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Abstract. Let f : (Rn, 0) → (Rp, 0) be aC∞ map-germ. We are interested in whether the number modulo
2 of stable singular points of codimensionn that appear near the origin in a generic perturbation off is a topological
invariant. In this paper we concentrate on investigating the problem whenp is 2n − 1, where stable singular points
of codimensionn are only Whitney’s umbrellas, and give a positive answer to the problem.

1. Introduction

1.1. Main theorem. In this paper we show that the number modulo 2 of Whitney’s
umbrellas that appear in stable perturbations of a genericC∞ map-germf : (Rn, 0) →
(R2n−1, 0) is a topological invariant.

A C∞ map-germf : (Rn, p) → (R2n−1, q) is called Whitney’s umbrella if it isA-

equivalent to the map-germ from(Rn, 0) to (R2n−1, 0) defined by

(x1, . . . , xn) → (x1, . . . , xn−1, x
2
n, x1xn, . . . , xn−1xn) .

Here twoC∞ map-germsf : (M1, p1) → (N1, q1) andg : (M2, p2) → (N2, q2) are said
to beA-equivalent if there existC∞ diffeomorphism-germsh : (M1, p1) → (M2, p2) and
k : (N1, q1) → (N2, q2) such thatk ◦ f = g ◦ h.

Let f : (Rn, 0) → (R2n−1, 0) be a genericC∞ map-germ and letf̄ : U → R2n−1

be aC∞ representive off , U being a small open neighborhood of the origin 0 inRn. By

Whitney’s theorem([29], [31]),f̄ can be approximated by a stable mappingf̃ : U → R2n−1

whose singularities are only Whitney’s umbrellas. We call such̃f : U → R2n−1 a stable

perturbation off : (Rn, 0) → (R2n−1, 0).

We are interested in the number of Whitney’s umbrellas off̃ .
Let En be the ring ofC∞ function-germs of(Rn, 0) into R. Let f : (Rn, 0) →

(R2n−1, 0) be aC∞ map-germ. LetI(Σ1(f )) be the ideal inEn generated byn × n mi-
nor determinants of the jacobian matrix off .
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MAIN THEOREM. Let f : (Rn, 0) → (R2n−1, 0) be a genericC∞ map-germ such

that dimR En/I(Σ1(f )) < +∞. The number of Whitney’s umbrellas that appear in a stable

perturbation off is equal todimR En/I(Σ1(f )) (modulo 2) and it is a topological invariant
of f .

Here we call a map-germ “generic map-germ” in a strong sense. See Definition 2.4 in §2
for the precise definition.

REMARK 1.1. The statement that the number of Whitney’s umbrellas that appear in

the stable perturbation is equal to dimR En/I(Σ1(f )) (mod 2) is a consequence of [4], [5],
[19], [21], [22]. Our assertion in the above theorem is that it is a topological invariant off .

1.2. History of the problem. The problem of counting isolated singular points in
stable perturbations of a degenerated map-germ is old and new.

The case of complex holomorphic functions is rather classical. Letf : (Cn, 0) → (C, 0)

be a holomorphic function-germ which defines an isolated singularity at 0. It is well known
that Milnor numberµ(f ) of f is the number of critical points of a Morse function nearf and
it is a topological invariant off (J. W. Milnor [17]).

In the real case also, it is known that for aC∞ map-germf : (Rn, 0) → (R, 0) with
µ(f ) < +∞, µ(f ) modulo 2 is a topological invariant off (C. T. C. Wall [27]).

The problem in the case of map-germs was investigated first by Fukuda and Ishikawa

[3]. Let f : (R2, 0) → (R2, 0) be a genericC∞ map-germ, letU be a sufficiently small

neighborhood of the origin and let̄f : U(⊂ R2) → R2 be a representive mapping off . Then
we may suppose that̄f has no degenerate singular points except for the origin. By Whitney’s

theorem [32],f̄ can be approximated by aC∞ stable mappingf̃ : U → R2. The degenerate

singularity of f̄ at the origin ofR2 bifurcates into stable singular points of̃f . Again by

Whitney’s theorem [32], the singular points off̃ areA-equivalent to one of the following two

map-germs from(R2, 0) to (R2, 0):

(1) (x, y) �→ (x, y2) , fold
(2) (x, y) �→ (x, y3 + xy) , cusp.

