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Abstract. The purpose of this paper is to prove that we can inductively construct all finite-dimensional irre-
ducible nilpotent modules of type 1 by using the Schnizer homomorphisms for quantum algebras at roots of unity of
type An, Bn, Cn, Dy, or Go.

1. Introduction

Let U, (g) be the quantum algebra of a finite-dimensional simple Lie algebra g over C.
The theory of U, (g)-modules is almost the same as the one of g if g is not a root of unity.
However, if ¢ is a root of unity, it is quite different from the one of g. For example, there are
differences as follows:

e Finite-dimensional modules are not always semisimple.
e Finite-dimensional irreducible modules are not necessarily the highest- or lowest-
weight modules.
e Among finite-dimensional irreducible modules, there exist maximum dimensional
modules.
The theory of U, (g)-modules at roots of unity is described in [5].

Let ¢ be a primitive /-th root of unity. A complete classification of finite-dimensional
irreducible Ug(g)-modules has not been given yet. However, the classification of finite-
dimensional irreducible nilpotent U, (g)-modules of type 1 has been given by Lusztig (see
[7] and [3]). In particular, it is known that these modules are classified by the highest weights.
The formal characters of those irreducible modules are also known under mild restrictions on
[ by the celebrated works of Kazhdan and Lusztig and of Kashiwara and Tanisaki, see, e.g.,
[12], or more recent work by Arkhipov, Bezrukavnikov, and Ginzburg in [1].

In [9], Nakashima showed that these modules can be constructed by using the modules
introduced by Date, Jimbo, Miki, and Miwa in [4] if g is of type A,,. Moreover, in [2], we
showed that we can construct these modules by using the Schnizer modules introduced in [10]
if g is of type B, Cp,, or D,.
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In this paper, we construct these modules inductively in the case that g is of type A,,
B,, C,, D,, or G, by using the Schnizer homomorphisms introduced in [11]. Then we
construct finite-dimensional irreducible nilpotent U, (g)-modules of type 1 with the highest
weight (0,...,0, A, ..., A,) as a submodule of an [N =Ni—1) _dimensional U, (g)-module,
where N, is the number of positive roots of g and »n is the rank of g. In particular, these
results cover the ones in [2].

The organization of this paper is as follows. In §2, we recall the quantum algebras at
roots of unity. In §3, we introduce the nilpotent modules and their classification theorem.
In §4, we introduce the Schnizer homomorphisms. Finally, in §5-§7, we give the inductive
construction of all finite-dimensional irreducible nilpotent U, (g)-modules of type 1 in the

case of g = A, By, Cp, Dy, or G».

2. Quantum algebras at roots of unity

We will use the following notations. Let g be a finite-dimensional simple Lie algebra
over C of type A,, By, Cy, D,, or Go. We define I := {1,2,...,n} withn = 2 if g is of
type Ga. Let {;}ics be the set of simple roots, A the root system, and A the set of positive
roots of g. Let N be the number of positive roots of g, thatis, N = %n(n + 1) (resp. n?, n?,
(n—1Dn, 6)if g = A, (resp. By, Cy, Dy, G2). We define the root lattice Q := @iel Za; and
the positive root lattice Q4 := @ie[ Z, o;,whereZ, :=1{0,1,2,...}. Let (a; ;)i jer be the
Cartan matrix associated with g such that

ajp = -2 g=B,,
az = —2 g=0Cn,
a;j2=0,a13=am3=—-1 g= Dy,
aj2=-3 g=G>.

We define (d1,...,d,) := (1,..., 1) (resp. (%, I,....,D,2,1,...,1),(,..., 1), (1,3)) if
g = A, (tesp. By, Cpn, Dy, G2). We denote the Weyl group of g by W, which is generated by
the simple reflections {s;}ie;.

Let / be an odd integer which is greater than 2. We assume that / is not divisible by 3
if g = G». Let ¢ (resp. 8%) be a primitive /-th root of unity if g # B, (resp. g = B,). For
reZ,meN,d e Q such that g2d # 1, we define

Sdr _ S—dr

[r]ea 3=m7 [r]:=1Irle,

[m)oa! == [mlualm — 1,0+ (e, [0],al:=1.

DEFINITION 2.1. The quantum algebra U, (g) is an associative C-algebra generated
by
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{ei, fi, tl.il }ier with the relations

nt =1l =1, ny =11,

1 1

IR B A A P B
tiejt; =g ej, tifit; =¢& [,

ei fj — fjei = 6ijlti}e; »

lfa,-/- ]7&,"./

k (1—a; j—k) k (1—a; j—k) . :
B B L
k=0 k=0

where
-1

w._ L % w._ b _ it o
e. = e: . = P lite, i= ——, g =&,
CT g TIMERE gi—e !t

Let Uj(g) (resp. U (9), Uf(g)) be the C-subalgebra of U, (g) generated by {e;}ics

(resp. {filier, {tl.lLl}iE 7). Moreover, we extend the algebra U.(g) by adding the elements
1

5 ik eI},

Let wo be the longest element of WV and wg = s;, - - - 5;, be a reduced expression of wo.
We define

,3] =0y, ,32 = Sil(otiz), ey ,3/\1 =S Siy. (ot,-N) .

Thus, we have A = {B1, ..., By}, and there exist vectors {eg; }lNzl, { /5 }lNzl in Ug (g), which
are called “root vectors” (cf. [5], [8]), where e, = e;, fo; = fi fori € I. These vectors have
the following properties.

PROPOSITION 2.2 ([5] Proposition 1.7). (i) {egll1 ---e;?mml, c..,my € ZiYisa
C-basis of UF (g).

(ii) {f/gl'l o f/g[’v’v|m1, ...,my € Zy}is a C-basis of U (g).

(iii) {t;"1 ety my, ..., my € Z) is a C-basis ong(g).

(iv) The multiplication map ¢ : U (g) ® Ugo(g) ® Uj (9) > Us(9) (- QuoQuy
u_uouy) is an isomorphism of C-vector spaces.

Let Z(U:(g)) be the center of U.(g).
PROPOSITION 2.3 ([5] Corollary 3.1). f{el, fL, 1! |a € Ay,i eI} C Z(Ux(g)).
Now, fori € I, we define

2.1 deg(e;) == «;, deg(fi) = —«a;, deg(t):=0.

Obviously, these are compatible with the relations of U, (g). Therefore, we can regard U, (g)
as a Q-graded algebra, and we have

Ue@) =P Uc@ar  Ue(@aUs(@uo C Ue(@ @i -
aeQ
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fora, @’ € Q, where Ug(g)y := {u € Ug|deg(u) = a}.

