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Summary. There are two types of generalizations of selfdecomposability of probability measures on
RY, d>1: the c-decomposability and the C-decomposability of Loéve and Bunge on the one hand, and the
semi-selfdecomposability of Maejima and Naito on the other. The latter implies infinite divisibility but the
former does not in general. For d>2 introduction of operator (matrix) normalizations yields four kinds of
classes of distributions on R% L(b, Q), Lo(b, Q), Lo(C, Q), and £(C, Q), where 0<b<1, Q is a d x d matrix
with eigenvalues having positive real parts, and C is a closed multiplicative subsemigroup of [0, 1] containing
0 and 1. Further, each of these classes generates the Urbanik-Sato type decreasing sequence of its subclasses.
Characterizations and relations of these classes and subclasses are established. They complement and generalize
results of Bunge, Jurek, Maejima and Naito, and Sato and Yamazato.

1. Introduction and preliminaries.

In Maejima and Natio [9], the notion of semi-selfdecomposable distributions on
R? was introduced as an extension of selfdecomposable distributions, and the class of
such distributions and its nested subclasses containing semistable distributions were
studied. The distributions in those classes were defined as limiting distributions of the
normalized partial sums, with scalar normalization, of independent infinitesimal
R%valued random variables, where each limit is taken through a subsequence. In this
paper, we enlarge those classes by allowing the linear operator normalizations in the
normalized partial sums. As a result, we extend the notion of semi-selfdecomposability
to that of operator semi-selfdecomposability.

On the other hand, Bunge [1] extended the notion of selfdecomposability to another
direction by introducing the class of C-decomposable distributions. This is also an
extension of c-decomposability in the earlier work of Loéve [6], (also see Loéve [7],
page 312). While semi-selfdecomposable distributions are infinitely divisible, the
distributions in the class by Bunge [1] are not necessarily infinitely divisible. He studied
the class and its decreasing subclasses. Here we also extend his notion to the linear
operator setting ((C, @)-decomposability), and compare two generalizations of operator
selfdecomposable distributions. Operator selfdecomposable distributions were discussed
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in Jurek [4] and Sato and Yamazato [13, 14].

We start with notation we are going to use in this paper. 2(R?) is the class of all
probability distributions on R?, I(R?) is the class of all infinitely divisible distributions
on R?, M, (RY is the class of all d x d matrices all of whose eigenvalues have positive
real parts, Q' is the transposed matrix of Qe M ,(RY, I is the identity matrix, f(z),
zeRY, is the characteristic function of e Z(R%, u*, t>0, is the t-th convolution power
of ue ZRY, £(X) is the law of X, {, ) is the Euclidean inner product in R?, and | - | is
the norm induced by <, ) in R% For >0, 2= *_ (n!)"'(logd)"Q". If b=0 and
Qe M, (RY, then b2 is defined to be 0. Convergence of probability distributions is always
weak convergence. Whenever we write Hc 2(R%), we mean that & # H = 2(RY).

Let 0<b<1 and Qe M . (RY.

DerFINITION 1.1. Let H=2(RY. A distribution ue 2(RY) is said to belong to the
class K(H, b, Q) if there exist independent R valued random variables {X’ i} a,>0, T oo,
c,€R% k,eN, 1 oo, such that

(1.1) lim -2 —p,
n>o Ay
(1.2) Z(X;)eH,
kn
(1.3) Z(a,,‘Q Y Xj+c,,) —>u.
ji=1

If, furthermore, the infinitestimal condition:

(1.4) lim max P{|a, ?X;|>¢}=0, Ve>0,

n=w 1<j<ky,
is satisfied, we say that ue 2(R? belongs to the class K(H, b, Q).

From the definition, we see that

(1.5 K(H,b, Q)cK(H, b, Q),
(1.6) K(H, b, Q)= I(R%),
1.7 K(H,,b,Q)cK(H,,b,Q) if H,cH,,
(1.8) RH, b QcR(H,b,0) if H,cH,.

The class K(H, b, I) was introduced in Maejima and Natio [9], and the class
K(P®R?), c, I) coincides with the class L. on page 312 of Loéve [7].

DeFINITION 1.2. A class H<= 2(R%) is said to be Q-completely closed if H is closed
under convergence, convolution, and Q-type equivalence. Here H is said to be closed
under Q-type equivalence if #(X)eH, a>0, and ceR? imply L(a " 2X+c)eH. If,
furthermore, H<I(R% and H is closed under going to the ¢-th convolution power for
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any ¢>0, we say that H is Q-completely closed in the strong sense.

Our basic results are the following two statements. All theorems and propositions
in this section will be proved in the next section.

TueoreM 1.1. (i) Supposethat H<= P(R?) is Q-completely closed. If e K(H, b, Q),
then there exists pe H n I(R?) such that

(1.9) i(z)=A0b22)p(z), VzeR4.

(i) If His Q-completely closed in the strong sense, then the converse of (i) is also true.
(i) If H is Q-completely closed in the strong sense, then so is K(H, b, Q).

THEOREM 1.2. (i) Suppose that Hc=PR? is Q-completely closed. Then pe
K(H, b, Q) if and only if there exists p € H such that (1.9) is satisfied.
(i) If H is Q-completely closed, then so is K(H, b, Q).

In Theorem 1.1, the distribution p in (1.9) is uniquely determined by u, b, and Q,
since fi(z)#0 by (1.6). But, in Theorem 1.2, the p is not always unique. The problem
of uniqueness is discussed in Loeve [6].

In view of these theorems, it is natural to introduce the following definition.

DernNiTION 1.3, Let 0<c<1l, QeM,(RY, and H<ZR%. A probability
distribution ue 2(RY) is said to be (c, Q, H)-decomposable if fi(z) = ji(c? z)p(z) with some
peH. Given ue ZR%, Qe M . (RY, and H<=2(R"), we denote by D, u(p) the set of
c€[0, 1] such that u is (¢, Q, H)-decomposable.

PROPOSITION 1.1. Suppose that H is Q-completely closed. If Dy y(p)# {1}, then
D, y(p) is a closed multiplicative subsemigroup of [0, 1] containing 0 and 1.

The following proposition is a direct consequence of Theorems 1.1 and 1.2.

ProposiTION 1.2. (i) ueK(H, b, Q) if and only if pn is (b, Q, H)-decomposable,
provided that H is Q-completely closed.

(i) K(H,b, Q)=K(H, b, Q), whenever H is Q-completely closed in the strong sense.

(iii) Suppose that H is Q-completely closed and H ~ I(R®%) is Q-completely closed
in the strong sense. Then, the following three conditions are equivalent: e K(H, b, Q);
ueKHNIRY, b, Q); uis (b, 0, Hn I(R%)-decomposable.

In case d=1, Q=1, and H=2(R?), a decisive study of the semigroup D, (1) was
made by Ilinskii [3], and some examples of similarly defined multiplicative sub-
semigroups of [ —1, 1] were given by Urbanik [17]. For general d and H=2(R"), the
class {c2: ce D,y x(p)} is a subsemigroup of the Urbanik decomposability semigroup
D(u) in Jurek and Mason [5].

Following Bunge [1], let € be the collection of all closed multiplicative subsemigroup
C of [0, 1] such that C2 {0, 1}. Define, for Ce€,
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K(H9 C, Q)‘—" ﬂ K(H’ b’ Q),

beC\{0,1}

R@H,C,Q= () KH,b,Q).

beC\{0,1}

Note that, by Proposition 1.2 (i), K(H, C, Q) is the class of u such that Cc Dy p(w),
provided that H is Q-completely closed. The class K(H, C, I) coincides with the class
Z“(H) introduced by Bunge [1]. (For the detail of its proof, see Proposition 2.4 in the
next section.)

Distributions in K(2(R?), [0, 1], 1) are usually called selfdecomposable. Urbanik
[16] introduced the notion of a slowly varying sequence of random variables and found
a decreasing sequence of subclasses of the class of selfdecomposable distributions. Sato
[11] defined an operation to make a new subclass from a subclass and showed that
iteration of his operation generates the sequence of Urbanik. Our operation K(-, b, Q)
is a development from his operation. We now define four kinds of classes of distributions
and the Urbanik-Sato type nested classes.

DEerINITION 1.4. For 0<b<1 and Qe M . (RY, define
LO(b’ Q)= K(?(Rd% b’ Q) s
Lm(b’ Q)=K(Lm—1(b’ Q)a ba Q)> m=1: 2’ Tt

L6, 0= () Lu6.0).

Similarly define
Lb,Q, m=0,12 - 0,
using K instead of K. Furthermore, for Ce €, define
Lo(C, Q)=K(?R?), C, Q),
L(C,Q=K(L,-(C,0).,C, 0, m=12 -,

L.(C.0= ) LiC.0),

and define
L(C,0), m=0,1,2,-, 0,

using K instead of K.
In particular, we call ue 2(R? operator semi-selfdecomposable if ue Ly(b, Q) for
some 0<b<1 and Qe M, (RY), and (C, Q)-decomposable if ue Ly(C, Q), respectively.
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ProOPOSITION 1.3. Let Ce®. Then we have the following nested classes.
IRY) > Ly(b, Q)2 Ly(b, Q)= - - - 2L (b Q),
IR)>Lo(C, Q)2 Ly(C, Q)2+ 2L,(C, D),

EO(b’ Q):El(b’ Q)D e DEoo(b9 Q) ’
LC,Q)>L,(C, Q)= 2L(C, Q).