Suppose thatf : (R2, 0) → (R2, 0) is generic andU is a sufficiently small neighborhood

of the origin so thatf̄ : U → R2 has only fold singular points off the origin. The cusp singular

points off̃ are isolated. Letf1 andf2 denote the component function germs off :

f = (f1, f2) : (R2, 0) → (R2, 0) .

Let Jf = J (f1, f2) denote the Jacobian determinant off :

Jf (x) = det

(
∂fi

∂xj
(x)

)
1≤i,j≤2

.
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Set

J1f = J (Jf, f2) = det




∂Jf
∂x1

∂Jf
∂x2

∂f2
∂x1

∂f2
∂x2


 ,

J2f = J (f1, Jf ) = det




∂f1
∂x1

∂f1
∂x2

∂Jf
∂x1

∂Jf
∂x2


 .

Throughout this paper we use the following notations.

〈a, b, . . . 〉; the ideal generated bya, b, . . . .

THEOREM 1.2 (Fukuda and Ishikawa, [3]).Letf : (R2, 0) → (R2, 0) be aC∞ map-
germ such thatdimR E2/〈Jf, J1f, J2f 〉 < +∞. Then the following holds for any stable

perturbationf̃ : U(⊂ R2) → R2 of f .

(1) The number of cusps of̃f that appear near the origin is less than or equal to
dimR E2/〈Jf, J1f, J2f 〉.

(2) The number of cusps off̃ that appear near the origin is equal to
dimR E2/〈Jf, J1f, J2f 〉 modulo 2.

(3) The numbermodulo 2of cusps off̃ is a topological invariant off .

In the complex case, Gaffney and Mond [8] showed that Theorem 1.2 holds more pre-

cisely. Letf : (C2, 0) → (C2, 0) be a holomorphic map-germ, letU be a sufficiently small

neighborhood of the origin inC2 and letf̄ : U(⊂ C2) → C2 be a representive mapping off .
Then Whitney’s theorem [32] also hold in the complex case, andf̄ can be approximated by a

stable holomorphic mapping̃f : U → C2 that has only fold and cusp type singular points.

THEOREM 1.3 (Gaffney and Mond, [8]). Let f : (C2, 0) → (C2, 0) be an analytic
map-germ such thatdimC O2/〈Jf, J1f, J2f 〉 < +∞. Then the following holds for any sta-

ble perturbationf̃ : U(⊂ C2) → C2 of f .

(1) The number of cusps off̃ that appear near the origin is equal to
dimC O2/〈Jf, J1f, J2f 〉.

(2) The number of cusps of̃f that appear near the origin is a topological invariant of
f .

REMARK 1.4. The conditions that dimR E2/〈Jf, J1f, J2f 〉 < +∞ and that
dimC O2/〈Jf, J1f, J2f 〉 < +∞ are generic conditions in a strong sense. That is, the set
of map-germs which do not fulfill this condition is of∞-codimension in the set of all map
germs.

Apart from the problem of topological invariance, the study on the number of 0-
dimensional singularpoints in generic perturbations ofa degenerate map-germ is recently
widely developed.
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For ak-tuple of integersI = (i1, i2, . . . , ik) with i1 ≥ i2 ≥ . . . ≥ ik ≥ 0, there is a
submanifoldΣI of J l(Cn, Cp)(l ≥ k) called Thom-Boadman singularity set with symbol

I . We will not give the definition ofΣI , see [1] and [20] for the definition. If codimΣI in

J l(Cn, Cp) = n, then for a generic mapping̃f : Cn → Cp singular points off with type
ΣI appear isolatedly.

D. Mond [19] investigated the number ofΣ1 type singular points, that is, Whitney’s

umbrellas, for a holomorphic map-germ(C2, 0) → (C3, 0).
A generalization of Theorems 1.2, 1.3 and [19] on the number of codimn Thom-

Boardman singular points was first done by J. Nuño Ballesteros and M. Saia [21], then was
followed by T. Fukui, J. Nuño Ballesteros and M. Saia [4], J. Nuño Ballesteros and M. Saia
[22], T. Fukui, J. Nuño Ballesteros and M. Saia [5], T. Fukui and J. Weyman [6].

