Tokyo J. MATH.
VoL. 22, No. 1, 1999

Solvability of Nonstationary Problems for Nonhomogeneous
Incompressible Fluids and the Convergence with
Vanishing Viscosity

Shigeharu ITOH and Atusi TANI

Hirosaki University and Keio University
(Communicated by Y. Maeda)

1. Introduction.

Let Q be a bounded or unbounded domain in R3 with a smooth boundary S. We
consider the system of equations

p.+v-Vp=0,
(1.1) {p[vt+(v'V)v]+Vp=uAv+pf,
dive=0

in Q;=Qx[0, T], T>0, where f(x,t) is a given vector field of external forces, while
the density p(x, t), the velocity vector v(x, t) and the pressure p(x, t) are the unknowns.
The viscosity coefficient u is assumed to be a nonnegative constant.

This paper consists of two parts. In the first part, Part 1, we solve (1.1) under the
following initial-boundary conditions:

If u>0,
UIST=0 N
(1.2) Plio=polx)
v|t=0=00(x) s
and if u=0,
U'nlST=O N
(1.3) Pli=o=po(X),
U|z=o=”o(x) )

where »n is the unit outward normal to S, and S;=Sx[0, T].
In the second part, Part 2, when 2 =R?, we consider the Cauchy problem (1.1) and
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(1.4) {PIFOZPO(X),

U|:=0=Uo(x) s

and establish the uniform convergence of the solution of (1.1) and (1.4) with u>0 to
the one with u=0 as u—0.

We will use the classical notations and results of the Sobolev spaces. For
k=0,1,2,---and 1<p<oo0,

WZ(9)={ ueL(Q); Y | DsullL, @< } ;

la|<k

Wg'l(QT)={uELp(QT); ”u||W;J(Q-,-)= ||uz||L,,(Q-,-)+ | Z ||D;“||L,,(Q-r)< 0 } s

al<2

where DZ=(0/0x,)*'(0/0x,)**(0/0x)™.
If u(x,t)e W2'(Qr) and p>3, then for any fixed t€[0, T'], the value of u(x, t)
belongs to the Slobodetskii-Besov space W2~ ??(Q) in which the norm is given by

a | Du(x)— Dyu(y) |? 1p
”unwi—zm(m:( Z ”Dxu||£p(s2)+ Z J~J‘ d dxdy .
NRJIN

lal=1 la=1 |x—y|t*P

Moreover, we have the inequality

llae( -, t)”wg- wp) < [l -, 0)“Wg-Z/P(ﬂ)"'é”u”Wf,v‘(Q:) >

where the constant ¢ does not depend on ¢ (cf. Ladyzhenskaya-Solonnikov-Ural’ceva

[7D).

Our theorems related to the unique solvability are the following.

THEOREM 1.1. Let p>3 and u>0. Assume that

(1.5) Pe)ECUGQ), Vpo)e WNQ), 0<m<pyx)<M<w,
(1.6) vo(x)e W22P(Q), vo|s=0, divoe=0,
(L.7) fx, t)e L(Q7) .

Then there exists T, € (0, T] such that problem (1.1), (1.2) has a unique solution (p, v, p)x, t)
which satisfies

p(x,t)e C%Qr), Vp(x,t)e C[0, T\]; W,(Q)),

(1.8) O<m<p(x,t) <M<,
(1.9) ux, ) e W2'(Qr),
(1.10) Vp(x, t)e L(Qr,) -

THEOREM 1.2. Let p>3 and u=0. Assume that
1.5) Po¥)eCAQ), Vpo(x)e W,(R), 0<m<po(x)<M<o,
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(1.11) vo(x)e WARQ), vo-n|s=0, divy,=0,
(1.12) f(x, )€ CO[0, TT; WARQ)) .

Then there exists T, € (0, T} such that problem (1.1), (1.3) has a unique solution (p, v, pXx, t)
which satisfies

p(x,t)e CQr,), Volx,t)e CU[0, T,1; W,(Q),

(1.13) O<m<p(x, t)<M<oo,
(1.14) u(x, t)e CY[0, T,]; W2(Q)),
(1.15) Vp(x, t)e CO([0, T,); Wi(Q)).

REMARK. In the case that Q2 is bounded, Theorems 1.1 and 1.2 were proved by
Ladyzhenskaya-Solonnikov [6] and Valli-Zajaczkowski [13], respectively. See also
[2-4, 8, 9]. However, in the case that Q is unbounded, it seems to the authors that the
rigorous proofs for these theorems have not been given yet.

The next theorem is concerned with the vanishing viscosity. Analogous result was
obtained in [5] in the Sobolev spaces of Hilbert type.

THEOREM 1.3. Let p>4 and 0<u<1, and assume that

(1.16) po(x)€ COR?), Vpo(x)e WER?), 0<m<py(x)<M<o0,
(1.17) vo(x)e W2AR?), divy,=0,
(1.18) f(x,t)e C°([0, T; W;(R:’)).

Then there exists T,€(0, T] independent of u such that problem (1.1), (1.4) has a unique
solution (p, v, p)(x, t) which satisfies

p(x,1)e COR* x [0, Tol), Vp(x,t)e C[0, Tol; W,R?),

(1.19) O<m<p(x,t) <M< oo,
(1.20) v(x, t)e C°([0, To1; WS(RE))) ,
(1.21) Vp(x, t)e CU[0, T,]; W,(R?)).

Furthermore, let (p°, v°, p°) be the solution of problem (1.1), (1.4) with u=0 and (p*, v*, p*)
the one with u>0, then we have

(1.22) sup [lI(p° —p")O)llwis) + 10° —0*) Ol w1 ms)

0<t<To
+ ”V(po_pu)(t)”W;(n?’)] -0 as ﬂ—PO .

