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Abstract. We give a functional analytical definition of the Maslov index for continuous curves in the
Fredholm-Lagrangian Grassmannian. Qur definition does not require assumptions either at the endpoints
or at the crossings of the curve with the Maslov cycle. We demonstrate an application of our definition by
developing the symplectic geometry of self-adjoint extensions of unbounded symmetric operators. We discuss
continuous variations of the form Ap+ C,, where A, is a fixed self-adjoint unbounded Fredholm operator
and {C,} a family of bounded self-adjoint operators. We extend the definition of the spectral flow to such
families of unbounded operators in a purely functional analytical way. We then prove that the spectral flow
is equal to the Maslov index of the corresponding family of abstract Cauchy data spaces.

Introduction.

In this paper we give an elementary, purely functional analytical proof of the
Spectral Flow Formula. We show that the spectral flow of a continuous curve of
self-adjoint (unbounded) Fredholm operators is equal to the Maslov index of the
corresponding curve of abstract Cauchy data.

Formulas of this type were first proved by Floer, [14]. He examined a concrete
example arising from the symplectic action integral in Hamiltonian mechanics. A general
formula was then proved by Yoshida, [33] establishing the equality of the spectral flow
and the Maslov index for a family of Dirac operators on a closed 3-dimensional manifold.
He applied this identification to the study of 3-dimensional manifold topology. More
recently Nicolaescu, [25], [26], [27] gave a generalization of the Spectral Flow Formula
for families of Dirac operators on higher dimensional manifolds by assuming invertibility
at the endpoints of the path. There are many papers discussing these topics under such
assumptions, see e.g. Bunke [9], Cappell, Lee, and Miller, [11], Furutani and Otsuki,
[28], [16], Kirk and Klassen, [19], [20], [21], [22].

The purpose of this paper is to provide a purely functional analytical proof of the
Spectral Flow Formula that clarifies which of these assumptions are essential. We ignore
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all features connected solely with geometric formulations of the problem. To do this,
we must clarify the functional analytical meaning of cutting a manifold by a hypersurface.
Here this will mean, first, that a self-adjoint operator (typically a Dirac operator) is
given over a compact manifold without boundary. A splitting of the manifold is then
a process which yields a pair of closed symmetric operators with suitable properties.
This is naturally understood as an inverse procedure to the classical von Neumann
theory of self-adjoint extensions.

We proceed as follows. In Section 1 we develop the real and complex functional
analysis of infinite-dimensional Lagrangians and give a new definition of the Maslov
index. Our Maslov index is defined for any continuous path and does not require any
deformations of the path, or assumptions at endpoints and crossings. It is applicable
to both the finite-dimensional and the infinite-dimensional cases. In the case of cycles,
our definition gives the usual Maslov index. For paths, it gives the additivity of the
Maslov index under catenation and also its homotopy invariance.

In Section 2 we determine the precise difference between our definition of the
Maslov index and that of Robbin and Salamon, who defined the Maslov index for
smooth curves of Lagrangians which have regular crossings with the Maslov cycle (see
[31D.

In Section 3 we construct a specific continuous curve of Fredholm pairs of
Lagrangians. More precisely, we first define the space f of abstract boundary values
of a fixed closed, symmetric operator 4 in a real Hilbert space to be the quotient space
of the maximal and minimal domain of 4. Then we equip f with a symplectic structure.
Usually, the Cauchy data space for a differential operator over a compact manifold
with boundary is defined as the L,-closure of the space of sufficiently differentiable
solutions restricted to the boundary (see [7], Chapter 13 which establishes also the
Lagrangian property of the Cauchy data spaces for Dirac operators). We provide a
more algebraic argument by exploiting the symplectic structure of B. From this we
immediately derive the Lagrangian property of the (abstract) Cauchy data spaces. This
property implies that the Cauchy data spaces are closed subspaces of g and vary
continuously for a continuous variation 4+ C, of 4 where {C,} is a family of bounded
self-adjoint operators. Here ‘continuous’ refers to the operator norm.

We study operator families. which have the following properties. They are
continuous families of unbounded closed symmetric operators which all have a
self-adjoint extension with compact resolvent. None of the operators has inner solutions.
All the operators have the same domain and differ only by a self-adjoint bounded
operator. ‘

There are three situations in which such families naturally arise. First, consider a
Dirac operator acting on the sections of a fixed Clifford module bundle E over a closed
manifold M with fixed Riemannian structure. Varying the connection in E yields a
family of Dirac operators. These are closed symmetric operators in L,(M; E). Their self-
adjoint extensions A4, are uniquely determined and have domain equal to the Sobolev
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space #Y(M; E). The operators can be naturally seen as perturbations by bundle
homomorphisms (i.e. by particularly simple bounded operators) of a densely defined,
closed symmetric operator in L,(M; E). Second, consider a family of Dirac operators
on a codimension 0 submanifold M, with boundary. The domain Dc L,(M ,; E|\ )
is specified once we impose a fixed global elliptic boundary condition, but vary the
connection. Third, consider a continuous variation of the boundary condition in the
Grassmannian of generalized Atiyah-Patodi-Singer projections. If we apply a suitable
unitary transformation (as explained by Douglas and Wojciechowski, [13], Formula
A10), this case will be reduced to the preceding second case (see also Booss-Bavnbek
and Wojciechowski, [8], Section 3).

In Section 4 we give a rigorous definition of the spectral flow for the aforementioned
class of continuous families of unbounded Fredholm operators. Our goal for the general
unbounded case is to obtain a spectral flow which is a homotopy invariant. Recall that
the spectral flow is a homotopy invariant for paths of bounded self-adjoint Fredholm
operators. Therefore it can be related to certain well-known topological phenomena.
It can, for example, be related to the fact that the non-trivial component of the space
of bounded self-adjoint Fredholm operators is a classifying space for the functor KR™7
in the real case, and for the functor K~ ! in the complex case (see [5]).

The original definition of the spectral flow was given by Atiyah, Patodi and Singer
in [4]. They brought the graph of the spectrum of the family into ‘general position’ by
deformation and counted the number of intersections with y=0. But this approach is
only meaningful for loops or loop-like curves; for example, operator curves with periodic
spectrum or with invertible endpoints. Still this approach is very useful for concrete
calculations, if the crossings are smooth and regular.

We proceed in two steps to get a precise definition which is independent of any
deformations made. First, we apply Phillips’ purely functional analytical definition of
the spectral flow for a continuous curve (not necessarily a loop) of bounded Fredholm
operators (see [30]). Phillips’ definition needs no assumptions about the zero eigenvalues
and does not require any deformation of the family into ‘general position’. More
precisely, on each small interval [¢,, ¢,] there is a bound @>0 such that a does not
belong to the spectrum of any A, and such that only finitely many eigenvalues of 4,
belong to the interval [ —a, a]. We count the number of eigenvalues of 4, which belong
to the interval [0, a] for t=¢, and t=1,, and take the difference between these two
integers. Then the spectral flow is the sum of these differences for a sufficiently fine
partition of the interval [0, 1]. In this way, we do not need to count the crossings and
avoid any ambiguities. The operators at the endpoints do not have to be invertible and
the movement of the eigenvalues do not have to strictly increase or decrease when
passing zero.

The second step is to discuss the spectral flow of continuous families of unbounded
self-adjoint Fredholm operators of the form 4, : = A, + C, discussed in Section 3. Clearly,
any unbounded self-adjoint Fredholm operator 4, can be transformed into a bounded
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self-adjoint Fredholm operator by the transformation
(0.1) A A JTd+ A2

Here \/Id + A7 ! denotes the unique positive definite square root of the positive definite
operator (Id+A2)~ L.

We define the spectral flow of the family {4,} directly on the operator level as the
spectral flow of the transformed family. The transformation is, however, not continuous
on the whole space of unbounded self-adjoint Fredholm operators. B. Fuglede gave a
counterexample in [15]. We prove that (0.1) transforms a continuous path {4,=A4,+ C,}
of the aforementioned form into a continuous path of bounded self-adjoint Fredholm
operators. In other words, we prove the continuity of the combined transformation

Cr— Ap+Cr (Ap+ CO)Id+(Ap+ C)?)~ 12,

We shall also assign another continuous curve {4,} of bounded self-adjoint
Fredholm operators to the curve {4,}. We show that this curve gives the same spectral
flow as the curve transformed according to (0.1).