For a holomorphic map-germf : (Cn, 0) → (Cp, 0), we suppose thatj lf (0) ∈ ΣI in

J l(Cn, Cp). LetI(ΣI ) denote the defining ideal of the set-germΣI in (J l(Cn, Cp), j lf (0)):

I(ΣI ) = {α ∈ Oj l(Cn,Cp),j lf (0)| α|
ΣI = 0} ⊂ OJ l(Cn,Cp),j lf (0)

and we define an idealI(ΣI (f )) in On by

I(ΣI (f )) = (j lf )∗(I(ΣI )) .

For example, the Thom-Boardman singularity of cusp singularity(C2, 0) → (C2, 0) is
Σ1,1,0 and we have

Σ1,1,0 = Σ1,1 .

And for a holomorphic map-germf : (C2, 0) → (C2, 0), the idealI(Σ1,1(f )) is the ideal
〈Jf, J1f, J2f 〉 appeared in Theorems 1.2 and 1.3.

The Thom-Boardman singularity of Whitney’s umbrella(Cn, 0) → (C2n−1, 0) is Σ1,0

and we have

Σ1,0 = Σ1 .

And for a holomorphic map-germf : (Cn, 0) → (Cp, 0) with n ≤ p and for

Σi1 = {j lg(q) ∈ J l(Cn, Cp)| corankJ g(q) = i1} ,

I(Σi1(f )) is the ideal generated by(n − i1 + 1) × (n − i1 + 1) minor determinants of the

jacobian matrix off and for a map-germf : (Cn, 0) → (C2n−1, 0), I(Σ1(f )) is the ideal
generated byn × n minor determinants of the jacobian matrix off , which appeared in our
main theorem.

THEOREM 1.5 (T. Fukui, J. Nuño Ballesteros and M. Saia, [5], [22]).Let f : (Cn, 0)

→ (Cp, 0) be a holomorphic map-germ such thatdimC On/I(ΣI (f )) < +∞. Then the

following properties hold for any generic perturbatioñf : U(⊂ Cn) → Cp of f .

(1) The number of singular points of typeΣI of f̃ is equal to or less than
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dimC On/I(ΣI (f )).

(2) The number of singular points of typeΣI of f̃ is equal todimC On/I(ΣI (f )) if
and only if the Zariski closure ofΣI is Cohen-Macaulay at a pointjkf (0) ∈ ΣI .

(3) When the length is equal to1, the Zariski closure ofΣI is always Cohen-Macaulay

at j1f (0).

REMARK 1.6. T. Fukui and J. Weyman [6, 7] investigate when the Zariski closure of
ΣI is Cohen-Macaulay and proved that the defining ideals of the Zariski closure of some

Σi,j , for exampleΣ2,1((n, p) = (3, 2)), Σ3,1((n, p) = (4, 2)), are Cohen-Macaulay.

In the real case, for aC∞ map-germf : (Rn, 0) → (Rp, 0), the defining idealI(ΣI (f ))

can be defined in the same way as in the complex case. From Theorem 1.5, we have

THEOREM 1.7. Let ΣI have codimensionn. Let f : (Rn, 0) → (Rp, 0) be aC∞
map-germ such thatdimR En/I(ΣI (f )) < +∞. Let U be an open neighborhood of the

origin 0 in Rn and letf̃ : U(⊂ Rn) → Rp be a generic perturbation off . Then the number

of singular points of typeΣI that appear inf̃ is equal todimR En/I(ΣI (f )) modulo 2.

As seen in the above, the numbers of singular points that appear in generic perturbations
of map-germs are well investigated. However, strangely enough, the topological invariance
of these numbers is not considered after [3], [8]. Thus, the following natural problem arises.

PROBLEM. LetΣI be a Thom-Boardman singularity with codimensionn.

(1) Is the number of singular points of typeΣI that appear in a generic perturbation

f̃ : U(⊂ Cn) → Cp of a holomorphic map-germf : (Cn, 0) → (Cp, 0) a topological
invariant off ?

(2) Is the number(modulo 2) of singular points of typeΣI that appear in a generic

perturbationf̃ : U(⊂ Rn) → Rp of a C∞ map-germf : (Rn, 0) → (Rp, 0) a topological
invariant off ?

In this paper, we answer this problem for Whitney’s umbrellas in the real case.