PROPOSITION 2.4 ([6] §8). ey € Uj(g) NU:(9)q and fo € U (g) NU(g)—o for all
o € A+.

3. Nilpotent modules

DEFINITION 3.1. Let L be a Ug(g)-module. If eé = fO{ =0on L forallae € A, we
call L a “nilpotent module”. In addition, if tl.l = lon L foralli € I, we call L a “nilpotent
module of type 1”.

REMARK 3.2. Nilpotent U, (g)-modules of type 1 are the same as Uf“(g)—modules of
type 1, where Ugﬁn(g) is the finite-dimensional quantum algebra introduced in [7], [8] (see
[2]).

In general, finite-dimensional irreducible Uefin (g)-modules are divided into 2" types ac-
cording to {0 : Q@ — {Z£1}; group homomorphism }. Without loss of generality, we may
assume that finite-dimensional irreducible U, g‘in (g)-modules are of type 1.

DEFINITION 3.3. Let L be a U;(g)-module.
(i) We define P(L) := {v € L|ejv = 0 forall i € I} and call the vectors in P(L)
“primitive vectors’.
(i) Let A = (Aj)jer € C". We assume that L is generated by a nonzero vector vy €
P (L) such that f;vg = 8?"' vo for all i € I. We call L the “highest-weight module
with highest weight A’ and vy the “highest-weight vector”.

Now, we introduce the classification theorem of finite-dimensional irreducible nilpotent
Ug(g)-modules of type 1. We defineZ; :={A € Z|0 <A <[—1}.

THEOREM 3.4 ([7], [3] Proposition 11.2.10).  For any A € Zj, there exists a unique
(up to isomorphic) finite-dimensional irreducible nilpotent U, (g)-module LE“()») of type 1
with highest weight A. Conversely, if L is a finite-dimensional irreducible nilpotent Ug(g)-
module of type 1, there exists a ). € Zj such that L is isomorphic to LIElil ).

In a similar way to the proof of Theorem 5.5(ii) in [9] or Theorem 4.10 in [2], we can prove
the following proposition.

PROPOSITION 3.5. For A € Zj, let L be a nilpotent highest-weight U, (g)-module of
type 1 with highest weight .. We assume dim(P (L)) = 1. Then L is an irreducible U, (g)-
module. In particular, as a U (g)-module, L is isomorphic to LQH (A).
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4. Schnizer homomorphisms

In the rest of this paper, we denote g by g, if the rank of g is n and ¢;, f;, t; in Us(g,) by

€in, fi,m tin.
We will use the following notations. Let V,, be an /" -dimensional C-vector space and
{on(my) |my = (M1, ...,mpp) € Z?} abasisof V,,whereZ; ={m e Z|0 <m <[ —1}.

We define v,,(m,, + lm/n) = v, (my) form, € Z?‘, m/n € 7. Fori € I, we define

4.1 €in = (8i1,8i2,....,8in) €L},

where §; ; is the Kronecker delta. Fori € I, a;, € C*, b;,, € C, we define linear maps
Xins Zin € End(V),) as

(4-2)xi,nvn(mn) = ai,nvn(mn - 8[,/1) ,  ZinUn (mp) = Smi'n+bi'n vp(my) (my € Z?) .
For any z € End(V,,) such that z7l € End(V,) and d € Q such that g2 # 1, we define

z—z1

(4.3) (et = =
Then we have
(4.4) {Zin Yo Un (mn) = [d™ (i g + i) pavn () .

For any C-vector space V, we regard End(V) ® U, (g,) as a C-algebra by using

xRu(x ®u) = (x)® wu) (x,x eEnd(V),u,u € Us(gy)).

THEOREM 4.1 ([11] Theorem 3.2,4.10). (a) Let Ay € C, ay = (a;in)}_; € (C)",
and b, = (b;,)}_, € C". We obtain a C-algebra homomorphism p,’;‘ = ,0,’14 (an, by, Ap) -
Ue(Ay) — End(Vy,) ® Ug(A,—1) such that

4.5) o (ein) = {Zifl,nZ,Tnl 1Xin +x,-111)nxi,n€i71,n71 )
(4.6) :OA(ti,n) = Zi—l,nz'_zzi+l,nti,n—l s
n in
(4.7) P (fin) = (zinziy pti x5 + finet
where
n—1 ;
(4.8) ton—1 =" [t -
i=1
(b) Let hy € C,an = (ain))_; € (C)", dn_1 = @in-1)}=} € (C)" L b, =
(bi,n)l'.’:1 e C", and l;n,l = (Ei,n—l),r-:]l e C" 1. We obtain a C-algebra homomorphism

pE = pB(an. @n—1.bn. bu—1. ) : Ue(By) — End(Vy) ® End(V, 1) ® Ue(By_1) such that

B -1 - sl -1 -
P (€in) ={Zit1,n2; y WXin +{Zictn—12; X4 XinXin—1
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-1 i nXi 71 ; 2<i<
+xi+1,nxt,nxt,n—lxi_l’n_let,n—l 2=<i=zn),

49) P (ern) = z2nz Derxin + G 2h ety X nftt + X5 et
o (ti.n) :Zi+1,nZi_’,%Zi7],n2i72,n712i_,2])n,]zi,n71ti,nfl 2=<i=<n),

(4.10) pP(t1.0) = 22027 pZ1n—1t1n1 »
P (Fin) = {2in% i Bt 1 Gt fin -1 M

. SO o .
+{Zi—l,n—lZi’n,1t,’)n,] }xi,])n,] + fin-1 =i =<n),

1
@D PP frm) =1z E it }er X1 + St
where

n—1

(4.12) ton—t =" [ty

i=1
- ~ —1 _
(c) Let A, € C, oa, = (ai,n)?:] € (Cx)n’ ap—1 = (ai,n—l)?zl S (Cx)n 1’ b, =
bin)'_, € C", and l;,,_l = l;,',,_l =1 ¢ "1 We obtain a C-algebra homomorphism
nii=] > i=1 8 p
oS = pS (@n, an—1,bu, bu—1, An) : Ue(Cp) — End(V,) @ End(V,,—1) ® Ug(Cy—1) such that
px €in)s Py (tin)s pf (fin) as in (4.9), (4.10), 4.11) if 3 < i < n, and
c _ —1 = =1 -1, = -1, = ~—1
Py (e2.n) = {Z3,n12’n}x2,n + {Zl,nflzln,]}x3)n-x2,nx2,n71 + X3y X2,nX2n—1X1 1€2,n—1
c 2 =2 2. =2 =—1 -1, =
Py (e1.n) = {Zl,nzl,n—l}glxz,nxlv"xl,n—l + {ZZ,nZLn_l}xz’nxl,nxl,n—l
2 =2 —2~2
(4.13) Hz3 2y pler Xt + X 1 X1 i 1€1n—1 s
22 =2 = c 2 _—4=2
(4~lngt2,n) =23.n23 n % nl1 p—1%2.n—1lin—1 Py (t1,n) = 22 021 021 n—111n—1
C —2:2 =—1 - -1 4= a1 =1 =1
On (f2,n) = {Zzsnzl,nzl,nflZZ,n—ltZ,n—l}x2,n + {le"*IZZ,n—ltZ,n—l}xl,n—l + f2>”*] ’