In Section 5 we prove our main result (Theorem 5.1):

THE SPECTRAL FLOW FORMULA. Let A be a closed symmetric operator in a real
Hilbert space H with domain D,, and let {C,},.; be a continuous family of bounded
self-adjoint operators on H. We assume that

1. the operator A has a self-adjoint extension A, with compact resolvent,

2. there exists a positive constant a such that

D,, nker(A* + C,—s)={0}

for any s with |s|<a and any te[0, 1].
Then we have

(0.2) sf({4p + C.}) = u({y(ker(4*+ C)}, y(D)) ,

where y denotes the projection of the domain D\, of A* onto the symplectic space = D,,/D,,
of abstract boundary values.

We construct a two-parameter family of operators and apply the relation formula
between the Robbin and Salamon definition and our definition of the Maslov index to
analytic segments of these derived families. Then the Spectral Flow Formula follows
by a homotopy argument.

ACKNOWLEDGMENTS. We thank R. Nest for helping us to prove Proposition 4.5
and B. Fuglede, G. Grubb, B. Orsted, N. Otsuki, and K. P. Wojciechowski for stimulating
discussions. We also thank the referee for helping us improve the presentation of this
paper. Our work was supported by the Danish Science Research Council, grants no.
9501870 and no. 9503564.
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1. The Grassmannian of Lagrangian Fredholm pairs.

1.1. Symplectic functional analysis. We fix the following notation.

Let (#, (-, "), w) be a fixed symplectic, separable real Hilbert space and let
J: # —# denote the corresponding almost complex structure defined by
w(x, y)=<{Jx, y> with J2=—1d, 'J=—J, and {Jx, Jy>=<x, y>. Here 'J denotes the
transpose of J with regard to the (real) inner product {-, -). Let & = #() denote
the set of all Lagrangian subspaces of # (i.e. A=(JA)"). It is naturally identified with
the space ¥ of self-adjoint involutions of 2 which anti-commute with J. The
correspondence is given by

F 34— C:=2P,—1de¥ and €3Cr—> A:={xeH | Cx=x},

where P, denotes the orthogonal projection onto A. We topologize £ by the topology
of & as a subset in the space #(#) of bounded operators on . The space & is
contractible and therefore not topologically interesting. To get something topologically
meaningful, we fix a Lagrangian subspace A,.

DerINITION 1.1. (a) The Fredholm-Lagrangian Grassmannian of a real symplectic
Hilbert space J at a fixed Lagrangian subspace A, is defined as

FL,,={AeZL | (A, Ay) Fredholm pair}

(i.e. dimA N Ay < 00, A+ A, closed and codim A + A4 < 0).
(b) The Maslov cycle of A, in H# is defined as

My =F L\ FLYD

where ZZL® denotes the subset of Lagrangians intersecting A, transversally, ie.

Note. The Fredholm-Lagrangian Grassmannian in an infinite-dimensional
symplectic Hilbert space was first considered in Swanson, [32].

Using the almost complex structure J, we consider the space # as a complex
Hilbert space. We denote it by the same letter # . The complex inner product of # is
given by

X, yrei =<K%, y> —+/ —1olx, y) .

Let %(#°) denote the group of all unitary operators on # and %(¥) denote the
subgroup of operators of the form Id + K, where K is a compact operator. Then %)
acts transitively on #%,_ in a natural way. Let

p:UKH) — FLy,
U > UAp)
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denote the mapping defined by this action. This mapping is the projection of the principal
fibre bundle %/(>#) onto its base space #%,, (see Swanson, [32], Lemma 3).

Since s can be considered as the complexification Ao ® C=Ay+JAy,=H# of A,,
we attain a complex conjugation by

z=xQ@14+yQ®@ /-1 +H—x®1—y®./—1=:2
I I
x+Jy x—Jy

where x, ye A,. Let A€ B(H#). We let 4 denote the bounded operator on # given by
A(z):=A(2) and denote 74 : = 4*. Notice that in difference to the real transpose ‘A, the
new conjugate “4 belongs to the category of complex operators and is defined with
respect to the fixed A,.

Let Ae FZ,, be given. We choose an operator Ue #(#) such that A= U(A}).
From the definition of the conjugate TU we obtain the following isomorphy of complex
subspaces of A, ® C=#":

(1.1) ker(UTU+Id)=A A Ag+J(A N Ag)=(A A A) R C .

Equation (1.1) proves:
LEMMA 1.2. For any Ae F%,, and any UeU(H) with A=(A}), we have
dimg(A N Ay)=dimcker(UTU +1d) .

Our functional analytical definition of the Maslov index builds upon this property
of the operator UTU.

1.2. The complex Fredholm-Lagrangian Grassmannian and the symmetric gener-
ator. Above we considered the complex Hilbert space consisting of the points of .
Now we consider the complexification # ® C. This space splits into a direct sum of
the two eigenspaces E,, E_ of J®Id for the eigenvalues +./—1. We define the set of
complex Lagrangian subspaces of # ® C by

L ={Lc #RC|L+U®IdYL)=# ®C and <L, (JRId)LY =0} ,

where (-, ->¢ denotes the Hermitian inner product in # ® C. We obtain a natural
embedding of £ in £ € given by

L34 1(A): =4 Ce £°€.

Let ¢ denote the group of all unitary operators which commute with J® Id, i.e.
which keep E, invariant. Hence ¢ is isomorphic to #(E_) x %(E ). Clearly ¢ acts on
€. Let 9. denote the subgroup of operators of the form Id + K, where K is a compact
operator on J# ® C. Then also this group splits into

G =UE_)x U(E.).



MASLOV INDEX 7

We define the complex Fredholm-Lagrangian Grassmannian by
FLEoc:={Le L | (L, A, ® C) Fredholm pair} .
The group %, acts transitively on FZ5 . Let
pC Y — F g/ﬁ,@c
g > g(45®C)

denote the map defined by this action. We obtain a commutative diagram

ux) — 4

G

T
FLry — FLigec

where 7 denotes the complexification U U®1d = ( gj g) Here we identify %,(#’) with
U(E,) by the (complex and anti-linear) isomorphisms

H =, E.

.., Z®I1F i/(z)3 ® -1 ,

so that U operates on E_ and U on E, in the preceding matrix.
Now we construct an isomorphism between %(#) and FZ5 gc. Let @ be the

mapping

&: UKH) — G,

U }__»(Id 0>,
0 U

where Id operates on E_ and U is considered as an operator E, — E . We split

a8 A I )

and see that the range of @ and the second factor of ¥, intersect only at the identity.
We also see that the right inverse of @ is given by

<U 0)»——»VU‘1,
oV

where U™ ! is considered as an operator from E, to E, by successively identifying
E_~s#=~E,.
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The preceding facts prove

ProrosITION 1.3.  For any real symplectic, separable Hilbert space # with fixed
Lagrangian A,, we have a homeomorphism

peo®: UH) =, FLE .
Note that the inverse mapping
Y:=(p%®): ﬁgﬁ,@c = U(K)
is explicitly given on the range of © by
ARC—UU '=UTU  where Ue%(#) with A=UA}).

Hence we can introduce our key operator for the direct functional analytical definition
of the Maslov index:

DEeFINITION 1.4. For any Ae #¥,, we define the complex symmetric generator
of A (with regard to A,) by

W, =9(A®C) TR l3

UTUeU(H).

Note. The operator W,=U"U is invariantly defined by A. This was already
found by Leray, [23], Lemma 2.1, by direct calculation in the real Grassmannian. In
our context, the invariance of W, is just a geometric property of the complex
Grassmannian. Consider the principal fibre bundle given by the action of the group %,
on FZ£ oc- The bundle has a global section provided by ¥. That is the reason for the
invariance of W,. Moreover, we can describe the set of all operators which arise as
complex generators W, of (real) Fredholm-Lagrangians A. It is exactly the subset of
all Wea(#) with W=Tw.

1.3. A proper functional analytical definition of the Maslov index for arbitrary
paths. Let {A(?)},., with I=[0, 1] be a continuous path in FZ,,. Then the family
{ W }ie1 Of unitary operators on S is also a continuous family in the operator norm.
To define the Maslov index we proceed in a similar way as Phillips did when he gave
a direct definition of the spectral flow of a continuous path of self-adjoint, bounded
Fredholm operators (for details see [30] or below Section 4).

To define the spectral flow one deals with an operator family with spectral
oscillations on the real line around zero. To define the Maslov index we define an
operator family with spectral oscillations on the unit circle around e’*. In both cases
we want to count the net number of eigenvalues, counted with multiplicities, which
pass through a fixed gauge in the positive direction.

