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Abstract. In this article, we introduce a formula for the Reidemeister-Turaev torsion t% (M, [V], 0ps) of an
arbitrary closed 3-manifold M equipped with a Spin© structure [V]. As a CW-structure of M needed in the process
of the computation, we adopt the one induced from a Heegaard splitting which is compatible, via the concept of
flow-spine, with a given Spin® structure.

Introduction

Reidemeister torsion is a very important invariant of smooth 3-manifolds which has use-
ful applications in knot theory, quantum field theory, dynamical systems and so on. This
invariant t¥(M) of a manifold M is defined up to multiplication by ¢ (71 (M)), where ¢ is
a representation of the integral group ring Z[m1(M)] to a field F. To remove this ambigu-
ity, Turaev introduced in [14] an idea of Euler structure which is represented as a homology
class of non-singular vector fields on a given manifold and equivalent to Spin® structure in
the 3-dimensional case. Turaev’s refined Reidemeister torsion t% (M, [V], 0,), which we call
the Reidemeister-Turaev torsion, is interpreted as an invariant of 3-manifolds equipped with
Spin¢ structures. This invariant has been recognized to have strong connections with many
developments in 3-dimensional geometry and topology: Seiberg-Witten invariant (cf. [8, 15]),
Heegaard Floer homology (cf. [10, 11]) etc.

The only well-known method for calculating the Reidemeister-Turaev torsion is given
by using the gluing formula along boundary tori (eg. formulae for Dehn surgeries and graph
manifolds, (¢f. [9, 17, 18]). In this paper we give a way to compute this invariant, which is
compatible with Heegaard splittings.

To study 3-manifolds with Spin® structures, we review a branched surface P called a
Sflow-spine (cf. [1, 5]), which is embedded in a 3-manifold M naturally carrying a vector field
VY on M and whose complement M \ P is an open 3-ball B. By cutting the 3-manifold M
along the flow-spine P we get a presentation of M as a ball B with an equivalence relation ~
on the boudary 2-sphere d B = S? satisfying M = B/ ~ and P = 9B/ ~, which we call a
DS-diagram (or a spinal presentation) (cf. for example [1, 3, 4, 5, 12]). Then we introduce a
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method for calculating the Reidemeister-Turaev torsion using the cellular decomposition de-
rived from a Heegaard splitting, here to have this Heegaard splitting coherent to a given Spin©
structure [V], we construct it from a flow-spine corresponding to the non singular vector field
V. As a consequence, we get an explicit formula of the Reidemeister-Turaev torsion which
covers all 3-manifolds equipped with Spin® structures, see Theorem 7.8. In the final part of
this paper, we give some examples of computations. We explain how to use this invariant and
give also an example of computation of the Seiberg-Witten invariant. Our argument in this
paper will freely traverse the viewpoints of both the smooth and the PL categories.

1. Review on Reidemeister torsion

1.1. The Reidemeister torsions of manifolds. Let F be a field and let E be an n-
dimensional vector space over F. For two ordered basesr = (rq, ..., r,)ands = (s1, ..., Sp)
of E, we write [r/s] = det(a;;) € F*, where r; = Z?:l a;js;. The bases r and s are said to
be equivalent if [r/s] = 1.

m amf 0 0_ . . .
Let C = (0 8—) Chn Il Cho1 — - —> Cy 2 Co =L 0) be a finite dimensional

chain complex over F. Foreach0 <i <m,set B; =Im 0;, Z; = Ker 9;,_1 and H; = Z;/B;.
The chain complex is said to be acyclic if H; = 0 for all i. Suppose that C is acyclic and C;
is endowed with a distinguished basis c; for each i. Choose an ordered set of vectors b; in C;
for each i such that 9;_1(b;) forms a basis of B;_1. By the above construction, 9; (b;41) and
b; are combined to be a new basis 9; (b;+1)b; of C;. With this notation, the forsion of C is
defined by

m
7(C) = [ [ 10 bisbi /e ™" € F*.
i=0
Let M be a compact connected orientable smooth manifold of an arbitrary dimension.
Let X be a CW-decomposition of M, p : X — X be its maximal abelian cover and F be
a field. We can equip X with the CW-structure naturally induced by that of X, and then
we regard Cy (}A( ) as a left Z[ H;(X)]-module via the monodromy. Let {el]f} be the set of all
oriented k-cells in X. A family of cells of X is said to be Sfundamental if over each cell of X
exactly one cell of this family lies. When we choose a fundamental family {éf.‘ } of cells of X
and orient and order these cells in arbitrary way, it becomes a free Z[ H1 (X)]-basis of Cy (}A( ).
(i.e. Ck(ff) =@, Z[Hl(X)]éf.‘). In this way, we can regard C, ()A() as a chain complex with
basis.
Let ¢ : Z[H(X)] — F be a ring homomorphism. If the based chain complex CY (X) =

F ®y Cy (}A() over F is acyclic, the Reidemeister torsion of X is
(M) = T(CL{(X)) € F*/ + o(H1(M)).

Otherwise, set t(M) =0 € F.



SPINES, HEEGAARD SPLITTINGS 419

1.2. Turaev’s refinement of the torsions with Spin® structures. Let X be a finite
connected CW-complex. An Euler chain is a one dimensional singular chain 6 in X with
00 = Za(—l)dim“aa, where a runs over all cells of X and o, is the barycenter of a. Two
Euler chains 6; and 6, are said to be homologous if the chain 6; — 6, is a boundary. A
combinatorial Spin© structure is a homology class of Euler chains. We denote by Eul(X) the
set of combinatorial Spin® structures. Remark that y (X) = 0 implies that Eul(X) is not void.
Note that H1(X) acts freely and transitively on Eul(X) in the natural way, see [14].

