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Introduction

Let G be a compact connected Lie group acting smoothly and effec-
tively on a manifold X. We say that X is a (smooth) special G-manifold
(see K. Janich [6]) if for each x € X the slice representation G,— GL(V,)
is the direct sum of a transitive and a trivial representation. In this
case the orbit space M=X/G is a differentiable manifold with boundary.
K. Janich showed that a special G-manifold X is constructed by a Lie
group G, an orbit space M and an admissible orbit fine structure over
M (roughly speaking, isotropy groups of G at xe X).

Note that the following fact is known: If G is abelian, then
S[U,1=]11 [Gl=[M; BG] (see [6, Corollary 1]). That is, the isomorphic
class [X] depends only on the isomorphic class of the G-principal bundle
P, and the class [X] corresponds to a homotopy class of maps of M into
the classifying space BG. But actually the homotopy groups of X can
not be computed directly even if the homotopy groups of M are com-
putable. In general also we do not know whether this X is an aspherical
(i.e., its universal covering is contractible) manifold or not.

In this paper we give a condition that the special G-manifold is
aspherical. In this case it is known from the result of Conner and
Raymond [1, Theorem 5.6] that G is a toral group and all isotropy
groups are finite. And under this condition it follows from Lemma 1
that the orbit structure U, over M is a family of U, which is isomor-
phic to Z,. And our main result is the following

THEOREM 1. Let T* be a k-dimensional toral group (k>0), M™ an
m-dimensional compact connected differentiable manifold with boundary
oM=U.,c4 B.y where B, i3 a connected component (m>0). Let (Z,), =
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{(Z))s}zca be the orbit structure over M™. Let X**™ be the special T*-
manifold over M constructed by Janich’s method. Then X 13 aspherical
iof and only if MU, M is aspherical.

It follows that an aspherical special T-manifold X over M is an
aspherical Seifert fibered manifold in the sense of Conner and Raymond
[8]. We give some examples of aspherical special T-manifold of dimen-
sion 3 and 4 in Section 3.

§1. Prerequisites.

Let G be a compact connected Lie group acting differentiably and
effectively on a differentiable manifold X and n: X— X/G=M be a natural
projection. Let G,—GL(V,) be the induced representation of the iso-
tropy group G, in the normal space V, of the orbit Gx at a point x ¢ X.
The representation of the compact Lie group in an n-dimensional real
vector space is called transitive if its orbits different from {0} are homeo-
morphic to S*~*. A G-manifold X is called special if for each x € X the
representation G,—GL(V,) is the direct sum of a transitive and a trivial
representation. If X is a special G-manifold, then the orbit space
X/G=M has a “canonical” structure as a differentiable manifold with
boundary. A pair (X, n: X— M) is called a G-manifold over M.

Now we consider the case that G is a toral group 7. Let M be a
connected compact differentiable manifold with boundary, and denote by
B, (a € A) its boundary component and M,=M—0oM. An orbit structure
U,={U,)ecs over M consists of closed subgroups U,, a€ A, of T such
that for each aw€ A there is a transitive representation of an isotropy
group U, at the zero point.

Given a special T-manifold X over M, let Y,=n""(B,) for each a € A4,
then Y, is a compact differentiable T-invariant submanifold of X. Let
E, be the normal bundle of Y, in X. Then E, is a T-equivariant vector
bundle under the induced operation of T on E,, and there is an equi-
variant diffeomorphism from an open T-invariant neighborhood of a
zero section of E, onto an open T-invariant neighborhood of Y, in X.
Let the isotropy group at any point over M, be {¢}, and y,€ Y,. Then
the representation G, ,—GL(E,, ) is transitive and putting U.=G, we
have an orbit structure U, over M.

