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On Normal Projective Surfaces with Trivial Dualizing Sheaf
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Let X be a normal projective surface defined over an algebraically
closed field & of characteristic #2, 3, whose dualizing sheaf w, is isomor-
phic to the structure sheaf #?;. In this paper we shall investigate such
a surface, especially when it has at least one singular point with positive
geometric genus (see Definition 1).

Normal surface singularities with small geometric genera have been
studied by many authors (ef. Artin [2], Laufer [7] and Yau [11]). Their
results show that such singularities have rather simple properties, and
it seems that the geometric genus is an important invariant for studies
of singularities.

We will determine the geometric genus of singular points on X by
means of the irregularity ¢ of a non-singular model of X (Theorem 1),
and estimate ¢ in terms of the dimension of the projective space in
which X is embedded (Theorem 3). On the other hand, as a corollary
to Theorem 1, we have HYX, ~y)=0 if X is not an abelian surface, and
hence such an X has properties similar to a K3 surface; a characteriza-
tion of X (when X is not an abelian surface) is given in Theorem 2.

The author would like to express her thanks to K. Watanabe and
F. Hidaka for their useful suggestions and encouragements and to Y.
Miyaoka whose suggestion about a “double section” of an elliptic ruled
surface was a great help to prove Lemma 2.

§1. Preliminaries.

In this section we summarize some local properties of singularities
on a normal surface. Let X be a normal surface with a singular point
x. Let m: X—>X be the minimal resolution of z and let A=Ur, 4,
denote the exceptional set w~'(x), where A,’s are the irreducible compo-
nents of A.
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PROPOSITION 1 (Mumford [8]). The intersection matrix ((A, A;)) is
negative definite.

DEFINITION 1 (Wagreich [12]). The geometric genus of x is defined
to be dim, (R'7,;), and denoted by p,(x).

PROPOSITION 2 (Artin [2]). There exists a unique divisor Z on X
satisfying the following properties:

(i) Z=0, Z+0,

(ii) (Z, A)=0 for every A,,

(iii) <f another divisor Z' satisfies the conditions above, them Z<Z'.
Further, we have supp (Z)=A.

DEFINITION 2 (Artin [2]). We call Z, determined as in Proposition 2,
t‘he fundamental divisor of A.

In what follows Z denotes the fundamental divisor of A.

DEFINITION 3 (Artin [2], Laufer [7] and Saito [10]). The point z is
said to be rational if p,(x)=0.

The singular point x is minimally elliptic if p,(Z)=1 and any one-
dimensional connected proper subvariety of A is the exceptional set for
a rational singular point, where p,(Z) denotes the arithmetic genus of Z.

The singular point x is simple elliptic if A consists of a non-singular
elliptic curve.

The following three propositions are well known and not difficult to
prove.

PROPOSITION 3. We have

pa(Ai) é pa(Z) fo'r e’ve’ry Ai ’
and

P.(4) = sup P (D)= p,(x) .

supp(D) g 4
PROPOSITION 4. The following conditions are equivalent:
(1) The local ring &,y 18 a Gorenstein ring.
(ii) The dualizing sheaf w, 18 imvertible at x.

(iii) There exists an open mneighborhood U of x such that Dy =
ﬁU—(w)'

PROPOSITION 5. Assume that &, i3 Gorestein. Then we have wr=
T* 0 Q7%(—2Z'") where Z' is an effective divisor supported on A. More-
over we have
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(i) Z'=0 if and only if « is a rational double point.
(ii) If x is not a rational double point, then supp (Z')=A.

ProrOSITION 6 (Hidaka and Watanabe [6]). Assume that &, , is
Gorenstein. Then, if p.(Z)=2, it follows that p,(x)=p.(Z)+1.

PROPOSITION 7 (Artin [1], [2] and Laufer [7]). The singular point
x 18 a rational double point if and only if x 18 a rational singularity
and O,y 18 Gorenstein.

The point x 18 a minimally elliptic singular point if and only if
p,(x)=1 and &, is Gorenstein.

§2. Singularities on a surface X with w,=.

Throughout this section, X denotes a normal projective surface with
wy= and n: X— X denotes the minimal resolution of X. We note
that every local ring #,; (x€ X) is a Gorenstein ring. Let us denonte
by S the set of singular points on X which are not rational double points.
Put ¢g=dim, HY(X, ). For any non-singular surface Y, K, denotes the
canonical divisor class of Y.