An important example of Euler chain is a spider, which consists of a base point o and
(oriented) paths from o to o, for each even dimensional cell a and paths from o, to o for
each odd dimensional cell . When we fix a lift & of o to X , we can naturally define the fun-
damental family of cells for each combinatorial Spin® structure using its spider. Conversely,
any combinatorial Spin€ structure on X arises from a fundamental family of cells in X.

Each cellular subdivision X’ of X defines a canonical H;(X)-equivariant bijection
Yy x : Eul(X) — Eul(X’). We can describe this bijection as follows: for a fundamental

family S of cells in X, the cells of X’ lying in Ugega form a fundamental family S’, then
the element of Eul(X) arising from S is mapped to the element of Eul(X’) arising from §’.
This observation admits us to define the combinatorial Spin® structures on a 3-manifold M by
taking arbitrary cellular decomposition X of M.

Turaev’s refinement of the Reidemeister torsion is based on the two notions, combinato-
rial Spin® structure and homology orientation (this is an orientation of the real vector space
H.(M;R)). A combinatorial Spin¢ structure distinguishes an equivalent class of the bases
of the twisted chain complex up to order as we explained above, and a homology orientation
gives a way to account for the sign indeterminacy inherent in ignoring order above, see [18].
Let M be a compact manifold with CW-structure X. Let F be a fieldand ¢ : Z[H{(M)] — F
be a ring homomorphism. For a combinatorial Spin¢ structure 6 € Eul(X) and a homology
orientation o, the Reidemeister-Turaev torsion t% (M, 0, 0) € F is defined to be a torsion of
the twisted chain complex with an ordered basis corresponding to 6 and o.

Let M be a closed smooth 3-manifold. Two non-singular vector fields V; and V, on M
are said to be homologous if there exists a closed 3-ball B C M such that the restrictions of V;
and V, to M \ Int(B) are homotopic as non-singular vector fields. A smooth Spin® structure
is a homology class of non-singular vector fields. We denote by Vect(M) the set of smooth
Spin® structure on M. The action of H| (M) to Vect(M) is defined through Reeb surgery, see
[18, 19] for details.

THEOREM 1.1 (Turaev [14])). There is a canonical H\(M)-equivariant bijection
@ : Eul(M) — Vect(M) .
Let M be a closed oriented smooth 3-manifold with a CW-decomposition X. Recall

that the intersection pairing H; (M; R) x H3_;(M; R) — R defined by the orientation of M
induces the canonical homology orientation oys. Let F be a field and ¢ : Z[H{(M)] — F
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be a ring homomorphism. For each smooth Spin® structure [V] € Vect(M), the Reidemeister-
Turaev torsion of the triple (M, [V], opr) is defined by

(M, [V],0m) = t°(M, @~ ([V]), o) € F.

In [2], Benedetti and Petronio described the inverse map ® ! using the notion of branched
standard spines.

2. Flow-spines and DS-diagrams with E-cycle

2.1. The definition of DS-diagrams with E-cycle. In this section, we recall the no-
tion of fake surfaces, flow-spines, DS-diagrams with E-cycle and blocks introduced in [4, 5,
6, 1, 3]. See these papers for the precise definitions.

Let M be a closed orientable 3-manifold. A singular surface P in M is a fake surface if
each point of it has a neighborhood belonging to one of the three types shown in Figure 1.

By triangulation we mean a cellular decomposition of a manifold which consists of
tetrahedra, and allows self-adjacencies and multiple adjacencies of tetrahedra.

A fake surface P C M is called a simple spine it M \ P is homeomorphic to an open 3-
ball. A spine P is naturally stratified as V (P) C S(P) C P, where V (P) is a set of vertices
and S(P) is the singular set. A branched spine P is said to be standard if this stratifica-
tion induces a CW-decomposition of P. Remark that the dual decomposition of this cellular
decomposition is a one-vertex triangulation of M.

We call a triple A = (G, ¢, P) a DS-diagram if it satisfies the following: (i) G is a
3-regular graph (i.e. a graph, every vertex of which has degree 3) on a boundary of a closed
3-ball B; (ii) P is a closed simple spine; (iii) ¢ : S2 = 9B — Pisalocal homeomorphism;
and (iV) #9~ (9 (1) =2 (x € 2\ G), #p~(¢(x)) =3 (x € G\ V(G)) and #¢p~ ! (p(x)) =
4 (x € V(G)).

Given a DS-diagram A, the quotient space M (A) = B/¢ becomes a closed (possibly
non-orientable) 3-manifold. We call this manifold the realized manifold for A, and con-
versely, A a DS-diagram of the 3-manifold M (A).

Let A = (G, ¢, P) be a DS-diagram. A cycle e of G is called an E-cycle if it satisfies
the following conditions: (i) when we split the sphere as § \ e = X1 U X (two open disks),
it satisfies that #(e N ¢~ 1 (x)) = #(Z1 N ¢~ (x)) = #(Z2 N ¢~ (x)) = 1 for each point x on

® (i) (iii)

FIGURE 1. Neighborhoods of points in a fake surface.
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S(P)\ V(P); (i) #(Z1 N ¢~ (x)) = #(Z2 N ¢~ ' (x)) = 1 for each point x on P \ S(P); and
(iii) #e Np~ 1 (x)) = 2, #(Z1 Np~ ' (x)) = #(Z> N ¢~ (x)) = 1 for each point x in V(P).
We denote by A(G, ¢, P; e) a DS-diagram with E-cycle e. In this paper, every DS-diagram
has an E-cycle.

Let A(G, ¢, P; e) be a DS-diagram with E-cycle. We may assume that B3 = {(x,y,2) €
R |x24+y>+72<1},G C §? = 9B3, e = S? N {z = 0}. The sphere S? is divided by the
E-cycle e into two open disks Xy = SN {z > 0}, ¥_ = §?> N {z < 0}. The 3-ball B3 is
always assumed to be given the usual orientation so that it is compatible with the orientation
of §2 = 3 B3, on which an orientation was already fixed by the DS-diagram. We also assume
that the orientation on the E-cycle e is compatible with one on S? restricted to X.. Then we
can regard M (A) as an oriented 3-manifold.

