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§1. Introduction.

In order to explain the aim of this paper we shall look at an example
by taking the Poincaré model of the hyperbolic plane D and then consider
its generalization.

1.1. Let D be the open unit disk |2/<1 in C with the usual manifold
structure but given the Riemannian structure

ds*=(1—x*—y*) ¥ (dx*+dy?) (z=x+1y) . (1.1)

Let G=8SU(1, 1) be the group of all C-linear transformations of C*® pre-
serving [2,/*—|z,/* and of determinant one. Then each element g of G
acts transitively on D as an analytic automorphism of D under

z—z-g=(a@z+R)/(Bz+a) 1.2)

and K=S0(2) is the subgroup of G fixing 0 in D, so we have the
identification: D=SO0@2)\SU(, 1). If f is a complex valued function on
D, its Fourier transform f~ on Cx4D, 6D the boundary of D, is defined
as follows: ‘

F 0, B)= SDf(z)e““”“"”dz (neC, beaD) (1.3)

for which this integral exists. Here (z, b) is the number given by the
relation
¥ =(1—|z|*)/|z—b|? (neC,beodD). 1.4)

Then the characterization of L*(D)", the set of Fourier transforms of L*
functions on D, is well-known as the Plancherel theorem on D (cf. [He],
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p. 33), though the one of L?(D)” (1=p<2) is an unsettled problem, even
if the transform is the ordinary Fourier transform on a Euclidean space
R. Let (V;,, L*@D)) (j=0, 1/2 and s€C) be the principal series repre-
sentation of G (cf. [Su], p. 212). Then by noting the identification D=
K\G we can rewrite (1.3) as

£on 0=\ 1@ Voumiarm@1 0 , (L.5)

where f(g) is identified with f(0-g), 1(b) is the constant function on oD
taking the value 1 and dg is a G-invariant measure on G. In this sense
(1.8) is based on the principal series of G, so we call (1.5) the Fourier
transform associated with the principal series of G. Then the transform
can be extended to all (non left K-invariant) functions on G for which
the integral exists.

Now we shall consider a transform which is defined by replacing the
principal series in (1.5) with the discrete series of G. Let (T, A, ._.(D))
{(ne(1/2)Z and n=1) be the (holomorphic) discrete series representation
of G (cf. [Su)], p. 237). Here A, ,(D) (0<p<c and re€ R) denotes the
(1—|z|*)-weighted L? Bergman space on D (cf. [CR], §2). Then for a
complex valued function f on G the Fourier transform F,(f) associated
with the discrete series T, is defined by

F.(NH@)= Saf @T(9791(x)dg  (ze D), (1.6)

where 1(z) is the constant function on D taking the value 1. Unlike
the previous case, for a fixed n, we can obtain a characterization of
F.(L*(®)) 1=p<2), the set of F,-Fourier transforms of L? functions on
G, as follows:

If (n, p)#(@1, 1), then F,(L*G))=A4A,,wnnp-1(D)
and a.7)
If (n, p)=(1, 1), then Fy(LXG))=H, D),

where H, (D) is the space of all holomorphic functions F' on D such that
0F/oz belongs to A, ((D) (see [Ka] and Theorem 5.5). This fact is a great
difference between the transforms (1.5) and (1.6), and essentially this dif-
ference is due to the existence of a reproducing property of holomorphic
functions on D.

The Plancherel theorem for G=SU(@, 1) (cf. [Su], p. 344) implies
that each function f in L?(G) N L*G) 1=<p=2) has a decomposition like
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f=f,+°f, where f, consists of wave packets and °f is a linear combina-
tion of matrix coefficients of the discrete series of G. Then it easily
follows from the definitions of (1.5) and (1.6) that for f e L*(G)N L*G)

0, 0)=£"( b) and F()@)=F.Cf)) . (1.8)

Moreover, F', has its support on a linear combination of the matrix
coefficients of T, whose left K-type is just the lowest K-type of T,, that
is, if +, denotes the normalized matrix coefficient of T, corresponding
to the lowest K-type, then it follows that

F.CH=F(x°f)=F.(yxf)  (feLXG)NLHG)) . (1.9)

Since +,*f belongs to L¥G) for fe L?(G) (see [KS], Theorem 9, [Co] and
Proposition 3.10), the right hand side of (1.9) is well-defined for f e L*(G)
and especially, +,*f is a linear combination of matrix coefficients of T,.
Then by approximating L?(G) with L?(G)N L*G) we see that

F,(N=F,(y.xf)  (felG) (1.10)

(see [Ka] and §4). Therefore, we can say that in (1.7) the transform
F, characterizes a “discrete part” of L?(G), the set of all L? functions
on G being of the form «,xf for fe L?(G), as a space of holomorphic
functions on D. The fact that the discrete part «.xf of fe€ L?(G) is in
L*G) implies that F,(f) has a reproducing property on D, and if the

discrete part is in L?(G), the characterization of F,(L?(G)) is given by

the first case of (1.7). On the other hand the discrete part is not
always in L?(G). This exceptional case, m=p=1, corresponds to the
second characterization in (1.7), which is related with classical analysis of
fractional derivatives of holomorphic functions on D (see [Ka] and §6).

1.2. We shall explain briefly the contents of this paper. Let G be
a connected semisimple Lie group with finite center and K a maximal
compact subgroup of G. Then the Fourier transform associated with
the principal series has been investigated by various people; for example
the Plancherel theorem for I*G), K-biinvariant L* functions on G, is
obtained by Harish-Chandra (ef. [Wa], p. 853). On the other hand, the
Fourier transform (1.6) associated with the discrete series is not paid
any attention, although the operator valued transform, which is defined
by dropping 1(z) in (1.6), was investigated as a function on 7 in [KS],
§9. So, our aim is to generalize the above result (1.7) on D to other
symmetric spaces G/K when G has the discrete series. However, because
of difficulty in calculating an explicit number (see Lemma 4.4) we assume
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that 2~=G/K is one of the classical bounded symmetric domains listed
in Table 1 (cf. [Hu] and [Kn]), and that the discrete series 7, which will

TABLE 1
Type G K 2=log(2~)
I SU(m, n) S(U(m) X U(n)) {(2€ Mp(C); I,—22">0}
I Sp(n, R) Un) {ze M,..(C); I,—22>0, z=2'}
m SO0*(2n) Sp(n) N SO2n) {ze€ M,..(C); I,+22>0, z=—2'}
v SO(n, 2) SO(n) X SO(2) {z€ C*; |22/12+1—222">0, |2z2/| <1}

be used to define the desired transform F),, is the holomorphic one whose
lowest K-type 7z is one dimensional representation of K (see [Kn] and
Table 38 in §3). Then under these assumptions we shall prove that F,
characterizes exactly a discrete part of L?(G) 1=<p=<2) as a space of
holomorphic functions on 2=log(2~).