PropPoOSITION 1.4, Let C,, C,€Q and suppose C, < C,. Then for any 0<m< o0,

Lm(Cla Q)DLm(CZ’ Q) ’
Em(cla Q)Dim(CZ’ Q) .

Classes L,([0, 1], Q) with C chosen as [0, 1] are the finite-dimensional case of the
classes studied in Jurek’s paper [4]. A one-parameter continuous multiplicative group
{U, t>0} with U,—0 as ¢ 0 is used there in place of 2, but any such matrix group
{U, t>0} is expressed as U,=1t2 with Qe M ,(R?. Note that Qe M, (R is equivalent
to that t2—0 as ¢} 0 (Sato [12], Lemma 2.6).

Operator selfdecomposable distributions are defined in the following way (Sato
and Yamazato [13, 14]). Let OL(Q) be the class of ueZ(R? such that there exist
independent R?-valued random variables {X;}, a,>0, 1 c, and c,€R? satisfying

.‘f(a;Q'ZIXj+c,,)—>y, n— o0

J

and

lim max P{la,%X;|>¢e}=0, Ve>0.

n—o 1<j<n
It is known that ue OL(Q) if and only if u is (¢, Q, Z(R%)-decomposable for every
ce[0, 1]. Thatis, OL(Q)= L([0, 1], Q) by our terminology in this paper. See Proposition
2.5 for details. Distributions ue OL(Q) are called Q-selfdecomposable. A distribution
u is called operator selfdecomposable if it is Q-selfdecomposable for some Qe M , (RY).
Our terminology is different from that of Jurek and Mason [5]. The class of operator
selfdocomposable distributions in the sense of Jurek and Mason [5] is called the class
OL in Sato and Yamazato [13] and is strictly bigger than the class of operator
selfdecomposable distributions in our sense (see Yamazato [19]). But both definitions
coincide as long as the distributions considered are full (that is, are not concentrated
in any proper hyperplane in RY). This is a consequence of a theorem of Urbanik [15].

In Section 2, we shall prove the results stated in this section and show that, for

0<m<oo,

L0013, Q= () Lb.0=L[0.11,0= () Ln6,0).

be(0,1) be(0,1)
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This should be compared with the fact that, if C={b"},2, U {0} with some be(0, 1),
then for 0 <m < oo,

L,(C,0)gL,C Q)),

since L,(C, Q) n (I(R%) # & (Bunge [1] when d=1).
In Section 3 we shall give characterization of u e L,(b, Q), for 0 <m < o0, in properties
of its Gaussian covariance matrix and Lévy measure. Examples will show that

Lm(b9 Q) % Lm + 1(b’ Q)

for 0<m< 0.
We shall study L (C, Q) and L_(C, Q) in Section 4. It will be shown that

L.(C,Q=L.(C, Q)
for any Ce®. The main result in Section 4 is the following. Define, for Ce @,
E(C)={be(0,1): Cc{b"}2ou{0}}.
When Z(C) is nonempty, let b, be its infimum. Clearly b, Z(C) in this case. Then
L (C,Q)=Lybo, Q) if EC)#J,
L.(C,Q)=L,([0,11,Q) if EC)=¢.

We shall examine, in Section 5, the relationship between L,(C,I) and
ﬂbec\{o’”Lm(b, I) when d=1 and C#[0, 1]. It will be shown that, for 1 <m < oo, there
exists Ce € such that

L(C1)g () Lub1),
beC\({0,1}

Lic, g () LY.
beC\{0,1}

We conclude this section with other related problems which are not dealt with in
this paper. The distribution in the class L_([0, 1], Q) is called completely operator
selfdecomposable in Sato and Yamazato [14], where the relationship between the class
L_([0, 1], Q) and that of operator stable distributions was studied. A natural question
is how the class L (b, Q) is related to that of operator semi-stable distributions. This
problem is discussed in another paper [10] by the authors of the present paper.

Another important problem is the continuity properties (the absolute continuity
and the smoothness for instance) of distributions in the classes we are discussing here.
This is studied in Watanabe [18].

2. Basic results on K(H, b, Q) and K(H, b, Q).

Throughout this paper, let 0<b<1, Qe M, (R%, and Ce€. The following two
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propositions can be proved in the same way as for Proposition 2.3 in Maejima and
Naito [9].

ProposITION 2.1. If H=2RY) is Q-completely closed, then K(H,b, Q) H and
K(H, b, Q)cH.

ProposiTION 2.2. We have
K(H,b, Q)= K(H, b", Q) for any neN,
K(H,b,Q)cK(H,b", Q) forany neN.
This following proposition is also obvious from the definition and Proposition 2.2.
'PROPOSITION 2.3. If
C={b"}>o v {0} for some be(0,1),
then
K(H,C,Q)=K(H,b,0Q),
K(H,C,Q)=K(H, b, Q).
Bunge [1] introduced the following class when d=1.

DEFINITION 2.1. Suppose that Hc=2(R% is I-completely closed. A distribution
pe P(RY is said to belong to the class F(H), if, for every be C\{0, 1}, there exist
independent R?-valued random variables {X?}, af>0, ¢} eR? such that

ab

2.1) lim —"— =5,
n— oo an+1
(2.2) L(XYeH,
(2.3) L@t Y Xi+eh)-op.
i=1

Then we have the following.
PropPOSITION 2.4. ZS(H)=K(H,C,I).

Proor. The differences in the definitions of two classes are that a, T oo and Zf’; 1 X
in Definition 1.1. If ue K(H, C, I), then X! := ;‘ikj_ﬁ , X, satisfies (2.3) and hence
pe LH). Conversely if pe L“(H), then af <a}, , — oo for large n, since 0 <b <1, and

hence ue K(H, C,I). O
We are now going to prove the statements mentioned in Sections 1 and 2 up to now.

Proor OoF THEOREM 1.1. (i) The same as for Theorem 2.1 (i) of Maejima and
Naito [9]. :
(i) We first show that (1.9) implies that fi(z) #0, Vz e R% If not, there exists z,e R?
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such that fi(z,)=0 and fi(z) #0 when | z| <|z,|. We have lim, | , #2x=0 for every xeRY,
since Qe M ,(R%. Hence for large n,

2.4) 16" zo | <|zo] .
It follows from (1.9) that, for every n=1,2, - - -, there exists p,e H n I(R? such that
0=fi(zo) = 1" 20)D,(20) -

By (2.4), we have fi(b"?z,)#0, which implies j,(z,)=0, contradicting that p, e I(RY).
Thus fi(z)#0, VzeR? The rest of the proof is the same as for Theorem 2.1 (ii) of
Maejima and Naito [9].

(iii) The same as for Theorem 2.1 (iii) of Maejima and Naito [9]. O

PrOOF OF THEOREM 1.2. (i) “If part.” By the repeated use of (1.9), we have for
any n>1

fi(z)=ad"* %z [] p(6727).
i=o
Since b+t V2z 0 as n— co, we have
A(z)=lim [] p(d'%z)=lim [] pp"~"27).
n—>w j=0 n—+o j=0

If we define independent random variables {X;} by

S .

L(X;N2)=pb72),
then £ (X;)e H and

j=0

J

Therefore, (1.3) holds with a,=b"", k,=n, and ¢,=0.
(i) “Only if part.”” We need the following lemma.

LemMa 2.1 (Loéve [6]). Suppose p,, 6,, poe PRY, u,—u, 6,—0, and u,=
G,*p,. Then p, converges through a subsequence of n.

Now suppose ue K(H, b, Q). Then there exist {X;}, {a,}, {c,}, and {k,} satisfying
(1.1)«(1.3) in Definition 1.1. We have

kn kn-l
(2.5) a; 2 '21 X;+c,=a; %2, (a,,‘_Q1 '21 Xj+c,,_1)
J= J=

kn
+<an—Q Z Xj+cn_an—Qar?—lcn—l)

Jj=kn-1+1

and denote the distributions of the left hand side of (2.5) and of the first and the second
terms on the right hand side of (2.5) by u,, o,, and p,, respectively. By (1.3), u,— 4,
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and by (1.3) and (1.1), 6,(z) = (b2 z). Thus by Lemma 2.1, p, converges, through a
subsequence of n, to p (say) in Z(R?). However, since £(X;)e H and H is Q-completely
closed, we conclude that p e H and ji(z) = i(b? z)p(z) in the limit.

(i) We only show that K(H, b, Q) is closed under convergence. Let u, € K(H, b, Q)
and suppose u, — 1., By (i), for each n>1,

i2)=,b%2)p(2),  pneH.

Again by Lemma 2.1, p, converges, through a subsequence of n, to p, (say) in Z(R%).
Since H is closed under convergence, we see that

fo(@)=00%2)p(2), poeH.
Thus by (i) again, we conclude that u, € K(H, b, Q). Closedness under convolution and
QO-type equivalence can be shown similarly. []

PROOF OF PROPOSITION 1.1. Denote by d, the unit mass at x. First note that 6, € H.
In fact, #(X)e H implies that é,=1im,_, L(b2X)e H when b,]0. Next note that
1€ Dy y(u), which follows from that d,e H. Let b, and b, be in Dy gx(u). Then, for
J=1,2, j(z)=j(b?z)p;(z) with some p;e H. Hence

Az)= b b2 2)p,(bL 2)p,(2) .

