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Abstract. The weights of a two-dimensional weighted homogeneous polynomial f of degree A
corresponding to an isolated singularity are arithmetically characterized by Prof. K. Saito and are called a
regular system of weights. Let m, be the dimension of the vector space of the elements of degree h of the
Jacobi ring of /. It is shown that m, is determined by weights and is estimated from below by using the genus
of the central curve and the number of branches of a minimal good resolution of the corresponding
singularity.

Introduction.

Let (a, b, c; h) be a system of four positive integers such that max(a, b, c)<h. We
call it a system of weights. Moreover (a, b, c; h) is called regular if the rational function

T~ "(T"— T°)(T*— T*)(T" - T°)

XD = e P D@ =)

is regular on C—{0} and is called reduced if g.c.d.(a, b,c)=1. (We give its precise '
definitions in Section 1.) This function is expressed as

h—¢
X(T): ZanT"= T 4 - - "|"T”“,

where ¢ denotes a+b+c—h and u denotes x(1). We call each n; an exponent. Let m,
and a, denote the coefficients of 77° and T° in x(T) respectively. Let r denote
> (N(a, b)—1)+#{ec{a, b, c} | efh}, where N(a, b) denotes #{(p, g)e Z> | pa+qb=h}
and Z, denotes {pe Z | p>0}. The summation is carried out over all pairs {a, b} from
among {a, b, ¢} such that g.c.d.(a, b)> 1.

In the case of ¢ <0, Prof. K. Saito has shown in [Sa2] that my=r—3 for the class
corresponding to a minimal elliptic singularity, which is reduced regular systems of
weights with one non-positive exponent (i.e. a;=0 for e<i<0). The purpose of this
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paper is to show more generally that m,>r—3+a, for all reduced regular systems of
weights except type 4, (Theorem 2). Moreover if it satisfies a, =0 then r=my+3. In
[Sal]and [Sa3], a, and r are geometrically characterized. We shall recall them below.

Let f(x, y, z) denote a weighted homogeneous polynomial over C with weights a,
b, ¢ and degree A, i.c.,

f(x,y,2)= Z aijkxiyjzk a;€C.
ai+bj+ck=h

For a regular system of weights (a, b, c; h), there exists a weighted homogeneous
polynomial f such that the hypersurface S={(x, y, z)e C? | f(x, y,z)=0} has only an
isolated singular point at the origin (cf. [Sa3] Theorem 3). The dual graph of the
minimal good resolution of S is star shaped and consists of a central curve with some
branches (cf. [OW]). We know that the genus of the central curve is equal to a, and
the number of branches is equal to r ([Sal](5.6)). When we fix such a polynomial f,
the universal unfolding for f is a polynomial F(x, y, z, t;, - - -, t,) (u=x(1)) such that
F(x,y,2,0,--+,0)= f(x, y, z) and

a—F(x,y,z,0,°°',0) (i=1,---, 0

ot;
form a C-basis of the Jacobi ring of f. Then m, is equal to the dimension of the vector
space over C which is spanned by monomials of degree 4 in the Jacobi ring ([Sa3](5.7)).

Namely our Theorem 2 asserts that except the type A4, m, can be estimated
from below by the genus of the central curve a, and the number of branches r.

The proof of Theorem 2 consists of two parts. First we consider the normalization
for a regular system of weights (Definition 2). We give some invariants under
normalization and determine the case with a,=0 in Section 2. Secondly in Section 3,
we prove arithmetically that my>r+3—a, in the cases of a,>1 and the relation
r=mgy+3 in the case of a,=0.

From the view point of singularities, Prof. Tomari pointed out to the author that
m, can be estimated from above by [Pi] (Theorem 5.1) and [W] (Corollary 2.9).
Moreover he showed that in case of @,=0 our estimation can be obtained by using
deformation of a singularity. But in case of a,>0 he says that it seems difficult to get
the same estimation in this way.

We give some examples in Sections 2 and 3.

The author heartly thanks Prof. M. Ohtsuki for some advice and Prof. M. Tomari
for precise comments.