In general, it is not possible to lock the oscillations of the eigenvalues into an interval
[—a,a] (or into an arc between e‘™~? and e“"*?) so that no eigenvalues can leak
through the boundary +a when the parameter runs from 0 to 1. But Phillips observed
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Ficure 1. Horizontal and vertical spacing of the spectrum of the complex
symmetric generator Wy,

that the strategy works locally and can be patched together. We shall use a similar
approach to define the Maslov index.

We choose a partition {0 =7, <17, < - - - <ty=1} of the interval and positive numbers
O<g;<m, j=1, - -+, N, such that

1.2) ker(W,, —e'"*%) = {0}

for t;_, <t<t;(see Figure 1). Here we use the fact that W, — e'™is a Fredholm operator.
This is clear since W), is unitary with eigenvalues on the unit circle and since W, —Id
is compact with discrete eigenvalues and with 0 as the only accumulation point.

If the equation (1.2) is satisfied at a point ¢ for an g; it will be satisfied also in
near neighbouring points with the same bound ¢;. In such a way we can construct a
finite number of intervals [¢;_,, ;] which are a partition of the interval [0, 1] and which
satisfy equation (1.2) for suitable bounds ¢;.

We consider a continuous curve in the Fredholm-Lagrangian and admit that the
curve intersects with the Maslov cycle .#Z,, for an infinite number of parameters. Hence,
there is in general not a concrete intersection number to define the Maslov index. We
now count a number which characterizes the oscillation and which coincides with the
intersection number of the curve with the Maslov cycle, if the curve is in a ‘general
position’.

DEerFINITION 1.5. Let A={A(¢)},c; be a continuous path in the Fredholm-
Lagrangian Grassmannian #%, of a real symplectic Hilbert space # at a fixed
Lagrangian A,. We define the Maslov index by

w(A)=pu(A; Ap): = _;1 k(t;, &;)—k(t;— 1, €))

with



10 BERNHELM BOOSS-BAVNBEK AND KENRO FURUTANI
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FIGURE 2. The locking of the eigenvalues between ¢ and &’

k(t,e):= ). dimker(W,,—e'™*?) for t;_,<r<y;,
050<£j
where the horizontal and vertical spacing (¢,, - - -, ty), (&4, - * *, &y) is chosen as in (1.2).

Notice that our definition of the Maslov index does not depend on the choice of
the horizontal or vertical spacing. This is not only because of the continuity of the
eigenvalues but also because the role of ¢;, chosen as in (1.2), is to lock the eigenvalues
for te[t;_,, t;] in the interval [ —¢, ¢]. Choosing any other such &’ will also lock the
eigenvalues between & and &', see Figure 2. This proves the claimed independence
of our definition of the Maslov index of the choice of the horizontal or vertical spacing.

All Robbin and Salamon’s ‘axioms’ for the Maslov index (see [31], Theorem 2.3,
and, in similar form, Cappell, Lee, and Miller, [10]) follows at once from our con-

struction of the Maslov index. We emphasize the following properties.

THEOREM 1.6. (I) The Maslov index is well defined for homotopy classes of paths
with fixed endpoints. In particular, the Maslov index is invariant under re-parametrization
of paths.

(I) The Maslov index is additive under catenation, i.e.

WAy *Ay)=p(Ay)+(A5) ,
where {A(t)}, {A,(t)} are continuous paths with A,(1)=A,(0) and
A,(2t) 0<t<1/2
(A% A)(0): ={ ‘
A,(2t—1) 12<t<1.

(IIT1) The Maslov index is natural under the action of the group Sp(3#) of symplectic
automorphisms of H# .

(IV) The Maslov index vanishes for paths which stay in one stratum FZL5 of
the stratified space FL,, =\ ) ;- o FLL, i.e. if dim A(t) N Ay =k for one k>0 and all te I.
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To define the Maslov index, we embedded the real Fredholm Grassmannian #%,
in the complex Grassmannian %, ¢c. The inclusion was given by complexification.
Clearly, there are many more Lagrangian curves in ¥, ¢¢ than those coming from
FZL,,. Also the complex Maslov cycle defined by

Myoc:={LeFLoc| LN (4o ®C)#{0}}

is substantially larger than the real Maslov cycle as defined before. We can generalize
Lemma 1.2 and characterize the complex Maslov cycle by the property that for all its
L, the operator ¥(L) has eigenvalue — 1. This leads to a genuinely complex version of
Definition 1.5:

DEFINITION 1.7. For any continuous family {L(t)} e FZL{sc, We define the
complex Maslov index by

w{LO)}):= _; k), &) —k(t;-1, &) »

where we replace the operator W, by the operator ¥(L(¢)) in the definition of the
multiplicities k(z., €.).

Notice that Theorem 1.6 remains valid in the complex case. Furthermore, we see
at once that u€ is the intersection number of the family L(z) with the complex Maslov
cycle, if {L(¢)} is in a ‘general position’. It is not difficult to derive the following formula:

PROPOSITON 1.8. Let {A(t)} € FL,, and {L(t)} € FLS oc be two continuous families
which have the same endpoints. They are homotopic in FLL ¢, if and only if

p{ADP=pu (LW} .

REMARK 1.9. We notice that u({A(¢)}) is the winding number of the closed curve
{det Wy },est for loops, i.e. for A(0)=A(1), and for finite-dimensional 5. This is the
original definition of the Maslov index as explained in Arnold, [3]. Arnold’s definition
can be transferred to infinite-dimensional inductive limits. It was generalized by Swanson,
[32] to cycles in the Fredholm-Lagrangian Grassmannian. Similarly, we get for arbitrary
complex Lagrangian loops that uS({L(¢)}) is the winding number of {det ¥(L(?))};cs:.

2. The relation between the differential and functional analytical definition of the
Maslov index.

2.1. Review of the differential definition. Here we assume that the symplectic
vector space J is finite-dimensional. Notice, though, that the definition of the Maslov
index given by Robbin and Salamon, [31], can be extended immediately to the
infinite-dimensional case following Swanson [32], Theorem 1.2, where the differentiable
structure for &, was defined (see also Nicolaescu [26]). In our proof of the Spectral
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Flow Formula (in Section 5) we shall apply the Robbin and Salamon definition in the
infinite-dimensional form to a simple analytic family. Restricting ourselves to the
finite-dimensional case makes the presentation more easy, since we can then identify
F£,, with £ and %) with %(#’). However, we still fix one Lagrangian subspace
A, to specify the Maslov cycle.

Roughly speaking, Robbin and Salamon’s differential approach for defining the
Maslov index is based on three observations:

(i) Tangent vectors (A4, A)e T (&) can be regarded as symmetric bilinear forms
Q.4 on A in a natural way.

(ii) For a C' (or smooth) curve {A(?)},.; of Lagrangian subspaces there is a
natural way to distinguish the special case when the curve has only regular crossings
with the Maslov cycle .#, . Here regular crossing at tel means that the symmetric
bilinear form

Q(A(t),/i(t))IA(t)nAo D (A@) N Ag) x (A(t) " 49) > R

is non-singular.

(1i1) Since regular crossings are isolated, one can define a number by adding the
signatures and possible corrections at the ends of the path. The number is the
Robbin-Salamon (differential) Maslov index. Clearly, it will remain unchanged by any
further deformation within the class of smooth curves with only regular crossings with
the Maslov cycle. (It seems that there is no clear argument in the literature how one
can establish that the number will neither change under deformations passing through
the class of continuous curves with only regular crossings. See also Remark 2.2 below.)

To explain observation (i), we set for a (4, A)e T (&) and x, ye A:

d
(21) Q(A./i)(x, y):=zw(xa Bsy)|s=0,

where the family {B;: A —J(A)} 5« of linear maps is chosen in such a way that
its graph A(s):={x+Bx| xeA} becomes a C'-curve through A at s=0 with
(d/ds)A($))s= 0 = A-

We assume that {4,},., is a C'-curve with only regular crossings with the Maslov
cycle .#, . From [31] we recall Robbin and Salamon’s definition of the (differential)
Maslov index by

(2.2) #RS(A; Ao):=1%sign Q(A(O), A(0))| 4(0) A Ao

+ . > . S1gN Q sy, dan ) 40 ~ 40 T 3 180 Qraq), A1 41) 40 -
<t<
2.2. The relation between the differential and functional analytical definition for
smooth paths. Let us assume that the curve {A(¢)},.; is of C2-class and has only regular
crossings with the Maslov cycle .#,,. We show that our functional analytical definition
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of the Maslov index coincides with Robbin and Salamon’s differential definition except
for the corrections at the endpoints of the path. These corrections sometimes cause
the differential Maslov index to become a half-integer, while our definition always
provides an integer (as wanted for Z-valued homotopy invariants). More precisely we
have:

THEOREM 2.1. Under the preceding conditions of C?*-differentiability and regular
crossings we have
ki=1

k,—
2.3 —yRs_Tt=0 =l
(2.3) h=u > >

where k, denotes the crossing dimension dim A(t) N A,.