@30 f1.0) =121 W3 e timo Yo X n + fin1 s

I n—1
. —An,e 2 —1 . —A
(4.16) R l_[ g =2, no=et,
i=2

) Lethy € C ay = (ain)_y € (C)", dyy = @in-2)]f € (C)2 b, =
(b,-,,,)l’.’:1 e C", and l;,,,z = (l;,-,,,,z);:lz € C" 2. We obtain a C-algebra homomorphism
pP = pP(an. dn—2.bu. bu—2. An) : Us(Dy) — End(V,) @ End(V,,—2) ® Us(Dyy—1) such that
PP (ein), PP (Wi n), pP (fin) asin (4.9), (4.10), (4.11) if 4 < i < n (replace X p—1 10 Ki—1n—2

and Zj n—1 10 Zi—1.n—2). Moreover,

D -1 - ~1 1. - 1. - o1
Py (e3n) = {24,1123,,1})53,11 + {Zl,n72Z2,n_2}x4’nx3,nx2,n72 + X4 nX3.nX2,n=2X1 j_2€3,n—1
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D -1 SO R -1 -1 1
Py (e2.n) = {Z3,n12’n}x2,n + {Zl,nzl’n_z}xl,n—2x3’nx2,n + X3 0 X2,n %) pX1,n—2€2,n—1,

D -1 =1 = -1 -1 —1z
pn (e1n) = {2302y 3x10 + {22021 o} X1 n—2%3 , X1n + X3, X1,0%; , X1 n—2€2,n—1 ,
4.17)

PP (t3.0) = 24075 422020 nE g Z2n-2tin—1
@120) = 23025 02021, PP (t1n) = 2302] Zln—2tln—1 -
o2 (f3.n) = {23025 p2inZtn2Zomatm1V5m + Z1n2Z5 potsp ¥ + fon—t
an(fZ,n) = {ZZ,nZEL_zt;’,ll_l}xzi,ll + f2,n—l s
AABYf1.0) = (102  p ot m 350+ frn1 s
n—1

1 1 1
. —Ans 2 -2 —1 . —X, T2 . —A
4.200, p—1:=¢ "1 a1t | | lin_1> (n>3), hi=¢ 2t1)1 , ho=¢ ",
i=3

() Letry € C,ay = (ain)_, € (C*)°, and by = (bi2)}_, € C°. We obtain a
C-algebra homomorphism p® := p%(az, b, A2) : Us(G2) — End(Vs) @ Ue(A1) such that

G 3 -2, —1 -1 2 3y 1 _—12 2 -3y -1
P (e1,2) =123 924 51X p Xy X3.2X4 5 + {24,225 51X )Xy X o X522 + {25 023 31X HX2,2X3,2
1y -1 3 I 1 -1
+12Nz2,224 53X p¥3,2X4.2 + {27 225 51022 + X[ 5X5 HX42%52€1,1
-3
4@ ¥er.2) = {z1 3} e3x12,
3
33 3 -2 -2 G —6.-6_—-63 3 i, "3
(429X112) = 23 573273025 524 5111+ PO (122) = 27523525 52322306720, 1

G —3_-3.2 1y —I 3,1y —1
P (f1,2) =1{22,223 525 524 oty 1 155 5 + {24,225 50 1}xg0 + f11

3 3
G _ (.3 6 6 _—3_-3_—l,2 —1 3 .6 _—3_.—X\,2 —1
p7(f22) =121 223225220 22458 2111 }e3 X  p T {23225 02428 P 1)e3 X35
3
3 —X24.2 —1
(4.23) 23 e 2] Joaxs,

Here, x=! := 0, 7! := 1 if the index (i, j) is out of th = f =0
» X = 0, z;5 = 1 if the index (i, j) is out of the range, eon = fun-1 = 0,

U:(go) :=C, Vo := C. Moreover, V;, X; j, Zi,j are copies of Vj, X; j, %, ;.

We can regard ®?:1 Vjasan/ N _dimensional U, (A,)-module having dimg,,-parameters
by using the C-algebra homomorphism plA o ,05‘ 0---0 :0;14 U (Ap) — ®7:1 Vi. We call
these modules the Schnizer modules of U (A;) (see [2] Theorem 1.1). Similarly, by using the
homomorphisms in Theorem 4.1, we obtain / N_dimensional U, (gn)-modules having dimg,,-
parameters if g = A, B, C, D, or G. We call these modules the Schnizer modules of U(g,).
In particular, if g = B, C, or D these modules coincide with those in [10] (see [11] Remark
5.12).
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REMARK 4.2. The actions of ¢; p, ti n, fi.n in [11] are slightly different from those of
Theorem 4.1 because we use a U, (g, )-automorphism w such that (@ (e; »), @ (ti n), ©(fin)) =

—1
(fi,ru t k] ei,n)°
i,n

We note the following fact that will be needed later. If g, = A, (n > 2), from (4.6) and
(4.8), we obtain

n—1

n—1 .
] .
A - A - -2 _i
P (nn—1) =" | | Pp1 ;) =€ | |(Zifl,nlel-’nilZiJrl,nflti,an) "

i=1

-2
=& "Zn—1n— 11_[,,, 2 =8 M Zn Ln— ]tn 1"n 21_[t:n 2

,L
- .
—A T
=¢ "Zn],n]( P lntzn"2> l_[tzn )

_ n=1
(4.24) S N AR P

Similarly, from (4.10), (4.12), (4.14), (4.16), (4.18), and (4.20), we obtain

(425 pE L (tape) =T gy o (> 2),
pnc_l(tn,nfl) = 87An+k'1712n71,n712n72,n72 (n>3),
(4.26) Pty =e 23k
P2 (1) =& =tz 1 E3aes (R > 4),
(4.27) PP (t32) = 8_A3+%A2+%z1%,1z1,222,2, P (1) = 8_A2+%A'z1,1 ,

ol | (t10) =& M forg=A, B, C,orD.