Let V1, V» be non-singular (i.e. nowhere vanishing) vector fields on a closed 3-manifold
M. We denote V| >~ V), if V| and V), are homotopic in the class of non-singular vector fields
on M. Set (V) = {V1 |V is a non-singular vector field on M with V >~ V}.

DEFINITION 2.1. A vector field on M (A) belonging to the homotopy class (V(A)) =
((—0/0z)/¢) is called an accompanying vector field of A.

Since we regard a DS-diagram A as a topological object, the vector field V(A) is not
well-defined but its homotopy class (V(A)) is well-defined, hence the smooth Spin® structure
[V(A)] is also well-defined.

EXAMPLE 2.2. A DS-diagram with E-cycle of Lens space L(3, 1) and its accompa-
nying vector field are drawn in the left-hand side of Figure 2. We usually draw this diagram
as in the right one, that is, the graph on the upper-half part of the sphere 3 B>. It is shown in
[5] that we can reconstruct the whole diagram when we are given this diagram.

The above construction of the pair (M (A), (V(A))) has a universality due to Theorem
2.3. In fact, this type of DS-diagrams is obtained by cutting the 3-manifold along a flow-spines
P defined in these papers of Ishii, see also [1].

FIGURE 2. A DS-diagram with E-cycle of L(3, 1).
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r-type

FIGURE 3. Two types of vertex v and the corresponding branching structures of P.

THEOREM 2.3 (Ishii [5]). Let M be a closed oriented 3-manifold and V be a non-
singular vector field on M. Then there exists such a DS-diagram A that admits a diffeomor-
phism f : M(A) — M with (V) = (fx(V(AQ))), where fi is the push-out induced from
f-

For each vertex v of the spine P C M (A), there are exactly two vertices vt and v~
on the E-cycle e of the graph G such that ¢(v") = ¢(v~) = v. These two vertices are
characterized by the condition whether the third edge, which connects to the vertex and is not
one,ison ¥, oron X_.

Each vertex v € V(P) is classified into the two types [ and r shown in Figure 3. A code
isamap yp : V(P) — {l,r} such that yp(v) = [ (resp. r) if v is a vertex of [-type (resp.
r-type), refer to [3] for details.

Suppose V (P) consists of n points vy, v, ..., ;. A maximal subsequence (in the sense
of cyclical order) of 2n vertices vf, vzi, e v,jf on the E-cycle each of which has the same

sign + (resp. —) is called a positive block (resp. negative block) of A = (G, f, P; e). The
block number of A is defined to be the number of positive blocks, see [3], again, for details.

EXAMPLE 2.4. The block number of the DS-diagram A shown in Figure 2 is 2. In fact,

the arrangement of the diagram is vfrv; v;“ v, and each of the two positive blocks consists of

one vertex {vr} or {v;}.

3. The structure of a Heegaard splitting derived from a flow-spine

Given a DS-diagram A with E-cycle of block number n of a closed oriented 3-manifold
M = M(A), the Heegaard splitting of the manifold M corresponding to the diagram A can
be obtained as follows. Decompose the manifold M (A) into 4 pieces: The thickened disk
V3 = D? x [0, 1]in B such that V3 N X, = D? x {1}, where D? x {1} C X, contains every
vertex on X, the collar neighborhood V> in B of E(G) N (IntX; \ D), the closure V; of the
complement of V, U V3 in the collar X' x [0, 1] and the closure V of M (A) \ (V1 UV, U V3).
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2t
4 [ Vi ¢l
, — . — E-cycle
handle cancellation 2

(M)

FIGURE 4. The handle cancellation.

Set Uy = U1(A) = VoU V) and Uy = Uz (A) = V,U V3. By the above definition, Uy and
U, naturally become handlebodies and UjNU> = dU; = dU;. This means that (U1, Us) gives
a Heegaard splitting of the manifold M (A). More precisely, the above decomposition defines
the handle decomposition of M (A) such that the union of its i-handles is V;. This Heegaard
splitting induces the Heegaard splitting (U1, Uz) of M of genus n by handle cancellations (cf.
[3]), see Figure 4 (i). (These handle cancellations play an important role in the next section.)

4. Presentations of the fundamental group coherent to the Spin structure

In this section, we introduce two methods for extracting a presentation of the fundamen-
tal group of the realized manifold M (A) of a DS-diagram A = (G, ¢, P; e) with E-cycle.

4.1. A method using Heegaard splittings. Consider the Heegaard splitting (Uj, Uz)
of M (A) obtained in the above section.

Let us take the 1-handles A1, ha, ..., h, from the handlebody U, as in Figure 4 (ii) and
the remaining 1-handles h;,, hj,, . . ., hin,- (1 <i < n) asin Figure 5. The figure also shows
the suffixes of vertices. Recall that the vertices are classified into two types: [-type and r-type.
Focus on a vertex v;;( 1 < k < n; — 1). The neighborhood of the vertex v;, in the branched
surface P are shown in Figure 6. In this figure, there is undefined suffix A(ix) € 1,2, ..., n.
We can explicitly decide this suffix of the handles on the DS-diagram as shown in Figure 4
(ii).

For the other vertices v; (1 < i < n) and v,,(1 <i < n), we also drew their neighbor-
hood in Figure 6 by checking the branching structures from the DS-diagram.

Now let us calculate the fundamental group using the Heegaard splitting (U1, Uz). Each
1-handle of U; determines the generator of the fundamental group. Let the generators x; (1 <
i <n)andx; (1 <i <n,1 <k <n;)of m;(M) correspond to the handles /;(1 < i < n)
and h;, (1 <i <n,1 <k <n;), respectively, with the shown orientation.