REMARK 2.2. Formula (2.3) also establishes the homotopy invariance of Robbin
and Salamon’s definition by avoiding the delicate argument of deformations within the
class of curves with only regular crossings.

Proor. First we show that our and Robbin and Salamon’s definitions coincide in
suitable small intervals. We relate the eigenvalues of our symmetric unitary generator
W, on both sides of e with the positive and negative eigenvalues of the quadratic
form Qaw. iy | 4w~ 4o Later we shall add over a partition of the unit interval I into
small intervals and compare the eigenvalues at the endpoints of 1.

Step 1: We consider a small neighbourhood of a point #,, 0<?,<1, where
A(tg) " Ao #{0}. Let U,e¥(#) be a curve of unitary transformations such that
U(JAg)=A(t) for |t —1ty| < 1. If we write U, = X, + \/—'1 Y,, we can express the quadratic
form on the variable space A(f) of (2.1) as a quadratic form on the fixed space 4, by
substituting x= U, Ju and y = U, Jv with u, ve A,. As observed already by Robbin and
Salamon, the coordinate change yields

2.4) Quator. AaonUsgdts Uy d0) = (Y1), X, (0)> — (X, (1), Y,o(0)) -

Step 2: Note that P(A(t) ® C)= U,"U,=: W, is our W, of Definition 1.4. Writing
U,=U,e'* and W,= W, e with self-adjoint 4, and S, and S,,=0 yields

(2.5) Q(A(t()),/i(to))( - Y[Ou + JXtDu, - Yt()v +JX10U) = <d,o(U), U> N
where 4,=a,+ib,. Also, we have the unitary equivalence

(2.6) U, S, =2a,"U,

to *
Equations (2.5) and (2.6) imply that sign Q 1u.).4won | Ato) ~ 4, COINCides with the signatures
of 4,, and S',O on corresponding subspaces of A,. Notice that the imaginary part ib,,
disappears in the signature formula for very good reasons, namely because the choice
of U, is non-unique.

Step 3: Now we relate the signature of the quadratic form at ¢, to the curve of
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eigenvalues of W, for |t—1,|« 1. We assume that
dimg(A(to) N Ag)=dimker(W, —e™)=k>0.
Now we lock the eigenvalues of W, at t=t, (‘vertically’) by €>0 such that
ker(W,,—e'®*9)={0} for 0<|0|<e
and (‘horizontally’) by 6>0 such that ker(W,—e’"*®) remains equal to {0}. Hence

Y. dimker(W,—e'™*9)=k
|0 <e
for |t—1ty] <.
Let

0<AISSAP and 0>ﬂ12"'2”q

denote the eigenvalues of S’,o| Atto)~ 4o W€ have no vanishing eigenvalues since the
crossing is assumed to be regular, hence p+g=k. Assume that A(z) is of C2-class.
The transformation W, will have eigenvalues {4,(r)} and {u;(¢)} for ¢ sufficiently close
to t,, say in the interval [t,—93, to+ d]. These eigenvalues bifurcate from —1 at ¢, in
the following form:

A,(l)=ei("+ht+0(l2)), =1, -- P
#j(t)=ei(1r+#jt+0(tz)) , j=1,---,q.
It follows that the point 7,, where dimg(A(zy) N A5) >0, is isolated and that
Y. dimker(W,—e®*")=p and Y. dimker(W,—e'**") =4

0<0<: ~-£<0<0
for to<t<t,+ 0 (and vice versa for t,—d<t<t,). Hence
(2.7) MA@} - s<i<to+65 Ao)=klto+ 0, &) —k(to—3d, &)=p—q

=sign Q(A(:o),/i(to)) [Alto) A Ao — FRS({A(t)}to —d<t<to+d Ao) -

Step 4: We still have to compare the counting at the endpoints if the crossings
are not transversal. At the left endpoint 71,=0 we have k&(0+4, e)=p and k(0, &)=
dimA0) N A=k =p+q; hence our definition of the Maslov index contributes with
p—(p+qg)= —gq, while Robbin and Salamon’s definition contributes with (p—¢g)/2=
k/2 —q. Similarly, at the right endpoint ¢,=1, we get k(1, ¢")—k(1 —-0', ¢')=k’'—q ' =p’,
while Robbin and Salamon get (p'—¢q')/2=p’'—k’/2. That explains the error terms
in the formula (2.3). We obtain the full proof of our theorem by the additivity under
catenation of paths. O

3. An example: the Fredholm Lagrangian of abstract Cauchy data spaces.

3.1. The symplectic space of abstract boundary values. We assume that H is a
real Hilbert space with inner product (-, ->; that D,, is a dense subsapce of H; and
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that A4 is a closed symmetric operator in H defined on D,,. Let D,, denote the domain
of the adjoint operator A* of 4. We have

Dy>D, and A4*, =4,
i.e. A*is a (closed) extension of 4. Let D% and D? denote the corresponding Hilbert
spaces, equipped with the inner product coming from the graph norm
<st>g5==<an>4‘<A*1%x4fy> fOf AXLyel)M'
Then D is a closed subspace of D§;. We denote by ||x|lg : =/{x, xDg=1/{x, x)+ {A*x, A*x).
Set B:=D%,/D? with the canonical projection
y: Dy — B
X +— [x]=x+D,,

and with the quotient norm

19)ll;:= inf [x+aly for yx)eB.

aeD,,

We call § the space of abstract boundary values and vy the abstract trace map. We have
a short exact sequence of Hilbert spaces

(3.1) 0— D% =, DY L p—0

which splits with a right inverse j of y. Then f:=j(f) is a closed subspace of D%,
characterized by

(3.2) B=p, Dy=D5®B and Dj Lf.

More precisely, we have:

LemMMmA 3.1. (a) The space B of abstract boundary values can be represented in
D%, as the — 1-eigenspace of the square (A*)? of the (real) symmetric operator A*:

(3.3) B={yeDy | A*ye Dy and (4*’y=—y}.

(b) Let Dc D% be a subspace with D,,=D. Then D is closed in D%, if and only if
(D) is closed in B.

PrOOF. (a) Let bef, say b=y(z) with ze D%. We split z=x+y, where xe D,
and yeD?'. Then y lL,D? implies that {x, y)>+{A4*x, A*y>=0. By definition
(A*x, A*y>=<{x, A*A*y>. Hence y L ,D?, if and only if {(x, A*4A*y)=<x, —y) for all
xeD¥, ie. (A%)2y=—y.

(b) If D is closed in D%, then the factor space D/DZ=vy(D) is a complete space,
hence it is closed in B. O

We introduce a symplectic structure on f by setting
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(3.4) o([x], [y]):=<LA4*x, y> —<{x, A*y>  for [x],[ylep.

PROPOSITION 3.2. The form w is a well-defined skew-symmetric bilinear form on
B x B with the following properties:
(1) o is bounded,

(i)  is non-degenerate.

ProOF. (i) is proved as follows, using the elementary algebraic inequality /Bc+

VbC<./b+ B,/c+ C for non-negative reals.
(3.5) lo([x], [YD <1 <A*x, p> |+ <x, A*p> [ <[ 4*x| |yl + 1 x] | 4*p]l
<IxI2+ 14*x12 /1y 12 + [ 4*p 12 = Ixlgllyllg ,

where x, y € Dy (= Djy). Hence |([x], [y]) < I[x11l 1Lyl -
To prove (ii) we lift w to the representation § of B in D%,. Let & denote the form

a(x, y): =<{A*x, y> —{x, A*y) restricted to f, i.e.
aG([xD iy =w(x],[y])  forall [x],[yleB.

Notice that

(3.6) A*B)cf and (4*?>=—-1Id on B, and
(3.7) B(x, y)=<A*x, y)g .
From (3.6) and (3.7) we see that the mapping
7 B — B*
[x] F— t(ly]) : = w(lx]1, [¥D)
is an isomorphism of the Hilbert space § onto its dual f*; hence (ii) is proved. O

We can characterize various types of extensions of the fixed symmetric, closed
operator A by the corresponding properties of the domains and by the abstract boundary
values (see also [1], [2]).