Part 1 is divided into two sections: In sections 2 and 3, we shall prove Theorems 1.1
and 1.2, respectively. Finally, Theorem 1.3 will be established in Part 2, section 4.
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Part 1. Existence Theorems

2. The case u>0.

In this section, we prove Theorem 1.1 by dividing into three subsections.

2.1. Auxiliary problems. By C*#(Q;) (0<a<1, 0<B<1), we mean the space of
functions which are defined in @, and Hélder continuous with exponent a with respect
to x and with exponent f with respect to . The norm is

ullce.p@ry=SsUP | ulx, )|+ [U]ca8ay) >
or
where

lu(x, t)—u(y, )|
[u]cu,ﬂ(ér)= sup a : B
xD.0.0edrxtyets | X—Y|*+|t—s5|

LEMMA 2.1. Let p(x,t)e C*¥(Qy), o, B€(0, 1) such that 0<m<p(x,t)<M< 0.
Then for any g(x, t)e L (Qy) and vy(x)e W2~ 2/P(Q) with vy|s=0 and divv, =0, problem

pv,—pAv+Vp=g,
divv=0,
U|ST=O s

U|t=o =v(X)

2.1)

has a unique solution v(x, t)e W2 (Qr) and Vp(x, t)e L (Qy), satisfying
(2.2) o] w2.1Qr) + "VP”LP(QT)SKI(”p”C“vﬁ(QT)’ T)(llve "W'Z,‘Z/P(.Q) + ||g||L,,(QT)) s
where K, is an increasing function of ||p| c«sp,y and T, depending on m and M.

PrOOF. Let us seek the solution of (2.1) in the form v(x, t)=u(x, t)+w(x, t) and
p(x, t)=r(x, t)+s(x, t), where (u, r) and (w, s) satisfy the following systems, respectively:

u,—pAu+Vr=g,

divu=0,
(2.3) uls, =0,
u|,=0=vo(x) >
and
pw,—pAw+Vs=(1—-plu,=g’,
2.4) divw=0,
W|ST=0 ’

W|t=0=0 .
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Problem (2.3) was solved by Solonnikov [11] so that it has a unique solution
u(x, t)e W2 '(Qr) and Vr(x, t)e L(Qy), satisfying

(2.5) flull W2.1(Qr) + ”V"“LP(QT) <c, (1 +eC1T)(”v()“W12’_2/P(Q) + “gHLp(Q—r)) >

where ¢, is a constant independent of 7. Therefore it is sufficient to establish the unique
solvability of (2.4). It is proved by the method of regularizer. To this end, we introduce
two systems of covering {®w®} and {Q®} such that
1. oWcQ®c=Qand | ), 0®=J, Q¥=0,
2. for any x, there exists ® such that xe w® and dist(x, Q —w®)>45, >0,
3. for any A>0, there exists a number N, independent of A such that
N ak=g,
4. (a) if Q% ~ S= ¥ (we denote the set of indices k by .#), then o and Q® are
the cubes with the same center and with the length of their edges equal to
A/2 and A, respectively,
(b) if w® ~ S# P (we denote the set of indices k by .47), then for a local
rectangular coordinate system {y} with the center ¢®e S,

w""={|y,~ls%5zl (i=1,2),0<y;—F(y’; é‘k’)Sézl},

QP ={]y;1<6,A (i=1,2),0<y, —F(y'; E¥)<26,4} ,

where F(y'; ¢®) (y'=(y,, y,)) is a function describing the boundary S
in the neighborhood of ¢ ® and 6, is a positive constant independent of .
By changing the variables in such a way that z;=y; (i=1, 2) and z3=y;—F()’),
Q® (ke A")and the boundary in Q® are, respectively, transformed into a standard cube

I(={|Zl|352'1 (l= 15 2)3 OSZ3S262'1} H
K'={|z:1<8,A (i=1, 2), z3=0} .
Furthermore, it is well known that there exist the smooth functions {{ ®(x)} and {n®(x)}

such that
r

1 if xew®,

®)(x) —
¢P {0 if xeG—Q®

0<{¥(x)<1,

< n®(x)=0 if xeQ—Q® > WM P(x)=1,
%

\ID:C‘“(x)IScaA"“', | D2 ®(x) | <c, A7t

Now, let us construct regularizer. For k € 4, let w®, §¥)(x, t) be the solution of problem
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(2.6) diviw® =0,

{ pED, 0w — pAw® + V5® =[N (x)g"
W(k) lt =0= 0 .

Further, for ke A", let (w®, §®)(z, t) be the solution of problem

PIE®, 0170 — pAR® + V5® =T “()g’,
divw® =0,

"_’(k)|z,,=0=0 >

w® |t =0~ 0,

2.7

where IT] is the transformation from x to z.
These problems were also solved in [11] to have a unique solution satisfying

I e I L PN e [
al=2
(2.9 IV @Il L, @sy+ 15N L@ < €24/ T 109 I, m3 »
(2.10) ||w(k)”L,,(n,3r) 5 T”C(k)g,"Lp(R%,) >
R3x[0,T] for ke#
where R%z{ s [0, 7] for and R3i={xeR3 x;>0}.
R: x[0,T] for keNV

Defining the regularizer R by the formula
(2.11) Rh= 3 n®x)w®, s®)x, t)=3 nPx)IZ(w®, 5%)z, 1)
k k
for h=(g’, 0, 0), and the operator 4 by

A(w, s)=(pw,— pAw+ Vs, divw, w(s,),
we obtain ARh=h+ Mh. Here Mh=(Mh, M ,h, 0),

Mih=3 [{p(x, 1)) — pAln “w®) + Vir ®s©)}
k
—n©plx, W —pAw®+Vs®¥}]