LEMMA 4.1. The relator system of the fundamental group wi(M) corresponding to
the above generator system consists of the elements ri, rj, (1 <i <n,1 <i < n;) shown
below:
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I-type r-type

FIGURE 6. The neighborhood of the vertices v;, , v; and v;, ..
i

1. If v; is l-type (resp. r-type), ri = x,-lx;(})xfl (resp. ri = x,-lx,\(,')xfl), that is,
Xip = XX (resp. xj; = xix)j(})).

2. Ifvy (I <k < n;—1)isl-type (resp. r-type), then r;, = xik+lx)7(}k)xi;l (resp.
ri, = x,-Hlx)L(ik)xi;l), that is, x| = Xi Xy (resp. Xip,, = x,-kx;(}.k)).

3. Ifv;, is l-type (resp. r-type), then r;, = xi+1x)\_(ll,”)xi:1 (resp. ri, = xi+1xx(,'n)xl~:1)»
that is, xj 11 = X, X).(i,) (resp. xjy1 = x,'nx;(ll"l)).

PROOF. We can regard Vo> C U; as 2-handles, and by Seifert van-Kampen Theorem,

it is clear that the attaching slope on U; of each of these 2-handles defines a relator. These
attaching slope are drawn in Figure 7. Now, the proposition is clear by Figure 6. O
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PROPOSITION 4.2. The presentation of wi(M) with respect to the Heegaard splitting
(Uy, Un) has the presentation (x1,x2,...,x, | R1, Ra, ..., Ry), here

DB ) e 1
Ri = xiody ¥y ¥atin) - ¥ Nt L =050,

provided e(j) = 1 (resp. —1) if v; is [-type (resp. r-type).

PROOF. This proposition is directly derived from Lemma 4.1 with the handle cancella-
tions. Focus on the relator r; in Lemma 4.1. Since the relator r; has the form x;, = xixigf;,
where (i) = 1 (resp. —1) if v; is [-type (resp. r-type), we can present the element x;,
using elements in {x; | 1 < i < n}. Using the relator r;, in the same way, we can present the
element x;,,, by elements in {x;, Xi; |1 <i <n,1 <j <k}. Therefore we get by the in-
ductive argument that all of the generators x;; (1 <i <n, 1 <i < n;) are presented by using
x;(1 <i < n). By regarding the above relators r;, r;;, 7i,, . . ., ri, as arecurrence formula,

we obtain the relator R;. O

REMARK 4.3. Each elimination of generators x; j(l < j < n;) by the recurrence

formula in the above proof corresponds to the handle cancellation of the Heegaard splitting
(Uy, Uz). The attaching slope of the 2-handle of (Uy, U) is drawn in Figure 8.

REMARK 4.4. The above method has no ambiguity of cyclic conjugations of the re-
lators Ry, ..., R,, not as in the case where we use Heegaard diagrams only. In fact, we
specified the start points of the attaching slopes to read the words of relators in the above
argument. This rigidity comes from the point that we are considering not only the 3-manifold
M but the Spin® structure [V(A)], and the presentation are compatible with [))(A)]. In other

I-type  attaching slope r-type

FIGURE 7. The attaching slope of a 2-handle of (U;, U»).

attaching slope
h&%ﬁ/'
Vi /\/{ / TV

FIGURE 8. An attaching slope of a 2-handle of (Uy, Up).
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FIGURE 9. The suffixes of faces around the edge e;.

words, the above presentation is associated to the Spin© structure [V (A)]. This rigidity plays
an important role in the Section 7.

4.2. A method using every face In this section, all branched simple spines are as-
sumed to be standard (cf. Section 2.1) for simplicity.

Recall that the structure of V(P) C S(P) C P C M induces a CW-decomposition
X = X(A) of the manifold M = M(A). Set V(P) = {vi,va,..., v}, S(P)\ V(P) =
{e1,e2,...,e}and P\ S(P) = {f1, f2,--., fm}. Each face f; of P corresponds to the two
faces fi+ C XYy and fi C X on A. Let X* denote the dual complex of X and for each
i-cell ¢ of X, the corresponding (3 —i)-cell be denoted as ¢*. X* has only one vertex, thus the
set of edges f;* directly represent the generator system S for the fundamental group 71 (M).
Orient the edge f;* to intersect with f; from the side of X} to X_.

Let [ f;*] denote the generator of the fundamental group 71 (M) represented by the ori-
ented loop f*. For each edge e; € E(P), there are three faces fj, f},, fj; € F(P) (pos-
sibly contain the multiplicity) whose boundaries contain this edge. (Recall the definition of
a fake surface.) There are two cases of the branching structure around the edge e;. We
adopt the suffixes shown in Figure 9. The edge e corresponds to a 2-cell ¢* of X™, hence

NSNS =1 € mi(M),

LEMMA 4.5 (Ishii [5]). In this way, we get a presentation of the fundamental group
1 (M) with m generators and [ relators.

UG = 12 oom) |LFEFEISET G = L2, D))

PROOF. The union X*©@ U X*® of 0-skeleton X*© and 1-skeleton X*V of X* is a
bouquet with m loops, and whose fundamental group is a free group (f}", 5, ..., fi | ).
Then by applying the Seifert van-Kampen Theorem to every 2-cell attaching of each 2-cell
e’, we obtain the above presentation of the manifold M (A). O
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5. Diagrams of the maximal abelian covering spaces

Given a DS-diagram A with E-cycle, set M = M(A). We use the same notation as in
Section 3, 4. Consider the Cayley graph I" of the homology group H; (M) with respect to the
generating system represented by { f* |i = 1,2, ..., n}. Take a copy of A for each vertex of
the graph I". The copy of the diagram A corresponding to the vertex g of I" is denoted by
Ay = (Gy, ¢g, Pyg), and the cells of X (Agy) corresponding to A, are denoted by V (Py) =
. v), vl S(PY\ V(P = {ef.ef,....el}, P\ S(Py) = {f. f..... f} and
By. Let ey be the E-cycle of A and set 3By \ ey = Z‘i U XY, Set viig = qb;l(vi) n Xy,
l.ig = ¢g_1(e,~) N X4 and fiig = q)g_l( fi) N X+. Let tg; denote the natural identification

map from 0By to 9 By.

e

Now, let us construct the maximal abelian covering space M of the manifold M. The
faces fl.+g and fi_h are identified by ¢, o ¢4y, if and only if the vertices g and / of the graph

I' are connected by an edge. Let é denote this identification.