LemMa 3.3. Let D be a subspace of D,,, which contains D,,. Then the extension
Ap:=A*p

(a) is closed (as an operator in H), if and only if y(D) is closed (in B);

(b) the extension is self-adjoint, if and only if y(D) is a Lagrangian subspace of B;
and

(c) it has compact resolvent, if and only if the inclusion D¥* —, H is compact, where
D? denotes the domain D equipped with the graph norm.

PROOF. (a) is just a reformulation of Lemma 3.1b; (b) and (c) are immediate from
the definition. O

3.2. Lagrangian property of Cauchy data spaces. As first suggested by Bojarski,
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[6], the concept of Cauchy data spaces is fundamental to any systematic study of
splitting formulas for spectral invariants. This motivates the following definition in our
abstract setting:

DEerFINITION 3.4. Let
S:=kerA*

denote the solution space of A*. The space S is closed in the graph norm in D% and
also in H. We call y(S) the Cauchy data space of A*.

All the arguments in this section will assume the following:
AssuMPTION 1. There exists a self-adjoint Fredholm extension
A D = A * | D

defined on a domain D with D,,c D < D,,. In particular, y(D) is a Lagrangian subspace
in .

Assuming the existence of a Fredholm extension in our abstract setting corresponds
to the ellipticity condition in the concrete setting. We shall exploit the following list of
Fredholm properties:

(1> By definition, ker4,=D n S is finite-dimensional.
(2> We have a short exact sequence

0—D,,nS = DNnS 1228 y(DAS)—0,

which yields DN S=D, nS@®yDnS).

(3> Clearly y(D nS)cy(D)ny(S); in fact the spaces are equal, since y(x)=1y(s) for
xeD and s€ S implies x—seD,,. Hence se D.

(4> range A,=A*D) is closed in H and dimH/ranged,< + 00, so A*(D,) is also
closed in H.

(5> kerd=D, nS=A*D,)", with the orthogonal complement taken in H.

(6> kerAp=(range Ap)*, with the orthogonal complement taken in H.

Assumption 1 leads to the following proposition which is the main result of this
section.

PROPOSITION 3.5. The Cauchy data space y(S) is a closed, Lagrangian subspace of
B and belongs to the Fredholm-Lagrangian Grassmannian F%£,, at Aq:=7(D).

It is an astonishing aspect of symplectic functional analysis that the proof of the
preceding proposition can be kept completely elementary due to the following geometric
comparison lemma.

LEMMA 3.6. Let (V, w) be a real symplectic Hilbert space with a fixed Lagrangian
subspace A, and an isotropic subspace A. Then A is Lagrangian, if
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AgnA={0} and Ay+A=V.

PrOOF. Let xed, say x=x,+x,; with xoed, and x,eAcA. Hence x,=
x—xy €Ay " A, which must vanish, so x=x, € A. This proves A= A.

To prove the Lagrangian property of A, we take x € A° and write it as x =x,+ x,
as before. Since A= A°, we get

Xo=Xx—X1€EAgNA°=A5NA°=(Ao+A)°=V°={0},
hence x=x, € A. O
PROOF OF PROPOSITION 3.5. Step 1: Let [x], [y]e€¥(S). Then
o([x], [y])=<K4*x, y> —<{x, A*y>=0,
hence y(S) isotropic.
Step 2: Now we consider the sequence of continuous mappings

D% %, range A* —" range A*/range A, .

Hence

D+S={xeDjy | A*xerange A,}=kernoA*
must be closed, and we have a Hilbert space isomorphism
(3.8) D%/(D+S) = range A*/range Ap.

Moreover, y(D+S) is closed in # by Lemma 3.1b and coincides with y(D)+y(S). From
the closedness of y(D)+y(S), we get

(3.9) (D) +7(8))° = (D) +¥(S)° =¥D)° " ¥(S)° .

Step 3:  Since y(S) is isotropic, also y(S) is isotropic. Recall that y(D) is Lagrangian.
This yields

DY A Y(S)°>9D) A Y(S)>y(D) A (S),
hence, with (3.9)
(3.10) (D) +¥(S)°>y(D) " ¥(S) .

Step 4: Now we exploit the Fredholm properties and get

(3.11) <2, <3 <15
D,NnS®yD)nyS) =~ DnS=kerAd,

<6>
= (range 4p)" = H/range A, = H/range A* @ range A*/range A, .
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. &) -
Since D,, 0 S =~ Hjrange A*, this yields

(3.8)
(3.12) y(D) N p(S)=range A*/range A, = Dy/(D+S)

= B/y(D+S)=B/(y(D)+¥(S)) .
Moreover, for any closed subspace L in 8, we have
B/L° = p*/1,(L)=p*/tg(L)=B/L",

where the isomorphisms tg, 7,,: f— B* are given by tg([x])[y]:=<[x],[y1>; and
to([xXDy]: = w([x], [y]). Hence

(3.13) dim /(D) +y(S) =dim(y(D) +¥(S))° .
Combined with formulas (3.10) and (3.12) this yields
(3.14) (D) +(S))° =¥(D) " y(S)=7(D) " %(S).

Step 5: Set u:=AnyS). Since pu is finite-dimensional, it is also closed. (3.14)
yields p=pu°=y(D)+(S), i.e. u is isotropic. Hence, in the reduced symplectic vector
space u°/u, we have

(3.15) YD)/uy(S)/u=1{0} and YD)/u+y(S)u=p°/n.

Clearly, y(D)/u is Lagrangian in the factor space; hence we can apply Lemma 3.6 and
get that y(S)/u is Lagrangian in u°/u, hence y(S) Lagrangian in u° and in B.
From Formula (3.13) we see that y(S) and y(D) form a Fredholm pair. O

COROLLARY 3.7. Let A be a Lagrangian subspace in B. Then (A, y(S)) is a Fredholm
pair, if and only if A,-1(4y:=A*,-14) is a (self-adjoint) Fredholm operator. We then have

index A,-1(4,=i(4, ¥(S))=dim A N y(S) —codim(A +¥(S))=0 .

3.3. The continuity of the Cauchy data spaces. We shall investigate the Cauchy
data spaces of operator families of the form {4* + C,},.;, where 4 is a closed symmetric,
densely defined operator in a Hilbert space H which satisfies suitable additional
assumptions. We assume that {C,}, is a continuous family (with respect to the operator
norm) of bounded self-adjoint operators. Here the parameter ¢ runs in the interval
I=[0, 1].

We define the space of abstract boundary values and the abstract trace map
y: D, — D%/D%=p as before. Notice that the vector spaces f and the mapping y are
fixed even in the family situation; but, given by the graph of 4*+ C,, the inner product
(-, ¢ for DY and P varies with varying parameter ¢. Hence the splitting j,: 8 — Dy
varies and so does the representation of f as subspace J(B)=B, in D, yet all norms
are uniformly equivalent with respect to #€[0, 1], and equivalent to the norm defined
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just by 4*. Hence, in the following we fix the inner product defined by 4*. Moreover,
the symplectic structure of the space B, as defined in Formula (3.4), does not depend
on the parameter .

We sharpen our previous Assumption 1 by demanding the existence of a domain
D with D,,= D<= D), such that 4, :=A*, , has compact resolvent. Hence, the operators
Ap+ C, are Fredholm operators for that fixed D and all tel.

ASSUMPTION 2. We shall assume the non-existence of inner solutions for all
operators A*+C,, i.e.

D, nS,={0} for all te[0,1].

Note. The non-existence of inner solutions (‘unique continuation property’) is
not generally valid for elliptic differential operators, but it is established for Dirac
operators (see e.g. [7], Chapter 8).

THEOREM 3.8.  Under the preceding assumptions (existence of a self-adjoint extension
Ap with compact resolvent and non-existence of inner solutions), the spaces y(S,) of Cauchy
data of a continuous family {A*+ C,},.; vary continuously.

NoTe. As usual, we define the continuous dependence of a family of subspaces
of a Hilbert space on a parameter by the continuity of the corresponding orthogonal
projections.

Proor. To prove the continuity, we need only to consider the local situation at
t=0. First we show that {S,},., is a continuous family of subspaces of D%; then we
show that y(S,) is a continuous family in .

We consider the bounded operator

F,: D% — H®S,
x = (A*+ C)x), Pox)

where P,: H— S, denotes the orthogonal projection of H onto the subspace S,, which
is closed in D%, and in H.

Clearly, F, is injective: Fo(x)=0 implies xe S, and x =Py x=0. The operator Fj, is
also surjective: Since 4*+ C, has no inner solutions, we have ker4 + C,=D,, N S,
coker 4*+ C, which shows that the operator 4* + C,, is surjective. Let ye H and xe S,
and choose z with (4*+ Cy)z=y. Let w:=Py(z) —x € S,,. Then Fy(z —w)=((4*+ Co)z—
w)=y, Pyo(z—w)=x). This proves that F, is an isomorphism.