+EABLpx, W — pAw®+ Vs B} — {p(EW, 0w — paw® 4+ Vs ¥}
k

+ T nOHE[{p(E®, O30 — (Y — V- V55 ® + (V= VF - V;)5}
keN

—{p(&®, WP — uAwW® + Vs®]

=Y [ —2uVn®OVw® — pAy©y® 4 vy ® e
k
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+ Y n®Lp(x, t)—p(E®, 0)Jw®
k

+ Y n®IE[— p{(VF)?V3w® —2VFV,Vie® — V2FV 15 ®} —VFV,V,35%]

ket

M,h=Y[V-®Pw®) =@V - w®)]+ 3 y®IZ[(V-VFV;)-w® -V -3p®]
k

keV

=ZV'7(k)' w® Z n(k)H;VFV3 e
k

ket
It is easily seen that M is a bounded operator in the space
B, r=L,(0r) x L0, T; WH®) x W2~ 1/%(Sy)
with norm

||h||ga,,,TE Ay “LP(QT)+ ||h2||L,,(o,T;W;,(Q))+ ”h3||wj2,— Yp(ST)

fOI' h=(h1, h2, h3)egp,1‘.
If t=xA? with k<1 and kA?> < T, then by (2.8), (2.9) and (2.10), we get

T

T ’
||M1h||Lp(Q,)5c3< +F+);°‘+/1"’+AL2 +l+ﬁ)l|g I 2000

<cl /K + 22+ L0 5

T T 1 )
||Mzh||Lp(o,z;W},mnScs(§+7+?+’lﬁ+l+\/¥>“9 Iz 00

<ce(/® + DG’ I L,00 »

where ¢, and cg are independent of k¥ and A. Therefore we have for sufficiently small
x and A, ’

|Mhlls, <5 Ihlg,,

Whence the solution (w, s) on the interval [0, 7] can be found in the form
(w,s)=R(I+M+M?2+..Yh=RI—M) 'h.
Moreover, (2.8), (2.9) and (2.10) imply
IWllwz o+ 1VsliLeo=<€7llg L0 -
Next we prove the solvability on the interval [z, 27]. Put

w(x, t) for 0<t<1,
w(x, 21 —1) for t<r<2t,

w*(x, t)={
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s(x, t) for 0<t<rt,
s(x, 2t—1) for t1<r<27.

s¥(x, t)={

Let (W, §)(x, t) be a solution of problem

W, —uAW+Vi=g'(x,t)—g'(x, 2t —1t)
+p(x, t)w(x, 2t —1)+ p(x, 2T —t)w(x, 2t —1t),

for t1<t<21, where §,.=Sx[r, 27], and (W, $)=(0,0) for 0<t<t. Then it is easy to
verify that w=w* +W and s=s*+§ is the solution of the problem

pw,—uAw+Vs=g’,
divw=0,
wISzt=0 ’
Wl=0=0.

Repeating this argument, we can obtain the solution on [0, 7] satisfying
(2.12) ||W“W12,-1(Q-,-)+ “VS“L,,(QT)Scsug'”L,(QT) .
From (2.5) and (2.12), we can derive the estimate (2.2). []

Lemma 2.2. If v(x, t) satisfies divo=0, v|s, =0 and

T
(2.13) ||v||Lw(QT)+J IVl L @t <0,
0
then for any py(x)e C'(Q) such that 0 <m< py(x) < M < 0o, problem
(2.14) {p‘w'v”:O’
P|:=o =po(x),
has a unique solution p(x, t)e C*'*(Qy), which satisfies
(2.15) m<p(x,t)<M,
T
(2.16) IVollL en<+ 3 Vool o exl"(J~ ||Vv(t)“L°°(Q)dt> s
)
T
(2.17) 1Pl L@ =/ 3 IVl Lion I VPoll Lo eXP(f va(t)”Lw(Q)dt) .
0

Moreover, if Vpy(x)e W)(Q) and v(x, t)e L,(0, T; Wf(Q)), then

d
(2.18) @ IVp(e)ll wi@) =Co llo(2)]l Wg(n)”VP(t)” Wi -
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Proor. It is well-known that, according to the classical method of characteristics,
the solution of problem (2.14) is given by p(x, t)= po()(z, x, t)|,= o), where y(z, x, ?) is the
solution of the Cauchy problem

dy
—=v(y, 1),

{ pa (», )
y |t=t =X.

From this the estimate (2.15) results. For the estimates (2.16) and (2.17), we refer to
Lemma 1.3 in [6].

Next let us establish (2.18). Apply the operator DI on each side of (2.14),.
Multiplying the result by D%p| D%p [P~ 2, integrating over Q and summing over |a|=1, 2,
we have the equality

1 d 2 _
— IVo@)llfs 2= — > J (v+VD3p)Dip|Dip|P~*dx
p at Q

lal=1

M

|}

( ? ) f (DPv- VD2 Pp)D2p| Dip|?~ 2dx .
to<p<a\fB/Jo

The first term of the right hand side is zero, by integration by parts, since divo=0 and
v|s,=0. The second term can be estimated as follows:

2.z

Hence we get the estimate (2.18). [

f (Dfv-VD: Pp)Dip| Dip P~ 2dx
Q

<cioll Vu)llwya Vo)1 -

The next lemma is directly proved by means of the method of characteristics.
LemMMA 2.3. Let v(x, t) be the same as in Lemma 2.2. If p(x, t)e C''{(Q;) satisfies

{pt+v *Vp=g§eL,0, T, L (),
p|t=0=0 H

then we have

t
el < J 1G(s)II L) -
0

2.2. Successive approximations. We construct approximate solutions induc-
tively:

(2.19) p©@=0,
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and for k=1,2,3, ---, p® and (v®, p®) are, respectively, the solutions of problems

(2.20) {px""+v"‘“’-Vp""=0,
P(k)|z=o=Po(x) >
and
PO + (%~ V)pk =] L Vp® = yAp® 4 o0 £
divo® =0
(2.21)
U(k)IST=0 ,

v®|, 2o =0o(x) -
In this subsection, we show their boundedness.

