point =, in X, and for each (z, %) in U, let
¥(x, Y)=1(g(x, ¥)/(x, ¥))|A1. Then +r is a continuous function on U such
that +(x,, ¥)=1 whenever y € U, and such that =0 on U N[X X (Y~ U.,)l.
Let f be a bounded real-valued continuous funection on U.,. Then define
a function f on U as follows:

v, 1Y) if (@ y»elnXxU,),
0 if (x, PNelUn[Xx(Y~U,)].

Then f is bounded and continuous on U, agd F@e =1 (y) for each y
in U,,. Since U is C*-embedded in XX Y, f can bg extended to a con-
tinuous funetion f on Xx Y, and the function Y+ f(x,, ¥) is a continuous

Fla, )= {
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extension of f to Y. Thus U,, is C*-embedded in Y.

Assume next that U is dense, and let 4 be a continuous extension
of ¥ to XxY. Since UN[Xx(Y~U;)] is dense in Xx(¥Y~U,) and
since v+=0 on UN[Xx(Y~U,)), ¥v(x, y)=0 whenever y¢ U,. By the
continuity of ¥, ¥(x,, y)=1 for each y in U;,. It follows that y— y(x,, ¥)
is the characteristic function of the set U;,. Hence U, is open.

THEOREM 4.3. Let {X,:vel'} be a family of Tychonoff spaces with
property (S). Then the product X {X;:vel'} has property (S).

PrOOF. Let X= X {X,:veI'}, and assume that X does not have
property (S). Then there is a dense proper cozero-subset U of X which
is C*-embedded. Since U is an F,, U= U {C,: ne N}, where {C,:n € N}
is a sequence of closed subsets of X. Fix a point vin X~U. For each
n, there exists a closed neighborhood F, of v which is disjoint from C,.
We may assume that F, can be expressed as F,= X {F, ;v eI}, where
F,.=X, for all but a finite number of ¥’s and each F,, is a zero-set in
X,. Then F, is a zero-set in X. Let F= N{F,:neN}. Then FNU=yg,
veF, and F= X {F;:veI} where F,= N {F, . necN}. Obviously F and
each F, are zero-sets in X and X, respectively. Since UCcX~FCX,
X~F is C*-embedded in X. Also X~F is a dense proper cozero-set in
X. Hence we may and do assume that U=X~F. Fix av,inI'. Then
X, ~F, is a certain section of U, where we regard X as (X {Xr: v+ X
X,. Hence by Lemma 4.2, X; ~F) is C*-embedded in X,. Since X,
has property (S), the cozero-set X; ~F, cannot be dense in X;. Hence
the interior of F, in X, is non-void for each 7, in I.

Now, since U is dense in X, the interior of F in X must be empty.
It follows that {v: F,=X,} cannot be finite. Let {v,: n € N} be a sequence
in I" such that F, ==X, for each » and such that v,#7, if n=m. For
each n, choose an a, in X, ~F, . Define a sequence {x,} in X as follows:

a, if vy=7,
e i vET. .

Then z, € X~F=U and the sequence {x,} converges to v, which is outside
U. In view of Lemma 4.1, the set U cannot be C*-embedded in X. This
contradiction establishes the theorem.

A subset A of a topological space X is called sequentially closed if
A contains the limits of each convergent sequence in A. If each sequen-
tially closed subset of X is closed, then X is said to be sequential. A
topological space X is said to be weakly sequential if each sequentially
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closed open subset of X is closed. Equivalently, a topological space X
is weakly sequential if and only if, whenever U is a non-closed open
subset of X, there is a sequence in U that converges to a point outside
U. The following theorem is clear from Lemma 4.1 and the definition
of property (S).

THEOREM 4.4. A weakly sequential Tychonoff space has property (S).
The proof of the following theorem is straight forward and is omitted.

THEOREM 4.5. A quotient of a weakly sequential space is weakly
sequential.

The following theorem in the present generality was observed by
Professor E. Michael. The proof is also due to him.

THEOREM 4.6. Let {X;: v €I} be a family of first countable topological
spaces. Then the product X= X {X;: veI'} has the following property:
If U is an open subset of X and if x€ U, then there is a sequence in
U that converges to x. In particular, X is weakly sequential.