PrROPOSITION 8. (i) If X is non-singular, then X is either a K3
surface or an abelian surface.

(ii) If X has singular points and S= @, then X is a K3 surface.

(iii) If S+ @, then X is birationally equivalent to a ruled surface.
(By a ruled surface, we mean the projectivization of a vector dbundle of
rank 2 over a mon-singular complete curve.)

PrOOF. By Proposition 5 and the assumption of w,=¢";, we have
that | —K3|# @ and that —K3=0 if and only if S=@. The classifica-
tion theory of surfaces (cf. Bombieri and Husemoller [4]) shows that X
is a K3 surface or an abelian surface if —K3=0 and is birationally
equivalent to a ruled surface if | —K3|# @ and —K3+#0. Assume that X
is an abelian surface. Then X has no curve of negative self-intersection
number, and hence, by Proposition 1, we have that X=X. Q.E.D.

In what follows we are mainly concerned with the case of S+ Q.

THEOREM 1. Assume that S+ @. Then we have

(1) +f q#1, then S consists of one point with p,=q+1,

(ii) 2f q=1, then S consists of either one point with p,=2 or two
points with p,=1.
Moreover, in the second case of (ii), both of the two points are simple
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elliptic.
Before proving the theorem, we prepare some lemmas.

LEMMA 1. Let X= Xofi lﬁ% <o ﬁ”»X,,=X' be a sequence of blow-downs
obtaining a relatively minimal model X of X. Then there exists D, ¢
| —Ky,| (0=i=n) such that

(i) supp(D,) is the union of the exceptional sets of m™ which cor-
respond to the singular points in S,

(ii) p, ©8 the blow-up with center at a point on supp (D,) for 1<
t=n,

(iil)) p(D;_)=D; for 1=i=n.

Proor. The statement (i) is a consequence of the assumption w, =%
and Proposition 5. Assume we have D, ---, D, , (0<i=n) as in the
statement of the lemma. Then —D,_, is linearly equivalent to y¥K, +F
where E is the exceptional curve of the blow-up g,. Since g, is a bira-
tional morphism, we can find a divisor D, linearly equivalent to —Kj,
such that D, ,=pfD,—E. Since D,_, is effective by our assumption, we
conclude tnat D, is also effective and the center of the blow-up g, must
lie on supp (D,). Therefore, by induction on i, we have proved Lemma 1.

Let X be a ruled surface over a non-singular curve C of genus g
and let w: X —C denote the canonical surjection. Then we can find a
locally free sheaf & of rank 2 over C such that X=P(&) over C and
that & is normalized (i.e., H'(& )+#0 and H(ZX®.%¥)=0 for any invert-
ible sheaf ¥ on C such that deg ¥ <0). Then there exists a section
o: C—X with image C, such that &%(C)= /(). We fix such a C,.
Put ¢e=—(C?. Then we have —K3=2C,+(e—2¢+2)f where = means
numerical equivalence and f denotes a fibre of w.

LEMMA 2. Assume q=1. Then | —Kz| contains no irreducible curve.

Proor. If ¢=2, the lemma is trivial because p,(—Kz)=1.

We now assume that C is an elliptic curve. Suppose that there is
an irreducible element C’ in | —K3|. Since p,(C’)=1, C’ is a non-singular
elliptic curve and p=woi: C’—C is an étale morphism of degree 2, where
1: C'— X is the inclusion. Performing elementary transformations at
points of C’'NC,, if necessary, we may assume that C'NC,=@. Set
X'=P(p*&) and let w': X’'—>C’, p: X' —>X be the induced morphisms.
Then it follows easily that 3*(C’'+C,) is the sum of three disjoint elliptic
curves on X’, each of which is isomorphic to C’ via w’. Consequently
we obtain that »*& =7, P .
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Now there is an exact sequence of #,-modules:

0 > P > & » L >0

with an invertible sheaf & on C because & is normalized. Hence on C’,
0 > O » OO — p*& — 0

is exact, and so p* ¥ =#%,. This implies that #*=~,.
If =, then we infer that the exact sequence

0 > ﬁg > g > ﬂg >0
is non-trivial by the existence of C’ on X. From the result of M. F.
Atiyah [3], we get
dim | — Kz |=dim H(X, %(—Kz))—1
=dim H°(C, S*&)—1=0.

But | — K3| contains at least two elements, namely C’ and 2C,, a contra-
diction.