Note that b2'b2 =(b,b,)? and that p,(b%z)p,(z) is the characteristic function of a
distribution in H. Hence b,b; € D, (). Now we can show that 0€ D, y4(u). In fact, we
canchoose c#1in Dy 4(u). Then "€ Dy y(u)forn=1, 2, - - - and hence ji(z) = ji(c"? z) (z)

for some p, € H, which implies that p, — u, p€ H, and 0€ Dy g4(u). Closedness of Dy g(u)
is proved from Lemma 2.1. [

PRrROOF OF PROPOSITION 1.2. (i) Restatement of Theorem 1.2 (i).

(i) If H is Q-completely closed in the strong sense, then, by its definition,
H=H ~ I(R%. Thus the assertion follows from Theorems 1.1 and 1.2.

(i) If ue K(H, b, Q), then it is (b, Q, H n I(R?%)-decomposable by Theorem 1.1. If
p is (b, Q, H n I(R%)-decomposable, then pe K(H n I(R%), b, Q)=K(H n I(R%), b, Q) by
(i) and (ii). Finally, K(H n IR%, b, Q)< K(H, b, Q) by (1.7). O

PROOF OF PROPOSITION 1.3. We have I(R%) > L,(b, Q) by (1.6). It follows from (1.7)
and the definition that Ly(b, @)= L,(b, Q). Hence L,(b, Q) L,, . ,(b, Q) by induction and
(1.7). The other assertions are proved similarly. []

Proor ofF PropoSITION 1.4. For m=0, we have

Ly(Cy, Q)=K(ZR"), C;, Q)= () K(PRY,b,0)

beC1\{0,1}

> () K(@RY,b,Q=K(PR?,C,, Q)

beC2\{0,1}

=Ly(C,, Q).
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If Lm(cl’ Q)DL,,,(CZ, Q)’ then
Lpir(Cr, Q=K(LW(Cy, 0),C1, Q)= () K(Ln(C;,Q),5,0)

beCy1\{0,1}

> () K(LACy Q),b,Q) (by (1.7)

beC1\{0,1}

5 () K(@LWCy Q) b, Q)=K(L,(C5, Q), C,, Q)

beC2\{0,1}

=L, +1(Cs, Q).

The assertion for I can be proved in exactly the same way if we use (1.8) instead of
(1.7) above. [

THEOREM 2.1. Let0<m<o0. uelL,(b, Q) if and only if there exists p,,€ L,,_ (b, Q)
such that ji(z)= j(b® 2)p,(z), where L_,(b, Q) and L, _ (b, Q) are understood as I(R?) and
L (b, Q), respectively. Furthermore, L, (b, Q) is Q-completely closed in the strong sense.

PrOOF. Obviously I(RY is Q-completely closed in the strong sense. Thus the
assertion for m=0 comes from Proposition 1.2 (iii). Then we can prove the assertion
for 1 <m< oo by induction, using Theorem 1.1 (i), (ii), and (iii). Let pe Ly(b, Q). Then,
since fi(z)#0, po is determined uniquely, and ue L (b, Q) if and only if pye L (b, Q).
The assertion for m= oo thus follows. []

ReMARK 2.1. The statement of Theorem 2.1 remains valid for L in place of L, if
L_,(b, Q) is understood as 2(R? and if we delete ““in the strong sense” at the end. Proof
is straightforward from Theorem 1.2 in case 0 <m<oo. If ue L (b, Q), then for every
m< oo, pe L, (b, Q) and ji(z) = i(b? 2)p .(z) with some p,,e L,._ (b, Q). By Lemma 2.1, p,,
tends to some p, as m— oo through a subsequence, and ji(z)= (b2 z)p (). Since
p € L. (b, Q) for m'>m, we see p, € L,(b, Q) and hence p,, e L (b, Q). Conversely, if u
is (b, Q, L (b, Q))-decomposable, then it is (b, Q, L,(b, Q))-decomposable for all m< oo,
and hence ueL (b, Q).

REMARK 2.2. The class L (b, Q) is the largest class that is invariant under the
operation K(-, b, Q). The class L (C, Q) is the largest class that is invariant under the
operation K(-, C, Q). These statements remain valid if we replace L and K by L and
K, respectively. Proof is as follows. L (b, Q)= K(L (b, Q), b, Q) by Theorem 2.1 and
Proposition 1.2. If H satisfies K(H, b, Q)= H, then L (b, Q) > H since, by the repeated use
of (1.7), L, (b,Q)>H for 0<m<oo. For Ce€@, L, (C,Q)>K(L,(C,Q),b,Q) by
Proposition 2.1, and hence L (C, Q)2 K(L,(C, Q), C, Q). On the other hand,

Lao(c’ Q)= ﬂ Lm(C’ Q) = ﬂ K(Lm— I(C’ Q)’ C9 Q)

m< oo m< oo

=N ) KELwiC0)b0),

m< oo beC\{0,1)}
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and hence wueL(C,Q) implies that f(z)=a(b2z)p,(z) for beC\{0,1} with
pp€L,(C,Q). This p, does not depend on m and thus p,eL(C, Q). Hence
L,(C, Q) cK(L(C,Q),b,Q) for beC\{0,1}. It follows that L_(C,Q)c
K(L(C, Q), C, Q). Hence the equality holds. If K(H, C, Q)= H, then we have L,(C, Q)o H
from that K(ZR%, b, Q)>K(H, b, Q) and, similarly L,(C, Q)>H for all m, that is,
L_(C, Q)> H. The assertion for I and K is proved similarly by use of Lemma 2.1.

ProposITION 2.5. I(R%)>OL(Q)=Ly([0, 1], 0)=L,([0, 1], Q).

ProOOF. The following three statements are equivalent: ue OL(Q); u is (b, Q, PR?)-
decomposable for all be(0, 1); u is (b, Q, I(R%)-decomposable for all be(0, 1). This
is essentially Theorem 2.1 and Corollary 2.4 of Sato [11]. See also Theorem 3.3.5
of Jurek and Mason [5]. On the other hand, u is (b, Q, Z(R%)-decomposable for
all b if and only if ueLy([0, 1], Q), by Theorem 1.2. Also, u is (b, Q, I(R%)-decom-
posable for all 4 if and only if ueLy([0, 1], Q), by Proposition 1.2 (iii). Thus the
proposition is proved. []

Now, let us compare L,(C, Q) and (),, cvo.1; Lm(b Q). In general, we see that, for
l<m< oo,

(26) v Lm(c, Q)=K(Lm— I(Ca Q)’ C’ Q)
= () K(L,-,(C,0).b,0Q)

beC\{0,1}

- m K(Lm— l(bl’ Q)’ b29 Q)

by,b2eC\{0,1}

c () KLn-1(b,0).b,0)

beC\{0,1}

= () L.b0Q).

beC\{0,1}

The resillting inclusion for m = oo follows from the case m < 0. Then a natural question
is when two sides are equal. The answer is the following.

THEOREM 2.2. For 0<m< oo,

(l) ‘Em([o’ 1]: Q)= mbe(o,l) Em(b’ Q)s
(@) L0013, O=yuco.s, Lntb: O,
(i) Ln([0, 11, @)=L,([0, 1], Q).

ReMARk 2.3, If C#[0, 1], the statement of Theorem 2.2 is not necessarily true.
A counterexample for (i) and (ii) will be given in Section 5.

PROOF OF THEOREM 2.2. We first show (). Let 0<m<oo. Let b,=2"2"". Then
b,=b2,, and lim,_  b,=1. Thus by Proposition 2.2, :
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X Lobysss O Lt O) -
Let
3) L ke (L6.O.

If we cbuld show
2.9) ‘ K,=L,([0,1],0Q),

then, by (2.6), we would get (i) for 1 <m < co. On the other hand, (i) for m=0 is true
by Definition 1.4. ,
- For any b€(0, 1), there exist N(k) T co and n(k) T oo as k — oo such that

2.10) : lim 53 = lim g —nk)2-N0O _ p

k— o0 k— o0

It follows from (2.7) and (2.8) that
Km= kol Lm(bN(k)’ Q) .

Let ue K, Then, by Theorem 2.1, there exists p€ L,,_;(byqy, Q) for each k>1 and

n(k)—1 . . o
fi(2) = ibRy2)p(2) = AbAE® 2) l_Io A(BiG2) = AbRRZ 2)pul2) ,
=

where p,€L,,_(byw), Q). Here we understand L_ (byg, Q)=I(R% as in Theorem 2.1.
Let k — o0. Then we have from (2.10)

(2.1 fi(z)=i(b%z) Im pu) .

and p,:=lim,pr€()rzy Lm-1bnay Q)=Kn—1, with the understanding that
K_,=IRY%. If m=0, then (2.11) means that ji(z)=i(b?2)p(2), p.cIR?, for any
be(0, 1), and hence ue Ly([0, 1], Q). Thus we have (2.9) for m=0. This together with
(2.6) and (2.11) implies (2.9) for 0 <m < oo by induction. For m= oo, we have

0

ﬂ Loo(b, Q)= ﬂ m Lm(bs Q)= ﬂ Lm([oa 1]’ Q)=Loo([09 1]’ Q) .
be(0,1) m=0 be(0,1) m=0

This shows (i).