1. The normalization of regular systems of weights.

Let (a, b, c; h) be a system of four positive integers. A system (a, b, c; h) such that
h>max(a, b, ¢) is called a system of weights. To a system of weights, we associate a
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rational function x(7) of a variable T,

T~WT"— To)(T"— T°T"—T°)
X(T)= a b c °
(T*—=1(T°—=1)(T°—1)

We call x(T) the characteristic function of the system of weights. This function satisfies
the relation

KT~ H=T""(T). ¢))

DEefFINITION 1. A system of weights (a, b, c; h) is called regular, if its characteristic
function x(7T) is regular on C—{0}.

Noting the equation (1), the Laurent series expansion at 7=0 of x(7) is
X(T)=aeTe+ e +ah—sTh—e ’

where the index ¢ denotes a+ b+ c—h. Moreover, by the equation (1) this expression
satisfies '
a;=a,_; (e<i<h—eg) (especially a,=a,_,=1). 2)
Let m, dénote a_,.
THEOREM 1 ([Sa3](1.6)). A system of weights (a, b, c; h) is regular if and only if it
satisfies the following properties:

1) a, b and c divide at least one of h—a, h—b and h—c,
ii) (a, b), (b, ¢) and (c, a) divide h, where (a, b) denotes the g.c.d. of a and b.

PROOF. In [Sa3] (Assertion (1.6)), it is shown that a regular system of weights
(a, b, c; h) satisfies the properties i) and ii). Conversely, if a system of weights (a, b, c; k)
satisfies the properties i) and ii) then
(Th2—1) (TP =1 (T °—1)
(T—1)(TP—1)(T°—1)

is a polynomial. Therefore, it is regular. (q.ed.)

T™°x(T)=

Since the property ii) gives (a, b, c)]h, we obtain (a, b, ¢, h)=(a, b, ¢). So except
type A,;, which satisfies a|h and h=b+c, by definition, we call a regular system of
weights (a, b, c; h) reduced if it satisfies (a, b, ¢, h)=(a, b, ¢)=1. In case of type A4,;, we
call a regular system of weights (a, b, ¢; h) with a=1 reduced. From now on, we treat
only the cases of reduced regular systems of weights.

We define the normalization of regular systems of weights. Let (a, b, c; ) be a
regular system of weights and let ¢, = (b, ¢), ¢; =(c, @) and ¢, =(a, b). a, b and ¢ can be
expressed as follows,

a=dcyc,, b=bcyco, c=Ccyey .



4 YOSHIKA UEDA

Now since (a, b, c)=1, these relations (@', co)=(b', ¢;)=(c', c;)=1, (@, b)=(, )=
(¢,a)=1, (c;,c;)=1 (for i#j) can be obtained. By Theorem 1, we have colh, 01|h
and c2|h. So h can be expressed as h=h'c,c,c,. In the following, we shall use these
notations.

DEFINITION 2. Let (a, b, c; h) be a regular system of weights and g denote a
divisor of (a, b). These a, b and h can be expressed as a=dg, b=>bg and h=hg. If g> 1
then we call the system (@, b, c; &) a reduction of (a, b, c; h). Repeating reductions,
we get the system (a’, b, ¢’; h') which can not be reduced any more. So the system
@,b,c; i) is called the normalization of a regular system of weights (a, b, c; h).

LEMMA 1. Let (d, b, c’; h') be the normalization of a regular system of weights
(a, b, c; h). Then we have the following properties:
i) a|h if and only ifa’|h’,
ii) if alh—b then a'|W —b'.

PrOOF. i) By (), ¢o)=1,

a|h < a’c1c2|h’coclc2
alK .

§

it) By (@', co)=(cy, co)=1,
al(h—b) < dcic;|(Hey—b)coc,
_ < a’c1|(h’cl —-b").
So we have c¢,|b". But by (c,, ') =1, we have ¢, =1. (g.e.d)
This Lemma 1 also gives that @', b, ¢’ <h'.

LEMMA 2. For a regular system of weights (a, b, c; h), if a/}’h then (a, b)<a and if
a|(h—c) or b|(h—c) then (a,b)=1.