The Fourier transform F associated with T is defined in the same
way we do on D (see (1.6) and (4.2)). Then as in the case of 2=D, to
characterize the image of L?(G) we must prepare two types of function
spaces on 2 consisting of holomorphic functions on 2. The selection of
type is decided according to the L? integrability of the matrix coefficients
of T; so let + be the matrix coefficient corresponding to the lowest K-
type z, and we say that (¢, p) is regular if (¢, p) satisfies the following
condition:

R) ¥ € L*(G) . (1.11)

Then if (4, p) is regular, the image F;(L?(G)) coincides with an L? weighted
Bergman space on 2, and if it is not regular, it coincides with a space
defined by using a generalized fractional derivatives of holomorphic func-
tions on 2 (see (5.1), (6.2) and Theorem 5.5).

In §2 we shall recall some basic properties of bounded symmetric
domains £2 and holomorphic discrete series T of G (cf. [Kn]), and in §3
we shall obtain an L? estimate of the convolution of a matrix coefficient
of T and L? functions on G (see Proposition 3.10). Essentially, this
estimate is due to the two lemmas obtained in [CR] for the Bergman
kernel on 2. Translating this L? boundedness, we can obtain the
characterization in the case of regular (see Proposition 3.9 and Theorem
5.5 (1)).

When (v, p) is not regular, the above L*? estimate does not hold and
the matrix coefficient of T does not belong to L'(G). However, we see
that the matrix coefficient is a “discrete part” of an L' function on
G (see Lemma 4.2). By using this fact we shall define the fractional
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derivatives of holomorphic functions on 2 (see Lemma 4.4 and (5.1)),
and then define a space consisting of holomorphic functions on £2 (see
(5.2)). This space is the desired one that characterizes the Fourier
transform F,(L?(G)) in the case of non regular (see Theorem 5.5 (2)).

- In the last §6 we shall consider the continuation of the discrete
parameter and give an application of the exact characterization of
F.(L*?(G)). Actually, when a holomorphic function u on £ belongs to a
weighted Bergman space, we can decide the weighted Bergman space to
which the generalized fractional derivative of # belongs (see Theorem 6.1).
In the case of 2=D this result was obtained in [DRS], Theorem 5.

§2. Notation.

We shall recall some basic facts about the bounded symmetric domains

and holomorphic diserete series representations, which are summarized
in [Kn].

2.1. Let G be a simple matrix group and K a maximal compact
subgroup of G, and let us suppose that K\G is Hermitian. Let g and !
denote the corresponding Lie algebras, and ) a maximal abelian subalgebra
of £. Then Y is also a maximal abelian subalgebra of g. For an algebra
a of matrices the complexification is denoted by a,. Let YX=X(g., b, be
the set of non zero roots a for the pair (g, §.) and let g, be the cor-
responding root space. We choose an ordering in which every non compact
positive root is larger than every compact root. Let 3¥* and X, denote
the sets of positive roots and non compact roots in X respectively, and
let 3 =3Y—-23* and Y,=3~—2%,. Then we let

n=3, 8, b=h+mn;, pt= 3 g, and p = 3, g.. 2.1)
aeZ™ aeX+tnr, aeX—nl,
Let G, be an analytic subgroup of matrices with the Lie algebra g,, and
N;, B, P*, P, K,, T, the subgroups of G, corresponding to n;, b, p*, p~,
., b, respectively. It is known that the multiplication P"X K, X P*—G,
is one to one, holomorphic and regular, that BG is open in G, and there
exists a bounded set 2~ in P* such that

BG=P KG=P K2 CP K,P*. (2.2)

Let p*(x) refer to the Pt*-component of z in P K,P*. Then G acts
transitively on 2~ by z2-g=p%(2z9) as a holomorphic automorphism on 2v,
and GNP K,=K is the subgroup of G fixing 1 in £2~, so we have the
identification
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2~=K\G . (2.3)

Let log be the inverse mapping of the exponential map exp: p*— P* and
let 2=log(2~).

2.2, Let A€(h,)*, the set of complex linear functionals on %, and
suppose that 4 is an integral form on ), dominant with respect to !.
Let (z,,V, be an irreducible unitary representation of K (and K, by
holomorphical extension) with highest weight 4, and let ¢, be a nor-
malized highest weight vector and X, the associated character of z,.
Then we define

V(@) =24 6.) (@€ P KPY), 2.4)

‘where p(x) refers to the K,.-component of z in P~K_ P*, and for a complex

valued function f on G,, we define a projection operator which maps f
to the left r,-component of f as

E,(Nx)=dimV,- Sxxd(k‘l)f(kx)dk (xeqG,) . (2.5)

Since 4 is integral,
£4(h)=exp A(log(h)) (heT,) (2.6)

is a well-defined character of 7, and by setting ¢,(n)=1 for n in N,
we can extend it to a holomorphic character of B=N;T,. We define

r(A={f : BG—C ; (1) f is holomorphic on BG, 2.7
(2) fbx)=¢,b)f(x) for be B, x <€ BG}

and for 0<p< oo
r={ferw ; I1713= |r@rdg<e},
UG)={fIG ; fedr.

Some known properties of +, are the following

(2.8)

LemMA 2.1 (ef. [Kn]). (1) Eqp,=+, as a function on P~K,P*.

(2) The restriction to BG of +, belongs to I'(A).

(8) Pux™)=9,(x) (x€q).

(4) If {4+p, a)<0 for every mon compact positive root «a, then
[lrall. < oo, tm particular, +, belongs to Aj.
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REMARK 2.2. The constant c¢,=||y,||, in Lemma 2.1 (4) was explicitly
calculated by [HC], p. 608.

2.3. Let w(z) be a positive function on 2. We define the w-weighted
L? (0<p< =) Bergman space on 2 as follows:

A5(9)={F :2—C ; (1) F is holomorphic on 2, (2.9)
@ IFI.=| IF@ro@dz<},

where dz is a Euclidean measure on 2. Let B(z, w) denote the Bergman
kernel on 2 listed below (ef. [CR] and [Hul]):

TABLE 2
Type Bz, w) ~ r
1 det(I,,—zw’)~»+t™ n+m
I det(I,—zw)*+D n+1
m det(l,+2zw)~ Y n—1
v A+ |zw’|2—2zw")~" n

We recall that a G-invariant measure on 2 is given by
B(z, zZ)dz . (2.10)

In the following sections we shall use the weight w, , () 0<p<c, a € R)
defined by

Wa,p,o(2) =P 4(2)| “T¥?B(z, 2)  (2=0-%) (2.11)
and for simplicity we put
w=A;, (2. (2.12)

2.4. Let A be as in 2.2 and suppose that {(4+p, a)<0 for every
non compact positive root a. Then A%+{0} by Lemma 2.1(4) and the
operator U, on A% defined by U,(9)f(x)=f(xg) (f€ A% 9€G and x e BG)
preserves the A%-norm of f. Then (U, A%) is a continuous irreducible
unitary representation of G whose matrix coefficients are square integrable
on G, what is called the holomorphic discrete series of G (cf. [Kn], p. 231).
As a representation of the compact group K, the space A% is decomposed
into irreducible components which we denote by V,, (: € N), so we choose
a complete orthonormal system ¢{=¢,; 1=j=d,=dimV,, 1€ N) of A} such
that gie V,, 1=j=<d,) and we may assume that 4,=4 and gi=c, 'y,
Then the matrix coefficient of U, is given by
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Uji@)=U55@)=(U ()¢5’ ¢5)  (®€@). - @213

Since U,(x) is a unitary operator on A%, for fixed j, ¢’ and z, eaéh Ufi(x)
is a Fourier coefficient of the L? functlon U,,(a:)¢,, on G, and thus it
follows that

; |UH(@)]*< oo . (2.14)
I+ : ’
For simplicity we put |

Ui=UH. (2.15)

Then Ui=qr, (cf. [Kn], p. 236). Basic properties of these matrix coefficients
are summarized in the following two lemmas.