To show (ii), use Remark 2.1 instead of Theorem 2.1. Note that (2.6) holds with
I and K in place of L and K, respectively. Then the proof of (i) works with replacement
of L by L. The only place we must be careful is the convergence of i(z) in (2.11), as
pi(z) can possibly vanish for some zeR?. But here we can use Lemma 2.1, to see
convergence through a subsequence.

We finally show (iii). We have, by their definitions,
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L4([0, 1], @)=K(Lo([0, 1], 9), [0, 1], ),
Ly([0, 11, 9)=K(L([0, 11, 0), [0, 11, Q) .

Recall that L([0, 1], Q)= L([0, 1], Q) by Proposition 2.5. Since L,,(b, Q) is Q-completely

closed in the strong sense, so is L,([0, 1], Q) by (i). Hence by Proposition 1.2 (ii),
L,(f0,1], Q)= Ll([O 1], Q). Repeating this argument, we conclude that forany m>1,
L,([0, 1], Q)=L,([0, 1], Q). This completes the proof. [J

3. Characterization for L (b, ), 0<m < .

We are going to characterize the classes L,,(b, Q), 0 <m< o0, in terms of Gaussian
covariance matrices and Lévy measures in the Lévy-Khintchine representatlon of
~ their characteristic functions.

The characteristic function of any ue I(R? is uniquely expressed in the form

G ﬁ(2)=eXP[i<v, 2> =1 <z, Azy+ f e, x)v(dx)] ,
Rd

{z, x>

riz, x)=e' = —1 - 22

where y e R?, A4 (called the Gaussian covariance matrix of y) is a symmetric nonnegative
definite d x d matrix, and v (called the Lévy measure of y) is a measure on R? satisfying
v({0})=0 and [ga|x|*(1+|x]?)~'w(dx)< 0. We call (y, 4, v) the generating triplet of
ueI(RY.

For a d x d matrix B we use the following notation: BE={Bx : xe E} for EcR",
TpW(E)=v({x: BxeE}) for a measure v on R%. We use a mapping ¥ from the class
of symmetric dxd matrices into itself defined by ¥Ygz(4)=A4 —BAB’. Its iteration is
Vi=¥goWhlforl=2,3, - with ¥i=¥, Also let #,(R% be the class of Borel sets
E in R? such that Ec{|x|>¢} for some &>0.

Following (3.4.3) in Jurek and Mason [5], we introduce a norm | + |, in R? depending

on Q.

1 Q
u2x
|x|Q=j | Idu, xeR?.
o U

Since, for QeM (R?, there exist ¢;>0 (1<j<4) such that c,u?x|<|u®x|<
c;u| x|, 0<ux<l, | x|y is well defined. The norm | « |, is comparable with the Euclidean
norm |-|. An advantage of the norm |- |, is that for any xeR*\{0}, £ —|#%x]|, (£>0)
is strictly increasing (Proposition 3.4.3 in Jurek and Mason [5]). Thus for any € (0, 1)
and Qe M _(RY), SUP| (o<1 |52x |p<1. We write B=52 and define

Sp={xeR?: |x|y<1and | B 'x|,>1}.
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ProrosiTiON 3.1 (Luczak [8], pp. 289-290). For each xeR?\{0}, let 7,=
{B"x:neZ}. Then

i) {xeR?:|x|p=1}cSj,

(i) if x,yeSp x#y, thent,Nnt,=.

(i) if xe S, then 1, N Sg={x},

(iv) for any xeR*\{0}, 1, N Sz#J,

(V) B"SgnB™"Sp=J for n¥m,

vi) {xeR?:0<|x|o=1}=)

BnSB and {xERd:|x|Q>1}=U B”SB.

n>0 n<0

ProPOSITION 3.2. (i) Ifv is the Lévy measure of pe I(R?), then there exist a finite
measure vy on Sy and a Borel measurable function g, . Sg— [0, o) for each n€ Z satisfying
the following conditions.

(@) For Ec B(Sp), vo(E)=0 if and only if WB"E)=0, VneZ,

(®) s, v0(@X)Y 21 B™"x[g A 1)ga(x) < 0,

(c) Znez gn(x) > 0, vO'a' e. ’

(@) WE)={g,voldX)Y e 9n(x)1 (B~ "%), VE € BR’).

These {vo, g,, n€Z} are uniquely determined in the following sense. If {v,, g, ncZ}

and {V,, §,, n€ Z} satisfy the above conditions, then there exists a Borel measurable function
h(x) with 0 <h(x)< oo such that

Vo(dx)= h(x)vo(dx) ,
gn(x) = h(x)gn(x) ’ Vo-a.e. , Vne Z .

(ii) Conversely, if v,, a finite measure on Sy, and g,, neZ, Borel measurbable
Sfunctions from Sy into [0, o), are given, and satisfy (b) and (c), then v defined by (d) is
the Lévy measure of some pe I(R? and (a) is also satisfied.

We call {v,, g,, n€ Z} determined uniquely from v in (i) above the Sp-representation
of v. In the following, we may write g(n, x) for g,(x) occasionally.

Proor. (i) Define

Vo(E)= Z 2~ Inl M_ ,
neZ V(B "S B)
with the convention that v(B"E)/v(B"Sg)=0 when v(B"Sz)=0. It is obvious that v, is a
finite measure and satisfies (a).
Let [v]pns, be the restriction of v to B"Sp. Then [v]pns, is absolutely continuous
with respect to Tg.v,. Then by the Radon-Nikodym theorem, there exists A,(x) on B"Sg
such that

Ee %(Sp) ,

W(dx)=h,(x(Tgvo)dx) on B"Sy.

Hence
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WE)= Y. W(E N B"Sp)

neZ

=2 h(XX T gnvo)dx)

neZ JEABrSg

=) 1(B"x)h,(B"x)vo(dx) .
neZ JSp
Thus, if we define g_,(x)=A,(B"x), then (d) holds.
As to (b), we have, by using (d),

(3.2) J vo(dx) qu B X2 ADg,()=| (xI3Avdx)<oo .
SB ne

R4

As to (c), if Ee€ %(Sp), then by (d),

(3.3) WB™"E )=f vo(dX)gn(X)lg(X)=J vo(dx)gn(X) .
Sp E

Thus, if vo(E)>0, then

2, 9uX)vo(dx)= 2, WB~"E)>0
EneZ neZ
by (a).

We are going to show the uniqueness of {v,, g,, n€ Z}. Suppose that {vo, gm, NEZ}
and {¥,, §,, n€Z} satisfy (a)~(d). It follows from (a) that v, and ¥, are absolutely
continuous each other so that vy(dx)=A(x)v(dx) for some Borel measurable function 4
with 0 <h(x)< oco. For any E e %(Sg), by (3.3),

VB "E)= J vo(dx)g,(x)
E

and

WB™E)= f Vo(dx)g(x) = f vo(dx)h(x)gu(x) -
E E

Hence we conclude that g,(x)=h(x)§,(x), vo-a.c.

(i) For given {v,, g,, neZ} satisfying (b) and (c), define v by (d). Then by (3.2)
and (b) we have [p.(lx|* A 1)v(dx)< oo, and by (d), v({0})=0. Hence v is the Lévy
measure of some uelI(R%. (a) also follows from (c) by (3.3). This completes the
proof. [ :

PROPOSITION 3.3. Suppose that ueI(R% has the generating triplet (y, A,v). A
necessary and sufficient condition for that ue Ly(b, Q) is that

(1) Wg(A) is nonnegative definite, and

(i) WE)—v(B 'E)=0 for any Ec RB,R".
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Proor. By Theorem 2.1, ue Ly(b, Q) if and only if j(z)=j(z)/4(B’z) is infinitely
divisible characteristic function. We have, form (3.1),

pz)= exp{i((] —B)yy+c¢,z) —é— {(A—BAB)z, z)+ J r(z, x)(v(dx)—v(d(B~ 1x)))} ,
R

4\{0}
where

1 1
c=J ( 5 2)xv(dx).
R4\{0) 1+|B X| 1+IX|

Therefore, for that p € I(R?), it is necessary and sufficient that 4 — BAB’ is nonnegative
definite (which is (1)) and

WE)—wB~E)>0, VEe®,RY,
(which is (i))). [

The following theorem is an extension of the results of Sato [11], Jurek [4], and
Maejima and Naito [9].

THEOREM 3.1. Let0<m< o, ueI(R?), A its Gaussian covariance matrix, v its Lévy
measure, and let {v,, g(n, x), ne Z} be the Sg-representation of v. Then the following three
Statements are equivalent.

(i) peL,(b,Q),
(i) WPiA), 1<l<m+1, are nonnegative definite, and (I—Tg)'v=0,1<I<m+1,
on AR,

(iii) WYHA), 1<l<m+1, are nonnegative definite, and (—1)'Alg(n,x>0,neZ,
vo-a.e. x for 1 <l<m+1, where for k(n), ne Z, Ak(n)=k(n+1)—k(n).

(In the above, where m= 0o, 1 <I<m+1 should be read as 1 <l<.)

ProOOF. Note that the condition that (— 1)'Alg(n, x) >0 for v,-a.e.x does not depend
on the choice of our Sp-representation of v, as the representation has uniqueness in the
sense described in Proposition 3.2 (i). Also note that, since Ee %#,(R? implies that
B Ee 2,(R?, (I— Ty)'v, is well-defined on B(R?) for />1.