Next we will sketch Janich’s method for the construction of a special
T-manifold X from a T-principal bundle (P, #: P— M). Since there is a
transitive representation of an isotropy group U,, &€ A, we may take
an orthogonal representation U,— O(k,) and then an isotropy group at
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a point ¢, =(0, .-+, 0, 1) € S** is {¢} since T is abelian. It follows that
the orbit S*—! is homeomorphic to U, for each a€ A, so that U, is iso-
morphic to S* or Z,; hence k,=2 or 1 respectively. Then taking the
representation space R*: of U,-principal fiber bundle T— T/U,, we can
construct the T-equivariant vector bundle F,=T X, R*« over T/U, with
the T-invariant Riemannian metric and we have

EazFaTX Pa
and A
Ya::T/Ua T>< Pa

where P,=P|B,. With the canonical projection, E,—Y, is the T-equi-
variant vector bundle over Y, with a T-invariant Riemannian metrlc
Let E—Y denote the disjoint union of E,—Y,.

From now suppose U, is isomorphic to Z, for all «¢€ A. Then the
total space of the sphere bundle SF,=Tx,, S° of F, is isomorphic to
T, and SF,,x P, is the sphere bundle SE, of E,. Also there is the
canonical equivariant diffeomorphism i,: SE,— P,. Therefore T-manifold
to construct is essentially {ve E|||v||<1}J,P. Choose a collar £ which
is a diffeomorphism of 6M xI onto a closed neighborhood of oM in M,
where oM x{0}— M is an inclusion. Let a map pr;:oMxI—oM be a
projection onto the first factor. Then (pr,)*(P|oM)=k*P, and we choose
such an isomorphism which is the identity map over 0M. Therefore we
have the following commutative diagram.

we B||v|<lo{we Blo< | v] <1} 25 SEx(0, 1)
1(1)

oMx[0,1) D oMx(0,1) — oMx(0,1)

XIS (P1aM) % (0, 1) — P|£(6M x (0, 1)) P,=7"(M,)

L 5
—  AMx(0,1) — KGMX(0,1) C M,

where (1) is given by a projection onto oM and || --- ||, and (2) is defined
by v—@/||v]|], ||7]]). Then n: X— M is constructed from the disjoint
union {ve E|||v||<1}—oMx[0,1) and P,— M, by identifying each cor-
responding points under

fve E|I0<||v||<1}— P,

oMx(0,1) — M,.
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Then this construction yields the following classifications theorem of K.
Janich.

THEOREM. For each orbit structure (Z,), over M the isomorphism
class of special T-manifolds over M 1is classified by the T*-primcipal
bundle P— M, that s

S[(Z,)]~]11 [T*l~[M: BT*|~H*M; Z*) .

This theorem is proved in [6, pp. 309-312 and Corollary 1] (also cf.
[4]). (Note that S[(Z,),] is the set of equivalence classes of special
T-manifolds over M and J][T*] is the set of isomorphic classes of
T-principal bundle over M.)

§2. Construction theorem.

It is known that if (G, X) is a compact connected Lie group acting
effectively on a compact aspherical manifold then G is a toral group and
all isotropy groups are finite (Conner and Raymond [1, Theorem 5.6]).
As above we have seen that if X is a special T-manifold then U,=S!
or Z,. Therefore we have the following

LEMMA 1. Let (T, X) be a toral group T acting differentiably and
effectively on an aspherical special T-manifold X, then its orbit structure
over M is U,=(Z,),, where (Z,), i8 isomorphic to Z, for each ac A.

From now let T be a toral group, M™ an m-dimensional compact
connected differentiable manifold with boundary oM=U...B. (B, is a
boundary component), and (Z,), an orbit structure over M. Then we
shall investigate a special T-manifold over M constructed by Janich’s

method.
Let #: P>M™, #': P"—>M'™ be the same T-principal bundles (P,=

P|B,), and E, be defined by (T xR")rx P, which is diffeomorphic to
R'x P,; [(g, t), x]—(t, gx). Then a map p,: £E,— E, defined by

(g, t), D) =[[g, t], =]

is a double covering map and its covering transformation is (¢, 2)—(—¢, g.x)
where g, is the generator of (Z,).. And

SE,=(Tx8x P, .

Put
S.E,=(T x{1)rx P.ZP,
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and
S_E,=(Tx{—1})sX P,,EiP,; .