Now suppose that max(a’, &', ¢’) <h’. Then every a’, b’ and ¢’ divides at least one
of —a', " —b and A —c by Theorem 1 and Lemma 1. Namely, this shows that
(@, b, c; k) is a regular system of weights, too. The other case (i.e. max(a’, b', ¢')=h’)
is called non-singular type.

2. Invariants under the normalization.

Next, we describe invariants under the normalization. For a set of three positive
integers {a, b, c}, let N(a, b, c; k) denote the number of {(p, ¢, Ve Z3} | pa+qb+rc=k},

where Z, :={peZ | p=0}. If there is no ambiguity, we write this number simply as
N(k) for simplicity.
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FormuLA 1 ([Sa3](1.9.1)). Let a, be the coefficient of T* of x(T) for a regular
system of weights (a, b, c; h). Then

a,=Nk—e)—Nk—b—c)—Nk—c—a)—Nk—a—>b) for k<h+min(a,b,c).

We note that N(m)=0 for m<0. This formula also gives that a,= N(—é¢).
Moreover we obtain the next lemma.

LEMMA 3. Let (a, b, c; h) be a regular system of weights and (a', b', c’; ') be its
normalization. Let ¢ and &' denote a+b+c—h and a' +b'+ ' —h' respectively. Then we
have ay=ay.

We can easily prove that N(—e)=N(—¢') by an arithmetical method. In the
geometric situation which is explained in Introduction, a, is equal to the genus of the
central curve ([Sal]). So Lemma 3 means that the genus is invariant under the
normalization. Knowing the geometric meaning of a,, we can also prove Lemma 3 by
using the following formula of Orlik-Wagreich ([OW]).

ForMULA 2 (Orlik-Wagreich [OW](3.5.1)).

W ha,b) hb,c) h(c,a) 4 (h, a) 4 (h, b) + (h,c)

1.
abc ab bc ca a b c

2ao =

Now we can classify regular systems of weights into types (I) ~(IV):

D)  afh bkh cih
(D) alh bk ckh
(D) alh  blh  ckh
av) alh  blh  clh

If afh then af(h—a), so we have a|(h—b) or a|(h—c) by Theorem 1, i).
Considering permutations of the role of a, b and ¢, we can obtain the following
classification:

@O (1) a|th—=>b), bl(h—c), c|(h—a)
2) a|th—b), b|(h—a), cl(h—-Db)
an @) al(h—a), bl(h—a), c|(h—a)
2) alth—a), bl|(h—a), c|(h—Db)
(3) ai{th—a), b|(h—c), c|(h—Db)
(I11) al(h—a), b|(h—b), cl(h—a)
av ai(h—a), b|(h—b), c|(h—0).

Noting Lemma 1, this classification is also invariant under the normalization. By
the way, the following classification of regular systems of weights with ¢>0 is known
(cf. [Sa3](2.2)).
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(i) The case e>0
A, (=1): (a,b,c; h), h=b+c, alh, I=hja—1 (D), (III), (IV)

D, (I=4): (2,1-2,1—-1;2(-1)) (IV) (I=4), (III) (I>4)
Eq : (3,4, 6; 12) av)

E, : (4,6,9; 18) (IIT)

Eg : (6, 10, 15; 30) (Iv)

(i1)) The case ¢=0 -

E; :(1,1,1;3) AV)

E, 1 (1,1,2;4 (AV)

E; 1 (1,2,3;6) (AV)

From the view point of singularities, the sign of ¢ is important. For we can
associate the case ¢>0 with a simple singularity and the case ¢=0 with a simple elliptic
singularity. The names of types (i.e. 4, or D, etc.) show the associated singularities.
Now we consider the relation between the sign of ¢, which is obtained by normaliza-
tion, and a,. Also we show the possible types of (a, b, c; h).

PROPOSITION 1. We have the following table:

4 a, type of (a, b, c; h)
£€>0 0 a1, aIn, (Iv)
g£=0 1 av)
£<0 0 @M-(1)

1 @), (I1), (I11)
>2 D), dn, (1), (IV).