2. A generic property of map-germs

We recall Fukuda’s theorem [2] on generic properties ofC∞ map-germs. Let
C∞(Rn, Rp; 0, 0) denote the set of allC∞ map-germ from(Rn, 0) to (Rp, 0). Let πr :
C∞(Rn, Rp; 0, 0) → J r(Rn, Rp) be the canonical projection defined byπr(f ) = j rf (0).
A subsetΣ of C∞(Rn, Rp; 0, 0) is said to be∞-codimensional inC∞(Rn, Rp; 0, 0), if
for any positive integerk, there exist a positive integerr and a semi-algebraic subsetΣk

in J r(Rn, Rp) with codimension≥ k such thatΣ ⊂ π−1
r (Σk).

Since dimR En/I(Σ1(f )) < +∞ if and only if I(Σ1(f )) ⊃ 〈x1, . . . , xm〉k for somek,
we have
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LEMMA 2.1. The set

Σ∗ = {f ∈ C∞(Rn, Rp; 0, 0)| dimR En/I(Σ1(f )) = +∞}
is an∞-codimensional subset ofC∞(Rn, Rp; 0, 0).

THEOREM 2.2 (Fukuda [2], Theorem 1).Let X be a semi-algebraic submanifold of

the multi-jet spacemJ k(Rn, Rp). Then there exists an∞-codimensional subsetΣ∞ of
C∞(Rn, Rp; 0, 0) such that anyf ∈ C∞(Rn, Rp; 0, 0) − Σ∞ has aC∞ representative
f̄ : U → Rp that satisfies the following two properties;

(1) for anym-tupleS = {x1, . . . , xm} of distinct points ofU − {0}, the multi jet exten-

sionmjkf̄ : U(m) → mJ k(Rn, Rp) is transversal toX at (x1, . . . , xm),
(2) if codimX ≥ mn, then

mjkf̄ ((U − {0})(m)) ∩ X = ∅ .

As an easy Corollary of Theorem 2.2, we have

COROLLARY 2.3. There exists an∞-codimensional subsetΣ∞ of C∞(Rn,

R2n−1; 0, 0) such that anyf ∈ C∞(Rn, R2n−1; 0, 0) − Σ∞ has aC∞ representivef̄ :
U → R2n−1 that satisfies the following properties.

(1) f̄ has no singular points except for the origin,
(2) if x1, x2, . . . , xm are distinct points inU − {0} such thatf̄ (x1) = f̄ (x2) =

· · · = f̄ (xm), then the images of the germs off̄ at x1, x2, . . . , xm meet transversally at

y = f̄ (x1) = f̄ (x2) = · · · = f̄ (xm),
(3) as a consequence of(1) and(2), f̄ : U − {0} → R2n−1 isA-stable.

DEFINITION 2.4. A map-germf : (Rn, 0) → (R2n−1, 0) is said to begeneric if
dimR En/I(Σ1(f )) < +∞ andf has a representativēf : U → R2n−1 that satisfies con-

ditions (1), (2) and (3) in Corollary 2.3. Such a representativef̄ : U → R2n−1 is called a
proper representiveof f .

LEMMA 2.5. Let f : (Rn, 0) → (R2n−1, 0) be a genericC∞ map-germ and letf̄ :
U → R2n−1 be a proper representative off , U being a sufficiently small neighborhood of
the origin0 ∈ Rn. LetU ′ be an open neighborhood of0 such that

0 ∈ U ′ ⊂ U
′ ⊂ U .

Let f̃ : U → R2n−1 be a stable perturbation of̄f sufficiently close tof̄ . Then the restricted

mappingf̄ |
U−U

′ andf̃ |
U−U

′ areA-equivalent.

PROOF. By Corollary 2.3 (3), we have that̄f |U−{0} : U − {0} → R2n−1 is A-stable.

Thus the restricted mappinḡf |
U−U

′ is A-stable. Sincef̃ : U → R2n−1 approximatesf̄ :
U → R2n−1 sufficiently closely with respect to the Whitney topology ofC∞(U, R2n−1; 0, 0),

f̃ |
U−U

′ is also sufficiently close tōf |
U−U

′ with respect to the Whitney topology ofC∞(U −
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U
′
, R2n−1; 0, 0). Sincef̄ |

U−U
′ is A-stable,f̃ |

U−U
′ andf̄ |

U−U
′ areA-equivalent from the

definition of stability. �

REMARK 2.1. Even whenf̃ : U → R2n−1 approximatesf̄ : U → R2n−1 sufficiently

closely with respect to the Whitney topology ofC∞(U, R2n−1; 0, 0), it is not necessarily that

f̃ |U−{0} : U − {0} → R2n−1 approximatesf̄ |U−{0} : U − {0} → R2n−1 sufficiently closely

with respect to the Whitney topology ofC∞(U −{0}, R2n−1; 0, 0). Therefore even iff̄ |U−{0}
isA-stable, we can not claim that̄f |U−{0} andf̃ |U−{0} areA-equivalent.