We first show the equivalence of (i) and (ii). Since

(I—TpE)=wE)—WB™'E),

we have (i) <> (ii) for m=0 by Proposition 3.3. Next we suppose (i) <>(ii) for m and
will show it for m+1. By Theorem 2.1, peL,,, (b, Q) if and only if fi(z)=a(b?'z)p(z)
for some p e L, (b, Q). The Gaussian covariance matrix 4, of p is 4,= ¥ (4). Hence

Pid,)=¥5 '(4),

and therefore W}(A4,) are nonnegative definite for 1 <I<m+1 if and only if ¥§(4) are
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nonnegative definite for 2<I/<m+2. Similarly, the Lévy measure v, of p satisfies
v,=v—Tgv on %B,(R. Hence

(I=Tp) v,=(I—Tp)'"'v on AR’
and therefore

(I—TpWv,20, 1<l<m+1, on AR’
if and only if

(I—Tpv=0, 2<l<m+2, on %,R%.

This proves the case for m+1.
We next show the equivalence of (ii) and (iii). We have, for E€ %,(R?),

(I~ TgV(E)=WE)—w(B™'E)
r
= vc(dx)( Zz gn(X)1 (B~ "x) — Zz gn(X)15- nE(B‘”x))
JSp ne ne

(‘

=| voldx) Zz (9n(X) = gn+1(X))1 (B~ "x)
JSg ne

= | voldx) 2 (—Ag(n, x))1(B™"x).

JSs neZ

Hence for Ee %(Sp),

(I—TyW(B™"E)= J vo(dx) Zz (Gm(X) = Gm+ 1(X)1 - np(B~"X)
Ss me

= J\ (— Ag(n’ x))VO(dx) s
E
and thus
(I—Tgv=0 on AB,RY
if and only if
—Ag(n, x)=>0, VneZ, vyae x.

Using the above expression of (/— Tg)v in place of (d) of Proposition 3.2, we get

(I—Tp)*W(E) =J vo(dx) ), A%g(n, x)14(B™"x) .
. Sp

neZ
Repeating this argument, we conclude, for each />1, that
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if and only if
(—1)YAlg(n, x)=0, VneZ, vy-ae. x.
This completes the proof. [
PeEMARK 3.1. In Proposition 1.3, we have seen that
3.4 L. b, Q)>L,,. b, 0), 0<m<oo,
(3.5) L(C,Q)>L,.(C,Q, 0<m<o.

The inclusion (3.4) is proper, and the inclusion (3.5) is also proper for any Ce €. We
show below that the inclusion in (3.4) is proper by giving an example of
ue L, (b, Q)\L,,+.(b, Q). To show that the inclusion in (3.5) is proper, we need Theorem
4.4 in the next section, and thus we shall show it in Remark 4.2 right after Theorem
4.4 in the next section.

To show that the inclusion in (3.4) is proper, fix x, € R?\{0}. For 0 <m < o0, define

)= 3, Knlr)o-ns ).

If we assume that k,,(n) >k, (n+1)=0, VneZ, then
(= Tevul{B™"xo}) = Vul({ B "X0}) —vul{B~"* Vx,})
=k, (n)—k,n+1)=0.
Hence, by Theorem 3.1, v,, is the Lévy measure of some ue Ly(b, Q), provided that

(3.6) Y knn)<oo and Y, | B "xq|*k(n)<oo .

n=0 n<0
Fix 0<c<1 and let

ct, n=>0
3.7 k(,(n)={l ’ e
Then
(I—Tyvo({ B~ "xo}) =ko(n) —ko(n+1)

_{(l—c)c", n>0
0, n<0

and
(I—Tp)*vo({B~"x0})<0 if n=-1.
Thus, by Theorem 3.1, v, is the Lévy measure of a ue Ly(b, Q) \L,(b, Q).
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Starting with {k(n), n€ Z} above, define {k,,(n), n€ Z},m > 1, inductively as follows:

c", n>0

(3.8) k'"(n)={1+(1—C)Z,-_=l,.km—1(j), <0
Then
(I = Tpvu{B™ "xo}) =kn(n) —knn+1) -

_{(l—c)c”, n>0
Tl =0k,_,(n), n<O

=(1—=Wpm-1({B""x0}) .
Thus
(I—Tg)'vu({B "x0})=0 for 1=1,2,---,m+1, forany neZ,
(I—Tg"* v, ({B "x0})<0, for some neZ.

Thus, v,, is the Lévy measure of some ue L, (b, Q) \L,,+ (b, Q), once again by Theorem
3.1. In the above, it is easily seen that (3.7) and (3.8) satisfy the condition (3.6). If one
wants to construct a full measure in L, (b, Q) \L,,+ (b, Q), then it is enough to choose
a set of linearly independent d vectors {x,, - - -, x,} in R’ and to define v, by

d
nld)= ) Y Sy ().

4. The class L (C, Q).
Define

Rogm(RY) = { pePRY: j (log(1 +| x ))"u(dx) < 00} -

The following two theorems are extensions of some results in Bunge [1]. In the following,
Ce@ and Qe M . (RY).

THEOREM 4.1. Let 0<m<oo.
() IfueL,(C, Q), thenforanybe C\{0, 1}, there exists 1, € Pogm+ (R?) such that
' p S RPN Gy
@n ~ ie)= TLiwres) ",

where (™:") are the binomial coefficients.
(i) Let 0<b<1 and take pe PRC). If there exists 1, € Pygm+1(R?) satisfying (4.1),
then pe L,(C, Q) with C={b"}2o L {0}.
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THeOREM 4.2. L _(C, Q)cI(RY).

Bunge [1] showed the above theorems when d=1. Howeveer a slight modification
of his proofs concludes Theorems 4.1 and 4.2, and thus we omit their proofs here.

We see, from (1.5), (1.7), (1.8), and the definitions, that

4.2) L(C,Q<L,(C,Q, O0<m<o.

On the other hand, Bunge [1] also showed that L ,(C,Q)n(IR%))F#Q when
d=1,0<m< o0, and C={b"}>., U {0}. The same fact is also true for d>2. For, if we
take n, with compact support in (ii) of Theorem 4.1, then the resulting u has also
compact support and is not infinitely divisible. Hence for 0 <m < oo and such a C,

L(C,QgL.(C, Q.

However, because of Theorem 4.2, it is worthwhile to compare L_(C, Q) and L_(C, Q).
(This problem was already proposed in Maejima and Naito [9].) Actually we have the
following.

THEOREM 4.3. L_(C,Q)=L_(C, Q).

PrROOF. Because of (4.2), it is enough to show that L _(C, Q)= L _(C, Q). We have
by Remark 2.2, Theorem 4.2 and (1.8), and Proposition 1.2 (iii) that £ _(C,Q)=
R(L(C, Q), C, Q)= KUIRY, C, Q)=K(PR?, C, Q)=L(C, Q). Repeating this argument,
we conclude that £ (C, @)=(),, < Lu(C, 0)=L,(C,Q). O

As we have announced in Section 1, our main theorem in this section is the following.
Recall the definition of E(C) stated in Section 1.

THEOREM 4.4. (i) When E(C)# O, L (C, Q)=L _(by, Q), where by=infE(C).

(i) When E(C)=(, L.(C, Q)=L.([0, 1], Q).

We need several lemmas.

LEMMA 4.1. Let0<m< 0. A necessary and sufficient condition for that ue L,(C, Q)
is that the Gaussian covariance matrix A and the Lévy measure v of peIR?) satisfy

the followmg For any n<m+1, for any not necessarily distinct b; eC\{O 1}
(j=1,2, - -, n), with B;=>b2,

4.3) (I—Tg) - -(I—-Tp)v=0 on RB,R?
and
4.4 W, - o¥Wp (A) is nonnegative definite .

Proor. If m=0, then the assertion is just Proposition 3.3. We assume that the
assertion is true for m, and will show for m + 1. Recall the definition of L,, , (C, Q), that is,

Lnii(C,Q=K(LAC,0),C, 0= () K(LnC, Q),b, 0).

beC\{0,1}
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Thus peL, . (C, Q) if and only if, for any be C\{0, 1}, p, satisfying ji(z) = (b9 z)p,(2)
is in L,(C, Q). By Proposition 3.3, the Lévy measure v,, and the Gaussian covariance
matrix A,, of p, satisfy v, =(I—T,e)v on %B,(R? and 4,, = ¥,o(4). By the assumption
of the induction, p,e L,(C, Q) if and only if (4.3) and (4.4) hold for v,, and 4, in place
of v and A4. Then it is equivalent to (4.3) and (4.4) for all n<m+2. This is the assertion
form+1. OO

Lemma 4.1 yields v
LemMma 4.2. pue L (C, Q) if and only if (4.3) and (4.4) hold for any n>1.

ReMArk 4.1. If C={b"}2, U {0}, then, by Proposition 2.3, L,(C, Q)=L,(b, Q)
and Lemma 4.1 is reduced to Theorem 3.1 (i) < (ii). Note that if v— T},ov>0 on %R
and ¥,o(4) is nonnegative definite, then v—T,.ov=>0 on By(R?) and W,no(4) is
nonnegative definite for any n>1.

In Theorem 3.1 with m= oo, the condition for {g(n, x), neZ} is called complete
monotonicity. Namely, in general, {k(n), n€ Z} is called a completely monotone sequence
if

(—D!'A%(n)=0 for >0, nelZ.
The following gives us an integral representation of completely monotone sequences.