LEMMA 2.4. For sufficiently small T, €(0, T, the sequence {v®, Vp®}, is bounded
in Wy (Qr,) x L(Qr,)

PrROOF. Let
(2.22) V(k)(T)= ||U(k)||wg-l(QT)+ IVp (k)”Lp(Q-,-) .
From the consequences in subsection 2.1, we have
m< p(k) < M ,
r ‘
VPPl L om=<~+ 3 IVoollL o exP(I Vo= ”(t)IILw(Q)dt) >
0

T

”pr(k)”Lw(QT) <V 3 ||U(k_ l)lle(QT)”Vpo ”Lw(.Q) CXP( J “Vv(k_ l)(t)”Lm(n)dt) >

0

(2.23) lo®|| wzin T IV ®l L en<Ki(lp®llcr1@r T)
X ("%"W};Z/P(m + ||P(k)f||L,,(QT)+ lp®*= V- V)&=~ 1)"L,,(Q-,-)) .

Let us estimate the right hand side of (2.23).
First, we can get the inequality

(2_24) ”v(k— l)lle(Q'r) < Ciy ("UO” va' 2@ + T(l —1/p)(1—3/p) V(k— ”(T)) .
Indeed, since imbedding theorems imply the inequalities

_ _ 3 k— -
lo® 1')(t)—vo”l.‘,,,(mﬁC12||U(k ”(t)_vo”nlf(m”l’( 1)(,)___00“114’(341:’

lvoll L@y <c12llvoll W) <cysllvell W2-2/p(0) 5

sup ”U(k_”"Wl(n)S sup ”U(k—l)”Wz—z/p(Q)
0<t<T P 0<t<T P

<Cis Hv(k“ D”W%»‘(QT)'}' looll W2-2/p(Q)
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t p
lo® =B = vollf = | 1v*™ (1) —v, [Pdx= v~ V(s)ds | dx
p(£2) 0
(2] (04 0

t 1/q t 1/p
() (v
Q2 0 0

< tp/q“l,(k—l)”

p

dx

p
wZ.40T)

for p~'+ ¢! =1, the estimate (2.24) is easily derived.

Secondly, we have

T

T
(2.25) f va(k.— l)(l‘)”l“,‘,(mdf <Cis f ||U(k— ”(t)“ Wf,(n)dt

0 0

T 1/q T 1/p
SC’lS(Jv dt) <j ||U(k_1)(t)nlvjvg(9)dt>
0 0

SclsTl/q“U(k_ l)nwlz,,l(QT)sclsTl/qV(k_ 1)(T) .

Thirdly, it is obvious that

(2.26) 1e®f I Lyem <M fllL,em -
Finally, we have the estimate
2.27) lp®@*= D« V)p&-1 IL,0m < €16 M T2~ 3PIp k= 1)(TYp=3)(2p=3)

x (|voll wi- 2wy + T~ 1P =3P = 1y T30 — 1/2p=3)
SC16M[”UOH$V§—2/1’(9) +T°V*=I(T)*]
with some positive constants  and ¢;s=>M '+ 1. Indeed, from the inequality
IVo ™ DD 0 < 107 PO llwye < 0% VO 20 l0* ™ PO G

with a=(p—3)/(2p —3), it follows that

T
)y, (k— - - -
1o ¥ VYot~ Dl 0,0 < M0 VIE 0o f Vo4 D)2, ot
(]

T
<c 7Mp”l’(k_ U”f:(j(éfp)) f ”U(k_ ”(t)”%’g(mdt
0

<c MP|v*” ””i(j(&?)Tl I A ““#gyi(QT) .
This inequality combined with (2.24) leads to (2.27). Moreover, we obtain
lp®lcrign=M+/3 (L+10* "Vl omn)

T
x Vool exP(f ”VU(k_l)(t)”Lw(mdt>

o



28 SHIGEHARU ITOH AND ATUSI TANI

SM+'\/ 3 [1 +Cl l(llvonw;z,—2/p(g)+ ]"(1 - l/p)(l _3/p)V(k_ 1)(T))]
X Voo ll Loy €XPley s T ~ VP VEI(TY)

=K;(V*~I(T), T).
Consequently, we have
(2.28) VO(T)<K(K;(V*(T), T), T)
x [Nvollwz- 200y + M f I L0r + c16M 100l fr2 - 2702y + T VEUT)?)]

SclsMKl(Ks(V(k_”(T), T),T)
X [llvollwz-2rr0)+ l|vo||5vg—z/p(m+ I f L yom+ TPVE (T .

We choose
A =K, (M+ vV 3e[l+c,(1+ ||Uo“WI2,—2/P(Q))] "VpO”Lw(.Q)a T)
x c1sMl|vollwz-21m)+ 100l wz-20) + | f I L,iom + 115
and define
T, =min{A{'(1 =1/p)~'(1-3/p)" " Al—llé, (015A1)_(1 —1/p)~ ‘} .
Then it is easily seen that V®(T,) < A4, holds provided that V*~)(T,)< A4,. Since
VT <K (M +||VpollL 0 T1)(||”o“wg-2/p(m+M||f||LP(QTI))SA1 )
the assertion of the lemma comes out. []
Furthermore, we can immediately get
LEMMA 2.5. For any k=1,2,3, ---,
(2.29) ”Vp(k)”Lw(Q-pl)"' ||P:(k)||Lw(QT1)SK3(A1, T)=A4,,

(2.30) Sup Vo ®(0) lwin < I VPollwia) explesod (T1)? ™ 1P)= A5 .

