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Antisymmetrically Deformed Quantum Homogeneous Spaces

Shingo KAMIMURA
Keio University

Abstract. We construct dua objects for quantum complex projective spaces as quantum homogeneous spaces
of quantum unitary groups, in which the deformation parameters are antisymmetric matrices. We prove the splitting
formula and the nondegeneracy of the Hochschild dimensions for the quantum complex projective spaces.

1. Introduction

Homogeneous spaces, as quotient spacesof classical Lie groups, are one of theimportant
geometric objects. From the noncommuative geometrical point of view, it would be interest-
ing also as the quantum notion corresponding to the classical homegeneous spaces.

In this paper, we exhibit a noncommutative or quantum generalization of certain homo-
geneous spaces in the framework of quantum groups. Thisis a non-formal deformation and
called 6-deformation, where 6 is a deformation parameter of the quantization of a given clas-
sical homogeneous space taken from the parameter set A(n; R). Here A(n; R) is the set of
antisymmetric matrices of sizen.

In the sense mentioned above 6-deformed quantum tori are the most fundamental objects
inthe6-deformation. Asit will be seenin the splitting theorem stated in the section 5, one can
also expect that §-deformed quantum spaces will be constructed form 6-deformed quantum
tori. Thetypical 2n-dimensional 6-deformed quantum torus can be made from the Heisenberg
canonical commutation relations and in this case the antisymmetric matrix 6 is nothing but
the noncommutativity in the Heisenberg canonical commutation relations or the canonical
symplectic form on R%".

We construct quantum complex projective spaces as quantum homogeneous spaces of the
guantum unitary groups after defining restriction maps and coactions between the quantum
unitary groups. A remarkable feature which distinguishes the 6-deformation from the other
deformations is the non-degeneracy of the Hochschild dimension. Namely, the Hochschild
dimension of the corresponding coordinate ring of the 6-deformed quantum space remains
constant during the deformation. Similar properties have been already proven for certain
guantum groups but have not been proven for quantum homogeneous spaces by Connes and
Dubois-Viorette [C-DV].
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The first main result of this paper is the splitting formula for th 6-deformed quantum
homogeneous spaces (see Theorem 5.1.5). It is proved that the coordinate rings of the 6-
deformed quantum homogeneous spaces split into the tensor product of the ordinary coordi-
nate rings of the classical homogeneous spaces and the coordinate rings of the 6-deformed
guantum tori with some torus action. This formula gives us another and much simpler defini-
tion of the 6-deformed quantum homogeneous spaces.

The second main result is concerned with the nondegeneracy of the Hochschild dimen-
sion of the #-deformed quantum homogeneous spaces (see Theoem 5.2.1). The Hochschild
dimension is the homology dimension of the Hochschild homology of algebras, and it coin-
cides with the ordinary dimension in the case of the coordinate rings of the classical spaces.
It is proved that the Hochschild dimensions of the 6-deformed quantum homogeneous spaces
areequal to the classical dimension. Nondegeneracy of the Hochschild dimension playsan es-
sential role when we naturally extend the classical calculus from classical spaces to quantum
spaces.

2. Hochschild homology

First, let usrecall the Hochschild homology of C-algebras.

DerINITION 2.0.1 (Hochschild homology). For aC-algebra A, the Hochschild chain
groups are

CH(A) := A®*HD
and its boundary operators
O : CH(A) — CHi-1(A)
are given by

k—1
O (ao®- - -Qag) = Z(—l)iao@ - -®aiai+1®- - -®ay + (—Dfarao@a1®- - -@ax_1.
i=1

We denote by H H;(A) the Hochschild homology of degree k for the C-algebra A.
The Hochschild dimension of the given C-algebra A is the homological dimension of the
Hochschild homology of this algebra and is denoted by dimg (A).

We note that
ExAamMPLE 2.0.2. 1. For ann-dimensional real vector spaceV,
HH(S(V)) = S(V) ® A(V).

where S(V) and A¥ (V) are the symmetric algebra and the k-th differential formsof V.
2. For adifferentiable manifold M,

HHi (C®(M)) = 25 m).
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The above examples gives ageometrical meaning of the Hochschild homology. Namely,
we have

PROPOSITION 2.0.3. Let V beann dimensional real vector space and M a differen-
tial manifold. Then, we have

dimg (S(V)) = dim(V), dimg(C®(M)) = dim(M).