3. Double points of a mapping

The key of the proof of our main theorem is an observation of double points of a mapping.

DEFINITION 3.1. A double pointof a mappingf : X → Y is a pointx for which
there exists a different pointy from x such thatf (x) = f (y). We denote byD(f ) the set of
double points off .

EXAMPLE 3.2. The double point set of Whitney’s umbrellaf : Rn → R2n−1,

f (x1, . . . , xn) = (x1, . . . , xn−1, x
2
n, x1xn, . . . , xn−1xn) ,

is given by

D(f ) = {(0, . . . , 0, xn)| xn �= 0} .

The singular point set{(0, . . . , 0)} of Whitney’s umbrellaf is coincident withD(f )−D(f ),

whereD(f ) is the topological closure ofD(f ). See Figure 1.

From Corollary 2.3, we have

LEMMA 3.3. For a proper representativēf : U(⊂ Rn) → R2n−1 of a generic map-

germf : (Rn, 0) → (R2n−1, 0), D(f̄ ) is a smooth curve and consists of a finite number of
connected components.

DEFINITION 3.4. Letf : (Rn, 0) → (R2n−1, 0) be a genericC∞ map-germ and let

f̄ : U → R2n−1 be a proper representative off . Then,D(f̄ ) consists of an even number of

( )D

Singular point

FIGURE 1. Whitney’s umbrella
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connected smooth curves which we callhalf branches ofD(f̄ ). For every half branchγ of

D(f̄ ), there exists a distinct half branchγ ∗ of D(f̄ ) such that for every pointx of γ , there
exists a pointy of γ ∗ with f (x) = f (y), which we call thepartner branch ofγ . We call the

union of a half branch, its partner branch and the origin,γ ∪ γ ∗ ∪ {0}, abranch ofD(f̄ ).

LEMMA 3.5. Let f , g : (Rn, 0) → (R2n−1, 0) be genericC∞ map-germs and let

f̄ : U → R2n−1 and ḡ : V → R2n−1 be their proper representive mappings respectively. If
f̄ and ḡ are topological equivalent, that is, if there exist homeomorphismsh1 : U → V and

h2 : R2n−1 → R2n−1 such thath2 ◦ f̄ = ḡ ◦ h1, thenD(f̄ ) andD(ḡ) are homeomorphic and

the number of branches ofD(f̄ ) and the number of branches ofD(ḡ) coincide.

4. Proof of the main theorem

From Lemma 3.5, to prove the main theorem, it suffices to prove.

THEOREM 4.1. Let f : (Rn, 0) → (R2n−1, 0) be a genericC∞ map-germ and let
f̄ : U → R2n−1 be a proper representive mapping off , U being a sufficiently small neigh-
borhood of the origin0 ∈ Rn. Then the number of Whitney’s umbrella of a stable perturbation

f̃ : U → R2n−1 of f is equal to the number of branches ofD(f̄ ) modulo 2

PROOF. The closureD(f̃ ) of the set of double point of̃f : U → R2n−1 is the union of

D(f̃ ) and the singular point set of̃f :

D(f̃ ) = D(f̃ ) ∪ {the singularities off̃ } = D(f̃ ) ∪ {Whitney’s umbrella off̃ } .

D(f̃ ) consists of connected smooth curves any two of which have no common points. On

the other hand branches ofD(f̄ ) are not closed curves and they have the origin as a unique
common point. See Figure 2.

Let U ′ be an open neighborhood of 0 such that

0 ∈ U ′ ⊂ U ′ ⊂ U

and thatf̃ |
U−U ′ andf̄ |

U−U ′ areA-equivalent. The existence of such a neighborhoodU ′ is

guaranteed by Lemma 2.5. Now consider connected components ofD(f̃ ). There may be

connected components ofD(f̃ ) that are closed curves. TakingU ′ wide if necessary, we may

suppose that all the closed curve components ofD(f̃ ) are contained inU ′ and that the number

of connected components ofD(f̃ ) not contained inU ′ is equal to the number of branches of

D(f̄ ). See Figure 3.