LEMMA 2.3. (1) S U 8() U 122 @) A2 =8 41858 38500 b7
(2) AXG)=E,AXG) =the L* span of {Ui; 1=<j=d, 1€ N}.
( 3 ) EA' UAJ:" - 544'511 UAJ'J

(4) Uj=c,g;.

PrOOF. (1) follows from general theory of discrete series (ef. [Val],
p. 437) and the rest are obvious from (1) and definition. Q.E.D.

LEMMA 2.4. (1) Uiay™=3,,.UL@)Ui2(y) (x, ye6).
(2) UA;'Z’"* UA'%’" =044/04/905:¢C4 A;'?I:'
(3) Sf=c S for feAYG).

Proor. (1) follows from (2.13) and (2.14). Especially, by the Schwarz
inequality the sum of the right hand side is absolutely convergent.
Therefore, since >, ,|(f, U)|*< « for f € L*G) by the Plancherel theorem
on G, (2) follows from (1) and Lemma 2.3 (1), and moreover (8) is obvious
for a finite linear combination of U:. Now let f be an arbitrary function
in A%G). Since +,+f is a continuous function on G and |v*f|l.=<
Nrallall flle<<ee, (B) is also valid from Lemma 2.8 (2) and the argument
approximating f with a finite linear combination of Uj}. Q.E.D.

§3. Estimate for matrix coefficients.

Throughout the rést of the paper we assume that

' ASSUMP_TIO_N. 2 is one of the classical bounded symmetric" domains
in Table 1 and 7z, (see 2.2) is one dimensional representation of K.

It is known that the dominant integral forms on §, which correspond
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to one dimensional representations of K are parametrized by integers,
say A4, (l€ Z). Explicitly z,, is given as follows (ef. [Mul]): -

TABLE 3
Type keK v
I [ u V] (det V)
Lo ¥ 8 awurivyr
= [—g 5] @et(U+iV)-amt
v [ cosf sin 0J Pt
L —sin@ cosd_| o

3.1. Under the assumption that dimz,=1 the relation between v
and B(z, z) is given by the following

LEmmA 3.1.
Iy 4,(9)| = B(z, )~ (2=0-9),
where v 18 the number listed in Table 2.

PrROOF. We choose positive non compact roots v, 7,,---, v, and the
root vectors X, (1=¢<s) such that 3, R(X; +X_;) is a maximal abelian
subspace of p, where g=Ff+p is a Cartan decomposition of g (ef. [Kn],
p. 228). Then each element geG has a decomposition that g=
kKexp(3l t(X;,+ X_; )k (k, k€K and t,=0). Since ¥ 4,(9) = 7 4,(2(9))
(9 €e P K,P*) by the definition (2.4), it easily follows from Corollary in
[Kn], p. 229 that

W"A,(g)l =(cht,cht,---cht)?.

On the other hand, 2=0-9g={-k, where (=0-exp(S, (X, + X 1))
Therefore, by substituting for z in B(z, Z) given in Table 2, we can
deduce the desired equality. Q.E.D.

Now we shall obtain a condition of I for which V4, belongs to L*(G).
Since a G-invariant measure on 2 is given by B(z, Z)dz, fixed from now
on, it follows from Lemma 3.1 that '

alz=| B 2orda . 3.

'This type of integrals is calculated in [Hu], Theorems 2.2.1, 2.3.1, 2.4.1
and 2.5.1. So, we can decide the L* and L* conditions for v, as in
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Table 4. Especially, the L* condition implies that (U,, A%) (see 2.4)
corresponds to a holomorphic discrete series of G. If 4, does not belong
to L'(G), we can find the least number a,>0 satisfying

Walt e L(G)  for all a>ay, - (3.2)
TABLE 4
Type Lé-condition L?-condition ag,
I I>n+m-—1 1>2(n+m—1)/p 2(n+m—1)/1—1
)14 I>n 1>2n/p 2n/l—1
m I>n—38/2 1>2n—8)/p 2n—38)/1—1
v I>n—1 1>2(n—1)/p 2(n—1)/1—-1

REMARK 38.2. (1) Except type III the L? L*-conditions and a, are
given by I>7—1, I>2(v—1)/p and 2(v—1)/l—1 respectively.
(2) If 4, is in L¥G) but not in LY(G), then 0=a,<1.

3.2. We shall define an intertwining operator between A% and A%(Q)
when these spaces don’t vanish. So, we assume that A=/, satisfies the
L*-condition (see Lemma 2.1 (4) and Table 4). For a complex valued
function f on BG satisfying E,f=/f we define

L(NR)=v49)""f(@)  (2=0-9), (3.3)
and for a complex valued function F' on 2 we define
(TH(@)F)(2) = 4(x) 'Y 4(x9) F(2- 9) (3.9

where g, x€ G and z2=0.-2. Under the assumption that dimz,=1 these
definitions are well-defined, and it easily follows that

LEemMma 38.3. (U, A% and (T, A%(R)) are unitary equivalent and I,
18 an intertwining operator of A% onto A%(Q).

We put
pi=apt=I(s) (A=Zj=d, ieN). (3.5)

Then, {%} is a complete orthonormal system in A%(2) and, as considered
in [Hu] (see Table 5 below), we may assume that each +} is a homogeneous
polynomial on 2 whose degree depends on 7. Therefore, by (3.3), (3.5)
and Lemma 2.8 (4) we can find a constant ¢,, which only depends on 4,
such that

|USl=cq |yl for all 1=j=d,. (3.6)
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Now we shall obtain a similar estimate for U,%.. The following
first two Lemmas obtained by [CR], Lemmas 2.2 and 2.8 are important
estimates we will need for the Bergman kernel, where the constant ¢,
in [CR] corresponds to 1/¥ in our paper.

LEemMmA 3.4 ([CR])). If a>r>—1/v, then

| 1B, DIBE, OraL=C. Be B (2e9),

where C, , does mot depend on z.