In the case of € >0, the type of its normalization is A, or non-singular.
874 1 g

PrROOF. We note ay,=a, by Lemma 3. First, we consider the case ¢ >0. If ¢ >0
then a, =0 by a,=N(—¢'). If ¢ =0 then ap=a,. =1 by the equation (2). Now when the
normalization (a, &', ¢’; k') is also a regular system of weights, its type is easily seen to
be one of the following (we only notice (@, )= (¥, ¢')=(d’, ')=1):

£€>0 A, ’

¢=0 E, E, E;. (We have examples for these three types. See Example 1.)

Thus we have found that if ¢ >0 then the type of the normalization is type A4, or
non-singular type and these types are classified into (II) ~(IV), because there are some
weights which divide A. Also we have found that if ¢ =0 then the type of the
normalization is one of E,, E,, Kz and these belong to (IV). So we have proved the
case of & >0 because the normalization does not change the type by Lemma 1.
Moreover if the type of the normalization is non-singular, we have & =da' +5' >0,
because there exists ¢’ such that ¢’ =4'. So if ¢ <0 then it is not non-singular type.
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Now assume ¢ <0. Therefore in the cases except (I)-(1), we will prove ay,>1 for
a regular system of weights which satisfies that e<0 and (a, b)=(b, c)=(a, c)=1.
Furthermore we may suppose that a, b and ¢>1. For if a=1 then we have g, >1
noting ao,= N(—¢).

First, we shall study a, in the case (I)-(2). Since a|(h b) and b|(h a), we have
(a,c)=(b,c)=1 by Lemma 1. From the assumpsion that a,{’h and b*h we have
(a, b)) <min(a, b) by Lemma 2 (i.e. 1<(a, b)=g<min(a, b)). Since a|(h—b), c|(h—b)
and (a,c)=1, we have h=b+acm (meN). If m=2 then a5>1. So we may assume
that #=>b-+ac. The condition b|(h—a) gives h=a+bk.

h=b+ac=a+bk .
bk—1)=a(c—1).
By (a, b) <min(a, b), a and b can be expressed as follows:
a=dg, b=byg (@,b>1, (@,b)=1).

So we obtainka'|(k——1) and b’|(c—1) and we have k—1=a'm and c—1=b'm, m=>1
noting ¢>1.

h=a+bl@m+1)=b+ac.
By (a, ¥)=1 and (a, ¢)=(b, c)=1, we have (@, c)=(b',c)=1 and ¢ can be expressed
as c=pa +qb' (0<g<d, p#0).
In the case of p<0, using h=a'bm+a+b and gc=pa+ qb we have

—e=(@m—q)b—pa+(@g—1)c.

Noting 0<g<da', we have adm>a'>q. As —p>0 and g>1, we obtain g, >1.
In the case of p>0, using h=5b+ac, we have

—é={(a’—1)g—1}c+(p—1)a+qb.

By a’>1and g>1, we have (¢’ —1)g—1=>0. As p>1 and ¢>0, we obtain a,>1. Thus
we have ao>1 in the case (I)-(2) with (a, b)=(b, c)=(a, ¢)=1. In case of (I)-(1), we
remark that a, >0 because there is an example with q,=0.

Similarly, we can show that a,>1 in the other cases (II), (IIT) and (IV) and we
can also show ay>2 in the case (IV). (q.e.d.)

REMARK 1. Let (a, b, c; h) be a regular system of weights with £¢<0. If it has
a,=0, it belongs to (I)-(1) or the cases such that the type of its normalization is A4,
or non-singular.

We give some examples of a regular system of weights with ¢'=0 or ¢ <0. We
put a regular system of weights on the left hand side and its normalization on the
right hand side.
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EXAMPLE 1 (¢'=0).
(1,5,515) - (1,1,1;3) Eg.
2,3,3;12) » (2,1,1;4) E,.
(1,8,12; 24) — (1,2,3;6) Eg.
ExAMPLE 2 (¢' <0).
(2,3,10;22) —» (1,3,5;11) ap=1.
(1,3,4,18) — (1,1,2;5) a,=2.
(2,3,4;18) = (1,3,2,9) a,=3.