Then all operators F, are isomorphisms for small >0, since F, is a continuous
family of operators. We define

@,:=F 'oF,: D} =~D¥%, for ¢ small.
We see that
(3 16) (Pz(so)= St ’
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since each z € @/(S,) implies F(z)=0+ P,y(z). Hence (4*+ C,)z=0; vice versa, each ze S,
can be written in the form F, 'Fy(y) with y:= P(2).
From (3.16) we get that

{Pt:=(ptPO(pt_l: DAg;l_’St}

is a continuous family of projections onto the solution spaces S,. The projections are
not necessarily orthogonal, but can be orthogonalized and remain continuous in ¢ like
in [7], Lemma 12.8.

Now we must show that {y(S,)} is a continuous family in . This is not proved by
the formula y(S,) =7(¢,(S,)) alone. We must modify the endomorphism ¢, of DY in such
a way that it keeps the subspace D,, invariant. To do that we notice that D, + S, is
closed in D%,. We define a continuous family of mappings by

Y, :Dyy= D,+S, + (D,+So)* — Dy
x+s + y > X+ o@ls)+y

with ¢, =Id. Hence ¥, isomorphism for ¢« 1, and y(D,,)=D,, for such small 7. Hence
we obtain a continuous family of mappings {¢,: f— B} with ¥ (y(S,)) =(S,). From that
we obtain a continuous family of projections as above. O

REMARK 3.9. From the preceding arguments it also follows that the Cauchy data
spaces form a differentiable family, if {C,} is a differentiable family.

4. The spectral flow for families of self-adjoint (unbounded) Fredholm operators.

4.1. Phillips’ definition for continuous bounded families. Let H be a real separable
Hilbert space and let % denote the space of bounded self-adjoint Fredholm operators
from H to H. It is well known that &% consists of three connected components (in the
operator norm)

F-F OF,UF,,

namely the contractible spaces of essentially negative and essentially positive operators
and the topologically non-trivial component of operators with essential spectrum on
both sides of the real line.

DerINITION 4.1 [J. Phillips, 1995]. - For any arbitrary continuous path 4: [0, 1]3
t— A,e %, we define the spectral flow by

sf(4):= i k(t;, €;)—k(t;-1, €))
j=1

with
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where the horizontal and vertical spacings (¢, - - -, ty), (¢;, - *, €y) are chosen so that
4.1 ker(4,—¢;)={0} and ) dimker(4,—0)<o
0] <e;

for ¢;_, <t<t;and 0<|0|<g;

It is possible to choose a vertical and horizontal spacing which satisfies (4.1), since
the spectrum of a self-adjoint bounded Fredholm operator changes continuously with
the operator and the zero eigenvalue is discrete and of finite multiplicity. After Definition
1.5 we already mentioned Phillips’ argument why the definition does not depend on
the choice of the horizontal and vertical spacing.

We list the following properties of the spectral flow to emphasize formal similarities
with the Maslov index (see Theorem 1.6):

THEOREM 4.2. (I') The spectral flow is well defined for homotopy classes of paths
with fixed endpoints and it distinguishes the homotopy classes. In particular, it is invariant
under re-parametrization of paths.

(II') The spectral flow is additive under catenation, i.e.

sf(4 * B)=sf(A) + sf(B) ,
where {A,}, {B,} are continuous paths with A, =B, and

A,, 0<1<1/2

(A*B),:={
B,_, 1p2<t<l.

(IIT") The spectral flow is invariant under the adjoint action of the full orthogonal
group O(H) of H.
(IV") The spectral flow vanishes for paths which stay in one (connected) stratum

F0.=(Fe#, | dimkerF=k}, #e{—, +,x}
of the stratified space ;= Ui?’:o F®_ ie. if dimkerA,=k for all tel and one k= 0.

We can discuss the relations with the spectral flow sf€ of the complex case in
exactly the same way as we did in Section 1 for the Maslov index: First we embed the
space # =% (H) of Fredholm operators, defined on the real Hilbert space H, in the
complex Fredholm operator space F(H®C) with the inclusion given by
complexification. Clearly, there are many more paths in % (H ® C) than those coming
from Z(H).

Theorem 4.2 remains valid in the complex case. It is not difficult to derive the
following formula:

PROPOSITION 4.3. Let {A,}e % (H) and {B,} € #(H® C) be two continuous paths
which have the same endpoints. They are homotopic in % (H® C), if and only if

Sf({At}) = Sfc({Bt}) .



MASLOV INDEX 23

Remark 4.4. In spite of formal similarities between the definition of the spectral
flow and of the Maslov index, it must be noted that the spectral flow of a path in finite
dimension depends only on the eigenvalues at the endpoints. Consequently, it vanishes
for loops. This remains true for paths and loops in the components %, . The Maslov
index, however, depends on the path and not only on the endpoints, even in finite
dimension. Hence the spectral flow (counting passages through O on the real line) is
topologically only interesting when we have an infinite number of eigenvalues (or
essential spectrum) on both sides of the real line. The Maslov index (counting passages
through e'™ on the circle) is always topologically interesting. Our understanding of the
spectral flow as a quantum type invariant is nourished also by the observation that the
spectral flow is defined directly by operators and their eigenvalues and not by ‘classical’
quantities. Moreover, it demands genuinely infinite-dimensional function spaces. In
spite of its coincidence with the Maslov index (see below Section 5), the spectral flow
reflects the finer distinction between the components %_, %, and Z,

4.2. The construction of a continuous curve of bounded operators by the trans-
formation A — A(Id+A42%)~V2. Now we consider a path {4p+ C,},c; of (unbound-
ed) self-adjoint Fredholm operators in H, where A, is a fixed (unbounded) self-
adjoint operator with compact resolvent, and {C,},.; is a continuous path of bounded
self-adjoint operators on H.

To define the spectral flow of the family {4, + C,},.;, we apply the transformation

©

R CF —>

4.2
4.2 A +— RA):=A4J/1d+4*>71,

where C# denotes the space of (not necessarily bounded) self-adjoint Fredholm
operators. We define the convergence in C# by the gap metric, i.e. the convergence of
the orthogonal projection operators onto the graphs of the Fredholm operators. Cordes
and Labrousse showed ([12], Addendum, Theorem 1), that on the subset of all bounded
operators, the topology, induced by the gap metric for closed operators, is equivalent
to that given by the operator norm.

The transformation % maps the connected component of C# which contains Z,
into #,. The same holds for % .. From the Spectral Decomposition Theorem and the
Weierstass Approximation Theorem it follows that the mappmg AR, restricted to / (or
%), is continuous and homotopic to the identity map of J (or #,), see Atlyah and
Singer [5]. However, a counterexample by Fuglede [15] shows that the mapping £ is
not continuous on the whole space C#, nor on the subspace & of self-adjoint operators
with compact resolvent.

We shall show the continuity of the composed map

Cr— Ap+Cr— R(Ap+C)

from £ to %, where # denotes the space of bounded self-adjoint operators on H.
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L,

INF

I.

FIGURE 3. The integration path '=I, uTI_

2

FIGURE 4. The integration path I'y for R» N

PROPOSITION 4.5. Let S be a self-adjoint operator with spectral decomposition
S=[%_AdE; and set f(z):=ze (1/2¥e1+22) £ £50.1 Let T=I_ UT . denote the
double cone around the x-axis with opening (— /4, n/4) turned off zero by passing inside
+i (see Figure 3). Then the ‘Cauchy integral’ converges and defines a bounded operator
with

(4.3) 2—1f fe(i)(ll—S)-la’/1=foo JAOMEy=: f(S) .
noJr —©

Proor (Communicated by R. Nest; see also [28] and [16]). The integral on the
right side of (4.3) exists and defines a bounded operator, since the function f, is
bounded. It follows from the estimate

4.4) | /@ |~1/1z**  as |z|-o0

that also the integral on the left side of (4.3) is well defined and defines a bounded
operator. Therefore, to prove (4.3) it is enough to prove the equality of the two operators
on the dense subspace | ) .., Py(H), where Py:= " dE,.