LeMMA 3.5 ([CR]). Let us suppose that p>1,r>—1/v,0>@—2)(r+1)
and a=2r+2+6. Then the operator T which sends the function F defined
on 2 to the mew function TF on 2 defined by

(TF)(2)= SQF (©) Bz, DI**B(, D**dl  (2€92)
18 a bounded operator of L*(2, B, T)~"dl) into itself.
LeEmMA 3.6.
Vulwy ) =c P (2)F.y) Bz, D'
where z, ye€ G, 2=0-2 and {=0-y.
PrROOF. For f in A%G) it follows from Lemma 2.4 (38) that
Ya(@) " f ()= c[*SG[«lu(x)“W(wy“)«/u(y)]«/u(y)“‘f (¥)dy .
By Lemmas 3.3 and 3.1 this means that for F in A%(R2)
F@ =, [ vy T, IFQOBE, DrvdL,
where z=0-2 and {=0-y. Then noting the form of [-.-] and comparing

the reproducing formula in [CR], Lemma 2.1, we can obtain the desired
relation. Q.E.D.

LeMMA 3.7. For each ¢>0
sup b @) | oy @)y <o .

ProOF. By Lemmas 3.1 and 3.6 the assertion is equivalent to
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sup B(z, 2| |B(z, DBE, D*dl< e ,

where g=I/y and a>0. We recall that {>v—1 and, since |y, =1,
B(z, 2)=|v,~""=1. Therefore, replacing B(, {)~*** in the integrand by
B, D*+ (0<d<a), we can obtain the desired finiteness from Lemma
3.4. Q.E.D.

Then we see that

COROLLARY 3.8. For each i, ' € N and ¢>0 there exists a constant
c,,r such that

|UA§"j,’|§cﬁ'|"l"A|1_‘ for léﬂédo 1§j’§dt' .

Proor. It follows from Lemmas 2.4 (2), 2.1(8) and (38.6) that |U,%/|<
UL UL Se % al*yal.  Therefore, Lemma 3.7 implies the de-
sired inequality. Q.E.D.

3.3. Let (4, p) be a pair of a dominant integral form on H, and
1<p=<2. We say that (4, p) or (4, p) is regular if (4, p) satisfies the
condition that

R) v € LA(G)

(see Table 4). Then the condition (R) is equivalent to the one of the
following three conditions:

(RO) Y€ L*(G) and 1<p<2
(R1) +,€ LM(G) and p=1 3.7
(R2) +,€LXG) and p=2.

If (4, p) is regular, each U! belongs to L?(G) by (3.6) and then it
satisfies the norm equality:

| Uil s=call¥illp,ma,p,0 8.8)

(see Lemma 2.3 (4), Lemma 3.1, (2.10), (2.11), (3.3) and (3.5)). Here we
note that

7(R2) is the ||-|l,,%,,, norm span of {y3} . 8.9)

In fact, A%(2) contains densely all functions holomorphic in a domain
bigger than 2 and they can be approximated by a finite linear combination
of {v‘} (cf. the proof of [DRS], Theorem 3). Therefore, it follows that
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PROPOSITION 3.9. Let us suppose that (4, P) 18 regular.

(1) AXG)=E,A%G)=the L*-span of {Uj; 1<j=d,, ic N}.

(2) (U, A% and (T, A%R)) are equivalent as Banach space repre-
sentation and I, is the morm preserving intertwining operator of A%@)
and A%(Q).

We recall that
if (4, p) is regular, then p>2(v—1)/I. (8.10)

Actually, except Type III, the condition p>2(7Y—1)/l is equivalent to the
L* condition (R) and when 2 is of Type III, it is weaker than R) (see
Remark 3.2 and Table 4).

Moreover, since | il Se%cp | 4| %] (see the proof of Corollary 3.8),
we see that

if (4, p) satisfies (R1), then ||U |, <¢, (3.11)
where c=c, %c,c,,|4,]|}, which does not depend on j and 7.

PROPOSITION 3.10. If (4, p) is regular, then for each i, i’ € N there
exists a constant C,,, such that :

NUS*fl,=Cllfll,  Sfor all feL*G) and j, §' .

PROOF. First let (4, p) satisfy (R2). Then it is enough to show the
inequality for f e C=x(G), the set of all compactly supported C= functions
on G with finite K-types, because C:r is dense in L¥G). ;

Let ¢ be an elementary spherical function on G (ef. [Va], Part 1II,
$8). Then for all ¢>0 it belongs to L**(G) (cf. [Va], Theorem 80). On
the other hand, by Corollary 3.8 and Table 4, U5 belongs to L*%@)
for a sufficiently small §>>0. Therefore, (¢, Uy is well defined, and it
must be equal to 0, because both the functions are eigenfunctions of the
center of the universal enveloping algebra of g, with different eigenvalues.
Then noting the Plancherel theorem for f € Cr (see [HC2]), we see that
the operator U, vanishes the finite wave packets of f.  Moreover, by
the same argument, it vanishes a finite linear combination of the matrix
coefficients of discrete series different from U,. Thus, it follows that

Unf=Uginf,, |
where °f,=c, >, . .o (L, ULYU 22 (the sum is finite). Then it follows
- from Lemma 2.4 (2) that
Ukief=cs 3 (£ UEUE
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and from the Perseval equality for f that
NUggnfle=cs B, (£, UgDFse 1k -

If (4, p) satisfies (R1), then the desired inequality is obvious from
(3.11).

Now let us suppose that (4, p) satisfies (R0). By (3.10) we can
choose an ¢>0 such that p>2(v—1)/I(1—e). Then by Corollary 3.8 we
have | U+ fl<c lva~x|f]. Therefore, applying Lemma 3.6, we see that

|U 5% f @) [y a(2)| 77
<cuwe | 1F1:@Wa@l 0]
% IB(z, z)[u—s)t/rB(C’ t)_“_e)"rﬂdc ,

where z=0-2, {=0.-g and IfIK(g)=SK|f(kg)|dk. Here we note that

| £] [ a|~*~¢ belongs to L*(2, B(C, 0)"dl) for r=(1—¢)lp/27v—1. Therefore,
applying Lemma 3.5 as §=0 and r=(1—¢)lp/27—1, we see that the left
hand side of the above inequality also belongs to the B({, §)~"-weighted
L* space on £, in particular, U,/ belongs to L?(G) (see Lemma 3.1).
Q.E.D.

REMARK 3.11. The case of G=SU(1, 1) and 2=D we can obtain the
estimate in Proposition 3.10 by using the Kunze-Stein phenomenon (see
[CS] and [Co]). In our general case the phenomenon is also applicable
to obtain the L? estimate, however we have to replace the condition (RO)
with the following (RO):

(ROY 1<p<2 and +,€ L%G) for all ¢>1

(see [CS]). Although this condition is equivalent to (RO) in the case of
SU(@, 1), generally, it is stronger than (RO).

§4. Fourier transform associated with T,.