5. Construction of LQ“ (A): the G, case

In this section, we construct all finite-dimensional irreducible nilpotent U, (G)-modules
of type 1 by using the Schnizer homomorphisms in Theorem 4.1(e).
We define

a’):=a =1 (1=2i<59),
b(o) = b(o) =1, b;og =4, b‘(‘_% =35, bg(,); =3, bg()% =4,
0 0 0
G @ =@, by =0,

For A € C, we set

pit ) = pit(@’). b}, 1) : Ue(A)) > End(C),
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(5.2) pC ) = p%@, b, 1) : Ue(G2) — End(Vs) ® Ug(A)) ,
(see Theorem 4.1(a), (e)). For A1, X € C, we define
(5.3) 1.2 1= 12001, 12) i= o) W) 0 pC W) L UL(G2) — End(Vs @ V),

where
3
v;kl,)tz) = )\11 + 2’ vé)tl’)tz) = 5)»1 + 3)\,2 +9.

We denote the U, (G2)-modules associated with (¢1 2(A1, X2), V5 ® Vi) by Vi 2(A1, A2). For
mi1 € Zi,ms = (m;5)]_, € Z;, we set

vi,2(ms, my 1) == vs(ms) @ vi(my,1), v?,z =v1,200,...,0) € Vi2(A1, 22) .
We define y; 2, y1,1 € End(V2(A1, A2)) (1 <i <5): forv = vy 2(ms, my 1),

Yi2v:=[mi2+2m32+2msy —mp2 —mar —my 1 — A2lg,vi20ms + €12, m11) ,
Y22V :i=[m22 —3m32 —3ms2+2ma +2my | — Ar]vi2(ms + 22, my1.1),

3,20 :=[m32 +2ms 2 —mgp —mi | — A2lg,vi20ms + €32, m11) ,

Y420 :=[mg2 — 3ms 2+ 2my 1 — A]vi2(ms + €42, m1 1),

Y520 :=[ms2 —my | — A2]e,v12(ms + €52, my1 1),

B 1v:=[mi1— Alvi20ms,my1+€11).
Then, according to Theorem 4.1(a), (e), (4.2), (4.4), and (5.1), we have

e12v=1[3m32 —2myplvio(mi2+ 1, maeo+1,m3o—1,mg2—2,ms2,my )
+lma2 —3msplvia(mio+ 1, ma2 + 1,m30,mgn —2,ms 2 —1,my 1)
+[2map —3m3plvio(mia+1,mao —1,m32 — 1, mg2,ms 2, my 1)
+
+

(5.5 +[—miilvipmip+ 1, map+1,m32,man—1,msp—1,my1—1),

2][ma2 —maplvip(miz+1,mao,m3n —1,man —1,ms o, my 1)
3mip —ma2lvi2(my 2, mao —1,m32,myn, mso,my )

[
[
[
[

(5.6) expv =[—m12le,v12(m12 — 1, mp2, m32,ma2,ms2,mi 1),
(5.7) fHov= 83m|,2+3m3,2+3m5,2—2m2'2—2m4y2—2m|,1+A] Ul,Z(mSa ml,l) ,

—2my p—2m3 2 —2ms p+my 2 +myo+my 1 +A2
(5.8) nov=¢, v 2(ms, my 1),

(5.9) fipv= 22+ ya2+ y1,D)v1,2(ms5,my1) .,
(5.10)22v =12 + ¥3.2 + y5,2)v1,2(m5,m1 1) .

Let P(V1,2(A1, A2)) be as in Definition 3.3 (i).

PROPOSITION 5.1. Let A1, Ay € C. We have P(V12(A1. ) = Cof .
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PROOF. Since the actions of e12, €22 on Vi 2(r1, A2) do not depend on Ay, Ao, we
simply denote Vi 2(A1, A2) by Vi 2. From (5.5) and (5.6), obviously, Cv?)2 C P(V1,2). So

we shall prove P(Vi2) C Cv?gz. Let v € Vi2. There exist c(ms,my,1) € C (m5 € 7,
my,1 € Z;) such that

v= Z c(ms, my 1)vi2(ms, my1).
m5€Z?,mHEZ1

We assume that ej 2v = e2 2v = 0. From (5.6), we get

0=-ezov = Z c(ms,my )[—mi2lvio(mio —1,mp2, m32,man,mso, my ).
m5eZ]5,m1’1eZ1

Hence, we obtain c(ms, my,1) = 0if m 2 # 0. So, from (5.5), we have

O=ejpv= Z c(0,ma2,m32,mg 2, ms,my1)
myo,m32.m4,ms2,my €L

{[3mzo —2myplvio(l,mao+1,m32 —1,man —2,ms2,mi 1)
+lmap —3mszlvi (1, map 4+ 1,m32,man —2,mso —1,my 1)
+[2ma — 3m32Jvi 21, mo — 1,m32 — 1, ma2, ms o, my 1)
+[21[ma2 — ma2lvi2(1, ma 2, ma o — 1,man — 1, ms 2, my 1)
+[=m22]v12(0, m2 2 — 1,m32,mao, mso, my 1)
H—milvip(l,mao+ 1, m32,msn —1,mso—1,my 1 — D}.

Since the (1, 2)-component of (0, mp2 — 1, m3,2, ma 2, ms2,my,1) is 0 and the one of the

other vectors is 1, by the linear independence of these vectors, c(ms, m1 1) = 0 if mp 2 # 0.
Therefore we obtain

0=ejov= Z c(0,0,m32,m4.2,ms 2, my 1)
m3,m42,ms2,my €L
{[3m3o — 2malvi2(1,1,m32 — 1,ma 2 —2,ms2,my )
+lma o —3msalvio(1, 1,m32,map —2,msp —1,my 1)
+[—3m32]vi2(1, =1, m3 2 — 1,mq 2, ms 2, my 1)
+[21[—m42]v12(1,0,m32 — 1,ma2 — 1,ms 2, my 1)
H=miJvio(l, 1,m32,msn —1,mso—1,my 1 — 1)}.