Choose a collar ¥ which is a diffeomorphism from oM xI onto a closed
neighborhood in M, where oM x{0}— M is an inclusion. Let a map
pr,: 9M x I— oM be a projection onto the first factor. Then (pr,)*(p|oM)=
k*P, (pr)*(P'|oM)=k*P’, and we choose such an isomorphism which is
the identity map on M. Therefore we have the following commutative
diagram:

e Elo<t<1) -2, 8, Ex(0, 1)

7D
{fv=[(g, t), xl€ E'||t|<1}
O

" we B0>t> -1} 25 S_Ex(0, 1)

! Ve
oM x[0,1) D dMx(0,1) — dMx(0, 1)

28 (PIaM)x(0, 1) — PIs@Mx(0,1)) < P
ixId '

—— (P'|oM)x (0, 1)— P’'|k(0M x (0, 1)) C Py

—— AMx(0,1) 4 £kGMx((0,1)) < M,

where (1) is given by a projection onto oM and | --- ||, and (2), (2)" are
defined by v (v/||v]|, t) (¢>0), v—(/||v]l, —t) (¢<0), respectively.

We define a manifold P, P by the disjoint union {ve E|||v||<1}—
oMx[0,1), P,—~M, and P;— M, from identifying each corresponding
points under

(ve Flo<t<l} —> P, veE|0>t>—-1}— P
and
oMx(0,1) — M, OM%(0,1) —> M

and define a projection p: P{J, P— X™** by

p(x)=2 for e P, or P,
p(W)=pav) for we{veE,||lv]<1}.

(Note that S.E,=P,; [(g, 1), z]l—gx and S_E.= Pi; [(g, —1), ] gg.x).
i %
Then we have
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LEMMA 2. p is a double covering map.

Let M’ be a copy of an m-dimensional compact connected differenti-
able manifold M, and M{J, M a differentiable manifold naturally obtained
by attaching their boundaries. Then we define a map

#U.#: PU,P— MU,M
by

@U: ) (x)=F(x)e M for ze P,
@U: )z )=7"(x"Y e M’ for x'e P!,
and a composite E‘,,,p—» E,—B,x(—1,1)—> MU, M defined by

k(#(x), t) for t=0

v=[(g, ?), z] — k(@ (), —t) for t<0 .

Then we have

LemMA 3. Z#U,%: PU, P->MU,M is a T*principal bundle over
MU, M

Now we obtain

THEOREM 1. Let T* be a k-dimensional toral group (k>0), M™ an
m-dimensional compact connected differentiable manifold with boundary
(m>0) and (Z,), the orbit structure over M™. Let X**™ be the special
T*-manifold over M constructed as above. Then X is aspherical if and
only if MU, M is aspherical.

PrROOF. By Lemma 2 the manifold X™** is aspherical if and only if

P, P is aspherical. By Lemma 3 there is an exact sequence of homotopy
groups

s (T, t) — m(PU, P, ;) — (MU, M, b)) — T (T* ty) —---

(¢ e T*, @,€ PU, P, and (U, #)(2,)=b,€ MU, M). If M, M is aspherical,
then it follows easily that P, P is aspherical. If P\, P is aspherical then
(MU, M, b,)=0 (¢=3) and w, (MU, M, b,)— (T t,)=Z* is injective, and
so T, (MU, M, b))=Z* for some k' (0K =<k). Suppose k'>0 and consider
the umversal covering M U:M of % M (M/L\}:M 5 by—b,e M, M), then

a (MU M, 5)=0 (i2) and m(MU,M, 5)=2%, that is, MU.M is a
K(Z*, 2)-space which has the same homotopy type as the k'-fold product
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of infinite dimensional complex projective spaces [[* CP=. In the co-

S~ S~
homology level H{(MU,M)=0 (i>m), since MUJ,M is the finite dimen-
sional manifold. But J[* CP= is infinite dimensional, and also there is an
integer 4 (>m) such that H(J[*CP~)#0. Thisisa contradiction. There-

fore m(MULM, 8)=m(MU,M, b)=0 and MU, M is aspherical.  q.e.d.