We retain the notation and assumption in the previous section.

Before giving the definition of the Fourier transform associated with
T, we shall give a sense of the following equation (4.1). Let f be in
L*(G) and 1=<p=<2. Since Ui is in LYG) for all ¢=2 by (3.1) and
Corollary 8.8, Uk xf is well-defined. Then we can obtain that

Uk«(Utr )= (U U« f ‘ (4.1)
=c,Uin*f .
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Here the second equation follows from Lemma 2.4 (2), and the first one
is guaranteed by the Fubini theorem. Actually, when p=2,

| Uttx (Ut ) o= | ULl Ul £1,
<es Fl<eo

by Lemma 2.8 (1) and Proposition 8.10, and when 1=p<?2,

Il bx Pl = || U|LI Ukm= £,
éccfllf!!p<°°

by the Kunze-Stein phenomenon (see [Co]). Especially, Utxf is an L?
function on G.

Let 4=4, be a dominant integral form on ¥, which corresponds to
one dimensional representation ¢ 4, of K (see Table 3), and suppose that
A satisfies the L*condition in Table 4. Then (T,, A%(R)) is a holomorphic
discrete series of G. For f in L*(G) (1<p=<2) we define the Fourier
transform Fi(f) 1<j<d, i€ N) as follows:

F 5N @)= ng DT(g)vi5(Rdg  (2€2) (4.2)
=L(g5*f)(2) .
Moreover, we define
PN =c UGS , (4.3)

and call it a “discrete part” of f. As pointed in the equation (4.1), these
convolution operators are well-defined on L?(G) (1<»<2) and the discrete
part is an L* function on G. For simplicity we put

F,=F,) and P,=P,. (4.4)
Now, applying (4.1) and Lemma 2.4 (2), we see that

Uii(Ufix ) =c(Ukxf) ,

Uii(Ufix ) =c (U= f) , (4.5)

Uix(Uixf)=c (U f) ;

80, Uij*(Ujj*f)=0 means that 0= Uix(Ulixf)=c,2Ufixf. Therefore, P is
a projection operator which maps f e L?(G) to the discrete part of f and
moreover,

F i(L*(G))=F ;5(P5(L*(@))) and

F,; is injective on P, (L*(G)) . (4.6)
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Especially, Propositions 3.10 and 3.9 (1) imply that

if (4, p) is regular, PA(L*(G))c L?(G) and

P(L*(()=A%G) . (4.7)

Our problem can be stated as follows.

PrROBLEM. Give a characterization of F Y L*(G)) 1=p=<2) as a space
of holomorphic functions on £2.

The first result for F, . (L?(G)) is the independence of ¢ and j.
THEOREM 4.1. Let 1<p=<2 and A=A, satisfy the L*-condition. Then
FYL*@)=F(L*@)) for all 1=j=d, 1€N.

PrOOF.. By (4.1), (4.2) and (4.6) it is enough to prove that the
correspondence of f and f~=Uixf gives a bijection between P ;(L*(G))
and P,(L*(G)).

The case of (4, p) is regular: it follows from Proposition 3.9 and
(4.7) that fe PA(L*(G®)) belongs to L?(G). Then, by Proposition 3.10 f~
also belongs to L?(G). Since P,(f~)=Jf" by (4.1), f~ belongs to P,(L*(G)).
Clearly, this argument is reversible because of f=c,™ Uj*xf~. Then we
can obtain the desired bijection.

The case of (4, p) is non regular: first we shall prove a lemma which
will play an important role in §5.

LEMMA 4.2. For each Uii=U, (A=4)) and a>a, we put
[U£1@)=C @I Usie) e,
where the constant C=C(a; 1, 7; 7, J') 18 given by
ol v Usi@rdg=e, -
Then [U%] is an L' function on G such that
H=PgLUFD -

PrOOF. We take an ¢>0 such that a—e>a,. Then by Corollary 3.8
it follows that

[US1S cuwlbl bl =il

and thus [U}] belongs to L*G) (see (8.2)). Then, since U} € L*G) N L~(G),
Uk«[U%] also belongs to L*(G)NL=(G). Therefore,
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PALUSD @) =, UL Ua)
=e,”| Uy U1 w)dy
=Ce, || SUR@ U@, W)I Ul w)dy

(see Lemma 2.4 (1)), and by changing the variable y to kyk’ (k, k'e K),

='Cc;2§0§x§“z;v;:<x> Ti2(eyk') o (ey k') = U ok )dhed i dy

Here we recall the assumption that dim t4=1, and so |y, (kyk’)| = |y ,(¥)|.
Then the orthogonal relations over K and K’ deduce that

=Ce,Ugi@)| @)l [ U@y
= Ugi)
by the definition of C. Q.E.D.

REMARK 4.8. For an L? (1=p=2) function f on G the notation “Ir1”’
means the class, or a representative of the class, of all functions on G
whose discrete parts are the same as the one of S

Now we shall return to the proof of the non regular case. Let us
suppose that f is in P,(L?(G)). This means that there exists an L7
function [f] on G such that f=c,2Uj*[f], and thus, by (4.1), f~=
¢, *Ui[f]. Then by Lemma 4.2 we can choose an IL! function [U%] on
G such that Uj=c,?U+[U%]. Since Ui belongs to LYG) for all ¢=2, it
follows that

ICULUD* L N = U UL
= GNLULNA N < oo
where 1/p+1/g=1. Therefore, by the Fubini theorem, we see that
f=c, (UL UDs[fl=c,PLUILFD .

Since [Uj]+[f] belongs to L*(G), the above relation means that f~ also
belongs to P,(L?(G)). As before, this argument is reversible, so we can
obtain the desired bijection. Q.E.D.

The constant C(d; 1,1;4, 5) in Lemma 4.2 will play an important
role in the following sections. So, by caleculating explicitly the integral
in the definition, in the next lemma we shall show that the constant
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does not depend on j and the square of Cla; 1, 1; 4, J) corresponds to
C@a; 1, 1;4, 7). In this caleculation we need the assumption that 2~=G/K
is one of the classical bounded symmetric domains in Table 1, because
we shall cite the results obtained by [Hu].

LEMMA 4.4. Let notation be as in Lemma 4.2. C(a; 1, 3; %', J') can be
defined for a>a,—1, Cla; 1, 1514, 5) does not depend on 1=j=d,, and if
we say C:, that 1s,

¢ |Us@ P @ dz=c., | 4.8)
then
(CH? ~ C,z for all teN, (4.9)

where “~” means that the ratio of the left and the right 18 bounded
below and above by positive constants which do mot depend on %.

ProOF. By (8.2), Corollary 3.8 and Table 4 it easily follows that
the integral in the definition of the constant exists for a>a,—1. The
rest of the assertions will be proved by an explicit calculation.