Since the (2, 2)-component of (1, —1, m32—1, m4 2, ms2,my 1) (resp. (1,0, m32—1, mg2—

1,ms2,my 1)) is —1 (resp. 0) and the one of the other vectors is 1, we get c(ms, m 1) = 0 if
m3 2 7# 0 ormy o # 0. Hence we have

0=e],2vz Z C(Os 07 01 07 m5,21m],l){[_3m5,2]v1,2(11 1701 _21 m5,2_ lvml,l)

msp,my €L
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+[=m11]vi2(1,1,0, =1, ms2 — 1,my 1 — 1)}.

Since the (4, 2)-component of (1, 1,0, —2,ms 2 — 1, m; 1) is —2 and the one of (1, 1, 0, —1,
msa — 1,m11 — 1) is —1, we obtain c(ms, m1,1) = 0if msy # 0 or my,1 # 0. Thus we
obtain v = ¢(0, ..., 0?, € Cv?,. O

Letyio (1 <i <5), y1,1 beasin (5.4). We define Y12 := {yi2, y1,1|1 <i <5}. In
addition, let pg : Vi 2(A1, X2) — Cv(l),2 be the projection map.
LEMMA 5.2. LetAi, o €Z.
(@) Forallr e Nandq, ..., g € Y12, wehave
Po(g1 '“grv?,z) =0 inVi2(A1,A2).
(b) Forallr e Nandiy,...,i, € {1,2}, we have

Po(fir2+ firav)n) =0 in Via(hi, da).

PROOF. If we can prove (a), then we can obtain (b) from (5.9) and (5.10).
Letr e Nand g1, ..., gr € Y1,2. Fory € Y12, we define

5
s =M1 <i<rlg=y}=0, mg:=) sGieir+syrer,

i=1
Wq = @ C(gsgst1--- grv(l),z) C Vi2(ht, A2),
s=1
where ¢ := g¢;---¢-. Then, gv(l)’2 € Cuia(mgy) from (5.4), (5.9), and (5.10). Since
Zle s(yi2) +s(y1,1) =r > 0, there exists 1 <i < 5such thats(y;2) > 0ors(y1,1) > 0.
Case 1) s(y11) > 0: For1 < r < r, let m") be the element in Zl6 such that
G Gr'4+1- " Gr € Cvl,z(m(’/)). Let r1 (1 < r1 < r) be the integer such that g,, = y1 3

and g, +1, ..., gr 7 y1,1. Then, from (5.4), m&”ﬁl) = 0. Hence, according to the definition
of y1,11in (5.4), we get

9ry Gri+1 - grv?,z € Cl—AJvr2(m 1) e ).
Similarly, for 1 < r, < ry such that g, = y11 and g, 41, ..., gr,—1 # Y1,1, we have
Gra a1+ V)5 € Cl=Ap 4+ 1[=A1lviom 2D 461 ).
By repeating this procedure s(y1,1)-times, we obtain
g} 5 € Cl=a1 +s(y11) — 11+ [=A1 + H[=A1]vr 2(mg) .

Since A € Zand [[] =0, if s(y1,1) =, [-A1 +s(y1,1) — 1]---[=A1 + 1][=X1] = 0. On the
other hand, if 0 < s(y1,1) <[, po(vi,2(m4)) = 0. Therefore, we obtain po(gv?,z) =0.
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Case 2) s(y1.1) =0ands(ys2) > 0: Since s(y;,1) =0, foralll <r' <r, m(lr/1 =0.
Hence, we get

¥s5,2v1,20ms, my 1) = [ms2 — Azle,v12(ms +e52,my1) in Wy

Thus, in a similar way to the proof of Case 1, we obtain po(gv(l’gz) =0.

Case 3) Thereexists 1 <i <4 suchthats(y;,1) =s(5,2) =---=s5i+1.2) =0and
s(¥i2) > 0: In this case , forall 1 <r' <r, mgr/]) = mgr/z) = ... = ml(i)] , = 0. Hence we
have

yipvi2(ms, my1) = [mj2 — Aile;vi2(ms + €2, mi;1)  in Wy,
where i := 1ifi = 2,4 and i := 2if i = 1,3. Therefore, in a similar way to the proof of

Case 1, we obtain po(gv? 5 =0.
From the results of Case 1-3, we obtain po(gv? ,) =0. a

LEMMA 5.3. Forallri, Ay € Z,a € Ay, we have fé,zv?,z =0in Vi2(r1, A2).

PROOF. From Lemma 5.2(b) and Proposition 2.4, we obtain PO(foi,zU?,z) = 0. On the
other hand, from Proposition 2.3, 5.1,

. .0 1 0 .
e,',zfa)2v1’2 = fa,2€i,2vl,2 =0 (l = 1, 2).

Hence, from Proposition 5.1, we get fol( 2v? 5, € Cv(l) »- Therefore, we obtain

I 0 I 0
JaaVi2 = Po(fe V1) =0.
m]

Now, we shall construct nilpotent U,(G2)-modules (see §3). For A1, Ao € C, let
Li2(A1, A2) be the Ug(G2)-submodule of Vi 2(A1, A2) generated by v?’z.

THEOREM 5.4. Forany A1, A2 € Zy, as a Ug(Ga)-module, L1 2(X1, X2) is isomorphic

to L7 (01, 12).
PROOF. From Proposition 5.1, el,zv?’z = ez,zv?’z = 0. Moreover, from (5.7) and (5.8),
S0 A0 .
ligvi, =¢€'vi, (=172).
Thus L12(X1, A2) is a finite-dimensional highest-weight U, (G2)-module with highest weight
(A1, A2). On the other hand, from Lemma 5.3, fé’zv? , = 0forall « € A;. Moreover, from

Proposition 2.4, 5.1, we have eé’zv?’z = 0 for all « € A;. Hence, from Proposition 2.3,

efx ) = foi.Z = 0on Lj2(A1,x2) forall « € Ay. Thus L 2(A1, X2) is a nilpotent Ug(G2)-
module. Therefore, the theorem follows from Proposition 5.1 and Proposition 3.5. a
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If A1 = 0, we can construct Lgil(kl, A2) more easily. For A € C, let p© (1) be as in (5.2).
For m € Z., let (;r;,,, C) be the trivial representation of U, (g,,), that is,

(5.11) ﬂm(ei,m) = ”m(ﬁm) =0, nm(ti,m) =1 (1<i<m),
where e; o := fi.0:=0,t,0:=1, Ug(g0) := C. For A, € C, we define
$22 1= $22(h2) == 1 0 p%(1)%) : Ue(Ga) — End(V5),

where vé‘z = 32 + 9. We denote the U;(G2)-module associated with (¢22(A2), Vs)
by V22(A2). Let Ly2(A2) be the Ug(G2)-submodule of V2 2(A2) generated by U(z),z =

v5(0,...,0). Then, in a similar way to the proof of Proposition 5.1, Lemma 5.2, 5.3, and
Theorem 5.4, we can prove the following proposition.