3. The main result.

Our purpose in this section is to give the inequation my >r—3 +a,. We have defined
my in Section 1 and r is determined by weights a, b, ¢ and degree 4 as follows:

r= Y (N(ey, e))— 1)+ #{ee{a, b, c} | ekh}.

{(e1,e2)> 1 |{ey,e2} = {a,b,c}}

Here N(e,, e,) denotes #{(p, q)e Z% | pe, +qe,=h}. But we also write N(e,,e,) as
N(e,, e,; h) in representing explicitly 4. The summation is carried out over all pairs
{a, b} from among {a, b, ¢} such that g.c.d.(a, b)> 1.

FORMULA 3. Let (a, b, c; h) be a regular system of weights other than type A,.
Then we have the following formula

r=mo+3—ag— > (N(ey, e)— N(ey))
((el 'ez) =1 I {el ,22} < ‘avbvc”

where e; is the element such that {e,, e,, e;} ={a, b, c}.

PrROOF. It is known that ¢<1 for a regular system of weights (cf. [Sa2], [Sa4]).
Moreover we find h+¢e<h+min(a, b, ¢) except the type A4, in Section 1. So applying
Formula 1, we have

Ay =Nh+e—e)—Nh+e—b—c)—Nh+e—c—a)— Nh+e—a—b)
= N(h)— N(a)— N(b)— N(c) ,

Nh)=#{(p,q,r)e Z} | pa+qb+rc=h}
=#{(p, ¢, eN?| pa+gb+rc=h}+#{(0,q,r)e Z3 | gb+rc=h}
+#{(p,0,r) e Z3 | pa+rc=h}+#{(p, 9,0)e Z3 | pa+qb=h}
~#{(p,0,0)e Z3 | pa=h}—#{(0,q,0)e Z3} | gb=h}
—#{(0,0,r)e Z3} | rc=h}
=ao+ N(b, c)+ N(a, ¢)+ N(a, b)—#{ee{a, b, c} | e|h} .
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Next we notice my=a_,=a,,, from the equation (2). So
mo=ay+ N(b, c)+ N(a, ¢)+ N(a, b)—#{e€{a, b, c} | e|h} — N(@)— N(b) — N(c) .
Since #{ee {a, b, c} | e|h} +#{ee{a, b, c} | ekh}=3,
mo+3=ay+ N(b, ¢) + N(a, ¢)+ N(a, b) + #{e€{a, b, c} | exh} — N(a)— N(b)— N(c)
=ay+ N(a, b) — N(c) + N(b, c)— N(a) + N(a, c)— N(b) + #{ee {a, b, ¢} | exh} .

If (a,b)>1 then ¢ can not be expressed as c=pa+qgb by (a,b,c)=1. So we ob-
tain N(c)=1. Noting the definition of r, we obtain Formula 3. (g.e.d)

Next Theorem 2 is our main result.

THEOREM 2. Let (a, b, c; h) be a regular system of weights other than type A,. Then
it holds that mq>r—3+a,. Moreover, if a,=0 then we have r=mg+ 3.

Proor. First, we prove r=my+3 in the case a,=0. Secondly, we show
mo>r—3+a, in the case ay,> 1.

(A) The case of q,=0.

We apply Formula 3 to a fegular system of weights with g, =0 other than type
A, and we show

_ (N(ey, e2)—N(e3))=0. €))
- {(e1,e2)=1 I {e1,e2} ={a,b,c}}

In the following, we shall show the equation (3) in every case listed in Remark 1.
(a) The case (I)-(1).
We have noticed (a, b)= (b, c)=(a, c)=1 in Section 2. So we shall show
N(b, ¢)+ N(a, ¢)+ N(a, b)= N(a)+ N(b)+ N(c) . 4)
By cl(h—a), we have h—a=ck (k>1). Suppose that ¢ can be expressed as c=pa+qb
(p, ¢>0). Then we have
h=a+c+(k—1)c
={(k—1p+1}a+(k—1)gb+c.
But this contradicts the assumption g, =0. So we have N(c)=1 noting (a, c)=(b, c)=1.
Similarly we obtain N(a)= N(b)=1.
We may suppose that a<c and b<c. Then we have
h=a+ck
=(c—b+1)a+ab+(k—a)c.
If k>a then we have a,>1 noting ¢>b. This contradicts a,=0. If k=a then

h=(1+ c)a. This contradicts ‘a*h. Therefore we have k <a. Noting (a, c)=1 and k<a,
we obtain N(a, c)=1 by h=a+kc. Similarly, by b|(h—c) we can express & as
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h=c+bl (I>1)
=ba+(l—a)b+c.