First we shall replace the complete orthonormal system {v¢} in
A%(Q) (see (2.12) and (3.5)) by another complete orthogonal system {y;
in A*(Q)=A%Q) (w=1 in (2.9)), where each A® norm of +'% only depends
on the homogeneous degree, so on ¢. This replacement of the basis
clearly does not effect the assertion of the independence on j of
Cla; 1, 1;4, 7). On the other hand, it follows from the definition of
Cla; 1, 1; %, j) that

(1) a1, 14, = (o] W@ B, Do)
and
Cas 1, 134, 5 =6, | WiOF @) B, DL
(2) o, WO @ P BE, DC
| x| wsorh@rBE Dat
where £=0.z. The last integral is equal to one since each +% is a

normalized base in A%(2) (see (8.5) and (2.12)). Here we note that the
assertion (4.9) is equivalent to the “~” relation of the right hand sides
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of (1) and (2) and moreover, it is invariant under a scalar multiplication:
At —ecqpt. Therefore, if we regard (4.9) as the “~" relation of the right
hand sides of (1) and (2), the replacement of the basis also does not
effect the assertion of (4.9).

Actually, such a system {y'{} of A*Q) is given by homogeneous
polynomials on £, which are denoted by % in [Hu], p. 100, p. 131,
p. 138 and p. 147 for Type I, II, III and IV respectively.

TABLE 5
Type - C.0.8. Index
I %f(i) 1§7:§N(f1y"'yfm)N(f1;"';fmyoo""O)
f=(f11 "'vfm)
I 'Qbf(i) 1§’i:—<_-N(2f1y"’,2fn)
. =U1r "y Jn
l]I %f‘(% 1§7:§N(f1yf1y"'vfn1f'n)
f=(f11 °c ';f[’"'/z])
v (22") Y pa® 1=i=Ns-a—Nyg—

Roughly speaking, “f” implies the homogeneous type of +,%, that
is “f” and “¢” correspond respectively to 7 and 7 in our notation. The
exact definitions of +,*, N(f,---, f, and N, are given in [Hu], 5.1.
Fortunately, we need not quote the definition to carry out the calculation
of the integrals of (4.8) and in the right hand sides of (1) and (2), because
the similar integrals have already calculated in [Hu]; so it is enough to
quote only results in [Hu].

Now we shall calculate the integral of (4.8): the ones in the right
hand sides of (1) and (2) are obtained by taking the square of it and
multiplying the values replacing o with 0 and 2a respectively.

Type I. The calculation in [Hu], p.100-p.109 deduces that

| ¥ O @B, D (4.10)

=CS -, Xfl-""fm(z-z_')det(I,,,—-zE')‘dz ’
Im—22' >0

2E€M ppom (C)

where A=@2+a)l/2—(n+m) and A, ..., (@) (@€ GL(m)) is the trace of a
representation of GL(m) with signature (f,,---, f.) (see [Hu], 1.4). - Then

=CS - xf1+(’n—m),---,f,,.,+(n—-m)(xz’)det(Im_xfﬁ’)zdx
Im—2Z'>0

% €My (C)

=cdet |B(f,—i—k+®m+m)+1, v +1)|,",

where B(-, -) is the Bessel function, |a,/™ the (m, m) matrix whose (3, k)
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entry equals a,, (1<%, k=m) and ¢ does not depend on f and 1.
Type II. The calculation in [Hu], p.180-p.138 deduces that

| o @rBe Dac TREY

=¢dy, + ++ 01, B(fy,—n—1,+1, A+ 1)B(f,, +f,—2n—(3,+1,) +2, A +1)
X oo XB(fy, 4+ +fo— =+ +1)+n, A+1),

where A =2+a)l/2—(n+1) and ¢ does not depend on f and <.

Type III. This case is similar to Type I. We shall omit it.
Type IV. Let z=7r¢£ (z€C" and r=|z|). Then by [Hu|, 7.4 we easily
see that

SDICC'IZ'lﬂlff-zz“’(C)lzl«h(x)|2+°‘B(C, [4Y/4 (4.12)
=cB(f+mn, n+1),

where A=2+a)l/2—n and ¢ does not depend on f and <.

In each type the value of the integral does not depend on “7” (5 in
our notation), so the constant C(a; 1, 1; %, 7) defined by the integral is
independent of 5. Moreover, since

I'a)/lr'a+py —a™* (a, e R* and a—),

the values of the integrals in the right hand sides of (1) and (2) have the
same behaviour when “f”’ (4 in our notation) goes to infinity. Therefore,
we can obtain the desired results. Q.E.D.

§5. Characterization of F,(L*(G)).

By Theorem 4.1 our problem is reduced to the case of F,(L?(G)).
As mentioned in 1.2, the answer has two forms, and the choice of the
forms depends on whether (4, p) is regular or not. Especially, to char-
acterize the non regular case we need a generalization of the fractional
derivatives of holomorphic functions on 2. So, first we shall define the
fractional derivative F'*1 (¢=0) of a holomorphic function ¥ on 2 and
then define a space H,,(2) that will give a characterization of the non
regular case. When 2=D and p=a=1, this space corresponds to H, (D)
in (1.7) (see (5.2) and Remark 5.6 (1)).

5.1. Let F=3} ,.a,.v. be a holomorphic function on 2. Then the
fractional derivative F! of F' of order a (a>a,—1 and a=0) is defined
formally by ‘
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Fl=3 cloimiram » (5.1)
l,m

where ¢! (€ N) is the constant defined by (4.8). Obviously, this definition
is applicable to the case of a>a,—1 and a<0, and such an F'®! cor-
responds to the fractional integral of F.

As an example of the fractional derivative on 2, we shall calculate
(T (g7 H1)“1(2) (z€ 2) explicitly for a fixed g in G (see (3.4)), and then
prove that it belongs to A}, (2) (see (2.9) and (2.11)) and its norm is
uniformly bounded on g€ G. This fact will be used in the proof of the
main theorem.

LEMMA 5.1. Let A=A, satisfy the L* condition and let a>a,—1.
Then for a fixed g in G :

(T (97)1)"N(2) =c /¥ 4(9) B(z, L+,
where {=0-9 and z€ 2.
ProOF. First we shall prove that for a fixed xe€ G
Sy =ctug)* 2 e Un@TUnlg) (966

is an L* function on G and it satisfies
"T\A*Sx(g)="/fd(xg—l) .