LemMMA 4.3. If {k(n),neZ} is completely monotone, then there exists a unique
measure p on (0, 1] such that

4.5) ‘k(n) = | x"p(dx) , neZ.

(0,1)

Conversely, {k(n), ne Z} having the representation (4.5) is completely monotone.

PROOF. Suppose {k(n)} is compietely monotone and not identically zero. Then
k(n)>0 for all neZ. In fact, if k(n)=0 for some n, then, choosing n,eZ that satisfies
k(ny)>0 and k(ny,+p)=0 for any p>1, we have

1

0<(—1)Ak(ny—1)= 3 (l_)(—l)jk(n0+j—1)=k(n0—1)——lk(no)
J

j=o

and thus
0<k(n0)3—ll— king—1)—=0 as [—oo,
which is a contradiction. For peZ,, we apply Theorem 1 on the Hausdorff moment

problem in p. 225 of Feller [2] to k(n—p)/k(—p), neZ,, where Z, is the set of all
nonnegative integers. Then there exists a unique measure p, on [0, 1] such that
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4.6) k(n—p)= x"p,(dx) , neZ, .
(0,1

In particular,
@4.7) k(n)= x"po(dx) , neZ, .
[0,1]
On the other hand, since
k(n)y=k(n+p—p)= x"*Pp (dx),
[0,1]
we have by the uniqueness of p, that
4.8) poldx)=xPp,(dx)

implying po({0})=0. This together with (4.7) implies (4.5) for n=0, if we take p, as p.
Furthermore, since

k(n—p)=k(n+1—p—1)= x"tp .i(dx), neZ,,

[0,1]

we have again by the uniqueness of p, that

p(dx)=xp, 4 ,(dx),
implying p,({0})=0. Thus from (4.6) with n=0 and (4.8),
k(—p)= ppldx)= X" Ppo(dx)= x"Pp(dx),
[0.1] (0,1] /(0,11

which is (4.5) for n<0. The uniqueness of p is trivial. Conversely, k(n) in (4.5) satisfies

L1 .
(=1 4%k(n)= .;0 (j )(— 1)’k(n +j)

! ) , .
=Y ( _)(—I)JJ x"*p(dx)
ji=0\J (0,1]

=f x"(1 —x)'p(dx) =0,
(0,1]

and hence {k(n), ne Z} is completely monotone. []

COROLLARY 4.1. Let 0<b<1. If {k(n), neZ} is completely monotone, then there
exists a unique measure I' on [0, c0) such that

k(n)= b™I'(da) .

[0, )
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Proor. 1In (4.5), change the variable xe (0, 1] to a€[0, o) by a=logx/logb, and

define for Ee %([0, «0)),
_ logx
I’(E)-p({x " logb EE}> '

k(n)= x"p(dx)= b™I'(da) .
(0,1) [0,)

Then from (4.5)

This completes the proof. [J

We extend the notion of complete monotonicity for functions on Z to that for
functions on Z*, k>1. Let F be a function on Z*. For 1 <j<k, define
AjF(nl, T nk)=F(n1> o 'anj+ls T nk)_F(nla T "njs Tt nk)9
and denote the / times iteration of 4; by 4.
DEerFINITION 4.1. A function F on Z* is said to be completely monotone if for any
LLeZ, (1<j<k)and (ny, - -, n)eZk,
(;1)11+"‘+lkAix .. 'Alf:kF(nla e nk)ZO .

LeMMA 4.4. If F on Z* is completely monotone, then there exists a unique finite
measure p on (0, 11 such that

(4.9) F(ny, -, m)= Xt xgpldx) ,

S Jo,1)x
where x=(x,, * - -, x;). Conversely, if (4.9) holds for F on ZF, then F is completely mono-
tone.

Proor. The latter part is obvious, because

(=D F AL AFEF(ny, -, m)= XPH =)' - xp(1 —x)*p(dx) 20 .
(0,1
We show the first part by induction with respect to k. The case k=1 is Lemma 4.3.
Suppose the assertion is true for k. Let F(n,, - - -, n,,,) be completely monotone on
Z*1 ForafixedneZ, F(ny, - -, m, n), (ny, - - -, n,) € Z*, is completely monotone. Thus
for any neZ, there exists a unique finite measure p, on (0, 1]* such that

(4.10) F(nh Ty Py n)= Xyt 'xl'c‘kpn(dx) .

(0,13

Using the Hahn decomposition, we can verify the uniqueness even among the class of
finite signed measures. Since F(n,, - - -, n,, n) is completely monotone on Z¥*1,



496 MAKOTO MAEJIMA, KEN-ITI SATO AND TOSHIRO WATANABE
F(z,n)(”u eam)i=(— 1)1A11;+ Fnyg, - g, n)
=f x3te - xpd(—1)'Alp (dx)
(0,1]%

is completely monotone on Z*. Here we are using the notation Ap,=p,,; —p, Thus
by the induction hypothesis, (— 1)'A'p, should be the unique measure in the representation
of Fy ,(ny, -+, m), and so

4.11) (—1)'Alp, >0, VI>0, VneZ.

From this, we observe that p, is absolutely continuous with respect to p, for any ne Z.
Let E satisfy po(E)=0. Then (4.11) implies that p,(E)=0 for any ne Z by the argument
at the beginning of the proof of Lemma 4.3. Thus we get the absolute continuity and
there exists F, such that

(4.12) | prdx)=F(n)po(dx) .
It follows from (4.11) and (4.12) that
(—=DA'F(n)>0, vi>1,

for po-a.e. x. Use Lemma 4.3. Then, for p,-a.e. x, there exists a unique finite measure
p, on (0, 1] such that '

(4.13) F(n)= J y"pAdy)
(0,1]

and p,(E) is measurable in x for any E e %((0, 1]). Combining (4.10), (4.12), and (4.13),
we have

Fny, - ,m, )= xite e xgstpd(x, x4 1)) s
(0,1]k+1

where

p(E)= poldx) pd)1g(x,y),  VEeB(0,1]*"),
(.13 (0.1]
and conclude that the representation (4.9) is true for K+ 1 in place of k. The uniqueness
of p in the representation (4.9) is evident by the standard argument, as the class of
functions x7*---x with (n,, ---,n)eZ% generates all continuous functions on

0,11 0O
We are now ready to prove Theorem 4.4.

PROOF OF THEOREM 4.4. ‘
Step 1. Fix d and let I; and I be the class of Gaussian distributions on R? and
that of purely non-Gaussian infinitely divisible distributions on R?, respectively. We let
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point distributions belong to both I; and Iy. Any peI(R% has the decomposition
1= pgs*uy with ug; € I; and uy € Iy, uniquely up to factors of point distributions. Theorem
3.1 says that ue L (b, Q) if and only if ueI(R? and both ug and uy are in L (b, Q).
Also, by Lemma 4.2, we have that ue L (C, Q) if and only if u e I(R% and both u; and
py belong to L, (C, Q). Hence, in order to prove the theorem, we can handle L (C, Q) 1 I,
and L_(C, Q) n I separately.

Step 2. Let us prove that

() Lo(C, Q)N Iy=L (b, Q) N Iy, when E(C)# 2,

(i) Lo(C, QN Iy=L,([0, 1], Q) n Iy, when E(C)= (.

We first show (i)’. Suppose ue L (C, Q) n Iy with Lévy measure v. Let DG%O(R")
For any k>1, any b;e C\(0,1}, 1<j<k, and (n,, - - -, m) € Z*, define with B;=b2,

4.14) Fp(ny, -+, n)=v(By™"--B;™D).
Notice that for any /;>1, 1 <j<k,
(—1)* Al AlFy(ny, -, m)=(— Ty ) - -(I— Tp)*w(B{™ - - - B{™D).
In Lemma 4.2, we can choose the identical b; as many times as we want. Hence
(I—Tg) - -(I—Tg)v=>0 on %HByRY.
Thus, by Lemma 4.4, there exists a finite measure p,, on (0, 17* such that

Fpny, -, m)= Xyt xgeppldx) .
(0,17

As in Corollary 4.1, by the change of variable x=(xy, ‘- -, x;) to a=(ty, * * =, &) by
a;=logx;/logb; and by defining I' ,(dx) = pp(dx), we have

4.15) Fpny, - -, m)= byt - - by p(da) .

[0, 0)k

Since b, € Z(C), there exist (p,, - - -, py) € Z* and b;e C\{O, 1}, 1 <j<k, such that
k.
(4.16) bo= [] 687,
j=1
To show this, we start with that any be C\{0, 1} can be expressed as b=>b{® for some
[b)eZ.,. Let
C,={beC\{0,1} : I(b)<n},

then C,1C\{0,1}, and thus C,#J for sufficiently large n. If we let g(n)—
g.cd{l(b): beC,}, then E(C,)3b§™. Since g(n) (=1) is nonincreasing as n1 co, there
exists n, such that g(n)=g(n,) for n>n,. Thus :

C, = {(B8™) }ezs
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Since C,1 C\{0, 1}, we have b§® e E(C). Since b,e E(C) is the minimum of Z(c), it
must be that g(n,)=1. Thus
g(ng)=g.cd{lb): beC, }=1,
and there exist k>1, b;e C,, and p;eZ (j=1, 2, - - -, k) such that Z:f=1 I(bj)p;=1. Thus

k
k&
bo= pEi- 1P — I_I bJP:' ,
i=1

showing (4.16). Furthermore, for any 1 <i<j<k, there exist q;, g;€ Z . such that bf'=b}".
Hence

FD(nla e mg, Y TR 'ank)=FD(”1, RN PR nj+q,-, N nk),
which we denote by Fyn,, - - -, n,). By (4.15),

Folny, -+ oom)=| by bpobg=Io(de)
[0,00)*

=J byes- - bk P T p(da) .
[0.00)"
Since F, is completely monotone in Z, by the uniqueness of p in the representation
(4.9), we have
bfi*i =bgi*i for I'p-ae. a,
implying o; =a;. Thus
([0, o) \{a;=a,="--=})=0,
and by (4.14) and (4.15),
v(bo "D)=Fp(npy, - - -, npy)

=J b;lmﬂ .o b""PkﬂfD(dﬂ)
[0,x)

=f bg*I p(dp)
[0,00)

where we define I'p(E)=Ip({(B, - - -, B): Be E}) for Ee %([0, 0)). Hence v(b;"2D) is
completely monotone with respect to n, and thus for any />1,

(I—TyefW(D)=0.