PROPOSITION 5.1. The maximal abelian covering space M is obtained by the follow-

ing formula:
o= Y5

geH (M)

6. The spiders associated to Smooth Spin® structures

Consider a DS-diagram A = (G, ¢, P; e) with an E-cycle. In this section, we give a
brief survey of Benedetti-Petronio’s method for constructing a spider associated to the (ho-
motopy class of) vector field(s) (V) = (V(A)) on the realized manifold M = M(A) in our
terminology. Assume that P is a standard spine.

Consider the dual complex X* defined in Section 4.2. Recall that it consists of a 0-cell
{B*}, l-cells {f},..., fin}, 2-cells {e], ..., e/} and 3-cells {v],...,v;} and that this is a
one-vertex triangulation of M. Choose the barycenter e for each r-cell c; of X*. It may
be assumed to lie on the spine P. Consider a spider consisting of arcs connecting o to the
barycenter of each cell, whose inner points do not intersect with P. We assume that each
edge connects to oc from the one side of P corresponding to X';. The directions of edges

are determined by the dimension r of c; as introduced in Section 1.2. Denote this spider by
sX". In [2], Benedetti and Petronio determined the inverse map of Turaev’s canonical map

@ : Eul(M) — Vect(M), recall Theorem 1.1. In our terminology, the result can be restated
as follows.

THEOREM 6.1 (Benedetti-Petronio [2])). In the above setting, we have [sX*] =
o~ L(VD.
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(ii)

FIGURE 10. The spiders sX" and s.

EXAMPLE 6.2. Let A be a DS-diagram with E-cycle of lens space L(3, 1) shown in
Figure 10 (i). The spider s " associated to the vector field V(A) is drawn in this figure.

7. A formula for the Reidemeister-Turaev torsion

In this section, we use the same notation as in Section 3—6.

Let A be a DS-diagram of block number n and set M = M (A). The branched spine P is
assumed to be standard. As we have seen above, the diagram naturally induces the Heegaard
splitting (U, Uz) of genus n. This Heegaard splitting induces the cellular structure C which
consists of one O-cell Co = {b}, n 1-cells C; = {hy, ..., h,}, n 2-cells C, = {di, ..., d,} and
one 3-cell C3 = {c}. Regard C,(C) = C4(C; Z) as a Z[H; (M)]-module.

Choose the presentation (xi, ..., x, | Ry, ..., R,) of the fundamental group 71 (M) ob-
tained in Proposition 4.2. Let ¢ : Z[H{(M)] — F* be a ring homomorphism with #; = ¢(x;).
Then we can define the based twisted chain complex CY

A 0 A8 A B A
<0 — F®, C3) = F®, C2(0) = F®, C1(C) = F ®, Co(C) — 0) :

Our aim in this section is to find the basis of this chain complex, i.e. the fundamental
family of cells of C which corresponds to the smooth Spin€ structure [V(A)].

Consider the diagram {Ag}gep, (m) of the maximal abelian covering space M con-
structed in Section 5. Choose the fundamental family of cells of C as C(‘)‘J (é) = (l;),
C?(C) = (h, ..., h), CL(C) = (di,...,dy) and C{(C) = (¢), where each lift corresponds
to Aj.

Take a base point 0 € M not lying on the spine P, and barycenters o, € b, o; € hj,
og4; € d;, 0. € c for each cells of C.

THEOREM 7.1. A combinatorial Spin° structure [s¢] for X represented by the spider
sC drawn in Figure 10 (ii) corresponds to the smooth Spin© structure [V] by the H{(M)-
equivariant bijection ® introduced in Section 1.2.
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PROOF. We will give the H(M)-equivariant bijection directly by constructing a com-
mon subdivision. Consider the CW-structure C’ induced from the Heegaard splitting (U, U>)
which consists of a 0-cell Xo = {b}, I-cells X1 = {h; |1 <i <n}UlJ;;cpthi |1 <k <n;},
2-cells Xo ={d; |1 <i <n}UJ ;- {di |1 <k <n;}anda3-cell X3 = {c}.

CLAIM 7.2. C'is a subdivision of C.

This is clear from their definitions. In fact, we can easily find that #;, C d; andd;, C d;
foreach1l <i <n.

CLAIM 7.3. There exists a common subdivisional cellular decomposition Z of the two
complexes X* and C, whose unique 0-cell is b.

PROOF OF CLAIM 7.3. By Claim 7.2, it is sufficient to prove that there exists a common
subdivisional cellular decomposition of the two complexes X* and C’, whose unique O-cell is
b. Focus on the upper-half part of the DS-diagram. Add edges and vertices to the polyhedron
P drawn on the diagram along the circle (V3 U P) and denote the resulting polyhedron by
P’, see Figure 11.