Let S? (ne N) denote the partial sum of S, requiring that I=<n.
Then by the same argument as in the proof of Lemma 4.2 it follows
from (4.8) and (4.9) that

82l =ei 5 @ Us@ | |Ua@) v io)l<dg
e, 3} (el Ub(ar
~et S U@ -

Therefore, (2.14) implies that S, is an L? function on G. By the same
way it follows from Lemma 2.4 (1) and (4.8) that

¥ *S,(9) = SG«Trd(gy“l)Sz”(y)dy

=¢,* 3 ot | Us@)livw) "y Ub(@) U4 (0)
=3, Uk@)Ui0) -
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So, Lemma 2.4 (1) implies that ,*S,=+,(xg™").
For all f in A%(G) we see that

Saf(y)S,(y)dg=§GcﬁW*f (9)S.(9)dg by Lemma 2.4 (3)
=\ f@e TS, (9)dg
=c,| f@w.aodg

= f(9) .
On the other hand, it follows from Lemma 2.4 (1) and (3.4) that

T(07)1E) =¥ s@) u(@0™) =4u@)" 5, U®) UA(0)
for 2=0-x (x € G) and thus, from Lemma 2.3 (4), (3.5) and (5.1) that
(T/g™D @) =.(2) 3 2 Un(@) Unl0) -
Then the above equation means that for all F in A%(Q)

F(Z>=SGF<€>[cf2<T4<g-1>1>m<z>«7u<g>-1]B<c, gy-wraiarhgr

Then noting the form of [--:] and comparing the reproducing formula
in [CR], Lemma 2.1, we can obtain the desired relation. Q.E.D.

REMARK 5.2. Lemma 3.6 is nothing but the case of a=0 in Lemma
5.1.

PROPOSITION 5.3. Let A=A, satisfy the L* condition and a>oay.
Then

sup T DDy 0 <

(see (2.9) and (2.11)).

ProOF. By Lemmas 5.1 and 8.1 it is enough to prove that
sup BE, 0| 1Bz DI**BG, 2+ rmde< o,
te

where B3=1/27. Then this is clear from Lemma 3.4. Q.E.D.
5.2. We shall define H2,(R) 1=p=2 and a>a,—1) as follows:
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H; (2)={F:2—C; (1) F is holomorphic on 2, 6.2)
(2) F'1 belongs to A% €2))

Wa,p,a

Obviously, since FlII=F,
1(2)=A%,(2)
(see (2.12)). Especially, when p=2, we see the following

PROPOSITION 5.4. Let A=A, satisfy the L* condition and a>a,—1.
Then A%(R2)=H} (2), actually for all F in ALQ)

1 E' e, 4,8,0~ 12, 4,5, (5.3)

where “~” means that the ratio of the left and the right is bounded
above and below by positive constants which do mot depend on F.

PrROOF. Let F'=3) , ai.vk be in A%R2). Then
| B2

2,W4,2,a

=| IS cla QP @) BE, DAL,

where {=0-2. Then rewriting this integral over 2 as the one over G
(see (2.10)) and applying the same argument as in the proof of Lemma

4.2, we can deduce that
= S (el Q@+ dg
=c,’ I’Zm(ci)z{azmlz(céa)‘l by (3.3), (3.5), (4.8)
~l,Z.M |G| by (4.9)
=F Nz w 0,0 - Q.E.D.
Now we shall state our main theorem.

THEOREM b.5. Let A=A, satisfy the L* condition and 1=p=<2. Then
(1) If (4, p) is regular, then F,(L*(G@))=A4%2) and F . P,(L*(G))—
2(2) 18 bijective and norm preserving.
(2) If (4, p) 1s not regular, then F (L*(G))=H} . (2) for all a>ay,
and F,: P,(L*(G))— H% () is bijective.

Proor. (1) We note that F,(L*(G))=F (P,L*(G))) by (4.6) and, since
(4, p) is regular, F,=1, on P,(L?(@))=A%GQ) by (4.2) and (4.7). Therefore,
(1) is nothing but Proposition 3.9.
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(2) It follows from Table 4 that if (4, p) is non regular (4, 1) is
also non regular. So, we shall prove this case first.

The case of (4, 1): Let f be in L'(G). Then by Proposition 5.3 we
see that for a>a,

VA 0 Ses™| | F @ ITATHD N, B0
scllflh<e .

This means that F(f)eH; (2) and thus, F,(LG)) is contained in
H/},a(g)‘
Conversely, let F'=3, , ai.¥n be in H} (2) (a>a,), and let

flg)= ,Zm i Un(9) =c, Y 1(9) F(2)

and
[f19) =2, alUn)9) (5.4)
= |y (9)]" § Cnlim Un(9)
=¢, VDIV (D F () ,

where z=0-g (see Lemmas 4.2 and 4.4). Then since F'*! belongs to
(2), it is easy to see that

N U= Call F sy, 0 < 0o

Since a>ay, it follows from (2.11) and (3.2) that A}, (2) is con-
tained in Aj,, (2) and moreover, it is a dense subspace, for A%, .(2)
contains all functions holomorphic in a domain bigger than 2 and such
functions are demnse in A}, (2). Therefore there exists a sequence
{F,} of holomorphic functions on £ such that F/*e A},  (2) and
|F—F, w,,.—0 (n—o0). Especially, we can deduce that Fi* con-
verges to F'*l pointwisely on 2 (cf. [DRS], Theorem 3 (i)). Now let f,
and [f,] denote the functions on G which are respectively given by
replacing F in (5.4) with F,. Then as above we see that ||[[/f]—[f.]l.—0
(n—) and [f,] converges to [f] pointwisely on G.

Now we recall that |y,<1 (see Lemma 3.1), and thus each F,
belongs to Aj,, (2). Then by Proposition 5.4 we see that F,e A%(2)

and f,e€ L*G) (see (5.4)). Therefore, applying the same argument used
in the proofs of Lemmas 4.2 and 5.1, we can deduce that

e Y l=cufn -

1
WA,I,a



HOLOMORPHIC DISCRETE SERIES 293

Since [y +(Lf1=LADIE=IvallL/ILA1=1[f]I,—0 when n—c, c¢,f, converges
to ¢, 'y x[f], say h for simplicity, in L? norm. Then ¢,F,*! converges
to F,(h)* in Hj (2) by Proposition 5.4, and thus it converges pointwisely
(cf. [DRS], Theorem 3 (i)), so we can obtain that ¢,F“1=F,(h)“, Since
¢, ‘h € L¥G) is a discrete part of [f], the first case (1) (p=2) means that
it is of the form 3}, ,5,,UL(g). Then A must be equal to ¢,f and it
follows that

e[ fl=caf .
Especially,

FA([f])=IA(¢1*[f])=cAIA(f)=F .

This means that F e F,(L'G)) and thus, H} (@) is contained in F,(LY(G)).
Therefore, we conclude that F,(LYG))=Hj;.(2) for all a>a,, and F, is
bijective on P,(LYG)) by (4.4).

This completes the proof of the case of (4, 1).

_ The general case of non regular (4, p): By the same way as in the
previous case of (4, 1) we see that HZ,(Q) is contained in F,(L*(G)) for
all a>a,, where in the argument of the L’ convergence of [P |
we use the Kunze-Stein phenomenon (see [C]). Therefore, by noting
(4.4) in order to accomplish the proof of the theorem it is enough to
show that F,(L*(G))cH}.(2). Actually, this fact will be shown by an
interpolation argument as follows.