Let C̃ be a connected component ofD(f̃ ). There are four cases to consider.
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Case (1); wherẽC ∩ (U − U ′) = ∅ and there exists another connected componentC̃′

of D(f̃ ) such that for every pointx ∈ C̃ there exists a pointx ′ ∈ C̃′ with f̃ (x) = f̃ (x ′). See
Figure 4.

In this caseC̃ andC̃′ contain no singular points of̃f , hence they contain no Whitney’s
umbrellas.

Case (2); wherẽC ∩ (U − U ′) �= ∅ and there exists another connected componentC̃′

of D(f̃ ) such that for every point ofx in C̃ there exists a pointx ′ ∈ C̃′ with f̃ (x) = f̃ (x ′).
See Figure 5.

In this caseC̃ andC̃′ contain no singular points of̃f , hence they contain no Whitney’s
umbrellas.

FIGURE 2.

U

U

U

U

)D( )D(

FIGURE 3.

U

U

C

C

FIGURE 4.
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Case (3); wherẽC ∩ (U − U ′) �= ∅ and there exist distinct two pointsx andy in

C̃ ∩ (U − U ′) such thatf̃ (x) = f̃ (y). See Figure 6.

In this case, there is a unique Whitney’s umbrella in the middle ofx andy in C̃, as seen

as follows. Sincef̃ meets transversally atx andy, there exist neighborhoodV (x) of x and

V (y) of y such thatf̃ |V (x) and f̃ |V (y) meet transversally along̃C ∩ V (x) and C̃ ∩ V (y).
Extending such neighborhoodsV (x) towardy andV (y) towardx respectively as widely as

possible, we have a unique Whitney’s umbrella in the middle ofx andy in C̃.

Case (4); wherẽC ∩ (U − U ′) = ∅ and there exist two distinct pointsx0 ∈ C̃ and

y0 ∈ C̃ such thatf̃ (x0) = f̃ (y0). See Figure 7.

In this case, sincẽC is a smooth connected curve contained inU ′ and hencẽC is a closed
connected curve,̃C − {x0, y0} can be devided into two connected componentsC̃1, C̃2:

C̃ − {x0, y0} = C̃1 ∪ C̃2 .

For any pointx1 ∈ C̃1 sufficiently close tox0, there exists a pointy1 ∈ C̃ sufficiently

close toy0 such thatf̃ (y1) = f̃ (x1). The pointy1 corresponding tox1 belongs to either̃C1

or C̃2.
(4-1); the case wherey1 ∈ C̃1.

U

U

C C
C C( )= ( )

FIGURE 5.

U

U
( )= ( )

FIGURE 6.
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In this case, with the same reason as in the Case (3), there exists a unique Whitney’s

umbrella inC̃1. In this case, also for any pointx2 ∈ C̃2 sufficiently close tox0, there exists

a pointy2 ∈ C̃2 such thatf̃ (y2) = f̃ (x2). Then, again with the same reason, there exists a

unique Whitney’s umbrella iñC2. Thus, we have exactly two Whitney’s umbrellas onC̃. See
Figure 8.

(4-2); the case wherey1 ∈ C̃2.

In this case, for every pointx ∈ C̃1, there exists a pointy ∈ C̃2 such thatf̃ (y) = f̃ (x)

and there is no Whitney’s umbrellas onC̃. See Figure 9.

Now, the connected componentsC̃ of D(f̃ ) of Case (1), (2) do not contribute to the

number of Whitney’s umbrellas of̃f . Since connected components ofD(f̄ ) of Case (4)
contain either two Whitney’s umbrellas or noneeach, they also do not contribute to the number

modulo 2 of Whitney’s umbrellas of̃f . Thus we have

UUUU

CCCC

CCCC

FIGURE 7.

C

Whitney s umbrella'

Whitney s umbrella'

FIGURE 8.
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C

FIGURE 9.

the number of Whitney’s umbrella

≡ the number of the connected components ofD(f̃ ) of Case (3)

(modulo 2).