0<t<T,

2.3. Proof of Theorem 1.1. Setting c®W=p® —p*~D  ®O=p® __4,,&=1 apud
g®=p®—p*~D we have

0@ 4D ggh = k-1 ypk-1
(2.31) { : ’

a(k)|t=0=0 s
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pE® _ AW 4 yg® — g
divw® =0,

2.32
( ) W(k)|s-r=0 i
w(k)|t=0=0 ,
where
g®= — W%V 4 (pl= . ) k- D411
—p*k W& D. V)p&=2 4 (p*-D . y)pk-17]
Let

W(k)(t)= ”W(k)” W2:1(Qy) + ”Vq(k)“Lp(Qt) .

Then, from Lemma 2.3, it follows that for te(0, 7,],

t
(2.33) le OO L2 <42 f Iw €= D) 1 s
(o]
t
SCZOAZJ Hw(k_l)HW’zJ'l(Qs)dS
(o]

t
<cy, J W&~ (s)ds .

0

Furthermore, we have

t
lo® O lwym<cazds J w2l s -
0

Here we used the imbeddings
“u”Lw(mSCz3“““w;,(m-<—Cz3||u||wg—z/p(g)
< cy4(lllx, 0)] W2 2/p(Q) + ”u”Wf,"(Qz)) :
Next, using Lemma 2.4, we can estimate each term in g*:

le @™ P+ Vp* =D+ £111E 0,

k —_ —_— —_—
< ”0'( )Hiw(Qt)(”Ut(k 1)”f,,,(Q,.,)+ ”U(k 1)”f‘c,o(Q,)”VU(k ””f,,(g,)"' ”f”ip(Q,))

< ||0'(k)Hf,m(Qt)(Af+czs(1 + “Uoﬂwg-?-/v(g))pAf"' ”f”{p(Q,)) >

“p(k- I)E(W(k— 1, V)v("_ 2) 4 (v(k— 1, V)w"“ 1)] “i,,(Q,)

t
SMP[ dsJ‘ (|Vv(k—2)|p|w(k_l)»|”+|v(k—l)l"IVW(k_”lp)dx
0 Q
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SM"( sup ||Vv(k—2)”f,,(n)J\ [w~ ”“L (Q)
0<s<t
_ 1
+ [lv ““iw(qoj [Vw&= D)2 () )

t .
SCZGMP<"U(k—z)nlv’vf,,l(gt)I llW"‘“’lli’v;.x(Q,)ds

0

t
+(1 + ”UOH W;‘Z/P(Q))pj ”W(k_ ”II%’V;.:(Q,,ds) .
(4]

Hence, Lemma 2.1 yields

wW®()<c,, [ j' W= (s)ds + < J‘t Wk ”(s)"ds)llp:l
0 0

(2.34)
t i/p
Sczs(j "V(k_l)(s)pds) s
0
consequently,
(T,)%~1p
(2.35) W(T)<cks' — waxT,).

r’k)te
Therefore we find that
Y W(T)<owo,
k=1

which implies that the sequence (p®, v®, p®)(x, t) converges to the desired solution
(p, v, PXx, t) as k — oo.

The uniqueness is proved by making use of the estimates analogous to (2.33) and
(2.34).

3. The case u=0.

In this section, we prove Theorem 1.2.

3.1. Auxiliary problems. We assume that v(x, t)e C°([0, T']; W3(Q)) is a given
function such that divo=0 and v - nls,=0.

LemMA 3.1. Let p(x,t)eCtY([0, T]1x Q) such that 0<m<p(x,t)<M< o0,
Vp(x, t)e C([0, T]; W) and f(x, t)e C%[0, T]; WZ(8)). Then problem
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3
div(p~'Vp)=divf— ), vivi=F,

i,j=1
(3-1) op 300 L
p | =fn+ ) vvi¢V=G, ¢Y=n]
on |g ij=1
has a unique solution Vp(x, t)e C°([0, T]; W2(R)), satisfying
(3.2) IVP(D) w2 < Kall VOO llw )L (Dl w20y + 100 5r200)) »

where K, is a nondecreasing function of ||Vp(t)HW;(m, depending on m and M. Hereafter,
K;’s are functions, having the same properties as K,.

Proor. We first note that (3.1); comes from applying the divergence operator on
both sides of (1.1),, and (3.1), from taking the scalar product of each side of (1.1),
with 7 (cf. Temam [12]). It is well-known from the result of Agmon, Douglis and
Nirenberg [1] that problem (3.1) is solvable in W2(€2) and the estimate

“Vp(t)nw;(mSKs(”P— ! lcr@)UF L@+ ||G||W11,— 1/p(5))
1s valid. Writing the problem in the form
Ap=pF—pV(p~")-Vp,
op
on

=pG,

S
we get
VPO llwzn < c20lpF—pV(p™ ") VP llwi o)+ PG lwa-110s)
< Ke(IVoO)llws @)1 Fllwio)+ G llwz-1/5s)
< K,(IVo@)llw1@)ILf Ol wz e+ 1000 1320 - O

LemMMma 3.2. Let p(x,t) and f(x,t) be the same as in Lemma 3.1, and Vp(x, t)e
C°[0, T]; WZX(Q)) be the unique solution of (3.1) guaranteed in Lemma 3.1. Then
problem

CVy— —p-1
(3.3) {u,-i—v Vu=—p 'Vp+f,

Uli=0=0o(%),

has a unique solution u(x, t)e C([0, T]; WX(Q)). Moreover, u(x, t) satisfies
d
3.4 I “u(t)llwg(mﬁ%o” U(t)”WI{(Q)”u(t)“W%(Q)

+K8(“Vp(t)“W}J(Q))(“f(t)“Wf,(Q)+ ”U(t)”%’;(m) .