If />a then ay>1, so we have /<a. By the assumption a<c¢, we have /<a<c. Noting
(b, ¢c)=1 and I<c, we have N(b,c)=1.
Next we express h as h=b+am (m>1). Expressing a as a=[/+a (2=>0), we have

h=b+am
=(a+ )b+ (m—>b)a
=bl+(a+ 1)b+(m—b)a
=bl+c.

Namely we have c=(x+1)b+(m—b)a. If m>b then a,>1 by a+1>0. This is a
contradiction. If m=5 then h=(1+a)b. This contradicts b}h. So we have m<b. We
obtain N(a, b)=1 noting (a, b)=1 and m<b.

Thus we have obtained in this case that N(a)= N(b)=N(c)=1 and N(a, b)=
N(b, c)= N(a, c)=1, and the equation (4) hold.
(b) The case in which the type of the normalization is 4, or non-singular.

First we prepare a proposition and a lemma to prove the equation (3) in these cases.

ProposITION 2. Let (a, b, c; h) be a regular system of weights.
(i) N(a, b) is not changed by any reduction. Consequently it is invariant under the
normalization.
(ii) If (a, b)=1 then N(c) is not changed by reduction.

Proor. First, we consider N(a, b). If (a, b))=c,>1 then a and b can be expressed
as a=dc, and b=bhc,. We have cz,}’c by (a, b, c)=1. By Theorem 1, we have czlh. So
h can be expressed as h=hc,. Since cz,}’c, if h=pa+ qc then we have czlq and we can
express g as g=gq'c, for some g'. Thus we have

Ip,qeZ, st. h=pa+qb < 3p,qeZ, st. h=pi+qb,
ip,qeZ, st. h=pa+qc < 3Ip,qeZ, st. h=pi+qc.

Therefore we have found that N(a, b; h)=N(a, b; k') and N(a, c; h)=N(d, c; k) and this
proves (i).

Next, we consider N(c). By (a, b)=1, it is sufficient to consider only the reduction
with respect to b and c. Let (b, ¢)=co>1 then b, ¢ and h can be expressed as b=bc,,
c¢=¢éco and h=hc,. Since (a, b)=1, we have (cy, @)=1 and if we express c=pa+qb, we
can express p as p=p'c, for some p’. So we have

Ap,qeZ, s.t. c=pa+qgb < 3IAp',qeZ, s.t. é=pa+qb.
Thus we obtain N(c)= N(?). (q.e.d.)
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So if (b,c)=(a,c)=1 and (a,b)>1 then we have only to show that
N, ')+ N(d, ¢')= N(a')+ N(b'). Eventually it is enough to show that N(a/, ¢') = N(b')
in case of (a, c)=1.

LEMMA 4. Let (a,b', c’; ') be the normalization of a regular system of weights
(a, b, c; h) whose type is A, (suppose h'=b"+c and a’|h’) or non-singular (suppose
ad =k). Then b|l if and only if b’ =1.

PrROOF. We have only to prove that if b’lh’ then we have b'=1. In the case of
non-singular type, we have b'|a’. In the case of type A4,, we have &|c’. On the other
hand, we have (¥, ¢)=(d’, b)=1 by the definition of the normalization, so we have
b'=1 in both cases. (q.e.d.)

By the previous lemma, we may assume that b and ¢’ satisfies one of the
following conditions: ’

an »»>1cd>1,

am =1 cc>1,

IV) b=1c=1.

First, we consider type A4,.

The case (II) ('>1, ' >1, a’|h’, W =b+/).