Thus by Theorem 3.1 (m= o0), we conclude that ue L (by, Q) N Iy.
Conversely suppose u€ L (bo, Q) N Iy. Let by, -+, b,e C\{0, 1}. Note that there
exists a positive integer m(j) such that b;=bg”. Hence
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ITu—- Tqu)v = ( [1 T+ Tye+ Theo+ - - - + Tyominr- 1)0))(1-— Tye)'v=0
j=1 j=1 0 L] o] o

by Theorem 3.1 (m=o0). Thus by Lemma 4.2, ue L_(C, Q) n I. This proves (i)'.

We next show (ii)'. Since L, (C, Q) nIy>L ([0, 1], Q) n Iy by Proposition 1.4, it
is enough to show that L _(C, Q) Iy<L ([0, 1], Q) n Iy. We consider two cases. Let
Q be the set of all rational numbers.

Case 1. There exist b;, b,€ C\{0, 1} such that

logb2
logb,
Case 2. For any by, b,e C\{0, 1},

4.17) ¢Q.

logb,
logb,

We first treat Case 1. Suppose ue L, (C, Q) n Iy. Let DeBy(R? such that v(0D)=0,
where 0D means the boundary of D. Choose b,, b, e C\{0, 1} satisfying (4.17). Let

Fyp(ny, ny)=v(by"%;"2D), (ny, ny)eZ?.
We have proved (4.15) without using that Z(C) # &. Hence

(4.18)

€Q.

FD(nl’ n2)= biuaxbszazrD(da) ’

[0,00)2

where a =(«,, a,). We can choose, by (4.17), m(k), n(k) € Z . such that m(k) — oo, n(k) = 0
and q,:=b®p;"® 1 as k — co. Thus

v(by "2b508D) = Fp(ml(k), —n(k))= by~ egpal (dy) .

[0,0)2

If I'p({or; <a,})>0, then we have a contradiction from the above equality, by letting
k — oo and using Fatou’s lemma. Thus, I'p({a; <a,})=0. Similarly we can show that
I'p({o; >a,})=0 and conclude that I'j({a; #a,})=0. Hence

Fpny, ny)= (b7:b3*YT'p(dp) ,

[0, 00)

where I}, is defined as before. By (4.17), for any a>0, we can choose m(k), n(k)eZ
such that b7 ™®b3®) decreases to a as k — oo. Thus

v(@2D)= lim Fp(m(k), —n@k)=|  a~*I'idp).
T [0,0)

This means that, for any b€(0, 1) and n>1,
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Wb~ "eD)= b (dp)

[0, )

and thus, for any />1, v
(4.19) (I—Tyo)v(D)=0.

By approximation, we observe that (4.19) is true for any D € 84(R?). Thus by Theorem
3.1, we get that ue L (b, Q) n Iy. Hence, by Theorem 2.2, ue L ([0, 1], Q) N Iy.

We next consider Case 2. In Section 1 we have defined Z(C) for Ce €. But, here
we will use Z(C) for any C<[0, 1] in the same definition. Let ue L (C, Q) n Iy. By the
assumption (4.18), we can find {C,,n=1, 2, - - -}, a sequence of finite subsets of C, such
that b,:=infZ(C,), n=>1, satisfy

logd,

(4.20) eZ,

logh, +

and.b,11 as n—co. To show this, we start with choosing an a, € C\{0, 1} and defining
C,={a,}. Trivially, b, =infZ(C;)=a,. Next suppose that we are given C,c C\{0, 1}
consisting of n elements. By (4.18), Z(C,) # &. Then as in (4.16), there exist k> 1, ¢;€ C,
and p;eZ (j=1,2, - -, k) such that

k
4.21) b,=[Ter.
. i=1
Since E(C)= &, there exists a,,, € C\{0, 1} such that
loga,
logb, ’

and define C,,, by C,,,=C,u{a,+,}. By (4.18) again, E(C,,,)#JJ, and since
Z(C, )<= E(C,), we have that b, ., >b,. Since e;e C,=C,,4,j=1,2, - - -, k, we have

e;=by1@  for some I, ,(e;)eZ, .

Thus by (4.21),

k 13
bn= H b"p__j"lyi+1(ej)=b§:|fjln+ 1(ej) .

ji=1
Hence
logd k |
—=r = l,,.(e))eZ, ,
logb,,+1 jgl pj +1( ]) +

which is (4.20). Since b, ,,>b,, logb,/logb, 22. Thus 4,11 as n— co. By (4.20), we
see that b,=b", , for some m>2. Thus, by the repeated use of Proposition 2.2,

Loo(bn+ 1 Q)CLoo(bm Q) .
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If we let C, (cC) be the smallest closed multiplicative subsemigroup including
C,u {0, 1}, then the assertion (i)’ of this theorem gives us

Loo(c'm Q) N IN=Loo(bm Q) N IN ’
and thus

Loo(c’ Q)ﬂINC ﬂl Loo(bm Q) N IN= ﬂ n Lm(bm Q) r\IN .

m<w nz1

Since b,11, for any be(0, 1), we can find n(k), m(k)>1 such that n(k), m(k) -» oo and
by »b as k—co. Hence we can show, as in the proof of Theorem 2.2, that
ﬂ”> 1 Lo(b,, Q)= L, (b, Q). Thus by Theorem 2.2, L (C, Q) n Iy<= L ([0, 11, @) n IN and
we conclude the assertion (ii)’.

Step 3. Next we consider L (C, Q)N I, Let uel; with Gaussian covariance
matrix 4. Define, for any k>1 and b;e C\{0, 1}, 1 <j <k,

k k
4.22) F,n, -, nk)=<A I15192, 1 b;'fQ'z> .
j=1 i=1
We note the following two facts about uel;. By Theorem 3.1,
(i) wueL (b, Q) if and only if for any zeR?,
k,(n):={Ab"Y z, b"?'2)

is completely monotone in Z, and by Lemma 4.2,

(i) weL,(C,Q)ifand only if for any k>1, b;e C\{0, 1}, 1 <j<k, and any zeR"
F, in (4.22) is completely monotone in Z*.
Then we can apply the argument in Step 2 to show the statement of Theorem 4.4 for
ueL (C, Q)nI; by using F, above in place of Fy in Step 2. [

REMARK 4.2. As we promised in Remark 3.1, we apply Theorem 4.4 to show that

(4.23) L,(C, Q)2 L,.1(C, Q)

for any Ce €. To show (4.23), we first note that Theorem 6.2 of Jurek [4] implies that
(4.23) is true for C=[0, 1], namely

(424) Lm([oa 1]9 Q)ng-O- 1([0’ 1]: Q) .
Now suppose L, (C, Q)=L, . ,(C, Q) for some Ce€ and m< 0. Then
L, +2(C, Q=K(Lp+:(C, Q), C,9)=K(Ln(C, Q), C, Q)=L,+,(C, Q),
and thus
L,(C,Q)=L.,(C, Q).

By Theorem 4.4, L_(C, Q) equals either L _(by, Q) or L ([0,1], Q). If L (C, Q)=
L, (by, Q), then Cc={bg}-, U {0}, and thus L, (b,, Q)<= L,(C, Q) by Proposition 1.4 and
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by the repeated use of Proposition 2.3, which implies

Lu(bo, Q)= Lo(C, @)=L (bo, Q) ,

and contradicts that L,(by, Q)2 Lp+1(bo, @) as shown in Remark 3.1. If
Lo(C, Q)=L([0, 1], Q), then

L,([0, 1], Q)= L,(C, Q)=L(C, Q)=L.([0, 1], Q),
which contradicts (4.24). We thus conclude (4.23).

5. Examples for the relationship between L, (C, 1) and () be C\(O.l}Lm(b’ 1).

Let us recall Theorem 2.2, where we have proved that for 0 <m < oo,

L,[0,11, 9= () L., 9,

be(0,1)
L0, 1], Q)=b Q”E,..(b, Q).

Then a natural question arises. If we replace [0, 1] by a general Ce@, then do
similar relations hold? The answer is yes for m =0 just by the definition, and in general,
as we have seen in (2.6), L.(C, Q)< ),cc\0.1) Lm(bs Q). In the following, we explicitly
give Ce @ for which the reverse inclusion does not hold, to answer the above question
negatively:

THEOREM 5.1. Letd=1and1<m< 0. Let p and q be two prime numbers satisfying
2m+1)<p<gq, and let

C={p™™q ™:n,neZ,}vu{0}.
Then

@ LnlC DE Npecyo.ny Lntt 1
() L.(C )& ﬂbec\{o,uL,,,(b, 1).