Proor. Referring to the proof of Lemma 2.2, we should only estimate the term
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2
Y. | Dif—p~'Vp): Diu| Diul?~%dx.
la|=0 Jo
Since
2
Y. | |DHp~'Vp)||D2u P~ dx
lel=0 Jo
<m~!|Vp| wallu II%}(IQ) +IVp~ wial Vol w;,(mIIVulli’v_;,(‘m
SK9(I|Vp”W11,(Q))(“f“Wg(9)+ ||v||%vg(9))||u||‘v’v—§(lm s
the desired estimate is obtained. [

3.2. Successive approximations. In order to prove Theorem 1.2, we use the
method of successive approximations in the following form:

(3.5) v ©@=0,

and for k=1,2,3, -+, p®, p® and u® are, respectively, the solutions of problems

(3.6) {p‘(k%(k—” +Vp®=0,
P(k)|t=0 =po(x) ,
1 3 . ,
diV(—u‘—)Vp(’”):divf— y v)(ct;—l)..vg:—l),,,
(3.7) P ij=1
) 1 op® 3 , —
—& 3 =f'n+ Z D(k—l).lv(k—l),1¢1j’
P n ij=1
and
1
(k) *k-1), k) — __ (k)
(3.8) u'+v Vu¥ = FVp +f,

u®l,_o=10o(x) .
Finally, let
3.9) p® =y ® _yy o
where ¢ ® is the solution of problem

{ AYy® =divu® |

(3.10) ay®

on

LeMMA 3.3. The sequence {v®}, is bounded in C°([0, T,]; W3(Q)) for a sufficiently
small T, e(0, T].

=u®-n.
s

ProofF. From the consequences in the previous subsections, we can derive
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m<p®(x,t)<M,
IV ®(@)|| wi@)= HVpO“W;,(Q) CXP(Cg J(: lo®= 1)) Wg(g)ds> ,
”Vp(k)(t)uwgm)$K4(||Vp(k)(t)||W;,(Q))(”f(t)nwg(g)'f‘ Jo® 1)(1‘)”%1';(9)) )

t
||u(k)(t)|| w2(Q) < eXp<cso J v~ 1)(S)” w;(g)dS)[ll Vol W2(Q)
0

+ J K1V ) lws @)1 f ($)llwz e+ 10~ ) |72 )ds] -

0

Since

||U(k)(t)||wg(9)5 ||u(k)(t)“W§(Q)+ ||V‘//(k)(t)|| WIZ,(Q)SC:’,I ||u(k)(t)||wg(n) ’

ultimately, we get

3.11) lo®(2)]| w2 =C3t eXP(cao f lo®= ()| Wg(rz)ds>[uvo llwg(g)
0

0o

Let us choose
Aaz2¢31[vollwae) + KsIIVoollwi @ T ILf llcoqo, iwzan + DI,
and define
T,=min{(c30A44) " 'log2, A;?, (cods) 'log2} .
Then we find that

sup “U(k)(t)”Wf,(Q)SA4

0<t<T,

provided that

sup |jv*~ 1)(t)||W2(Q)$A4 .
0<t<T> p

Therefore by induction we have the assertion of the lemma. []
By the direct calculation, we get

LemMmA 3.4. For k=1,2,3, - -, the estimates

+J‘ KS(HVP(k)(S)”W}D(Q))(“f(s)“wg(n)+ ||U(k_1)(s)||%vg(m)ds] .

33
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sup ||Vp(k)(t)”W1(9) <2”Vp0”W1(.Q)_A5 s

0<t<T>

SuP ||VP(k)(t)||W2(Q)<K4(A5)(||f”00([o T} WZ(Q))+A4) As ,

0<t<T;

sup | p®)l wi@) = < A As=A,

0<st<sT>

sup ||u, k)(t)"W‘(ﬂ)<A4 +m ™ A1 +m™ A5)+ | fllcogo, 1 w2 = =A,

0<t<T>

hold.

3.3. Proof of Theorem 1.2. Set a®W=p® _pk~1 sl — ) _5k=1) 40— pt)_
p* Vand w®W=p®—p*~1 Then we have

(3 12) {0',“‘)+v("_”'V0'(")= __w(k—l).Vp(k—l) ,
. G(k)|t=0=0’
( ( 1 (k) a® *k-1)
aiv( L vq )=div(___v,, - )
p(k) p(" l)p(k)
_ i (W(k 1); (k “’+v(k 2), tw(k 1).1'),
i,j=1
O S
p(k) p” — .Zl(W(k—l).lv(k—1),J+v(k—2).1w(k—l).;)¢u
L,J]=
B o®  gp%-V
\ p(k—l)p(k> on s’
1 o-(k)
h(")+(v”‘ 1), V)h(k)+ Vq(k)_ (W(k—l).v)u(k—1)+ — Vp("_l),
p p(k l)p(k)

3.14
( ) h(k)|'=0=0.

In the same way used for getting the estimates of p, p and u, we get

t
le®(@)|l W0 <c33456xp(c324,T5) J w®~D(s)| W;,(Q)ds
0

t
=4, J “W(k— 1)(S)Hw;(mds s
0
||Vq(k)(t)“W§,(Q) <A, o(lle®@)] W) + [w® = D(@)] W;,(n)) s
t
||h(k)(t)||w;(9)$A11 J ("G(k)(s)”w';,(m'*‘ ||Vq(k)(s)||W‘1,(g)+ [w- 1)(S)||W;(Q))ds ;
0

From these inequalities, since
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lw®()|] wie)<C33lh O] W@

it follows that

t
”W(k)(t)nw;(n)SAu J , ||w(k- ”(S)”W},(n)ds
0

k—1
SAk_l su w)(s 1 s
12 *—1)! OSSI;“ ()”WP(D)
consequently,
(Tt
su WO w1y <A A% .
05tspT2“ ()”WP(Q) aAis —1)!