Since any closed 2-manifold except the 2-sphere and the real projec-
tive plane is aspherical [2, p. 40], we have

COROLLARY. A special T*-manifold X*** over M* is aspherical if
and only if M* is mot diffeomorphic to D

§3. Examples.

In this section we shall investigate the aspherical special T-manifold
over M in the case of dimensions 3 and 4. It follows from the classifi-
cation theorem of Janich (see Section 1) that any 3-dimensional aspherical
special T*-manifold (k=1,2) is perfectly determined by Example 2 and
Cases 1 and 8 (see the table at the end of this paper) up to the equivariant
diffeomorphism in the sense of Neumann [7]. And some examples of
4-dimensional aspherical special T*-manifold (k=1, 2, 8) are given by
Examples 1 (m=3), 4, 5 (m=2), 6 and Case 1, etc.

Now in general the aspherical special T*.manifold X over M is con-
structed from the disjoint union

X=P,Ufv=(llg, t], (¢', O)]) € E=(T* Xz , B)r: X P, ]|t ]| =1}

with the identifying relation as indicated in Section 1, where P— M is the
T*_principal bundle and M, M is aspherical. Let K'=X—{ve K| vl <1},
K!={wve E,l|v]|=1}, Ki=K'NnK, (which is homeomorphic to P,x{1})
and i: K’—>K', i KS>K' UK/, -, i.: K2—>K'UU:2 K, i Ka— Ko
be inclusion maps for each ac A={l, ---, n}. Then by Van Kampen’s
theorem it follows that the fundamental group of an aspherical special
T*.manifold X**™ over M™, m(X, x,) is isomorphic to the group which
is obtained from the free product of 7, (P, x,), 7Y, «,), - -+ and 7 (Y,, x,)
by adding the relations i (@,)=1m(®,) for all @,€n(P,, %), (€ P),
a=1, ---, n.

3.1. The case of T=S0(2).
Since F', is the Mobius band, we have

EXAMPLE 1.
Xm=P U (MbuxP,)

1
st x P
* g 4
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is an aspherical special SO(2)-manifold over M™ if M U, M is aspherical,
where S, is the center circle of the Mobius band Mb and P—M is the
SO(2)-principal bundle.

Especially for m=2, we have

ExXAMPLE 2.
X=S'xM¢ U MbxoM

1
s*xau

is an aspherical special SO(2)-manifold over M, where M is any 2-dimen-
sional compact connected differentiable manifold with boundary except
D*® and S, is the center circle of the Mobius band Mb.

3.2. The case of T'=8S0(2)xS0(2).
In the case of the orbit structure {{¢} x Z,},, we have

ExAMPLE 3.
X=PU{ve (SIX(SIX(ZZ)ARI))ﬂXPA' lt||=1}

is an aspherical special T?-manifold over M™ with the orbit structure
{{e} x Z,}, if MU, M is aspherical, where P— M is the T*-principal bundle.
Especially for m =2, we have

ExAMPLE 4.
X =8'%xX*— M?

is an aspherical special T2:-manifold over M with the orbit structure
{{e} x Z,},, where M is any 2-dimensional compact connected differentiable
manifold with boundary except D* and X* is the manifold of Example 2.

Next we consider the case of the orbit structure {Z,x {e}, {e} X Z,}.
Let N be any m-dimensional compact connected differentiable manifold
without boundary and M™=N"—Int (D*UD;) (m=2, D*N D= Q) such
that M~J,M™ is aspherical. Then M™=N"§(Dr$D)=N"#(IxS*1).

We shall construct an aspherical special 7%-manifold M™. First it
follows that the special T-manifold constructed over Dr#D with an
orbit structure U,={Z,x{e}, {¢} X Z,} is

X™+2—=(Mbx St Sll)_(js1 S'X Mb)x S™! —— Ix S"!

in the trivial (bundle) case, where MbxS'Usixs:S'x Mb is the manifold
Mbx S'US'x Mb intersecting canonically in S!xS!. Then the restriction
(Mb XS Usixst S* X MB) X 8™ |14 zxsm—1,— Int (I x 8™*) is the T’-principal
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bundle. P— N be any T’-principal bundle over N and form

P=(P—Int <T2X_;_pm>) T*x (Dr#Dr)—Int (T2><%D’”)>

(TZXxDM/2) (

where D™/2={(x,, ---, ®,) € R™|2?+---+2%,<1/2} is a disk regarded as
imbedded in D#D. Then

P'— M™=N"4(Dr%D;")

is a T*-principal bundle.