By the above proposition, the Hochschild dimesnion is viewed as a reasonable concept of
dimensions for the given C-algebras A even if it is non-commutative. On the other hand, we
know the following:

PROPOSITION 2.0.4. Under theidentification SU (2) = $3,

dimy (C919(SU,(2))) <dim(SU(2))  (IM-N-W1, M-N-W2])
dimg (C919(83)) = dim(s®) ([C-DV])

Here C“/9 and ¢ stands for coordinate ring functor of the quantum groups and an antisym-
metric matrix of some size, respectively.

The shadows of C4/9(SU, (2))’s are degenerate, but those of C/9(S3)’s are nondegen-
erate. These degeneracy phenomenain ¢-deformation must have some singularities, but in
many cases they are not so clear and the explanations of such phenomena have not been so
successful. Anyway, the above results suggest to us that the 6-deformation seems to be more
natural quantum object than ¢-deformation, and this is the reason we adopted 6-deformation
in defining quantum homogeneous spaces in this paper.

3. Quantum matrix algebrasvia 0-deformation

In this section, we construct several quantum objects based on the quantum tori by us-
ing the antisymmetric deformation. Most of this section is quoted from [C-DV] with small
rearrangements and some remarks.

3.1. Quantumtori. Themostimportant example of 6-deformation is quantum torus,
which is usually called noncommutative torus. There are several ways to define quantum
torus. We now construct a cannoical quantum tori from the Heisenberg's cannonical commu-
tation relations, which seems the most natural physical context.

DErINITION 3.1.1. For 2n selfadjoint elements (q1, - - -, gu, p1, - - -» Pn), the Heisen-
berg CCR is given by
lgi, pil = ~=1h8;;1, lqi.q;]1 = Lpi, pj1=0

Since selfadjoint elements in such rlations will be represented as unbounded operators,
this causes a functional-analytical difficulty. For this reason, based on Stone's theorem, we
choose the following description:
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DEfFINITION 3.1.2. TheWeyl’'s CCR is given by
v (Oui (1) = exp(v/—Lsthd;j)u; (s)v; (1) ,
where
ui(s) = exp(v=1sq;). vj(t) :=exp(v'~lip;). r.seR
are one-parameter unitary groups.

We can consider the discrete version of the Weyl’s CCR:
DEFINITION 3.1.3. We set

vi(mu;(m) = eXp(\/—_lmnﬁ&-j)u,-(m)v,- n), mmneZ.
In particular,
vju; = eXD(\/—_lﬁtSij)Mivj ,
where we set
ui=u; (1), vj:=v;1).
We note that the second relation in Definition 3.1.3 gives nothing but a quantum torus.

3.2. Quantum Euclidian spaces. We review the general definition of quantum tori,
T with9 € A(n, R).

DEFINITION 3.2.1. Let C“lg(Te”) be the unital *x-algebra generated by » unitary ele-
ments

dut =dat =1 (l<i<n)
with commutation relations
uul = kijujui, il =2 alut
au =it adtad = ali
Here
W =exp(v/=107), 0= (0") e Am;R) = o(n) = Lie(O(n))

and we use ~ instead of x-operation.
If wetake 6 to be

0, (8
wo = <(—5i./) (O}:)) € A2n;R), (8ij) € A(m; R)

theresulting quantum torusisthe canonical quantum toruswhich appeared in Definition 3.1.3.
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REMARK 3.2.2. The canonical quantum tori are defined for even unitary elements.
However C“lg(TG”) can be defined for not only for even but also for odd unitary elements.