On the other hand connected components ofD(f̃ ) of Cases (1) and (4) are contained

in U ′ and connected components ofD(f̃ ) of Cases (2) and (3) are not contained inU ′. The

number of connected components ofD(f̃ ) of Case (2) is even, since for each connected

componentC̃ of Case (2), the corresponding componentC̃′ is also of Case (2). Thus

the number of Whitney’s umbrella

≡ the number of connected components ofD(f̃ ) of Case(3) (modulo 2)

≡ the number of connected components ofD(f̃ ) of Cases (2) and(3) (modulo 2)

= the number of connected components ofD(f̃ ) not contained inU ′

= the number of branches ofD(f̄ ) .

This completes the proof of Theorem 4.1 and hence of the main theorem. �

5. Some examples

In this section, we observeA-simple map-germs(R2, 0) → (R3, 0) classified by D.
Mond [18], and see that Theorem 4.1 holds for them.

THEOREM 5.1 (D. Mond [18]). Each of the germs in the following list isA-simple,
and everyA-simple germ of a map from a2-manifold to a3-manifold is equivalent to one of
the germs on the list.
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Germ A-codimension Name
f (x, y) = (x, y) 0 Immersion
f (x, y) = (x, y2, xy) 2 Cross-cap(S0)

f (x, y) = (x, y2, y3 ± xk+1y), k ≥ 1 k + 2 S±
k

f (x, y) = (x, y2, x2y ± y2k+1), k ≥ 2 k + 2 B±
k

f (x, y) = (x, y2, xy3 ± xky), k ≥ 3 k + 2 C±
k

f (x, y) = (x, y2, x3y + y5) 6 F4

f (x, y) = (x, xy + y3k−1, y3), k ≥ 2 k + 2 Hk

EXAMPLE 5.2. We consider the normal formS±
k : f ±

k : (R2, 0) → (R3, 0) given by

f ±
k (x, y) = (x, y2, y3 ± xk+1y), k ≥ 1 .

SinceI(Σ1(f ±
k )) is the ideal generated by 2× 2 minors of the jacobian matrix


 1 0

0 2y
±(k + 1)xky 3y2 ± xk+1




of f , we have

I(Σ1(f ±
k )) = 〈y, xk+1〉

and we have

dimR E2/I(Σ1(f ±
k )) = k + 1 .

On the other hand,

D(f +
k ) = {(x, y)| xk+1 + y2 = 0, y �= 0} ,

D(f −
k ) = {(x, y)| xk+1 − y2 = 0, y �= 0} .

Thus we see that

the number of branches ofD(f +
k ) =

{
1, if k + 1 ≡ 1 mod 2
0, if k + 1 ≡ 0 mod 2

the number of branches ofD(f −
k ) =

{
1, if k + 1 ≡ 1 mod 2
2. if k + 1 ≡ 0 mod 2

Hence we have

the number of branches ofD(f ±
k ) ≡ dimR E2/I(Σ1(fk

±)) (mod 2)

as Theorem 4.1 asserts.
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For any integerl with 0 ≤ l ≤ k + 1 and withl ≡ k + 1 (mod 2), we have a stable
perturbation off

f̃ ±
k,l : U(⊂ R2) → R3

such that the number of Whitney’s umbrellas off̃±l is exactlyl, constructed as follows. Let

ε1, . . . , εl be sufficiently small distinct real numbers. Setm = k + 1 − l

2
and letδ1, . . . , δm

be small positive numbers. Then,

f̃ ±
k,l(x, y) = (x, y2, y3 ± y(x − ε1) · · · (x − εl)(x

2 + δ1) · · · (x2 + δm))

is a stable perturbation off . Whitney’s umbrellas off̃ ±
k,l are the points(ε1, 0), . . . , (εl, 0).

Thus the number of Whitney’s umbrellas off̃ ±
k,l is exactlyl. See Figure 10, 11, 12, 13, 14,

15.

EXAMPLE 5.3. Now we consider the normal formB±
k : f ±

k : (R2, 0) → (R3, 0)

given by

f ±
k (x, y) = (x, y2, x2y ± y2k+1) , k ≥ 2 .

SinceI(Σ1(f ±
k )) = 〈y, x2〉, we have

dimR E2/I(Σ1(f ±
k )) = 2 .