Since a’|h’ and a’' </, we can express A’ as h'=d'a (a>1).

We have h'=5"+ ¢, so we have N(b', ¢')=1 considering b’, ¢'> 1, (b, ¢)=1. d’ can
not be expressed as a'=pb' +qc (p,q>0) by b'+c'=da>a. Since b',c'>1 and
b',a)=(c,a)=1, a can not be expressed as a’'=pb'+¢qc’ (p=0 or g=0). So N(a')=1.
Therefore we have N(¥', ¢')= N(a')=1.

Secondly, we can express b’ as b’ =pc’'+qa’ (0< p<da’) then

W=b+c=(p+1)'+qa .

Noting p+1=>1 and 4’ =ad'a, we have N(c', @)= N(c, a’; b')+ 1. Note that in general we
have N(b')=N(c, a’; b')+ 1, since b'=b"+0c +0a'. Therefore we have N(c', a’)= N(¥').
Similarly we have N(¥', a’)= N(c').

The case (III) (b'=1, ¢'>1, a’|h’, hW=b+c).

Noting b'=1 and @'|i/, we have K’ =1+ =d'a (a>1).

First, since ¥’ =1, we have ' =d'a=a'(a—1)+a'b’. So we have N(b', a')=a+ 1. Also
noting ¢ =h —1=da'(a—1)+(a’ — 1)b’, we have N(¥, @’; ¢’)=a. On the other hand, we
have N(c)=1+N(¥', a’; ¢)=1+a. So we have N(b', a’)= N(c).

Next by 1+c¢=da>d and ¢>1 we have ¢'>da'. Noting b'=1, we have
a=ab+0c. So we have N@®',c;ad)=1 and N(d)=1+ N, ;a)=2. Since

- W=b+bc, we have N(b', ¢')=2. Therefore we have N(¥', ¢')= N(a')=2.

Lastly noting 1=4"<c¢/, if a@>1 then N(}')=1 and if a’'=1 then N(b)=2. Also
noting #'=1+4c¢'=d'a as above, if a’>1 then N(¢’, @)=1 and if a'=1 then N(c, a')=2.
So we have N(c¢/, a’)= N(b").
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The case (IV) (b'=c'=1, d|l, W =b'+ ' =ad' (a>1)).

In this case, we have b'=c'=a'=1 and KW' =2. Therefore we have N(b')=
N(c')=N(a')=3 and N(b', )= N(c,a)=N(', a')=3.

Thus we have proved r=mg+ 3 in the case that the type of the normalization is A,.

Finally we study the case of non-singular type. Assuming that ¢’ =/, i.e.,
(a, b)>1, we notice that if b’,l/h’, i.e., b’>1, we have b’ <.

The case (I) (@', b'>1, ¢'=H).

By the above notice, we have 1 <a’'<c¢’ and 1<b’'<c¢’. We have N(a, c’)=1 by
W=c and a'/h'. We have N(b')=1 since b'<c, 1<da’ and (a,b)=1. So we have
N(d, )= N(b")=1. Similarly we have N(b', ¢')= N(d')=1.

The case (II) (a'=1, b'>1, '=H).

First, we have & <c'. As we can express b’ as b’'=b'a’+0c noting a'=1, we
have N(b')=1+1 by b'<c’. As i’ can be expressed as h'=c'a’ noting @’'=1, we have
N(d', c’)=2. So we have N(d/, ¢')= N(¥').

Secondly, since a'=1, 1 <b’ and 1 <¢’, we have N(a')=1. Since ' =¢’ and b’,}’h’,
we have N(¥', ¢')=1. So we have N(¥, ¢')= N(a').

The case (IV) (a=b'=1, ¢ =H).

(i) 1< (U<, a<c'). As I can be expressed as A'=c' =a'c (a@=1), we have
N(d, c)=2. By b'=d'=1 and b’ <, we have N(b')=2. So we have N(d/, ¢')=N(b).
Similarly we have N(&', ¢’)= N(a').

(i) '=1. From the assumption, we have a'=5b"=¢'=h'= 1. Then we have (a, b), (b ,¢),
(a,c)>1.