Replacement of the above unitary conditions in Definition 3.2.1 to the corresponding
normal conditions leads usto anatural definition of the unital +-algebra C4/9(R3"). That i,

DEFINITION 3.2.3. C‘”g(Rg") is generated by n norma elements
77 =77 (l<i<n)
with the same commutation relations as above,
izl =Aiglg, 77l =gy
772 =27, P =P
Hereaso
A =exp(v/=107), 0= (0")e Am:R).
In order to check the correspondence between the the above quantum formulation and

the following classical formulation,
T" RZn >~

u', = exp(v/=1t!)) = cost!, + +/=1sin 7,

i i / i
Zo = Xt _1ycl ’

it is helpful to take the Descartes decompositions of the unitary and normal generators,

. . w4 ul — it
ul = Ul +\/—1wl = +«/_1
2 2/-1

7+ 7

. , . 7l — 7
P=x' 4+ V=1 = +v-1 .
Z X y 2 Wi

We can easily verify
1-)1' i — 1 i [vi,wi]zO, (vi)2+(wi)2:1
iizxi’ )—)i:yi’ [xi’yi]zo’
and recover C9 (T from C9'9(R2") asfollows:

PROPOSITION 3.2.4.
Calg(Ten) o~ Calg(Rgll)/(lel _ 1, . ann _ 1) )
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3.3. Quantum matrix algebras. We recal the notion of quantum matrix agebras,
the unital x-algebra My (2n; R) which has been proposed by [C-DV]. We represent it here
briefly. The elementary isomorphisms

M (2n; R)=R%”
and
M(2n; R) = End(R?") = (R?)*®R?' = R”"@(R%")*
would justify the following inclusion

L CU9(My(2n; R)) = CUU9(RY?) — C919(RZYQCUI(REY) .

Here

O € A(2n%; R)
is determined by

0 e A(n; R)
asfollows.
(%
(%
O =
—0

—0

The following is the alternative definition of the quantum matrix algebra My (2n; R) to
the original one given by [C-DV] (see p. 561):

DEFINITION 3.3.1. My (2n; R) is the unita associative C-algebra generated by 2n?
normal elements

aj, b (1<i,j<n)
such that

@) =7'®z;, (b)) =7'®7;,

7 eCMRI, z;€CUIRY), z=1
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with commutation relations
a;alk = )J'k)\jlalka; , a;&lk = )J'k)\jlélka; ,
a;b{‘ = )J'k)\jlb;{aj , a’ll;f = )J'k)\jll;;‘a; ,
bibf = 2" aubfb . bibf = A A by

plus th relation obtained by hermitian conjugation, where we have used the notation 1;; for
24 to indicate that there is no summation in the above fomulas, and we also set A% := ;.

Since M (2n; R) fails to have a group structure with respect to the ordinary multiplica-
tion of matrices, we cannot expect C*9 (M, (2n; R)) to have the corresponding Hopf algebra
structure. But the essential obstruction is nothing but the antipode map. That is, we have no
obstructions to define the corresponding bialgebra structure on it.

A CU9(My(2n; R)) — (M (225 R)) ® (Mp(20; R))

a.ﬂ' — a,’;®a§+bi®l§§
b’} — a,i@bﬁ—i—bf{@&i‘.
g: CY9(My(2n; R) — C
i i
a; — (Sj
bij — 0

M (2n; R) has a natural action on R?*. It is not so hard to define the corresponding
coaction of C9(Mpy(2n; R)) on C*9(R2").

«: M@nR) x R¥ — R2
B:  CURE)  — CU(Mp(2n;R) ® CUIRY")
z —> af ® + b @7

3.4. Quantum orthogonal groups and unitary groups. The dual objects of quan-
tum linear Lie groups is defined as the quotient algebras of C*9(My(2n; R)) by appropriate
sided ideal:

CY9(Gg) := C9(My(2n; R)) /T
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Werecall that O (2rn) is defined as aquotient of M (2n; R) such that each of its elements
preserves the quadratic form Y°7_; z/z. Thusit is quite natural to characterize C*9(0p(2n))
by the following propasition, which is given by [C-DV].