Let xe H and N>0. For R» N, we replace the infinite integration path I' by the
finite closed contour I'g as indicated in Figure 4. Then the operator f,(S) takes the form

! We fix the branch of log(1 +z?) for which —n<arglog(l +:z2)<m.
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(4.5) JN f(O)dE, = j bl Jd4) didE,
-N

N 2mi Jr, A—0
N N
=J‘ lim 1_ L) dlldE(,:j —1— /44 dAdE,
_NR-w 27 Jp. A—0 _y 2mi Jp A—0

on the ‘compact element’ Py(x). The last equality is proved by applying the estimation
(4.4). The last operator applied to Py(x) yields

1 N 1
(4.6) E;{" J; SA) ( j_N m dEo)(P N())dA

1 © 1
= E‘CT J; fa('1)< J_ . 71———9 dEe)(P N(X))dA

1
Tt (f fs(i)(i—S)’ldi)(PN(X)),
ni \Jr
which proves equation (4.3). O

REMARK 4.6. The preceding proof must be carried out after complexifying H, if
the Hilbert space H is real. Anyway, the resulting operator f,(S) remains real so that
f«S) can be considered an operator on H.

The following lemma is a consequence of the preceding proposition.

LemMMA 4.7. Let S and C be self-adjoint operators with S unbounded and C bounded.
Then we have in the operator norm

I£(S+C)— £ <clCll ,
where the constant ¢ does not depend on S, C, or £>0.

Proor. By Proposition 4.5 we have

@.7) S(S+C) —A(spﬁ f FONA—(S+C) —(A—S) " )di

=:-l, J ﬁ(/l)(l~($+ C)) toCo(A—S) dA.
2ni Jr
Therefore
1 1
| f(S+ C)— fi(S)ll <5 Llfs(l)l TSOE |ClldA=c|C]l . 0

Now we can conclude the main result of this subsection from Proposition 4.5 and
Lemma 4.7. We exploit that the limit lim,_, f;(S) exists in the strong sense for any



26 BERNHELM BOOSS-BAVNBEK AND KENRO FURUTANI

self-adjoint operator S with compact resolvent and equals our transformed operator
A(S):=S(Id+ S>> by Lebesgue’s Convergence Theorem and the Resonance
Theorem.

THEOREM 4.8. Let S be a self-adjoint operator with compact resolvent in a real
separable Hilbert space H and let C be a bounded self-adjoint operator. Then the sum
S+ C also has compact resolvent and is a closed Fredholm operator. We have

1S+ C)—A(S) <clC],
where the constant c does not depend on S or on C.
We shall apply the preceding theorem in the following form:

COROLLARY 4.9. Curves of self-adjoint (unbounded) Fredholm operators in a
separable real Hilbert space of the form {Ap+ C,},.; are mapped into continuous curves
in # by the transformation # when A, has compact resolvent and {C.},c1 is a continuous
curve of bounded operators.

REMARK 4.10. Let

Ty B— CF

denote the translation by 4, mapping bounded self-adjoint operators on H into closed
self-adjoint Fredholm operators in H. On C#, the gap topology is defined by the metric

g(Ay, A5):=/IIRy, — R4, |I*+ ] 4,R,,— AR |2,

where R,:=(Id+A4%) ! (see Cordes and Labrousse, [12] and also Kato, [17]). In
Theorem 4.8 we proved that the composition £,  is continuous.

-~ T N
A L CS

R
QOg—AD

&

Further, we can prove that the translation operator 7, is a continuous operator
from # onto the subspace #+ ApcC%. The proof can be carried out along the
same lines as the proof of Theorem 4.8 taking the functions (1+42)~! and A(1+4%)~!
instead of f,(4). Thus it needs not take a limit ¢ — 0.

We define:

DEerFINITION 4.11. Let {4,},.; be a continuous curve of (unbounded) self-adjoint
Fredholm operators of the form 4,= A+ C, with the preceding assumptions. Then the
spectral flow of the continuous, unbounded curve {4,},.; is defined by the spectral flow
of the continuous, bounded curve {#(4,)},.; in Z.
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REMARK 4.12. The properties listed in Theorem 4.2 for the spectral flow of families
of bounded operators remain valid for our class of unbounded operators by the
construction of the curve {%(A4,)};.1-

4.3. An alternative construction of a continuous curve of bounded operators.
Phillips’ idea was to define the spectral flow of a continuous curve of bounded self-
adjoint Fredholm operators by locking curves of eigenvalues piecewise between con-
stant bounds. Now we want to construct a continuous curve {4,} of bounded self-
adjoint Fredholm operators little by little from small intervals of the spectrum of our
curve {4,=Ap,+C,},.; and from the related eigenspaces. We lock the branching of
the zero eigen-values between constant bounds. We proceed in a similar way as in the
proof of Theorem 2.1 when we determined the relations between the functional analytical
and the differential definitions of the Maslov index.

PROPOSITION 4.13. Let {A,=Ap+C},.; be a continuous family of self-adjoint
Fredholm operators. Then there exist a partition 0=t,< - <ty=1 of the interval and
continuous curves {AY} in &, on each small interval [t} t;, ] such that

1. spec,(A9)={1, —1} and
spec(AY) = {spec(dp+ C) N (—a;, a;)} u {1, —1}

for suitable positive reals a,, - - -, ay; and
2. kerdAY =ker(dp+ C) for t;<t<tj,;.

J

PrROOF. Step 1: To construct the jump curve, we first consider the family {4}
in a neighbourhood 71— d(t)<s<t+6(t) of a point te I, where ker4,={0}. Then none
of the A4, has any eigenvalue in a small vertical interval. Hence there is no contribution
to the spectral flow and we can define 4 :=T for s in the interval [¢—4(¢), t+5(2)].
Here T: H — H denotes an isomorphism which is equal to Id on an infinite-dimensional
subspace L, and equal to —Id on the orthogonal, also infinite-dimensional subspace
L;,,, with the polarization (L, L) chosen arbitrarily.

Step 2: Weconsider the family {4,} close to a point ¢, where we have dim ker 4,> 0.
Let 4, denote the smallest positive eigenvalue and p, the largest negative one. We choose
a positive real number a(f)<1 with a(t)<4, and a(f)<|u,| and a 6(¢)>0, such that
a(t), —a(t)¢specA, for se[t—d(t), t+ 6(z)]. For s in this interval, we define

1
Pg'):=—,J (A,—A) " 'dA.
278 J)a1=a

It follows that rank P = dim ker 4,. Then the operator AP’ : H — H is bounded because
PY is of finite rank and A, keeps range P? invariant for 1—d(z) <s<t+4(2).

Step 3: Now we can choose points f,=0<7, <---<fy=1 in such a way that
t~j+1~—5(2}+1)<t~j+6(7j), and then choose points t;€(7;— (7)), f;- +0(f;—,)) with 0=
t0=t0<71<t1<72< ttt <FN<tN=1' We set aji=a(l':) fOI'j=O, tt N.
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Next we choose polarizations of the infinite-dimension
(range P{)' =L;® Lj

with L; and Lj infinite-dimensional. We define an operator I1;: H— H with
SpeCes={—1, 1} by

H'IrangePEfj’:'O, H'|Lj=Id, and Hj]Lj_-=—Id.

J J

Step 4: Finally we define the jump curve
(4.8) A9 :=APH +(0)*;0] for ty;<s<t;,,,

which satisfies the properties 1 and 2. Here the orthogonal projections are chosen in

such a way that P = OSJ'ng’(Os")* for t;<s<t;,,. O

Since the dimensions of the kernels do not jump at the discontinuities of the curve,
and since the strata %® are connected, we can insert continuous curve pieces at the
discontinuities without changing the spectral flow. This yields a continuous curve
t— A,e %, with the following property:

CorOLLARY 4.14. If each operator A,= Ap+ C, has an infinite number of eigenvalues
on both sides of the real line, then the curve {4,} and the curve {R(A,)} are homotopic in

Py

&, in the sense that the endpoints are kept in two fixed strata.

Note. The preceding construction leads to a continuous curve {4,} in &, for any
continuous curve of self-adjoint Fredholm operators of the form A4,=A,+ C, The
transformation £, however, leads to a curve in .9%* only if the operators of the original
curve have an infinite number of eigenvalues on both sides of the real line. Curves of
positive or negative semi-bounded operators are mapped by # in %, , %#_, but, by the
preceding construction, invariably also in 97_*.

5. The spectral flow formula.

In this section we shall prove our main result, the equality of the spectral flow and
the Maslov index:

THEOREM 5.1 [Spectral flow formula]. Let A be a closed symmetric operator in a
real Hilbert space H with domain D,, and let {C,},.; be a continuous family of bounded
self-adjoint operators on H. We assume that

1. the operator A has a self-adjoint extension Ay, with compact resolvent,

2. there exists a positive constant a such that

D, nker(A*+ C,—5)={0}

Sfor any s with | s|<a and any t€[0, 1].
Then we have
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(5.1 sf({Ap+ C,}) = u({y(ker(4* + C)}, ¥(D)) ,

where y denotes the projection of the domain D, of A* onto the symplectic space = Dy/D,,
of abstract boundary values.