Therefore we find that

0]
kz 1wl cogo, T3 1029 < 0 -
=1

This implies that (p®, p®, u® v®)(x, t)> (p, p, u, v)(x,t) as k— co, which satisfies
equations

p;+v°-Vp=0,

div(v* Vv+p~1Vp—f)=0,
(3.15) U+ Vu+p 'Vp=f,

Ay =divu,

v=u—Vy,

(v-Vyo+p~'Vp—f) - nls, =0,
u—Vy)-nls, =0,
P!z=0=Po(x) >

u|t=0=vo(x) .

(3.16)

Now let us show that u=v. Applying the divergence operator on both sides of (3.15);
and taking into account (3.15),, we get

3
(divu),+v-V(divi)=— ), viy,.. .
L2

i 1

If we take the scalar product of each side of (3.15); with n, we obtain
3 . PRy
(u-n)y+v-Vu-n= Z vl'/’xj(p” .
i,j=1

Noting that divv=0, v+ n|s=0 and

H‘/’”Wf,(ﬂ) <caq(lldivufp o)+ llu-n| wi- yp(s) »



36 SHIGEHARU ITOH AND ATUSI TANI

we have the inequality
t
”le””LP(m"' - nl Wi 1/p(s) =C3s J (||d1VuHLP(g) + flu - n”w}l’— p(5)ds 5
0

which means divu=0 and u - n|s=0.
This completes the proof of Theorem.
Part II. Vanishing Viscosity
4. The convergence problem as u — 0.

In this section, we shall prove Theorem 1.3.

4.1. A priori estimates. Let (p, v, p)x,t) be a sufficiently regular solution.
Hereafter C stands for the generic constant independent of u.

LEMMA 4.1. For p(x,t), the estimates

4.1) m<p(x,t)<M,
d
4.2) 7[ V@)l WL(R%S CH"(t)”Wg(m)”VP(t)”W‘!,(m)

hold. Moreover, if we put &(x, t)=p(x, t)” !, then the estimates

4.3) M l'<&x,t)sm™?!,

d
4.4 a@r ”VC(I)”WI‘,(IF)S Cllo(e)|l W;(m)uvf(t)“ W1R3)
are valid.

PROOF. Quite similarly to the proof of Lemma 2.2, we can obtain (4.1) and (4.2).
If we note that &(x, t) satisfies the equation

{é,+v°V§=0 ,
~flz=o=Po(x)_l ={o(x),

the estimates (4.3) and (4.4) directly follow from (4.1) and (4.2). [

LEMMA 4.2. Let w(x,t)=rotv(x,t). Then the estimate

d
4.5) @ ||w(t)uw;,(n‘-*)S a1+ ||1'0tfHCO([O.T];w;,(RJ)))

x (1+ @) wiws + IVE@O lwims + 1VPO lwyms)’

is valid.
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PrOOF. By applying the rotation operator on both sides of (1.1),, we obtain
(4.6) 0+ 0 Vo—(w-VIv+VEXVp=ulAw+uVeé x Av+rot f .

If we apply the operator D? to (4.6), multiply the result by Diw|DZw|? 2, integrate
over R? and sum over |a|=0, 1, then we have the equality

1 d
@7 ——lo@®)imny= 2. [—J D¥(v+ V)w)* Diw|Diw P~ %dx
p dp » R?

laj=0,1

+ J D¥(w - V)) Dw|D%w|? ™ 2dx— j DXVExVp): D2w| Diw [P~ %dx
R3 R3

+u f D¥¢Aw): Dlw|Dw P~ 2dx+u j D¥VE x Av) » D2w| D?w |P~ 2dx
R3

RS
6
+ J Dirotf- Diw|Diw l"’zdx:lz > 1.
R3 j=1
Let us estimate each /; by making use of divv=0 and pu<1.

> (v*V)D2w* D*w|Dw |? ™ 2dx

la]|=0,1 R3

|1, |=

+ ) (D% + V) * Diw| D2w P~ %dx

fa|=1 JR3

< > | D%v|| D%w |Pdx

lal=1 JR3

> J (D% V)w - D¥w| D2 |P~ 2dx
R3

lal=1

SC( Z ||D;U(t)||W;,(R3)>||w(t)“€v/;,(m)-

ja|=1

Li=| ¥ (DZw + V)v - Dw| D%w [P~ 2dx

la]=0,1 JR3

+ ) (w+V)D%v+ D2w| D2w [P~ 2dx

la]=1 JR3

< Yy Y | DBy ||D2w |Pdx

la]=0,1 |8|=1 JR3

+ 2 2 | DEv||w|| Diw|P~ tdx
lal=1 |B]=2 JR3

SC( Z ||D;U(t)||W;,(RS))HCU(I)WVII,(W)-

fal=1
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1Ll=| X (VEx VDip)- Diw| Diw |P~ *dx

la|=0,1 JR3

+ Y (VD2 x Vp) * Diw| DZw |P~ 2dx

lel=1 JR3

<2 ) |VEI|VDip|| Diw P~ tdx

|la|=0,1 JR3

+2 3 |VDZ||Vp || Diw P~ dx

la|=1 JR3

< C|IV&@)| W;,(R3)||Vp(t)|| W;(R5)||w(t)||lv’v_;,(1|t3) .