PROPOSITION 3.4.1. Let | bethetwo-sided ideal of C%/9(Mg(2n; R)) generated by

Z(a L bl — 8

n
> @b, +biap) Z(b’ +aiby) .
i=1
Then, we have

T CU9(My(2n;R)) — CH9(0y(2n)) := C%9(My(2n; R))/ 31
with the coaction

B:  CURY) — C9(0g(2n)) ® CU9(RZ")

n n
Z 7’7 — 1® Z 77
i=1 i=1

Recalling the unitary group U (n) is defined as
Un)={ge0@n)|Jg=gJ},
we can trandate thisinto the following dual formulation.

CI Uy (n)) = CU9(0p20)) /(b)) (B))

4. Quantum complex projective spaces

In this section we will construct quantum complex projective spaces as quantum homo-
geneous spaces of the quantum unitary groups which appeared in previous section.

4.1. Restrictions and coactions of quantum unitary groups. Recall that the quo-
tient space of the action

a: Um)x(UD)xUm —1)) —> Un)
is the complex projective space

P HC) = Um)/(UDxU®n —1)).
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It is natural to consider the dual object for quantum complex projective space as invariant
subalgebra of such a coaction as

B : CU9(Up, (n)) — C9(Up, (n)) & (C9(Ug, (1)) ® CU9 (U, ,(n — 1))).
CU9(Pp7H(C)) i= CU (U, () (€ Uer ) ® €U, _y (2=1))

6, e Am;R), 61=0€ A, R)
First we have to construct such arestriction as
p : C9 (U (k) — C9(Ug,_, (k — 1))
for the standard inclusion
Uk -1 > Uk).
LEMMA 4.1.1. For the normal generators
aj, b’ € C9(My, (2k; R))
let I and J to be ideals generated by
ai—1, b1, aj. i, by, by for 2<i, j<k
and
ag —1, by, d5, a, b5, b for 1<i, j<k—1,

respectively. Then the images of quotient maps

pi = C9 (Mg, (2k; R)) — C'9(Mp, (2k; R)) /1
and

pi 2 CY9 (Mg, (24; R)) — C9(Mg, (2k; R)) /]
coinside with

C*9(My,_,(2(k — 1);R)) and C”lg(Mek'_l(Z(k -1:;R)),

respectively. Here, there exists for a given antisymmetric martix 6y of size k,

-1, 6,_1€ Ak —LR)

o/ * 0 =x
= %1 Ak, R).
o ( O)( 9) (k:R)

such that
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Moreover, the induced restrictions on C/9 of quantum unitary groups, denoted by the
same hotations above,

ok : CU9(Ug, (k) — C19(Ug,_, (k — 1))
and

pp : CU9(Ug, (k) — C9(Ug,_, (k — 1))
are Hopf algebra homomor phisms.

Using these restrictions, we can get the restrictions corresponding to the standard inclu-

sion
ULxUm—1) — U).
PROPOSITION 4.1.2. Let p, 1 be
Pn,1 = ((p20- - -002)®p,) 0 A.
Then

pn.1 2 C9(Ug, (n)) — (C9(Up, (1) ® C*9(Us,_, (n — 1))
is a surjective x-Hopf algebra morphism, and
(id®pn,1) 0 A 1 C9(Uy, (n)) = C9(Up, (n)) ® (C9(Up, (1)) ® C'9(Ug,_,(n — 1))
isaright coaction.
We now define the following:

DEFINITION 4.1.3. Astheright comodule algebra C“’g(Ugn (n)) isover
(€9 (Us,(1)®C!9 (U, _,(n — 1)),
we define 9 (Péf,‘l(C)) to be the invariant subalgebra of its right coaction.

al al
Calg(Pé:_l(C)) = Calg(UQn (n))(c 9 (Ugy (1)QC!I (Up,_, (n—1)))

= {f€CUI(Us,(n)) | ((d®pn.1)oA)(f) = &1}
The algebra C'9 (Pg)ffl(C)) is called quantum complex projective space.
REMARK 4.1.4. By aroutine procedure as above construction, we can easily define
ciGrirkcyy, cUIFErR ) and  cIst ),

which are dual of quantum complex Grassmannian manifold, complex flag manifold and com-
plex Stiefel manifold, respectively. The real versions corresponding to these homogeneous
spaces can also be obtained along thisidea.
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REMARK 4.1.5. We can aso define odd dimensional quantum spheres as quantum
homogeneous spaces of quantum unitary groups.