PrOOF. Let X be the subspace of X consisting of all points ¥ such
that {7: x(v)#y(7)} is countable. Then by Noble [9], T is a Fréchet space,
i.e., whenever AC X and y € AN %, there is a sequence in A that converges
to y. Since X is dense in X, xce U NI=(UN23)"NZ. Hence there is a
sequence in U (in fact, in UN2) which converges to z.

By combining Theorems 4.4, 4.5, and 4.6, we obtain the following
corollary.

COROLLARY 4.7. Let {X;: v €'} be a family of first countable Tychonoff
spaces. Then the product X= X {X;: veI'} and each quotient space of
X that 18 Tychonoff has property (S).

REMARK 4.8.

(a) Professor E. Michael remarked that the conclusions of Theorem
4.6 and Corollary 4.7 are valid when first countable spaces are replaced
by “bi-sequential spaces” or “W-spaces.” See Michael [8] for the definition
and the properties of bi-sequential spaces, and see Gruenhage [6] for the
definition and the properties of W-spaces.

(b) It follows from Corollary 4.7 that [0, 1]* has property (S) for
an arbitrary index set A. Hence each Tychonoff space can be embedded
in a compact Hausdorff space with property (S). This shows, in par-
ticular, that property (S) is not hereditary.
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(¢) Let X be the product of a family of first countable compact
Hausdorff spaces. Then, by Corollary 4.7, each continuous image of X
has property (S). Suppose that Y is a Tychonoff space such that 8Y is
a continuous image of X. Then, BY has property (S), and hence Y is
pseudo-compact by Theorem 1.5. This fact generalizes a theorem of
Engelking and Petezynski [5], who prove this result under the assumption
that X be a Cantor cube, that is, X={0, 1}4 for some index set A.

The next theorem shows, in part, that for Xx Y to have property
(S) it is not necessary that both spaces X and Y have property (S).

THEOREM 4.9. Let Y be a Tychonoff space with property (S). Then
the following conditions are equivalent:

(1) The product XX Y has property (S) for each Tychonoff space X.

(2) The product (BN)XY has property (S), where N 1is the space
of positive integers with the discrete topology.

(3) Each non-void open and closed subset of Y contains a G;-set
which 18 not open.

PROOF. The implication (1)=(2) is trivial. Now assume condition
(2). Let Y, be an open and closed subset of Y. Then (BN)X Y, is an
open and closed subset of (8N)x Y, and, therefore, it has property (S).
Hence in order to prove (3), it is sufficient to prove that, if each G,-set
in Y is open, then (BN)X Y does not have property (S). In fact, we
show that, if each G;-set in Y is open, then NxY is C*-embedded in
(BN)x Y. (Note that NxXY is a cozero-set in (BN)x Y.) Let f be a
continuous bounded real-valued function on NxY. We can extend f to
a real-valued function f on (8N)X Y in such a way that, for each fixed
y in Y, the function x— f(x, ¥) on BN is the continuous extension of the
function n+— f(n, y) on N. We show that f is in fact continuous on
(BN)x Y. Let (x,y,) €(BN)xY, and let ¢>0. For each n in N, let
U.={y: | f(n, ¥)—f(n, ¥,)|<e/2}. Then by assumption, V=N{U,: nw N} is
an open neighborhood of y,. By the definition of f, |f(z, ¥)—Ff(x, ¥.)|<¢e/2
forallz in BNand y in V. Let W={x: |f(x, ¥o) —F &0, ¥o) | <€/2}; then W is
an open neighborhood of w,. If (v, y)e WxV, then |f(x, ¥)—F (@ %) |<
|f@, ¥)—F@&, ¥ |+ |F @, ¥o)— (@ ¥s) | <e/2+e/2=¢c. Thus f is continuous
on (BN)xY. v