The polyhedron P’ also induces the cellular decomposition Y of M, thus we can consider
its dual decomposition Y*. Note that X* and Y* has the natural common subdivision Z such
that their 2-skeletons Z@, (X*)@ and (Y*)@ satisfies |[Z@| = [(X*)P| U |(Y*)P| and
that the unique O-cell of Z is b. By the above construction, the cells of C’ and Y* have the
following properties:

L hi = (f)H* hiyy = (fi/k)* (1 <i<n, 1<k <iy),where f/is the face of P’

corresponding to the handle 4;, and fl; is the face corresponding to the handle #;,,

2. di = (e)*, d;y = (elfk)* (1 <i <n,1 <k < i), where ¢/ is the edge of P’

corresponding to the 2-handle d;, and el/.k is the edge corresponding to the 2-handle
dj,

3. Every p-cell (1 < p <3)of Y*exceptforh; hj, di,di, (1 <i <n,1<k<=<i,)is

contained in a 3-cell d.
This means that Y* is a subdivision of C’. This follows that Z is a subdivision of C’.
Let us continue the proof of Theorem 7.1. We denote by sX* the spider associated to [V]

constructed in Section 6. Take the spiders s and sZ for ¢’ and Z, respectively, in the same

\ E-cycle
Vi, .
ni

FIGURE 11. The polyhedron P’.
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way as sX . Choose a lift & of the base point o on IntBy C M. Let §% denote a lift of s¥
based on 6. We denote by 5C, 5C" and §Z the lifts of s€, s¢ and sZ, respectively, chosen in
the same way. Recall that these lifts define the fundamental family of cells S X, SC, S¢ and
sZ.

CLAIM 7.4. [s%] = Wx+z([sX')).

PROOF OF CLAIM 7.4. Chooseacella € X* and a cell a’ € Z with |a’| C |a|. By the
definition of the map W=, it is sufficient to prove |a’| C |a|, where @ € SX* and &’ € §%
are lifts of a and a’, respectively. The path p, of s’ connecting o to o, can be homotopically
deformed to the composition of the path p, of s connecting ¢ to o, and the path p,, from o,
to o, in |a|. This deformation is supported in the 3-ball B. Since the lift p,, of p,. contains
0, as an endpoint lying in a, we get that |o,/| C |oy].

CLAIM 7.5. [s%] = We,[sC].

The proof of this claim is the same as Claim 7.4.
—1
By the above claims, we get [sC] ﬂ [s%] RSN [sX*] f) [V], This completes the
proof of Theorem 7.1. a

A

COROLLARY 7.6. The fundamental family of cells {b, h, ..., hy,di, ..., d,, ¢} of X
induces the combinatorial Spin© structure [s].

PROOF. Choose a lift of the base point o on IntBy C M. Then the assertion is clear
from Theorem 7.1 and the construction of the maximal abelian covering explained in Section
5. m]

Due to the above corollary, it is sufficient to determine the presentation matrices
of the boundary operators of the twisted chain complex C¥(C) with respect to the ba-

Sis {l;, hi, ...,fzn, di, ...,cfn, ¢} to compute the Reidemeister-Turaev torsion of the pair
(M, [VD).
THEOREM 7.7. The fundamental family of cells {l;, fl], R lAzn, cil, .. .,cin, ¢} in the

maximal abelian covering space M induces the following presentation matrices of the bound-
ary operators 8;0 0=<i<?2):

9R @g1) — 1
B =Cn—1-tm—1). 8f=<¢0pr01(—1)) B ,
dx;j 1<i,j<n
() — 1
where % denotes the Fox’s free differential calculus, proj : mi(M) — H{(M) denotes the

canonical projection and the element g; € Hi{(M) is represented by the dual loop sz of the

Jace fi; of the spine P shown in Figure 12. (In the figure, m; denotes the meridian of the
1-handle h; foreach 1 <i <n.)
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negative block

N \Snegativc block

j{ega‘cive block

FIGURE 12. The faces f,']..

PROOF. For simplicity, we determine the presentation matrices for boundary operators
of the untwisted chain complex over Z[ H; (M)]

(0 S GO B e D aé) X ) — 0).

The determination of 9y is easy. In fact, each (oriented) 1-cell 4 ; corresponds to the

generator x; and the two boundary points of h jarex; - b and —1 - b. This means
do(hj)=(xj—1)-b.

By the construction of the relators R;, their words are read along the boundary of the lifts
d; in the maximal abelian covering space M starting from the 0-cell b. Thus it is clear from
the definition of Fox’s free differential calculus that the coefficient of each base A j for the
image of d; by the boundary operator d; becomes proj ( g%) itself. That is, we get the formula

J
A (dy) = e proj(gTR]’:) - hj, and obtain the explicit presentation of 3.

Now, let us focus on the boundary operator d. As we have seen in Section 5, each face
fij'l is identified with f~9% by the identification map f . This means that the positive side of
2-cell g; - d; of (é) is attached to the 3-cell ¢, see Figure 13. Then we get the presentation
matrix (g — 1--- g, — 1) of the boundary operator 9. |

The next formula of the Reidemeister-Turaev torsion immediately follows from the
above theorem.

THEOREM 7.8. Let the twisted chain complex C Y (M) be acyclic. Then there exist two
indices 1 < k,l < n such that

det By c
(t — D(p(g) — 1)

X

’

(M, [V], o) = (= D! Lsien(z (C..(X; R)))
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identified

Ay Ag,

FIGURE 13. The coefficient of d; for 85‘0 (b)is o(gr) — 1.

where By is the matrix obtained by removing the k-th row and the l-th column from

the matrix (go o proj(g—fj’:))1 ., and Cy(X; R) is a chain complex with ordered basis
<i,jzn

{b,hy, ..., hn,d1,...,dy, c} and homology orientation oy,.

PROOF. Set ¢35 = {b}, c2 = {d1,....dn}, c1 = {h1,....hy), and cg = {¢).
Since the chain complex C¥ (M) is acyclic, there exist appropriate bases b3 = (b}, by =
{di,....di—1,dis1,....dn}, by = {hx}, bo = ¥ which satisfy dim d; (bi+1) = dimb;;.
Then it follows from Theorem 7.7 that

(37 (b2)b1 /c1]
[0§ (b1)bo/col[05 (b3)b2/c]

(= D*7 det By
D - D) — D

(M, [V], om) = sign(t (C+(X; R)))

X

= sign(t(C«(X; R)))
O

REMARK 7.9. Recall that the acyclicness of the twisted chain complex c? (M)
depends only on the topology of the 3-manifold M and the representation ¢, and the
Reidemeister-Turaev torsion does not vanish if and only if the chain complex CY (M) is
acyclic. Hence the above formula can be applied universally to arbitrary pairs of 3-manifolds

and Spin€ structures on them. Compare this result with Turaev’s one, see Chapter VIII Theo-
rem 2.2 in [18].