PrOOF. We first show (i). Let ueI(R? be purely non-Gaussian with the Lévy
measure v given by

(51) V= Z f(nb n2)6p"'lq""2s

(n1,m2)eD
where
D={(n;,ny):n;20,n,23 u{(n;,2): ny=1} v {(ny, 1):n, 23} L {(ny,0): n, 24}
and f(n,, n,) is determined below. Let F be the boundary of D, that is,
F={0,n,):n,>23}u{(n,;,0):n, =4} L {(1,2),2,2),3, 1}.
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Let Dy=D\(Fu {(3, 2)}). The function f(n,, n,) in (5.1) is determined as follows: First
define f for (ny, n,)e F by

(fO,n)=0, >3,
f(L,2) =347,
(5.2) f2,2) =252,
fG3,1) =1,
\f(nbo):()’ n1247
(5.3) f(3,2)=m+1.
For (n,, n,)e D,, define
(5.4) S(ny, ny)=(m+1){f(n, _vl’ ny)+ f(ny, ny—1)},

starting from the nearest points to F successively. We define, for convénience,
f(ny,n)=0,  (ny,n)eZ*\D.

The function f(n,, n,) is thus nondecreasing both in #; and in n,. Observe that

G-3) f(ry, ny) <Qem+ 1)y+ne

For, first this relation is obvious for (n, n,) € F U {(3, 2)}. For (ny, n;)€ D, if f(ny, n,—1)
and f(n,~1, n,) satisfy (5.5), so does f(n,, n,) by (5.4). Thus (5.5) is true. It follows
from (5.5) that

(5.6) | f Co)= T pTrgmf(m,m)

0 (n1,m2)eD

ny+ny
- (2(m+1))
ny,n2 >0 P

(_» ¥
(p——z(m+1)> =

Thus v in (5.1) can be the Lévy measure of some ue I(R%). We see from (5.2)—(5.4) that
5.7 fny, n)=(m+1){f(n;—1, ny)+1(ny, n,—1)} for (ny,ny)#G3,2),

(5.8) f(3,2)=Ln—;ﬁ 12,2).

By the monotonicity of f(n,, n,)and (5.7), for any (n,, n,) € Z* (including (n,, n,) =(3, 2)),

(5.9) Sy, n)2(m+1)f(ny—ky, ny—ky)

ifk, >2andk,>0orifk, >0and k, > 1. Nowdefine, fork,, k, € Z , with (k,, k,)#(0, 0),
Ay oS (1, m3)=f(ny, m))—f(ny —ky, ny— k),
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and denote the / times iteration of Ay, ., by Al,x, Write A; for A, o, and A, for
A,1)- If we let, for j>0 and 1</<m+1,

Gy= =2k, =)= =2 s =@+ Dy, my— 2+ 1),
then
(5.10 WIS () SRV SRS
=w-zl)/21( I )G-+R
o \2i/ 7

where [x] is the greatest integer less than or equal to x, and

R_{f(nl_"lkl’nz_lkz), if 1 iseven
o, if Iisodd.

We are now going to show that for any (n,, n,)eZ* and any 1</<m+1,

(5.11) Ay S (1, n3) 20 .

If k, =2 or if k,>1, then (5.11) follows from (5.9) and (5.10), since
=¥ jcme1 for j20.
2j+1

It remains to show (5.11) for k; =1 and k,=0. Namely, it is enough to show that for
1 Slsm+ 1’ (nl’ nZ)eZZ,

(5-12) Aif(ny, n3)20.
Rewrite G; with k, =1 and k,=0 as

1-2j . ,
2J.+1f(711-21—1,nz), j=0.

When n, #2, g;>0 for j>0 by (5.7) and thus (5.12) holds by (5.10). Let n,=2. Notice
that

gj=f(nl —2j, ny)—

-2 m+2
<
2j+1 2
We have g;>0 for j>1 by using (5.7) when n; —2j#3 and (5.8) when n, —2j=3. Also,

if n, #3, then go=>0 by (5.7). Thus if n, #3, then g;>0 for j>0, and we have (5.12)
for n, #3, n,=2. Finally, we have

for j>1.
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ALFG)=fBD- 12 D+

f(1 2)

2(m+1)+l(l—1) 2
+2 2 m+2

,=(m+1)—l

1

=—— {12 —@m+3)l+(m+ m+2)} 20.

m+2

This concludes (5.12) for all (n,, n,)€ Z? and thus (5.11).
We next examine ASA, f(n,, n,). For (n, n,)=(3, 2), we see

(5.13) AZAf(B,2)=ATf(3,2)—AZf(2,2)
=f3,2)—mfG3, )—f(2, )= ————<0.
m+2
We observe
(5.14) AZA f(ny,n)=0, V(ny, n)#(3, 2) .
To show this, let
m—2j .
Hy= A1 (2s 1 =2) = L Aflny, ny—2i—1),
Then
(5.15) A f(ny, ny)= Z ( > - l)jA1f(n1, n,—j)
[(m=1)/2]
= ( " )Hj+R* ,
j=o 2j
where
R¥— Af(n,n,—m), if m iseven
0, if m isodd.
By (5.7), for (ny, n,)#(3, 2),
(5.16) A f(ny, ny)=mf(ny—1,ny)+(m+1)f(n,y, n,—1)

2(m+1)f(ny, ny—1)
>(m+ DA, f(n,n,—1).

j=0.

505

From this together with (5.15), we have (5.14) for n, #3. When n, =3, we have H;>0

by (5.16) if n,—2j#2. When n, =3 and n,—2j=2, note that
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m(m+1)

Alf(3’ 2)= m+2

A fG3,1),

m—2j < m(m+1)
2i+1"~ m+2

for j=1.

Altogether we have shown that H;>0 for j>0 when n;,=3 and n,#2, and thus we
have (5.14). Particularly, notice that

(5.17) AFA (1, 2)=A71(1,2)=f(1,2)>0.
On the other hand,
(5.18) ATA f(n,, ny)=0 for (n,, n,) satisfying f(ny, n,)=0,

and for (n,, n,)e D, by (5.5)

CONNICWNED ) ( " )f(nl, n—p+ 3 ( " )f(nl —1,m,—))

j=0

<25 (" Jams np+m
j=o0 \J

=2m+ l(2(m+ 1))»; +n2 .
Chooseany b=p¥1ig~*2e C\{0, 1}. Then by (5.11), we have that, forany 1 </<m+1,

(1 e Tb)1v= 2 A(lkhkz)_f(nl, nz)ap-nlq—nzzo .

(n1,m2)eZ2

Thus by Theorem 3.1,

pe () Lub1).

beC\{0,1}
On the other hand, it follows from (5.13) that
(1=T- "1 =T,-{p~ ¢~ *}=A7A,f(3,2)<0.
Thus by Lemma 4.1,
néL,(C1).

This completes the proof of (i).
We next show (ii). For ¢>0, define u,=u*', using the same u. We can similarly
show that

wme () LubDe () L.

beC\{0,1} beC\{0,1}

Choose the drift to be 0. Then
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f(z)= exp{t J ) (e — l)v(dx)}
0

with v in (5.1). Let us show that, for any sufficiently small >0
(5.20) m¢La(C,1).

Suppose that this is not true. Then there is a sequence £, 0 such that u, € L.(C,1).
Write ¢ = ¢, for a while. Note that ¢~ * € C. Then, there exists p, ,,—; € L,,_1(C, 1)such that

(5.21) fil2)= g™ ' 2)Pem-1(2) -
Repeating this, we can find p, ;_,€L;_,(C, 1), 1 <j<m—1, such that
(5.22) P (2) =P a7 2)P1,j-1(2) -
Now, using p~ ' e C, we can find 5, € 2(R% such that
(5.23) Pr.o(@)=Pro(p” '2)ifz2) .
It follows from (5.21)—(5.23) that
(5.24) f(z)= exp{t J (7> — l)vo(dx)} ,
0
where

V0= Z A;Alf(nl, nz)ap—nlq—nz .

(n1,n2)e 22

If we put c=p~3¢~2 and =25, then, from (5.13), (5.14), (5.17), (5.18), and (5.19),
there exists a measure v, on {p~"g~": (ny, n,)€ D} such that

(5.25) ’ v0= ——856+V1 >

the support of v, does not contain ¢, and {3 xv,(dx) < co. If we denote by &, an infinitely
divisible distribution on [0, oco) with its characteristic function (5.24) with the replace-
ment of v, by v,, then by (5.24) and (5.25),

ﬂt=ér*< i P (—E't)" 50,,):36‘ i (St')" (— )¢, %6, .
n n! n=0 nN!

=0

If we choose he(0, ¢) as small as v,([c, c+h])=0, we have

(5.26) ndle, c+hl)=e*{&([c, c+h])— et ([0, A} .

Now recall that t=¢, and let n — co. Then,

(5.27) __11_ &, (e ¢+ K]) = vy([e, ¢+ h]) =0,
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(5.28) &0, A])—1.

Combining (5.26)—5.28), we see that n, ([c, c+ h]) <0 for sufficiently large »n, which is
- absurd. This completes the proof of the theorem. [J
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