(id ® py) o A : C9(Ug, (n)) — CU9(Ug, (n)) @ CU9(Ug, ,(n — 1))

CUI(S = {feCI (U, () | ((id ® pa) © A)(f) = f®1)

On the other hand, we can find another definition of them in [C-DV], which has the
following expression:

n
Calg(SQZ:l—l) = Calg(Rg:)/(ZZlZl _ ld)
i=1

Since S3=SU(2) classically, it is expected that C“lg(ng)zcalg(Sng(Z)). But we cannot
quantize SU (n) in the context of 8-deformation ([C-DV]). In spite of thisit is still interesting
to consider the Hopf algebrastructure on C#/9 (5932) with respect to the above two expressions.

5. Main theorems

In this section, we show two remarkable properties for the quantum complex projective
spaces. the splitting formula and the nondegeneracy of the Hochschild dimension. These
type of theorems have already been shown for the case of some quantum groups in [C-DV].
However, the restrictions and coactions defined in this paper require alittle longer proofs than
those shown in [C-DV].

The first is a splitting formura, which justifies the importance of the quantum tori in
6-deformation.

5.1. Splittingformula. Wefirst show the splitting formura, which justifies theimpor-
tance of the quantum tori in 6-deformation. We define the splitting homomorphisms mapping
the coordinate rings on the quantum 2n-Euclidian spaces Rg” into the coordinate rings on the
product of the classical Euclidian spaces R2" with the quantum n-torus T,

Wefirst consider two natural actionse and 7 of 7" on C4/9(R2") and C4!9(T}}"), respec-
tively.

DEFINITION 5.1.1.
o: T"  — AU(CYI(RZY)

s — Oy
oy : CYYRYY —  CUIRZ

7 — exp(2r/—1s;)7!
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DEFINITION 5.1.2.
t: T" — AUCYI(T)

t [ — Tt
T CUIT]) —  CUIT))

u o exprv/—1t)u!

Thisyieldstwo actionso and t of 7" on R?" x T, given by the group-homomorphisms
s> oy ®1ands — I ® 1, of T" into Aut(C!9 (R?") @ C49(T}}")) with obvious notations.
The noncommutative space R%* x T is here defined by duality by writing C*9(R%! x T") =
C49(R?") @ C419(Ty). We shall usethe actions o and the diagonal actiono x 1 of 7" on
R2' x T}, whereo x t~Lisdefined by s > oy ® 7_s = (0 x T~1), (asgroup homomorphism
of 7" into Aut(C4!9(R?" x T}))).

In the following statement, z'@ denotes the classical coordinates of C" corresponding to
z# foro = 0.

PrRoOPOSITION 5.1.3. @) Thereisa unique homomorphism of unital x-algebra

st : C"9(RY") — C9(R?) @ Cl9(Ty)
such that sz (z') = Z'@ Quifori=1,---,n.

b) The homomorphism sz induces an isomorphism of C4/9 (Rg") onto the subalgebra
CUI(R2 x Té’)‘”fl of C19(R?" x T}) of fixed points of the diagonal action of 7.

It is obvious that the sz(z') are invariant by the diagonal action of 7". Thus the only
non-trivial parts of the statement, which are not difficult to show, are the injectivity of st and
the fact that C*9(R?" x Te”)"”_l is generated by the 7/ asunital x-algebra.

L et us consider the homomorphism

rogo (st ® st) : C19(RI) ® CU9(R?)
— CUIR¥) ® CI (R ® CUI(TY) ® CI(T"y)

where ro3 is the transposition of the second and the third factors in the tensor product, (i.e.
CUI(T)) ® C*9(R?") isreplaced by C*9(R?") @ C4'9(T}) there). This x-homomorphism
restricts to give a homomorphism, again denoted by s¢

st : Mg(2n, R) — M(2n,R) @ C*9(T) @ C9(T",)

which is again a homomorphism of unital x-algebras and will be also refered to as splitting
homomorphism. It is the unique unital x-homomorphism such that

st(a;) =a.’1'. Qu' ®uj (1
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st(b;) = b; Ru ® u’ 2

fori,j=1---,n where%. andl;; are the classical coordinates corresponding to aj. and b;.
for 6 = 0. The counterpart of b) in Proposition 5.1.3 is that sz induces here an isomorphism
of My(2n, R) onto the subalgebraof elementsx of M (2n, R) ® C49(T}") ® C49(T",,) which
are invariant by the diagonal action (0 ® o) x (r ® t)~t of 7" x T" i.e. which satisfy
(0s Q@ 0o)(1—s @ T_1)(x) = x,V(s,t) € T" x T". Here,