8. Examples and applications

8.1. Lensspaces. Let M be a Seifert fibered manifold. A vector field on M is said to
be standard if it is everywhere tangential to a fiber. A Spin® structure is said to be standard if
it is represented by a standard vector field.
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FIGURE 14. DS-diagram of (L(p, q), [V]).

Consider the lens space L(p, ¢g) and a standard Spin® structure [ V] on the manifold. The
left-hand side of Figure 14 illustrates a DS-diagram corresponding to the pair (L(p, g), [Vo)),
see [3].

Recall that 1 (L(p, q)) = Hi(L(p, q)) = (Lf{']11 [f{]7). Each vertex v; of the spine P
is r-type, see the right-hand side of Figure 14 and thus we get by the argument of Proposition
4.2that[f] = [f{]". Let ¢ be a primitive p-throotof unity and ¢ : Z[H(L(p, g))] — Q(¢)
be the ring homomorphism with ¢ ([ f{"]) = ¢. Then we obtain the following presentation
matrices of boundary operators modulo +¢(Hi(L(p,¢))): 95 = (¢" —1),9] =0, 3§ =

(¢ — 1). Then we get

1

— e C.
=D =1

Tw(L(p7 q)7 [Vst]a UL(p,q)) =

i i q n — 1 1
Remark that if we substitute ¢7 to ¢ in TneE=n We get E=DE=n The above

{k
(=DHE-0
(0 < k < p) is not the standard one. This observation allows us to interpret that for lens
spaces the Reidemeister-Turaev torsions of standard Spin® structures are ‘standard’ as values
(or polynomials).

shows that the Spin® structure [V] on L(p, 1), for example, which has the value c

QUESTION 8.1. Can the Reidemeister-Turaev torsion of a general Seifert fibered man-
ifold with a standard Spin® structure be interpreted to be ‘standard’ as a value (or a polyno-
mial) in any meaning as above?

8.2. How to use the Reidemeister-Turaev torsion to compare Spin‘ structures?
Consider the two manifolds (M1, [V1]) and (M2, [V»]) equipped with Spin® structures shown
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FIGURE 15. DS-diagrams of (M7, [V}]) and (M», [V5]).

in Figure 15 . In [7], we explain the strong relationship between DS-diagrams and Heegaard
diagrams, and the argument shows that M| and M> are in fact the same smooth manifold M.
The presentation of 771 (M) with respect to the left-hand side diagram is

-1 -3 -1 -1 -3 -1
(X1, X2 | X1X5 X1X5 "X1Xy , X2X|  X2X| TX2X| ),

and that of the right-hand side diagram is

—1 —1 —1 —1 —1 —1
1, y2 Lyiyy vy iyt veyy vy v

In these presentation, the map x1 — y, 1, X2y, ! gives an isomorphism.

Set R = x1x2_1x1x2_3x1x2_1, Ry, = xgxl_lxle_3x2xl_l, and R’1 = ylyz_lylyz_ly‘fyz_l,
R, = yzyflyzyflyg’yfl. Then the first homology groups are presented as H{(My) =
(x1, x2 [ 3x1 — 5x2, =5x1 + 3x2), Hi(M2) = {(x1, x2| —5y1 +3y2,3y1 — Sy2).

By elementary calculation, we get from the above presentation of Hj(M1) that o(x1) =
16 and x, = 7xp, that is, H{(M;) = (xi |x116) = Z/167Z. Similarly, we get a relation
y2» = 7y; and a presentation Hy(M>) = (y; |y116) =7Z/16Z.

Let ¢ (resp. &) be a primitive 16-th root of unity and let ¢ : Z[H{(M1)] — Q(¢) (resp.
v Z[H 1 (M>3)] — Q(&)) be a ring homomorphism such that ¢(x1) = ¢ (resp. ¥ (y1) = &).
Set ¢; := ¢(x;) (hence 1 = ¢ and & = ¢7) and & = ¥ (y;) (hence & = & and & = &) for
i=1,2.

We first compute the torsion 7% (My, [V1]). Since ¢ o proj(aaTl(Rl)) =1+ §1§{1 +

§12§2_4 =1+ ¢%+ ¢'0, the boundary operators are

7_1 1 6 10
850:(;;—1)’ af;( e :) B0=(c—1 ¢ —1).
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Set c3 = {b}, c2 = {d1, da}, c1 = {h1, ha}, co = {¢} and by = {b}, by = {d1}, b1 = {h2},
bg = ¥. Then

[09(b2)b1/c1] 1+¢8+¢10
(M1, V) = = /41,
TN = G bl Bbajen]l — @ = — 1) < 28/

Let us next compute the torsion ¥ (Ma, [Va]), where V, is the vector field on M5 accom-
panying the DS-diagram. Then we have v o prOJ(ayz (R] )) —51551 1+ 5152’1 + gfgz’z) =
—£10(1 + £ 4 £19). Hence the boundary operators are

vo_ g_l—l v * B .
82 _(5—7_1)7 81 _( EIO(1+§6+§10)*) 80 (é—' 12): 1).

Set ¢y = (b}, ¢y = {d1, do}, ¢} = {h1, ha}, ¢ = (¢} and b = {b}, by = {1}, b, = {1},
by = .

[0Y byb) /! ] _E1+E54£9)
[0V b} by /cyllaVbibh/ch] — (€ — D(E — 1)
Assume that (M1, [V1]) = (M2, [V1]), that is, there exists a diffeomorphism f : M> —

M such that f,(V») and V| are homologous in the class of non-singular vector fields on M.
Then there is an integer m (1 < m < 16) coprime to 16 such that ¢ o f#(y;) = ¢ and that

™V (Ma, W2)) = € Q&)< /+1.