On the other hand,

D(f +
k ) = {(x, y)| x2 + y2k = 0, y �= 0} = ∅ ,

D(f −
k ) = {(x, y)| x2 − y2k = 0, y �= 0} .

Thus we see that

the number of branches ofD(f +
k ) = 0

FIGURE 10. S+
1 : f +

1 (x, y) = (x, y2, y3 + x2y), dimR E2/I(Σ1(f +
1 )) = 2.
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FIGURE 11. f̃
+
1,0(x, y) = (x, y2, y3 + y(x2 + δ1)), D(f̃

+
1,0) = ∅.

FIGURE 12. f̃ +
1,2(x, y) = (x, y2, y3 + y(x − ε1)(x − ε2)),D(f̃ +

1,2) = {(x, y) ∈
R2| y2 + (x − ε1)(x − ε2) = 0, y �= 0}.

FIGURE 13. S2
+ : f2

+(x, y) = (x, y2, y3 + x3y), dimR E2/I(Σ1(f2
+)) = 3.
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FIGURE 14. f̃ +
2,1(x, y) = (x, y2, y3 + y(x − ε1)(x2 + δ1)),D(f̃ +

2,1) = {(x, y) ∈
R2| y2 + (x − ε1)(x2 + δ1) = 0, y �= 0}.

FIGURE 15. f̃ +
2,3(x, y) = (x, y2, y3+y(x−ε1)(x−ε2)(x−ε3)),D(f̃ +

2,3) = {(x, y) ∈
R2| y2 + (x − ε1)(x − ε2)(x − ε3) = 0, y �= 0}.

the number of branches ofD(f −
k ) = 2 .

Hence we have

the number of branches ofD(f ±
k ) ≡ dimR E2/I(Σ1(f ±

k )) (mod 2)

as Theorem 4.1 asserts.
For any integerl with 0 ≤ l ≤ 2 and withl ≡ 2 (mod 2), (that is,l is 0 or 2), we have a

stable perturbation off

f̃ ±
k,l : U(⊂ R2) → R3

such that the number of Whitney’s umbrellas off̃ ±
k,l is exactlyl, constructed as follows. Let

ε1, ε2 be sufficiently small distinct real numbers. Letδ1 be small positive number. Then,

f̃ ±
k,0(x, y) = (x, y2,±y2k+1 + y(x2 + δ1)) ,

f̃ ±
k,2(x, y) = (x, y2,±y2k+1 + y(x − ε1)(x − ε2))
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are stable perturbations off . f̃ ±
k,0 has no Whitney’s umbrellas and Whitney’s umbrellas of

f̃ ±
k,2 are the points(ε1, 0), (ε2, 0). Thus the number of Whitney’s umbrellas off̃ ±

k,0 andf̃ ±
k,2

is exactly 0 and 2 respectively. See Figure 16, 17, 18.

FIGURE 16. B
−
2 : f

−
2 (x, y) = (x, y2, x2y − y5), dimR E2/I(Σ(f

−
2 )) = 2.

FIGURE 17. f̃ −
2,0(x, y) = (x, y2,−y5 + y(x2 + δ1)), D(f̃ −

2,0) = {(x, y) ∈ R2| y4 − (x2 + δ1) = 0}.

In this way, we have the following table and we see that for Mond’s normal forms

dimR E2/I(Σ1(f ±
k )) ≡ the number of branches ofD(f ±

k ) (mod 2) as Theorem 4.1 asserts.

dimR E2/I(Σ1(f )) number of branches ofD(f̄ )

S+
k k + 1

{
1, if k + 1 ≡ 1 mod 2
0, if k + 1 ≡ 0 mod 2

S−
k k + 1

{
1, if k + 1 ≡ 1 mod 2
2, if k + 1 ≡ 0 mod 2

B+
k 2 0,

B−
k 2 2,

C+
k k

{
1, if k ≡ 1 mod 2
2, if k ≡ 0 mod 2

C−
k k

{
3, if k ≡ 1 mod 2
2, if k ≡ 0 mod 2

F4 3 1,
Hk 2 0.
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FIGURE 18. f̃
−
2,2(x, y) = (x, y2,−y5 + y(x − ε1)(x − ε2)),D(f̃

−
2,2) = {(x, y) ∈

R2| y4 − (x − ε1)(x − ε2) = 0, y �= 0}.
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