DEFINITION 5.1.4.
0 X0 T" x T" — AUt(C*9(My(2n; R)))

(s, 1) — o ® oy
oy ® op : CU9(My(2n; R)) —  CU9(My(2n; R))
all,'- > exp2r/—1(s; + 1)) a;

b’ > exp(2r/=1(si — 1)) b
One has
sto(os®oy) = (0, ®0:) QI R®I) o st

which impliesthat s¢ induces an isomorphism of My (2n, R)?®? onto M (2n, R)’®’ @ 1® 1
where My (2n, R)?®? denotes the subalgebra of elements which are invariant by the action of
T" x T", (thesamefor & = 0 on the right-hand side).

The above homomorphism passes to the quotient to define homomorphisms

st : C9(Gg) — CU9(G) ® CU9(T)) @ CU9(T"))
where G is O(2n) and U (n). These homomorphisms s¢ which will till be refered to as the
splitting homomorphisms, have the property that they induce isomorphisms of C#9(G) onto
(C49(G) ® C49(Ty) ® C49(T" ;)@ ®)* @D for these groups G.
By the above discussion and the definition of coaction p, 1, we obtain the following
theorem.

THEOREM 5.1.5. The noncommutativity between the generators of C4/9 (Pg)ffl(C)) is
absorbed in quantumtori. That is:

Calg(Péj’—l(C)) — (Calg(Pﬂ—l(C)) ® Calg(Tél) ® Calg(Tile))(U(@U) X (T®‘L’)_1 i

5.2. Nondegeneracy of the Hochschild dimensions. We show the nondegeneracy
of dimension of quantum projective spaces, which also implies the reasonableness of the 6-
deformation. Namely, we have
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THEOREM 5.2.1.
dimy (C*'9(P;~1(C))) = dim(P"1(C))

Here, dimy denotes the Hochschild dimension of algebras, which is the last degree of non-
trivial Hochschild homology of algebras.

Recalling that the Hochschild homology of the coordinate ring of a given manifold is
nothing but the de Rham algebra of the manifold, we are led to the natural direction of the
proof of the above theorem. That is we should consider the differential graded algebras asso-
ciated to the 6-deformation of classical spaces, especially quantum tori.

Wefirst givethe definition of C*°(7;'). Thelocally convex x-algebra C>°(7,') of smooth

functions on the quantum torus 7} is defined as follows. It is the completion of C4/9(T}")
equipped with the locally convex topology generated by the seminorms

lul, = sup X7 X))
i <r
where || - || isthe C*-norm (which is the sup of the C*-seminorms) and where the X; arethe

infinitesimal generators of the action s — 7, of 7" on T,'. They are the unique derivations of
CU9(T}) satisfying

Xi(w)) = 27ti8;."uj 3
fori,j=1,---,n.
The above definition with the splitting formula for quantum tori leads us the following
proposition.
PROPOSITION 5.2.2.
COO(TQ}’!) — (Coo(Tn) @ COO(TQn))UXT_l

Let £2(7)) be the graded-involutive subalgebra (£22(7") ® C°°(T9”))"”_1 of
2(T™) ® C>(T}") consisting of elements which are invariant by the diagonal actiono x 1
of 7". This subalgebrais stable by d ® I so $2(T,') is alocally convex graded-involutive
differential algebra which is a deformation of £2(7") with .QO(TQ”) = C(Ty") and which
will be referred to as the algebra of smooth differential forms on 7. The action s — o of
T" on 2(T") inducess — oy ® 1 on Q(T")@COO(TH") which gives by restriction a group-
homomorphism, again denoted s — oy, of 7" into the group Aut(s2(7;')) of automorphisms
of the graded-involutive differential algebra 2(7}').