If %7, and ¥*=7,, then & =27,P.~. But this is impossible,
too. Indeed, '

dim | — Kz |=dim HY(X, 2z(— Kz))—1
=dim H*(C, S*¢ ®.°)—1=0,

and | —Kz|2C’, C,+C, where C, is the image of the section ¢,:C—X
corresponding to the surjection & — &,—0. Q.E.D.

LEMMA 3. Assume q=1. Then, if D is an effective divisor in | — Kz |,
we have either :

(i) D=2C,+(e—2q+2)-fibres
or

(ii) g=1 and D is the sum of two disjoint sections of w.

Proor. If D=2C,, then D is clearly of type (i) of the Lemma.
Therefore we may assume that DZ2C,.

Assume that D contains a section C, of @ as a component. Then
we have

D=C1+C2+i{fi ’

where C, is another section and f,’s are fibres. Then we get

1=p.,(D)= pa(cl) + pa(Cz) + (Cls Cz) +r—1,
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and so
2q= pa(Cl) + pa(Cz) =2—r— (Cly C2) .

Since C,#C, or C,#C,, we have (C,, C,)=0. Therefore we conclude
q=1, r=0 and (C, C)=0.

Assume that D contains no section as a component. Then the irre-
ducible decomposition of D is as follows:

D=D.+3 f.,
where f,’s are fibres. Then we have

1=pa(D)=pa(D1)+Ir .

From Lemma 2, we see r=1, and hence p,(D,)=0. This implies that D,
is contained in a fibre, which is absurd. Q.E.D.

PrRoOF OF THEOREM 1. From the Leray spectral sequence of the map
7: X — X, we have the exact sequence:

0 —> HY(X, 7y — HYX, &) — HR'n.0;) — H¥(X, T%)

— H¥(X, 7).
Since
H¥X, Oy)=H' (X, wy)=H X, )=k
and
HYX, 0y)=H X, 73Kz)=H"X, &x(—Dy))=0,
we have
(*) z%l’ P,(x)=q+1—dim H'(X, &%) .

If ¢g=0, then we get >,,.x »,(®)<1. Therefore our theorem is clear
in this case by Proposition 7. In what follows we assume that ¢g=1 and
use the notations in Lemma 1. Then, by Proposition 8, X is a ruled
surface over some non-singular curve C of genus gq.

In order to determine the geometric genus of a singular point on X,
we look at the exceptional set of it. But by virture of Lemma 1, it
suffices to consider the configuration of supp (D,) and the multiplicities
of the components of D,. In particular, we note that the number of
connected components of D, is equal to that of D,, the number of singular
points in S.
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Assume that ¢=2. Then by Lemma 3, supp (D,) is connected and
hence S consists of one point . Moreover, again from Lemma 3, D,
contains a curve of genus ¢ as a component, and hence so does D,.
Therefore, from Propositions 8 and 6, we get p,(x)=¢+1, and so
p,(x)=q+1 by (*).

Finally, we consider the case of ¢g=1. If D, is the sum of two dis-
joint elliptic curves, then so is D,, and hence S consists of two simple
elliptic singular points. Otherwise, we have D,=2C,+ e-fibres (Lemma 3)
and S consists of one point x. We shall prove p,()=2. By (*), we have
only to show p,(x)=2, and from Proposition 7, it suffices to prove that
2 is not a minimally elliptic singularity. If it were, then either every
component of D, is a non-singular rational curve or D, is some multiple
of a non-singular elliptic curve. In our situation only the latter case
could occur, so we have D,=2C,. But since (D=0, D, is not con-
tractable by Proposition 1. From the diagram of Lemma 1, we conclude
that D, contains a non-singular rational curve, and we get a contradiction.
This completes the proof of Theorem 1.

COROLLARY 1. If X is mot an abelian surface, then we have
HY(X, @%)=0.
PrROOF. This follows immediately from Theorem 1 and (*).

COROLLARY 2. If g=1, then any rational double point on X is of
type A, (cf. Saito [10]).

PROOF. Assume z is a rational double point on X. Then 7n~!(x) con-
sists of non-singular rational curves (Proposition 3) which do not meet
D, (notations are as in Lemma 1). By ¢=1, X is a ruled surface of
genus ¢, and so any rational curve on X must be either the proper
transformation of a fibre on X or that of the exceptional curve of the
blow-up g, for some i. Therefore each rational curve on X, except the
components of D, meets at most two of other rational curves. Q.E.D.

§3. Surface X with wy;=; in a projective space.