Li=p Y, EADw - D*w| D%w P~ %dx

|e|=0,1 JR3

+u ¥ | D*Aw-Diw|Diw|P2dx=1I,,+1,,,

lal=1 JR3

Ly=—p Y X | DiDfw|*| Diw |P~ 2dx

la|=0.1 |B]l=1 JR3

—up=2) 2 X ¢|Dfw - DiD{w|*| Diw P~ *dx

la|=0.1 |B]=1 JR3

-2 X f D!¢D:Dw - Diw| Diw [P~ 2dx .
la|=0.1|B]|=1 JR3

Let the third term of the right hand side be I, 3, then

L, +1sl<Cu Y, Y | D2¢||D2DEw || DEw P~ Ydx

le|=0,1 |B|=1 JR3

< B J | D2D*w |?| D%w P~ 2dx
4M|a| 0.1 [B]=1

+C Y X f | DEE | Diw |Pdx
la}=0,1 |Bl=1 JR3
M -
<— > X j | DiDiw |?| Diw P~ %dx
4M |a|=0.1 |81=1 Jg3
+ ClIVED @l (@) 11 m3) -

Is=p f (VEx Av) - o|w|P~2dx
R3

+u ) DXVEx Av): Diw|Diw P~ 2dx=1Is,+1s,,

lel=1 Jgr3
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|15,1|32NJ | V<AV || P~ dx

R3

< CIIVED) lwyms | AU syl 1] gs) -

Since
Is,=—p ) (VEx Av) - Dw| Diw |P~ %dx
la|=1 JR3
—up-2) ¥ | [(V¢xAv):Diw]D*w: Diw|Diw|"™*dx,
la|=1 JR3
we get
|Is,]<Cu ), |VE||Av||D2*w ||D%w [P~ 2dx
la|=1 JR3
<t D2 2| Dieo [P~ 2dx
4M la|=1 JR3

+C J |VE|?| Av|?| D2w P~ 2dx
lal=1 JR3

<t ¥y 3 f | DZDEw |?| D P~ 2dx
4M 2)=0.1 181=1 JR3

+ Cuvé(t)”%V;,(RS)“Av(t)||f.p(k3)||w(t)||€v—;,(2n3) .

[ Ig| < HrOtf(t)”Wll,(ni*)”w(t)nlvyv—;(lm) .

Hence, using the inequality

Y ID20) lwims < Cleo®)llwims »

laf=1

we have

(4.8) i—d—llw(t)ll‘v’wmsﬁi DD J | DiD{w|*| Df w|? ™ 2dx
p dt P 2M 2=0,1 181=1 Jg>

-2
+—~—”(p ) DD J | D2w * D2Dfw|?| Dw |P~*dx
M jai=0.1 181=1 Jgs

< Clllo®) 5 yms + 1VEOwi @ | VPO w1 @s) + IVEO w gyl | wime)

+IVED I3 @3 | () I w1 @y + 10t () llws ey Il 151 sy -

LeEMMA 4.3. There exists To€(0, T independent of p such that

39
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4.9) sup ([IVe(®)llw: s+ llo(2)]] w2wy)+ IVP([)llwim3) < C .
0<t<To L4 14 P

ProoF. Similarly to getting the estimate w, we first obtain

1 d
'; E ”U(t)”LP(IF)S C["VP(t)"L,,(m)"‘ IVE@)| %VL(R-")HU(I)”L,,(RS)"' ”f(t)”L,(m)] .
Next, from the equation

3
div(¢Vp)=divf— ). vl vl +uVé-Av=F,

Lj=1
we have
IVP() w1 ma) < Ks(IVE@D) Il w1 @e) | Fll L, rs)
< CKs(IVED) w1 ms)

X (141V S 1l ) + N (D) 151 sy + IVED @yl o) 1w moy) -

Therefore, if we set
Y(0)=1+[Ve@)lwymy+ 10()l| L@+ o)l wims) »
B=(1+|fllcogo.rwzams»)’ »

then the above lemmas imply a differential inequality
4
I Y(t)<CBH(Y(1)),

where H is a increasing function of Y{(¢) independent of pu.
Hence we conclude that Y(t) <Z(t), where Z(t) is the solution of the problem

d

{ £ 2()=CBHZ (1),

dt
Z(0)=Y(0),

and exists as a continuous function on an interval [0, T,] with T, >0.

Since T, is obviously independent of u, we obtain the desired result. []

4.2. Proof of Theorem 1.3. First, it follows from Theorems 1.1, 1.2 and Lemma
4.3 that the existence of a unique solution on [0, 7] with T,>0 independent of u.

Next we prove (1.22). Subtracting (1.1) with >0 from (1.1) with u=0, we get the
following linear system of equations for 6=p°—p*, w=0v°—0v* and g=p° —p*:
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( o,+v*-Vo=—w-Vp°,
p W+ (" - VIWl+Vg= —p“(w - V)o° +(Vp°/p°)a — pAv*
(4.10) { divw=0, |
G|t=0=0,
_ W|i=0=0.

In the same way for getting a priori estimates, we have, from (4.9),

o)L,y < CJ W)l ., ma)es
0

W)l L,@s < CJ (lo(s)l| w3y + W)l L, r3))ds + uCTy .
0

Hence, by Gronwall’s inequality, we find that
(4.11) lo(@)ll L@+ W) L, @3 < LCT o exp(CT) -
Furthermore, making use of the interpolation inequalities, we have
Vo)l @ < Cllo@)l Lt I V(D) 133w
< Cllo®)l a1V (D)l wims + Vo Ol wirsy)' 2
< Cllo(®)ll/%rs) »
VW), m3) < CIW@ Lotasy I VW)W )
< CIWOIE s (IV0°(0) |y usy + I VOHE) 1 o)
< C“W(t)”zl,f(m) .

On the other hand, since g(x, t) satisfies the equation

3
div(¢"Vg)= —uVe" - Avi— 3 (vfwi +vliwi)

i,j=1

+ApPLOtta +VpP - VEO G +Vp® - VEHECa +Vp© - Vol OEH
we get

IV@()llw1@a) < CUaO)lwsms) + WO w1 ms) + 1) -
Thus, owing to (4.11), the proof of Theorem 1.3 is coinpleted.
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