Finally assume condition (3), and assume that the product X x Y does
not have property (S) for some Tychonoff space X. Then there is a
proper dense cozero-set U in X x Y which is C*-embedded. As in the
proof of Theorem 4.3, we may assume that U=XXx Y~(A X B), where A
(resp. B) is a non-void zero-set in X (resp. Y). The cozero-set Y~B in
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Y is a section of U and, therefore, is C*-embedded in Y by Lemma 4.2.
Since Y has property (S), this implies that (Y~B)"=Y~B'#Y, i.e.,
B’ @. Because U is dense, it then follows that A°=@. By Lemma
4.2, Y~ B° and, hence, B° are open and closed. Consequently UN (X X B =
(X~A)x B®is C*-embedded in X x B°. By condition (3), there is a sequence
{W,:ne N} of open subsets of B° such that W,DW,,, for each n and
such that the intersection C= {W,: n € N} is not open. Let y,€C~C°,
and, for each =, let g, be a continuous function on B° into [0, 1] such
that ¢,(%,)=1 and g,=0 on B°~W,. Let g=23{2""g,.ne€N}. Then g is a
continuous function on B° such that 0<g<=1, ¢(»¥,) =1 and each neighborhood .
of y, contains a point ¥y with g(y)<1. Let f be a continuous non-negative
function on X such that A=Z(f), and define a continuous function » on
(X~A)xB° by

hz, y)=(@@)"""(xe X~A,yeB’).

Since (X~ A) x B’ is C*-embedded in X x B°, there is a continuous extension
h of h on XxB°. Since h(z, y,)=1 for each z in X~A and since X~ A
is dense in X, h(z, ¥,)=1. On the other hand, an arbitrary neighborhood
of y, contains a point y such that g(y)<1 and, therefore, h(x, ¥)=0.
This contradicts the continuity of 4.

EXAMPLES AND REMARKS 4.10.

() By Theorem 4.9, the product X x[0, 1] has property (S) for each
Tychonoff space X. Since Xx[0,1]—X is a continuous open map, it
follows that property (S) is not preserved by continuous open maps in
general.

(b) Let 2 be the first uncountable ordinal number, and let X be the
space of all ordinal numbers a such that 0<a <2 with the order topology.
Then X has property (S). For, if not, then there would be a proper
open dense F',-set U in X such that X=QU. If 2¢ U, then the F,-set U
cannot be dense in X. Hence 2 ¢ U. This implies that there is an ordinal
number a such that a¢ U and 0<a<2. Since o has a countable base
of neighborhoods, there is a sequence in U that converges to a. Then
by Lemma 4.1, U cannot be C*-embedded in X. Therefore X has property
(S). Let Y={a:0=a< 2}, then X=8Y. Therefore the Stone-Cech com-
pactification of a locally compact normal space can have property (S).

(¢) The space BN, of course, lacks property (S). However SN~N
has property (S). For, according to [11, Corollary 3.27], no proper F',-set
in BN~N can be dense. Professor Comfort pointed out a generalization:
Let X be a locally compact and real-compact Hausdorff space. Then
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BX~X has property (S). This follows from [2, Theorem 15.18(b)].

(d) We owe the following remarks to Professor van Douwen: If Y
is non-pseudo-compact Tychonoff space, then BY contains a copy of AN.
(In fact, let f be a continuous function on Y into [0, ] such that
sup {f(¥):y € Y}=co. Then there is a countable subset A of Y such that
SfTA] is a closed discrete subset of [0, ). The closure A of A in BY
is homeomorphic to BN.) Since BN contains a non-normal subspace (see
e.g. [4, Example 3.6.19]), BY is not hereditarily normal. Furthemore,
since |BN|=2° |8Y|=2°. In view of Theorem 1.5, we can conclude that
a compact Hausdorff space has property (S) if either (i) X is hereditarily
normal, or (ii) [X|<2°. Condition (ii) was also communicated to us by
Professor Comfort.

(¢) In a forthcoming paper [3], Professor van Douwen proves the
following theorem: If {X;:v e[} is a family of compact Hausdorff spaces
such that X, is perfect for at least two v’s or such that X, has at least
two points for an infinite number of 7’s, then each subspace Z of
X {X;:vel'} such that Z= X {X;: v €'} must be pseudo-compact. By
Theorem 1.5, the product space X {X,:veI'} has property (S). Thus,
for instance, SRxBSR has property (S) although SR does not have the
property. Here, R denotes the real line.
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