In this section we will prove two theorems concerning with the
embeddings of a normal surface X with w,=7” in projective spaces.
We restrict ourselves to the case in which the embeddings are defined
by complete linear systems on X, i.e., we treat only very ample invertible
sheaves on X.
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THEOREM 2. Let X be a normal projective surface. Then the follow-
ing conditions are equivalent:

(1) wy= and X 18 not an abelian surface.

(ii) For any very ample invertible sheaf 52 on X, a general mem-
ber of | 57| i8 a camonical curve of gemus equal to dim |57 |.

(iii) There exists a very ample invertible sheaf 5% on X such that
a general member of | 57| i3 a canonical curve of genus equal to dim |57 |.

PrOOF. We first prove the implication (i)=(ii). Given any very ample
invertible sheaf 5 on X, take a general member H of |5#°| so that H
is non-singular, irreducible and disjoint from the singular points of X.
Put g=dim |5#|. From Corollary 1 and the exact cohomology sequence
associated to the sheaf exact sequence:

0— Z(—H) > Ox » Ty — 0,

it is deduced that the genus of H is equal to g. Moreover we have
O =0 QO(H )\ u=x(H)y
Hence H is a canonical curve of genus g.

The implication (ii)=(iii) is trivial.

To complete the proof, we prove the implication (iii)=(i). Let U
denote X—Sing (X). To prove w;="%, it suffices to show wy,=o
(Proposition 4). Fix a general member H of |2#°| as before and put
g=dim | 5#°|. By our assumption, H is a canonical curve of genus g.
For each positive integer n we have an exact sequence:

0 — HYX, Or((n—1)H)) —> HYX, Px(nH)) — HH, Pu(nH))

— HY(X, Ox(n—1)H)) — HYX, Ox(nH)) .

Since dim HY(X, Zx(H))=g+1 and dim H(H, Z4(H))=g, «, is surjective.
A canonical curve is projectively normal (Saint-Donat [9]), thus we infer
that «, is surjective for all n. Hence we get

HYX, 7x)SH'(X, Ox(H))SHY(X, Zx2H))<- -+ .
Therefore, by Serre’s theorem (cf. Grothendieck [5]), we have
HYX, Zx(nH))=0 for nx=0.

On the other hand, we have @w;QZFy=, by the adjunction formula.
Therefore we get the exact sequence:

0——*(01@&}(—}1)——’(0;{ ;ﬁH 'O.
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The exact cohomology sequence associated to it, together with H(X,
Zx(H))=0, shows that H°X, w,)*0. Hence we obtatin H(U, w,)+#0
since @, has no torsion. Now non-zero element @ in H°(U, w,) defines
an effective Weil divisor on X which does not meet H because w,X7y= 7.
But H is very ample, which implies that @ nowhere vanishes on U.

This proves that w,,=.
We have seen H'(X, ©x)=0, and hence X is not an abelian surface.
Q.E.D.

THEOREM 3. Let X be a mormal projective surface with y=c%,
and let w: X—X and q be as in §2. Assume that there exists on X a
very ample invertible sheaf 57 of dim |57 |=g. Then we have

0=9=g/2 or q=g¢g.

Moreover, q=g if and only if X is a cone over a camonical curve of
genus g¢.

PrRooF. We may assume that there is a singular point on X which
is not a rational double point. The notations are the same as in Lemma
1. Take an element H in |57 | sufficiently general so that H is a non-
singular irreducible curve of genus g (cf. Theorem 2) not passing any
singular point on X. Put H=H,=zn"YH), H;=ft;0 --- o pt,(H) (i=1, ---, )
and H=H,.

We show first that for all ¢, all exceptional curves of the first kind
on X, must meet H,. Indeed, if this were not true for some 4, also on
X there exists an exceptional curve of the first kind E such that EN
H= . Since H meets all curves on X except the components of the
exceptional sets of #, E is contained in some exceptional set. But this
is impossible because X is the minimal resolution of X.

Now let us prove that 0<¢=<g/2 or ¢=g; suppose to the contrary
that (9+1)/2=<q¢<g—1. Then we see first that ¢=2, and hence X is a
ruled surface over some non-singular curve C of genus ¢. Let &, C,
and ¢ be as in §2. Secondly, we deduce that 2g—2=<2(2¢—2) and that
H is not isomorphic to C. Therefore the induced map H—C is a sur-
Jective morphism of degree 2 between non-singular curves of genus ¢
and ¢ respectively.