ProPOsITION 5.2.3. The graded-involutive differential subalgebra 2 (7,)° of o-
invariant elements of £2(7') isinthe graded center of £2(7;') and identified canonically with
the graded-invol utive differential subalgebra $2(7")? of o-invariant elements of 2(7").

In other words the subalgebra of o-invariant elements of $2(7;') is not deformed (i.e.
independent of 6). In fact one has 2(7})° = 2(T")° ® 1(C 2(T")®C™(T})).
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Now we compute the Hochschild dimension of 7. We first construct a continuous
projective resolution of the left module C*°(Tj') over C*°(Ty) ® Coo(THoPP .
LEMMA 5.2.4. There are continuous homomor phisms of left modules
ip: QPITHRC(TY) — P XTHSC™(T))

over C(T;)) ® C™(T;)°PP for p € {1, - - -, m} such that the sequence

0— QUIMHBCOINH B ... B coam@cem L e T — 0
is exact, where u isinduced by the product of C*(T7y").

In fact one has continuous projective resolutions of C°°(T") and of C*°(T') of the form
05 @nImB R % B e eean B e®am o0
0— Q"THBCOTN L B coam@eear) L e —» 0
which combine to give a continuous projective resolution of
CO(T" ®C(T)) = C®°(M x T))

of theform

Um-+n

0— (T x THR®C®(T" x T)H) =5 - -
BT x THRCX(T x T)) L c®(T" x T)) - 0

where 27(T" x T}) = @ =420 24 (T") ® 277 (T}') and where

=Y @I+ (=D"®jpi).
k
Thereis some freedom in the choice of the i,?, Je @and one can choose them equivariantly

(by choosing ao-invariant metric on M, etc.) in such away that the i, restrict as continuous
homomorphisms

ip: QUIPRC™(TY) — 2P NI ®C™(T))

of C=(Ty) ) C°(Ty")°PP-modules which gives the desired resolution of C*° (7).

This shows that the Hochschild dimension ng of T is < n.

Let w € 2"(T") be a non-zero o-invariant form of degree n on T" (obtained by a
straightforward local averaging). In view of Proposition 5.2.3, w ® 1 = wy isao-invariant
element of 2"(T), i.e. wy € £2"(T,)° which defines canonically a non-trivial invariant
cyclevy in Z,(C*>(Ty"), C*(T;')). Thusone hasny > n and therefore the following result.
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PrROPOSITION 5.2.5.
dimg (7)) = dim(M) .
That is the Hochschild dimension ng of C*°(7y") coincides with the dimension n of 7.

Combing Proposition 5.2.2 with this proposition, we finally conclude proof of Theorem
5.2.1.

References
[B-T] R. BoTT and L. W. Tu, Differential forms in algebraic topology, GTM 82, Springer-Verlag, New
York-Berlin (1982).
[Con] A. CoNNES, Noncommutative differential geometry, IHES 62 (1985), 257-360.
[C-DV] A. ConNNEs and M. DuBoIS-VIOLETTE, Noncommutative finite-dimensional manifolds. |. Spherical

manifolds and related examples, Comm. Math. Phys. 230, 3 (2002), 539-579.

[M-N-W1] T.MASUDA, Y. NAKAGAMI and J. WATANEBE, Non-commutative differential geometry on the quan-
tum SU (2) |—an agebraic viewpoint, K-theory 4 (1990), 157-180.

[M-N-W2] T.MASUDA, Y. NAKAGAMI and J. WATANEBE, Non-commutative differential geometry on the quan-
tum two sphere of Podoles |-an agebraic viewpoint, K-theory 5 (1991), 151-175.

[Spa] E. H. SPANIER, Algebraic topology, McGraw-Hill, New York (1966).

Present Address:

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND TECHNOLOGY,
KEIO UNIVERSITY,

H1YOSHI, KOHOKU-KU, YOKOHAMA, 223—-8522 JAPAN.

e-mail: kamimura@math.keio.ac.jp