PROPOSITION 5.5. Forany Ay € Z;, as a Ug(G2)-module, L3 2(Ay) is isomorphic to
Lgil(O, A2). Moreover, for any Ay € C, we have P(V22(X2)) = Cvg!z.

6. Inductive construction of Lg“(k): the B,, case

In this section, we inductively construct all finite-dimensional irreducible nilpotent
U, (B,)-modules of type 1 by using the Schnizer homomorphisms in Theorem 4.1(b).

0 0 ~(0 ~(0 0 0 0 0
We define ay” = (a1 . a\, = @ il by = (bID . b = (b)) e
C" whereby

64)) =a):=1, b:=n—i+1G#£1D, bO:=2n—1, b _:=i+n-2.

Letk € I. For & = (. ..., Ay) € C**F1, we define v* = (g, ..., 1)) € C"*+1 as
i
vf‘::-Zi—i—l—ij k=2), 11,-A_—21-|-1—_)Ll Z)‘ k=1),

where k < i < n. For A € C, we set ,o,lf()») = ,of( ,50), ,(lo)l,bflo),blgo)l, A Ug(By) —
End(V, ® \7,1_1) ® Ug(B;—1) (see Theorem 4.1(b)). Let (;rx—1, C) be as in (5.11). We define

n
Vien = ®(Vj ®Vi_1).
j=k

For A = (Ag,...,Ay) € Crk+1 we define a U.(By)-representation ¢y, = @A) :
Uc(B,) — End(Vg ) as

(6.2) Bn(h) = mh10pf () 00 pl (V)

and denote the U, (B, )-module associated with (¢x n (L), Vi.n) by Vi.n(X).
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Let my = (mipn,....,Mup) € L, gy = (M1p—1,...,Mp—1,n—1) € Z?_l, w e
Vin—1,V = Un(my) ® Dp—1(Mp—1) ® w € Vi n(X). Then, according to (4.2), (4.4), (4.9), and
(6.1), forany 1 < i < n, we have
(6.3¢n v =[—mpnl(va(mn — en.n) @ Vp—1(M1p—1) @ W),

einV = [mit1,n — Min](Vn(Mn — &in) ® Up—1(Mp-1) @ w)

+mi—1.n—1 — Mip—11(Vn(Mp + €it1.n — Ein) @ Vp—1(Mp—1 — &in—1) ® W)
(6.4) Fun(my + €it1.n — €in) @ Un—1(Mp—1 — Ein—1 + Ei—1.n—-1) ® (ein—1w),
e1nV =1[2man — minle, (Vn(Mn — &1.0) @ Vy—1(My—1) @ W)
+mip —2mip—1le,vp(my + €20 — €1,0) ® Vp—1(My—1 — E1p—1) @ W
(6.5) +vp(mp + €2.0) @ Vn—1(Mp—1 — €1,n—1) @ (€1,n—1W) .

Fori € N, we define N; := Li(i +1). Letm = (m; )i<i<js<jcn € Z)" ' i =

_ Nyt —Ni_
(M j—1)1<i<j—1k<j<n € Z; "'~ 72 We set

n n
Vk,n(m, m) 1= <®Uj(m1,j, o -mj,j)) ® (®ﬁj—1(ﬂll,j—1, o -rﬁj—l,j—l)> ,
j=k

j=k
(6.6) vp,, = vi.n(0,0).
Let P (Vi (1)) be as in Definition 3.3 (i).
PROPOSITION 6.1. Let & € C"**1. We have P(Vi (1)) = Cv} .
PROOF. Since the actions of ¢; , on Vi ,(A) do not depend on A, we simply denote

Vikn(A) by Vi . From (6.4) and (6.5), obviously, Cv,?!n C P(Vk,n). So we shall prove

P(Vikn) C Cv,?’n by induction on n.
Letn = 1. Then we have k = 1. Let v € V; 1. There exist c(m1,1) € C (m1,1 € Z;)

such that v = Zmuezl c(my,1)v(my,1). We assume e, jv = 0. Then, from (6.5), we get

O=ev= Z cmyD[—my1lgvi0my —1).
mly]EZl
Hence, we obtain c(m.1) = 0if m,; # 0. Therefore we have v = ¢(0)v1,1(0) € Cv; 1 (0) =
Cv?l.

Now, we assume that n > 1 and the case of (n — 1) holds. We define v° := 1 and

nn—1 "
Van—1 = Cvg a_1- Letv € Vi,. There exist c(my, mp—1) € Cand vy, 5, € Vin-1

(my € 2, fiy—1 € Z}~") such that

V= Z c(my, ’ﬁn—l)(vn(mn)®ﬁn—1(n~1n—l)®vmn,n~1n,1)-

1y €L ity €L
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We assume that ¢; ,u =0 forall 1 <i <n.
First, we shall prove that c¢(my,, m,—1) = 0if m,, # 0. From (6.3), we get

0=epnv= Z c(my, mp—)[=mun 1My — €4.0) @ Vy—1(Mp—1) @ Um,,,rh,,_|) .

My Ty

Hence, we obtain c(my,, m,—1) = 0if m, , # 0. Now, we assume that there exists 2 < i <
n — 1 such that c(my, my—1) = 0ifmjp1, #0,...,my_1.n # 0, 0r my , # 0. Then, from
(6.4), we have

O=¢,v= Z c(my, ’ﬁnfl){[_mi,n](vn (mp — €in) ® Up—1(Mp—1) ® Um,,,rh,,_])

My iy
+[ﬁ1i71,n71 - ’ﬁi,nfl](vn (m, + Eitl,n — 81’,11) ® Vp—1(My—1 — gi,nfl) ® Um,,,rh,,_])
+v,(m, + Eivln — 81’,11) ® Vp—1(p—1 — 5i,nfl + 5,',1’,,,1) &® (ei,nfl Uy, ity —1 )}