We claim that H is non-singular. If not, we may assume that J78
is the blow-up with center at a singular point of H, say . Let f denote
the fibre through # and f’ the proper transformation of f by g,. Since
(f, H)=2, we have multz (H)=2, and hence (f’, H,_,)=0. This does not
happen because f’ is an exceptional curve of the first kind. Thus we
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conclude that H is non-singular and is isomorphic to H.
Hence, writing H=2C,+bf for some integer b, f being a fibre, we
obtain

g=p,(H)=b+2¢q—e—1.
Then by our hypothesis we have
b=g+1—2q+e
—of9+1 _ ) <
_2( 2 q)+ese.

Therefore, by 0=<(C,, H)=—2¢+b, we get ¢<0. But by Lemma 3, we
have that ¢=>2¢—2=2 when ¢=2, a contradiction. This proves the in-
equality of the theorem. _

Assume that C is a canonical curve. Then a cone over C is a normal
surface since C is projectively normal and its minimal resolution is a
ruled surface over C. Hence “if” part of the second assertion of our
theorem is proved.

Suppose that g=g. Then X is a ruled surface over a curve C of
genus ¢g. Again we use the notations &, C, and e¢ as in §2. We note
that H—C is an isomorphism. Suppose that X=X and let ¥ denote the
center of p,. If Te H, then the proper transformation of the fibre
through % by g, is an exceptional curve of the first kind on X, , which
does not meet H,_,. If ¥ ¢ H, then ;% (%) has the same property. Anyway,
we get a contradiction, thus we obtain that X =X. Since ¢=2, we have
D,=2C,+w*(—t—e¢) by Lemma 3, where f is the canonical divisor of C
and e is a divisor on C such that

00— Fr— & — Tu(e) — 0

is exact. Since supp (D,) Nsupp (H)= @, we get e=—F and & is decom-
posable, i.e.,

XZP(ﬁCQ&,C("‘t)) ’ D,=2C, .

It follows that X is a cone over a canonical curve of genus g. Q.E.D.

§ 4. Examples.

4.1. A cone X over a canonical curve of genus g is an example of
a normal surface with w,=¢7; for any g=38. The vertex of the cone is
the unique singular point and its geometric genus is equal to g+1 (cf.
Theorems 1 and 3).
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4.2. A normal quartic hypersurface X in P° satisfies the condition
of wy=%. ’

ExAMPLE 1. X={X X!+ X, X;+ X{=0}< P?® has only one singular point
(1:0:0:0) which is minimally elliptic (cf. Laufer [7]).

EXAMPLE 2. X={X:X?+ X}+ X{=0}CP? has exactly two singular
points; (1:0:0:0) and (0:1:0:0). Both of them are simple elliptic
(cf. Saito [10]).

Also the normal complete intersection of a cubic and a quadric (resp.
three quadrics) in P* (resp. in P®) has trivial dualizing sheaf.

4.3. Finally, let us construct a normal projectlive surface X with
wy=y which is not a cone over a canonical curve and has a singular
point with p,=q¢+1 for each ¢=1.

Let C be a non-singular curve of genus ¢ and let f denote the ca-
nonical divisor of C. Take a divisor a on C such that a=dega=2q+1.
Set & =7,PpF(—t—a) and X=P(&). Let w:X—C denote the canonical
surjection and let C, be the unique element of |Z«,(1)|. Then we can
find C, C,, C,e|C,+w*(¥+a)| and a’ € |a| such that supp (C;) Nsupp (Cy)= O
(=1, 2, 3) and that B=supp (@ *a’) Nsupp (C,+ C,+C;) consists of distinet
38a points. Let X denote the surface obtained by blowing-up all points
of B. For any divisor D on X, we write D the proper transformation

of D on X. Then we see that D,=2C,+ ga’ is the anti-canonical divisor
of X and that supp (D,) Nsupp (C,+C,+C,)=@. Moreover one can check
that 2(C,+C,+C,)—D, is an ample divisor. Hence, for large N, N(C,+
C,+C,) defines a contraction of supp (D,) and the image X of the contrac-
-tion satisfies the desired properties.

ADDED IN PROOF. We thank Professor Kimiko Watanabe for pointing
out to us the following fact: There exist normal quartic surfaces with
a singular point of geometric genus equal to two; an example of such
surfaces is given by the surface defined by (X, X,—X?)*+ X#+ X;=0. This
fact and examples in §4 show that all possible singular surfaces described
in Theorems 1 and 3 really exist when g=3.
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