Consequently we have the following (a) or (b):

@) (a,b)>1, N, )=N(b"), Nb', ¢')=N(a)

(b) (a,b)>1,(b,c)>1 (a,c)>1.

Now as it was enough to show that if (a, b)=1 then N(d', b')= N(c’), so we have the
equation (3) in any case. (g.e.d.)

(B) The case of ap=>1.
It holds that ¢’ <0 by Proposition 1. Using the invariants of reduction (Proposition
2), we have only to show that

N, b)—N(c)=>0 for (a,b)=1.

In Section 2 we have noticed in the case ¢ <0 that the normalization (a’, b, ¢; /') is
also a regular system of weights. So we shall show N(a, b)— N(c¢)>0 for ¢e<0 and
(a, b)y=(b,c)=(a,c)=1. Noting that N(c)=N(a, b; c)+1, we shall show that
N(a, b; h)=> N(a, b; c)+ 1 in each case of the following:
(a) The case of N(a, b; ¢)=0.

It clearly holds N(a, b; h)>1 in the case that a (or b) divides h—a or h—b. So we
show the inequality in the case that both a and b divide A— c. Noting (a, b)=1, we have
h—c=dab. So h>dab > ab. If we represent h=pa+ gb (0 < p<b) then we have ¢>0 by

o
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h>ab. So N(a, b; h)>1.
(b) The case of N(a, b; c)>1.

We shall show that N(a, b; h) > N(a, b; ¢) in the case that ¢ divides h—a, as we
can similarly show it in the other cases. We have an expression & —a=cm where m>?2

‘noting h>a+b+c. On the other hand, we have different expressions

c=oa+pb, o, =0, 1<i<k, where k=N(a, b; ¢) .
So we have different expressions of /# using these expressions of c:

h=a+cm
=a+moa+mpBb
=a+m,c+myc m=m;+m,, m,m,>0)
=a+(myo;+myo)a+(m,B;+m,B,)b .
If a;<a; then we have ma;<m,a;+m,a;<ma; Namely it holds that N(a, b; h)>
MN(a, b; c). (g.e.d)

The case (B) was pointed out to the author by Prof. M. Tomari.

Finally we give some examples of a regular system of weights with
ag=0o0r my>r—3+a,and a,>0. For each example we give the characteristic function
and the dual graph of the resolution associated with an isolated singularity. A number
in a circle means the self-intersection number of the corresponding curve multiplied by
—1 and circles without a number represent curves with self-intersection — 2.

EXAMPLE 3 (type I-(1)). (4,9, 11; 31).
MD)=T "+ T3+ T+T*+T*+ T+ T+ T+ T°+T'°+ T + T2
+T13+T14+ T15+ T16+T17+T18+T19+ T20+T21+T22
+T23+ T25+ T26+ T27+ T29+T30+T34+T38 .

my=0, r=3.

Je

EXAMPLE 4 (the normalization is type 4,). (3,5, 6; 21)—(1, S, 2; 7).

X)) =T "+ T 44+ T 24 2T 4 TH2T? + T3+ 2T* 4+ 3T5+ TS+ 27"
+3T8+T9+3T10+3T11+T12+3T13+2T14+ T15+3T16
+2T17+T18+2T19+T20+2T22+T23+T25+T28 .

my=2, r=5.
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EXAMPLE 5 (the normalization is non-singular type). (8,9, 12; 36)—(2, 3, 1; 3).
WD)=T "+ T+T*+T>+T°+ T+ T +T3+ T+ TV +T'®

mo=0, r=3.

ExampLE 6. (1,1,5; 10).

X(T)=T 34+2T 2437 ' +44+5T+6T>+ 7T +8T*+9T*+8T°+ 7T’
+6T8+5T°+4T'°+3T' +2T124 113,

my=7, r=0.

@

ExampLE 7. (3,4, 5; 15).

X(D=T3+1+T+T*+ T3+ T*+2T°+ 2T+ T+ T2 +2T° +2T*°
+T11+T12+T13+T14+T15+T18 .

m0=1, r=1.

O—0O0——0—0
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