If mi+1,, =0, the (i + 1, n)-component of (m, —¢; ) is 0, and the one of (m, +&;+1.n — &i.n)
is 1. Thus, by the linear independence, c¢(m,,, m,—1) = 0 if m; , # 0. Hence, we inductively
obtain c(my, my—1) = 0if ma, # 0,...,my_1, # 0, or m,, # 0. Similarly, we have
c(my, my—1) = 0if m1, # 0 by using e1 ,v = 0. Hence, we obtain c(m,, m,—1) = 0 if
my # 0. Therefore, we get

v=" Y e y-1)Vs(0) ® Byt (itn—1) ® Vo s, _,) -

- -1
mp—1 EZ;’
Moreover, we have
0=-einv

= ZC(O, M- DM -1 n—1 =i n 1100 (Eit1,0—8in) @Vn—1 (Mp—1—Ei n—1) ®Vo 1, )
’;ln—]
+Un (Eit1,n—Ein) ® Up—1(My—1 — Eip—1 + Ei—1,n—1) ® (€in—1 UO,%n,l)} @#1),
O0=-eq v
= Y (0, D271 -1l Wa (2,0 — £1,0) ® Tt (i1 = E1n1) ® V0, )
’;ln—]
+vn(e2,0) ® Up—1(p—1 — E1,n—1) ® (€1,n—1 UO,ﬂzn,l)} .
Then, in a similar way to the above proof, we obtain c¢(0, m,—1) = 0 if m,—; # 0 by
using ¢; ,v = 0 (1 <i < n). Finally, we get
v =c(0,0)(v,(0) ® U,—1(0) ® vy,0) ,
0= €inl = c(0, O)Un(giJrl,n - 81’,11) ® Up—1 (_gi,nfl + 5,'71,,,71) ® (ei,nflUO,O) (i #1,n),
0=e1 v =c(0,0)v,(2,1) ® Vy—1(—&1,n—1) ® (e1,n—170,0) -
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Hencee; ,—1v9,0 = 0in Vi ,—1 forall1 <i <n—1ifc(0, 0) # 0. Thus, from the assumption
of the induction on n, we obtain vy o € Cv,? a—1 if ¢(0, 0) # 0. Therefore

v € C0(0) ® Hy—1(0) ® v} ,_)) = Cvp, .

O
Ny—Ni_1  ~ - Nyy—i—Ni—
Letm = (mjj)i<i<jk<j<n € Z;" ' i = (i j—Di<i<j—1h<j<n € Z;"" 72
For 1 <i <n, max(k,i) < j < n, we define
vi,jlm,m) ;=mjq1j —2m; j+mi_1j+mi_pj1—2mi_1j1+mij1 ({#1),
vy, j(m,m) :=myj—myj+mj_1,
pii—1(m,m) :=§&@0 > k)(m;_1,;-1+m;_2,2),
J
(6.1 (m, ) == i1 (m, )+ Y vy (m, i),
r=max(k,i)
where
. L @G>} L I G=))
(6.8) 1 > )= T £l > j) = 7
0 @<y, 0 (<yj).
Let vg,, (m, m) be as in (6.6). Then, from (4.2), (4.10), (4.25), and (6.1), we obtain
6.9) tin v (m, i) = e "Dy iy
In particular, we obtain the following lemma.
LEMMA 6.2. Forany h = (Ak, ..., Ay) € C" %1 i € I, we obtain
i>k)Ai .
t,',,lv,?,n = ef(’z ) v,?’n in Via(A) .
Ny—Ni_i  ~ - Ny_i—Ni_
Letm = (mjj)i<i<jk<j<n € Z;" ' m = (i j—Dizicj—1h<j<n € Z; "~ 172,
A= Oyoooyhn) € C%FL Fori e I, max(k,i) < j < n, we define y; ;, 5i—1,j—1 €

End(Vk (1)) as follows: for v = vg ,(m, m),
Vi1, jo1vi=[mi_1 j—1 —mi j_1 — pi j—1(m,m) —EG = kKA Jvgp(m, m +&_1 1),
Vi,jvi=Imit1j —mij — pijim,m) — &G = K)Ailven(m + & j,m) (@ # 1),
(6.10) yr,jvi=[myj —2my j—1 — p1,j(m,m) — & = K)Aile vk n(m 4 €1 j, m) ,
where o, j—1 := 0. We define
Yin = 1{yij,Yi-1,j-11i € [, max(k,i) < j <n}.

Then, from (4.2), (4.4), (4.11), and (6.1), we have

n

6.11)  finvealm, i)=Y i+ Fio1,-Dvka(m, i) in Vin(h).
j=max(k,i)
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Let po : Vikn(A) — Cv,? ,, be the projection map.
LEMMA 6.3. Let A = (Ak, ..., Ay) € Z"KF1
(a) Forallr eNandg,...,g € Ykn, we have
po(gr- - grp,) =0 inVin().

(b) Forallr e Nandiy,...,i, € I, we have

Po(firn = frmVe ) =0 inVin(h).

PROOF. If we can prove (a), we can obtain (b) from (6.11).
Letr e Nand g1, ..., g € Yk.n —{0}). For y € Yk ,, we define

J
s =#1<r' <rlgr=y}=0, s;:=Y Qi) +sGi-1j-1) *k=<j<n),

i=1

n J r
mg = ZZ(S(%,;)&'J +5Qi1,j-1DEi-1,j-1), Wy:i= @C(gr’ng»I '“grv;?,n),
=k i=1 =1

where ¢ := g¢;---g-. Then, gv,?’n € Cug p(mg) from (6.10). Since Z;zk spi=r >0,
there exists k < j < nsuchthat sy = --- = s;_; = Oand s; > 0. Then, s(yp4) =
s(Yp-1,9g—1) = O0forallk < g < j,1 < p < ¢q. Thus, forany 1 < r’ < r, there exist

m) e Z;Vn—Nk—] i M) e Z;Vn—l—Nk—Z
o _ ~()

Mpg =M, 1, 1= Oforallk <g < j,1 < p < g. Hence, from (6.7) and (6.10), in Wy,
we have

such that g,/ g,/ 41 gr U]? n € Cvk,n(m(r/) ) ﬁl(r/)) and

Vi, jVkn(m,m) =mjy1j —m;j — v j(m,m) —EG > k)Ailvgn(m + &; j, m),
V1, jVkn(m,m) =[my; —2my j—1 — & = KArle vk n(m + 1,5, m) ,
6131, j—1vkn(m,m)=[mi_1 j—1 —m; j—1 — &G = k)AiJvg n(m, m 4+ &_1 j_1),
for2 <i < j,where £( > j) asin (6.8).
On the other hand, since s; > 0, there exists i (I < i < j) such that s(y; ;) > 0 or
s(¥i—1,j—1) > 0. Now, we assume s(y;—1,j—1) > 0. Letr; (1 < ry <r) be the integer such

- - - 1
that g, = ¥j—1,j-1 and g, +1,..., g # Yj—1,j—1. Then, from (6.10), m.(jritj)_l = 0, and
from (6.12), we get

Gry Gry+1 -+ gr”/?,n c C[_)\’j]vk!n(m(rl"rl)’ n’Tl(rl"rl) + gj—l,j—l) .