1+§-6+§-10 B é-m(1+§6m+§10m)

1 =
M ¢-DE’ -1 " =DE™ -1

€ Q)" /=£1.

We can assume without loss of generality that { = exp (2” ﬁ) We check which m €
{1,3,5,7,9, 11, 13, 15} satisfies the formula (1).

In the case where m = 1, m = 7, m = 9 and m = 15, the right side of (1) are
c+¢84219 T A+¢84+¢19  c+¢54219) TA+2%4¢1% : :
oD Coh@D —ha oD & and ThED respectively. Since the complex
1+{-6+§-]0

number THa—D is not zero, and since arg(¢), and arg(§7) are not equal to O modulo

l+§'6+{10 ) ({”'"(1-{-{6'"-‘1-{10'")) . .
T, we get arg<—(;—1)(;7—1) # arg e nETy modulo . Therefore in this case, (1)

m 14
is not formulated. In the other cases, the right side of (1) is et

(@3-DE>-1 -
14 ¢6 410 14 ¢6 410 51
‘ +¢ +7§ _1+¢ J;c | _ V2 054119 ..
C=DE"=D] Je=1ET=1  g4ox [ g2 x
16 16
1 2 14 1 2 14 P 1
3+<: +5<: _ |3+§ +5<: | _ V24 0785604 ..
@ -DE =D 1= =1] 237

4sm 1 — sin b3

(=)
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V1

FIGURE 16. The Hopf flow on § 3 and the 6-fold cyclic branched covering space M.

1+§-6+§10 gllm(1+§-6m+;10m)
¢-DE’-D " =DE™m-1
teger which satisfies the formula (1). This is a contradiction. Therefore we can conclude

(M, [V1]) 2 (M, [V>]) although M is diffeomorphic to M.

Hence we get in this case

. This means there is no in-

8.3. Cyclic branched covering Let V) be the Hopf vector field in the 3-sphere S°.
The diagram of (S 3 Vo) is shown in the left-hand side of Figure 16, and the knot K is the dual
loop f* of the face f. Consider the 6-fold cyclic covering space M branched over K C §3
and the non-singular vector field V on M induced from V. Note that the flow )V defines the
Seifert fibration of M. The homology group Hi(M) can be presented as follows:

i (1<i<6)|xi—xi41 X151 =<5i<6)=Zx1®Zx, =ZDZL,

here the suffixes are mod 6. Let ¢ : Z[H{(M)] = Z[Z & Z] — Q(Z & Z) be the canonical
map for the maximal abelian torsion and set 11 = @(x1), 12 = @(x2), see [17]. By the same
argument in the above examples, we get the presentation matrix of the boundary operators:

-1 1 —t7'n 0 0 0o -1
' —1 e U B e 0 0

g | nnt -1 T B B 50 o |
2 n—1 : 0 0 -1 1 -n5' 0
n—1 0 0 0 -1 1 -
' —1 -n 0 0o 0 -1 1
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and the Reidemeister-Turaev torsion is

1 ' o0 0 0
-1 1 ' 0 0
det| 0 -1 1 —-nt;' 0
0 0 -1 1 -n
-1
(M, [V]) = + 0 (21 0 P! ::i:(l_jtl a-m _ .
(" =D =1 (" =D =1

This implies the Seiberg-Witten invariant SWj,([V]) of the Spin® structure [V] is 1, follow-
ing the relation SWy; = +Ty, where Ty : Eul(M) — Z is the forsion function, by Turaev
[15, 16].

8.4. Torsions of standard Spin® structures. The article [13] introduced an algorithm
to obtain a DS-diagram of a standard vector field on an arbitrary closed Seifert fibered 3-
manifold starting from its Seifert invariant. The algorithm is based on the fact that any Seifert
fibered manifold is constructed by gluing pieces each of which is homeomorphic to either
($2\ |_|i3=1 IntD;) x S', ((S' x $1)\ |_|?:l IntD;) x S! or a fibered torus, where Dy, D> and
D3 are mutually disjoint closed disk in the surface. Then a DS-diagram is obtained by gluing
the diagrams corresponding to the pieces. Combining this result and our above construction,
we have the following:

COROLLARY 8.2. We can compute the Reidemeister-Turaev torsion of a closed
oriented Seifert fibered manifold M(F, b; (p1,q1), ..., (Pn,qn)) with a standard Spin°-
structure in an algorithmic way.

We give an example. Consider the Seifert fibered manifold M := M(S%, —1: (3, 1),
(5, 1), (7, 1)), i.e. the Seifert fibered manifold with base manifold SZ, obstruction class —1
and singular fibers of types (3, 1), (5, 1) and (7, 1). Let Vs be a standard flow on M. Then
the DS-diagram of (M, [Vy]) shown in 17 is obtained by using the algorithm of [13], see
also [3, Theorem 4.3]. The fundamental group of the manifold M has the presentation
(x1, x2, x3 | x1x3x2_2, x2x1x3_4, xsxle_ﬁ)
4x3, —6x1 + x3 + x3, X1 — 2x2 + Xx3) = (x| |x134) = 7/347Z, x» = 25x1 and x3 = 15x7.

Let ¢ be a primitive 34-th root of unity and let ¢ : Z[H{(M)] — Q(¢) be a ring homo-
morphism such that ¢ (x;) = ¢. The boundary operators of the twisted chain complex C? (M)
are given by:

and hence we get Hj (M) = (x, x2, x3 | x| + x2 —

4-25_1 1 4-25 *
=B —-1],08=-00+¢® 1 x|, =-1P-1¢5-1).
-1 * ¥k
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FIGURE 17. DS-diagram of (M(S2,—1; 3, 1), (5. 1), (7. 1), Vs D).

Due to Theorem 7.8, we get the Reidemeister-Turaev torsion

. 1 2

et(_(l_i_{zs) 1 ) . 14 ¢164 22
¢ -DEB-1n ¢ -DEP -1
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