We notice that conditions 1 and 2 are naturally satisfied for operators of Dirac
type (i.e. for first-order differential operators with principal symbol of 42 defining the
Riemannian metric). This is valid both over a closed manifold and over a manifold
with boundary subject to global elliptic boundary conditions. Clearly, a perturbation
which adds a real multiple of the identity will preserve the Dirac type and hence the
non-existence of inner solutions (‘unique continuation property’). This might, however,
not be true for general first-order elliptic differential operators.

We recall that the left side of Formula (5.1) was defined in Definition 4.11. For
the right side of Formula (5.1) we recall that {y(ker(4*+ C,))},., is a continuous family
of Lagrangian subspaces of by the assumptions made and by Theorem 3.8. The pair
(y(ker(4*+ C,)), (D)) is a Fredholm pair by Proposition 3.5. Hence we have a continuous
curve t+— A(t)e #%,, in the Fredholm-Lagrangian Grassmannian with A(f):=
y(ker(4*+ C,)) and A, :=7(D). Finally, by Definition 1.4, we have a family of unitary
operators { W,: f — B} which defines the Maslov index of the curve (see Definition 1.5).
The space f is considered as a complex Hilbert space by the almost complex structure
which is defined by the form w introduced in (3.4).

PrROOF. We prove the theorem in three steps. First we construct a suitably fine

horizontal spacing {0=1,<1t, <--- <ty=1} and a vertical spacing {a,, ' - -, ay}. Then
we show
(5.2) ST{RAp+Cop, ) =}o o, o vizar)

=u({v(ker(d*+C,,,,—}o<s<ars » YD)

for that spacing. This is the main part of the proof. It consists, so to speak, of establishing
the coincidence of the spectral flow and the Maslov index for segments of analytic
families. This will be done by explicit calculation which identifies the two invariants
with the integer —ZOSSSM ,dimker(4,+ C,,,, —s). Finally, we show how the general
case follows from the special case.

First step: Let ¢t be in [0, 1]. We shall construct a suitable horizontal and vertical
spacing. We denote the smallest positve eigenvalue of 4, + C, by 4,(7) and the largest
negative one by u,(z). We distinguish two cases:

(I) ker(4p+ C)={0}. For the vertical spacing we choose a positive

b(r)<min{,(t), | uy(1)|, a} .

For the horizontal spacing we take a d(¢)>0 such that the small box is kept free of
eigenvalues (see Figure 5), namely
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spec(Ap+Cp)  spec(Ap+Cy)
*

t-&(1)

FIGURE 5. Vertical and horizontal spacing for ker(4,+ C,)={0}

spec(Ap+C,) N (—b(t), b(t)=F  for t'e(t—d(t), t+5(t)).
(I1) ker(A4p+ C)+#{0}. In this case we choose a positive
b(t)<min{A,(1)/3, | p1(1)1/3, a} .

We choose a &(¢)> 0 such that the eigenvalues in a small box are confined by two strips
(see Figure 6a), namely

spec(4p+ C,)) N (b(2), 2b(t)) =,
spec(Ap+ C,) N (—2b(t), —b(t)) =

for t'e(t—6(t), t+ 6(t)). This &(t) provides the horizontal spacing.
Second step: In the first case, the regular case, we have for each 5<d(r)

sf({#(Ap+ Co)}i—5<r<+9=0,
since Ap+ C, is invertible for 1—d(t)<t’<t+d(t). We also have

u({y(ker(A*+ Ct')}z—gst’5t+55 )’(D))=O s

since y(ker(A*+ C,) N y(D)={0} for t—o6(t)<t'<t+(¢).

For the second, singular case, we recall that the eigenvalues of the operator
R(Ap+ C,)—s are of the form A//1+ A% —s, where 4 is an eigenvalue of the operator
Ap+ C,.. Hence the spectral flow of the family {#(A4p+ C,) —5}o <s<bwyvi+m2 quals

— > dimker(#(Ap+C,)—s) =— Y dimker(4dp+ C, —s)

0<s<b(t)/v1+b()2 0<s<b()
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spec(N(Ap spec(.‘)‘i'(AND
spec(ADXc,-) spec(Ap+C,) +Cr'))A +Ct'3 =b(1))

A (t |

|
[
|
)"l(t')
|

t‘ ? o uun
i . )
|
a) Vertical and horizontal spacing for b) The spectral flow of the linear
ker(AD + C,) # {O} famlly {'@(AD + Ctr) _S}se[O.F(t)]!

b(t)=b(t)1+b(r)>)~ /2

FIGURE 6

(see also Figure 6b). We shall show that this integer equals the Maslov index of the
family {A(s, t'): =p(ker(4* + C, —5))} o <s<b(y) at the Lagrangian A, : =y(D) for each fixed
t'e(t—4(t), t+5(t)). We have A(s, t') N Ay ={0}, if s¢spec(dp+ C,) N[0, b(¢)]. By our
assumption 1, the set spec(d,+ C,) N [0, b(¢)] contains only a finite number of ele-
ments. Consequently, the intersection of the curve {A(s, t')}o <s<»ey With p(D) is non-
trivial only at finitely many points; and these points are the eigenvalues A of the op-
erator A, + C,. with 0<A<b(¢). Clearly, the family {A(s, t')}o <s<»e IS @ smooth curve.

We determine the quadratic form Q ;... for all such eigenvalues 4 and fixed ¢

d
Oty agay([x], [x]):= ga o([x], Bo[x]) |6=0 for [x]=y(x)ep,

where f:=D,/D, denotes our symplectic space of boundary values and
By: A(A, t') > A4, t')* is chosen in such a way that {[x]+ B,[x]| [x]eA(4, t')}=
A(A+0, t') for 0 close to 0. It follows that B,=0.
Let xeker(4,+ C, — 4) or equivalently y(x) e A(4, t') n A,, and 8 sufficiently small.
Then we can choose a smooth family
{ugeker(4*+ C, —A—0)}
such that

Y(X)+ Bo(y(x)) =7(tt) and wuo=x.
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Hence

(5.3) (y(x), Bo(y(x)) = {A*x, ug— x> —{x, A*(ug—x)>
=A*+ Co = Ax, ug—x) —<x, (A% + Cp. — A)up— X)) = —<x, Oup) .

Differentiating yields

i_<x, Oug) 1g=0= —<X, Ug) = —<x, x> <0
do
for x #0; hence Q1.1 41y | aary ~ypy 18 DEgative definite.

This implies that the crossings are all regular at s=4, the eigenvalue of 4,+ C,,,
so that we can apply Theorem 2.1 and determine the Maslov index by adding the
signatures of the crossing forms; and it implies that this signature is just the dimension
of the kernel of 4,4+ C,. —A. Hence

G4 H{AGs; t')} o <5 <bap YD) = o 2 o S1ZN Q 45, ), AN | A5, Ao
<s<b(t
=— ) dimA@s,t)nyD)=— ) dimker(4p+C,—5).
0<s<b(@) 0<s<b()

Based on these considerations we can choose the desired horizontal spacing
{0=to<t, < <ty=1} and vertical spacing {a,:=b(t,), - - -, ay:=b(ty)}.

Third step: Let [t,t,+,] be one of these small intervals. We consider the
two-parameter family {#(4,+ C)—s} with te[t;, t;,,] and s€[0, a;, ,//1 +a?, 1. We
obtain

(5-5) Sf({-@(AD + Ct)}ti <t<t;+ 1) + Sf({'@(AD + Cti + 1) - S}

O0<s<aj+1/V1 +a,-2+ 1-)
—st({R(Ap+C,) —S}OSSS‘,H I/Jm?:)= 0
from Theorem 4.2 and

(5.6) u({yker(4*+ C}r <e<e,, o> V(D))
+#({y(ker(‘4* + Cti +1 _s)}OSSSai +1? ’))(D))
“#({?(ker(A* + Ct,- _s)}OSSSﬂi +1° V(D))=0

from Theorem 1.6. The previous step showed that the spectral flow and the Maslov
index coincide for linear families. That yields

Sf({g(AD + Cz)}zi <t<ti+ 1) = l‘({')’(ker(A* + Ct)}t,- <t<ti+n? (D))

for each small interval [¢,, t;,,]. Then additivity under catenation proves the theorem.

O
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