Thus, in a similar way to the proof of Case 1 in the proof of Lemma 5.2, we have

gup, € Cl=hj +5(Fj—1,j=1) — - [=Aj + Ll[=A;1ven(myg) .
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and po(gv,?n) = 0. Similarly, if there exists i (2 <i < j — 1) suchthats(y;_1,j_1) =--- =
s(¥i,j—1) = 0,5(i—1,j—1) > 0, we have

Vi1, j—1Vka(m, m) = [mi—1j—1 — & = kA Jvg n(m, m + &1 j—1) in Wy,
and po(gvp ) = 0. If s(31,j-1) = -+ = 5(;-1,j-1) = 0, and there exists i (1 <i < j)
such that s(y1,;) = --- = s(yi-1,j) =0, s(y;,;) > 0, we obtain

Vi, jUkn(m,m) = [m; j — &G = k)Ailgvpn(m g j,m) in Wy,

and po(gv,?)n) =0.
Consequently, we obtain that po(gv,?!n) = 0if s; > 0. Thus, we obtain po(gv,?!n) =
0. a

LEMMA 6.4. Forallx = (Ag,...,Ay) € Y/ = Ay, we have

fhavt, =0 inVia(n).

o,n

PROOF. By using Lemma 6.3(b) and Proposition 2.4, we obtain po(fol(’nv,?’n) =0.On
the other hand, from Proposition 2.3, 6.1, we have

I 0 I 0
ei-,nfa,nvk,n = Jan€inVg, = 0,

forall i € 1. Hence, by using Proposition 6.1, we get foll’nv,?’n € Cv,?’n. Therefore

1 0 1 0
fa,nvk,n = pO(fa,nvk,n) =0.
O

Now, we shall construct nilpotent U, (B, )-modules (see §3). For A € Cr—k+l et Lin(A)
be the U (B, )-submodule of Vi , (1) generated by v,?’n.

THEOREM 6.5. Foranyk € I, x = (Mg, ..., ) € Z;’_k‘H, as a Ug(B,)-module,
Ly n(A) is isomorphic to Lgil(O, o 0, M, L Ap).

PROOF. According to Proposition 6.1 and Lemma 6.2, Ly , (1) is the highest-weight

U.(B,)-module with highest weight (0, ..., 0, Ak, ..., A,). On the other hand, from Lemma

l

6.4, fol(’nv,?’n = 0 for all @ € A;. Moreover, from Proposition 2.4 and 6.1, e,,

)nv,? , = 0 for
all « € Ay. Hence, from Proposition 2.3, eé’n = foi,n =0on L ,(A) forall o € Ay. Thus,
L n(X) is a nilpotent U (B, )-module. Therefore, the theorem follows from Proposition 6.1

and Proposition 3.5. O

In particular, if ¥ = 1 we obtain all finite-dimensional irreducible nilpotent U, (B;)-
modules of type 1. This case has already been proved in [2].
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7. Inductive construction of Lgﬂ (A): the other cases

In this section, we inductively construct U, (g, )-modules Lgil(k) in the case of g, = Ay,
C,, or D, by using the Schnizer homomorphisms in Theorem 4.1(a), (c), (d).
0 0 ~(0 ~(0 0 0 ~(0 ~(0
We define ay” = (@i )iy, ay = @D, by = (bt ;. by = (b, € C"
whereby,
0 ~(0
a,'()n) = ai(,n) =1 (gn =A,,Cy, D),
by i=i (@n=An, by i=n—i+l (g.=0Cn),
0 . . 0 0
b =n—i+1 G#D, bhi=n—1 #D, b =1 (gu=Dy).

E(O) =n+i—1 (go=0Cy,, Dy).

in

Letk € I. For k = (g, ..., ky) € C"*+1 we define v = (v}, ..., v}) € C" K1 gs

N N
V=i === (A @n=A, vii==2i=) A (G =Ca),
j=k Jj=k

i i
1
u}:=—2i+2—§:)\j k >3), u}:=—2i+3—5x2—§:xj k=2),
j=k j=3

, 1 1 d
v}:=—21+1—ixl—§)\2—2xj (k=1), (gn=Dn),

Jj=3
where k < i < n. For A € C, we set ,0;:‘()\) = p;:‘(a,(,o),b,(lo))\), p,lc(k) =
0) ~( 0) 70 0) ~(0 0) 7(0
p€ @, a” b, 6% 1), and pP (V) = pPay”,a@”,, b, b, 1) (see Theorem

4.1(a), (c), (d)). We define

n n
Vin =@V, @=40. Vin=QV;®@V,.1) (g.=Cn).
j=k j=k

n
Vi = Q)(V; ® Vi—2) (gn = Dn).
j=k

For o = (..., An) € C' %1 we define Ue(gn)-representations ¢x n = @rn(A) :
Ue(9n) — End(Vi ) as

Gk (M) =Tkt 0 pf (Vi) o0 pS(vy).
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We denote the U, (g,)-module associated with (¢x n (L), Vi n) by Vi n(X). We set

n
v, = Qvi(0,....0) (g, = Ay,
=k

n

v, =@ 0.....0®5;-10,....0)) (g, =Cn).
j=k

Wy, = ®(v,~(o, 0 ®5;2200,...,0)  (gn = Dn).
j=k

For A € C"' %+l 1et L n(2) be the Ug(gy)-submodule of Vi ,(A) generated by v,?,n.
Then we can prove the following theorem in a similar way to that of §6.

THEOREM 7.1. Let g, = Ayn, Cy, or Dy. Then, foranyk € I, . = (A, ..., Ay) €
Z;’_k"'l, Lin (%) is isomorphic to L2(0, ..., 0, A, ..., Ay) as a Ug(gn)-module. Moreover,
for any x € C"**1 we have P(Vin(V) = Cvgn.

In particular, if k& = 1 we obtain all finite-dimensional irreducible nilpotent U (g, )-
modules of type 1 if g = A, C,, or D,,. This case has already been proved in [2].

Consequently, we inductively obtain all finite-dimensional irreducible nilpotent modules
of type 1 by using the Schnizer homomorphisms for quantum algebras at roots of unity of
types Ay, By, Cy, Dy, or G.

REMARK 7.2. We expect that the Schnizer modules are also nilpotent.
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