Since A satisfies the L* condition, but not the one of L! a,—1 is
negative (see Remark 8.2), so it follows from Lemma 4.4 that the
fractional derivative of order a (see (5.1)) is defined for a=0. Then for
an L? (1=<¢=<2) function f on G we can define the operator K, (a¢=0) as
follows:

Ke: fr—(FLN.

As shown in the case of (4,1), if a>a,, K, is bounded of LY(G) into
Av,,.(2). On the other hand, since (4, 2) is regular, (1) implies that
K, is bounded of L*G) into A%(Q)=A% 1208).  Then by Proposition 5.4
we see that

”Ka(f)Hz,W,,,z,a: “Ko(f>Hz,WA,Z,ogC”fllz .

This means that K, (a>a,) is also bounded of L*G) into A% 12,0082
Therefore, the interpolation argument (ef. [BL], p. 17) deduces that K,
is bounded of L*(G) into A%, 1p.a8) (1<p<2), and then F(L*(G))c H2 .(2).

Q.E.D.
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REMARK 5.6. (1) Theorem 5.5(2) implies that HZ.(Q) (a>a,) does
not depend on a. Therefore, we can put

H; .(2)=H} (2) (a>ay) .

Moreover, we easily see that the proof in the case of non regular is
also applicable to the case of regular, and thus, Theorem 5.5 (2) is valid
for all (4, p). In particular,

if (4, p) is regular, then A%(Q)=H}.(Q) .

(2) As said in §4 the discrete part of L?(G) 1=p=2) is contained
in L*G). Therefore, it follows from Theorem 5.5 that

H; () AYRQ) .

(8) Let (4, p) (A4=4,1eZ) be regular and F be in A32). Then
Theorem 5.5 (1) means the reproducing formula for F', that is,

F(z)= SDF (©)B(z, DY"BE, D™dg (5.5)

(see Lemma 2.4 (3), (3.3) and (4.2)). Let F be in H}.(2) and let f denote
an L' function on G such that F,(f)=F. Then noting the proof of the
case (4, 1) in Theorem 5.5, we can deduce that for a>a,

Feig)=c, | f@XTLo™HD " )dg
(5.6)

=| FoB@, DB, D

(see Lemmas 3.1 and 5.1) and then F'™le A4j},, (2) by Theorem 5.5 (2).

(4) Let us suppose that F is in A%(Q)=A%,  (2) 1<p<2) and
1>2(y—1)/p. Then applying Lemma 3.5, in which we take r and ¢ as
(1+a)lp/2y—1 and —alp/27 respectively, we see that the integral formula
(5.6) is valid for 2(v—1)/lp—1<a<(2—p)/(p—1) and F' is contained in
A%, ,..(2). Here we note 2(v—1)/lp—1<0<a,. Roughly speaking, this
result corresponds to an interpolation between (5.5) and (5.6); however,
for F in A%(2) (p=2) the fractional derivative F'*! of F' of order a>0
could not be defined by the integral formula (5.6). Therefore, in §5 we
adopted the definition (5.1) without using the integral formula.

(5) In the proof of Theorem 5.5 (2) we used the interpolation
argument between (4, 1) and (4, 2), so we need the condition a>a, that
is necessary for the boundedness of K, in the case of (4, 1). Therefore,
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if we could prove the assertion in Theorem 5.5 (2) without using the
interpolation argument, we may weaken the condition of a.

CONJECTURE. In the statement of Theorem 5.5(2) we can replace
the condition a>a, by a>(a,+1)/p~1.

§6. Application.

We shall obtain some properties of the fractional derivatives of
holomorphic functions on 2. In the previous sections the parameter [
must be integer, for 4, is an integral form on §,.

6.1. We shall consider the continuation of the parameter. Let [, «
and p€ R and we put

Wi,p,4(2) = B(Z, Z)~rels/zrl

(cf. (2.11) and Lemma 3.1). Then as noted in Remark 5.6 (3) and (4),
for F in Ay, () the fractional derivative F'*! of F' can be defined by
the integral formula (5.6) for which the integral exists. Especially, [
needs not be integral, and when p=1, Lemma 3.4 implies that F*! ig
well-defined for all a>2(v—1)/l—1 and it is contained in Ay, (D).
Therefore, combining with Theorem 5.5 (1), we see that

THEOREM 6.1. Let le R, 1=p=2 and let F be in A},  (2).

(1) If (4, p) leZ) is regular or p=1 and 1>2(v—1) then F=
belongs to Ay, (2) for all a=0.

(2) IfI>2(v—1)/p and 1<p<2, then F! belongs to A’v’yl,p’a(ﬂ) for
all 0=sa<(2—p)/(p—1).

6.2. We shall consider the case of G=SU(1, 1) and 2=D". Let
F@)=3 axi) (2D 6D

be a holomorphic function on D". Then referring to the calculation of
Type I in Lemma 4.4, we see that the fractional derivative of F!* of
F of order a, where a>a,=2n/l—1, is given by

F(2)=C, ;. ; IrG+1l+QA2)al) @+ am%2) , 6.2)

where the constant C,;, does not depend on 7 and 5. Here we put

FO@)=FeiE)  (820). 6.3)
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Then, when n=1 and 2=D, if we take [>2 and p=1 in Theorem 6.1 (1),
we can deduce Theorem 5 in [DRS]: .

PROPOSITION 6.2 ([DRS]). If F belongs to Ak, (D) (1>2), then F®
belongs to A{V,Mp (D).

If we take a=2/l in Theorem 6.1, we see that

PROPOSITION 6.3. Let 1<p<2 and p>2n/l. Suppose that LeN or
p<2(1+1)/(1+2). Then if a holomorphic function F' on D" satisfies

| iF@pa—(ape==rda<eo,
Dn
the derivative F'V satisfies

SDan(l)(z)lr(l_ |z|2)(l+2)p/2—(1a+l)dz< oo .

Add in the proof.

(1) For a holomorphic function F on 2 the fractional derivative
F'©) of F is defined by (5.1) in which we use the constants given by
(4.8). One of the reason we adopt this definition is, when Q=D, a
modification F® of F'® (see (6.3)) coincides with the classical fractional
derivative defined in [DRS], p. 85. On the other hand, if we replace
“|r,(#)|*” in (4.8) by a positive spherical function T(x) on G satisfying

T(x)y4(x) € LY(G)

(cf. (3.2)), we can define a new fractional derivative by using the constants
¢y given by

c;sai Uk T (@)dz=c, .

Clearly, if Lemma 4.4 is valid for ci, the whole results in §5 and §6
are also valid for this type of the fractional derivative.

(2) In §3 and the succeeding sections we assume that 2 is one of
the classical bounded symmetric domains listed in Table 1. We need
this assumption essentially in the calculation in Lemma 4.4 adopted from
[(Hu]. Other results related with Bergman kernel can be generalized to
arbitrary bounded symmetric domains (cf. [RV] and [VR]).

ACKNOWLEDGEMENT. The author would like to thank the referee
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