Note that the constructed 7T?2-principal bundle is trivial over the
boundary oM™=0D™UoD;".

Hence more generally we obtain the following

EXAMPLE 5. Let N™ be any m-dimensional compact connected dif-
ferentiable manifold without boundary, M™=N™—Int (%, D7) where
m=2 and D*NDr=g if a#a’ and MU,M be aspherical. Then the
aspherical special 7T2-manifold over M™ with the orbit structure {(Z,x
{e})za—l’ ({e} X Z2)2a}lx=1,---,n iS

X= (P- L=J Int (Tz % -;—D,;"»

U (U((mxs

unh_, a(T2x D /2) N*=t

Stx Mb) x S —TInt <T2 x _;-D,;»)))

Six st

where P— N™ is any T?*principal bundle.
As an example of another orbit structure, we have

EXAMPLE 6.

X=((T"xM, U S'xMbxS8}) U MbxS'xS;)

1 1 1 1 1 1
S XS*XSI S*XS )<‘S'2

U T*Xz,,[—1, 11x83)

sixstx s}

is an aspherical special T?-manifold over M=F —J-,Int D} (6D:=S;, a € A)
with the orbit structure (Z,).={{e}xZ,={1, 1), A, —1)},, Z,x{e}={1, 1),
(-1, D}, {@, 1), (—1, —1)};} over M, where F is a closed surface of
genus g. For example it follows from (Z,); that (g,, g,, t) is equivalent to
(—g, —g, —t) for each (g, 9,, t)€ T*x[—1,1]. Then the form of Y, is
as follows:
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as as as
7 Binaaiainlte
7

/,/ /,/

-] V4
Yo=z(S)= |bs - by . X{0} XSI=T*x S
,// ,,/
as a;i !

Then by Van Kampen’s theorem it follows that the fundamental group
of X*is
(X, 1) =((Z* (M, b)) % Z°) +, Z") * Z*
= (S H>Dm (M) * (apB<b>D<e)) X Kap@<brD<e)
;3(<a3a;>®(a;bs>€9<cs>) (represented by its generators)

with the relations

aAa=a,=0a;=0a,0;
b=>bi=b,=bsab,a;"
CiCor =X, Y, YT -+ - x,y, 2 y;t if F is orientable

=X, X, - T, if F is non-orientable .

Now we give some examples of aspherical special T*-manifold for
given orbit space M.
Results

Let Mb be the Mobius band and Kl the Klein bottle.
Case 1. M=1,

T=S, U,={Z}, X=8

=8, U,={Z}, X*=the Klein bottle

T=T*, U,={Z,x{e}, {e}xZ)}, X”=Mb><S‘S1l_JS1 S'x Mb
U,={Z, x{e}} X*=KlxS*

T=T*, U,={Z,x{e}x---x{e}, {e}x---x{e}xXZ,}
X=Mbx T* Uk T*'x Mb
T

’U4={Z2><{e}><---><{e}} X=KIxTt.
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Case 2. M=1IxA (A: an aspherical manifold without boundary)

T=T¢, U,={Z,x{e}x---{e}, {e} x -+ x{e} X Z,}
X=MbxT:'xA U T"*'xMbx A

U,={Z,x{e} x - x{e}} X=KIlx T"‘leTfXA
Case 3. M=Mb
=8, U=Z, : st‘SIXMbSILX-LMbXSI
T=T*, U=2Z,x{e}x---x{e} X"+2=(S1><MbS1LXJS1Mb><Sl)><T"“.

Case 4. M=Mbx A (A is an aspherical manifold without boundary)
T=T*, U:sz{e}x .o ><{e} X=(Sl><Mb U MbXSl)XT""le .

Sixst
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