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SOME REFINEMENTS OF CLASSICAL INEQUALITIES
SHIGERU FURUICHI AND HAMID REZA MORADI

ABSTRACT. We give some new refinements and reverses
of Young inequalities in both additive and multiplicative-
type for two positive numbers/operators. We show our ad-
vantages by comparing with known results. A few appli-
cations are also given. Some results relevant to the Heron
mean are also considered.

1. Introduction and preliminaries. In this paper, an operator
means a bound linear operator on a Hilbert space H. An operator X
is said to be positive (denoted by X > 0) if (Xy,y) > 0 for all y € H,
and, in addition, an operator X is said to be strictly positive (denoted
by X > 0) if X is positive and invertible. For convenience, we often
use the following notation:

-1

AlL,B=((1—v)A"'+vB™Y) ",  Af,B=AY2(A"/2BA"1/2)" A1/2,
Aty B+ A, B
- 5
where A, B are strictly positive operators and 0 < v < 1. When v =
1/2, we write A!B, AtB, H(A, B) and AV B for brevity, respectively.

A fundamental inequality between positive real numbers a, b is the
Young inequality, which states

H,(A,B) = AV,B=(1-v)A+vB,

a7 < (1—v)a+wvh, 0<w<I,

with equality if and only if a = b. If v = 1/2, we obtain the arithmetic-
geometric mean inequality vab < (a+b)/2. Recently, considerable
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attention has been dedicated to the study of Young inequalities and
their operator versions [20, 21].

It is well known that, cf., [12]:
(1.1) Al,B<A4,B<AV,B, 0<v<],
where the second inequality in (1.1) is known as the operator arithmetic-
geometric mean inequality (or the operator Young inequality).

Based on the refined scalar Young inequality, Kittaneh and Manas-
rah [14] obtained that

(1.2) +(A+B—2A8B)+ At,B < AV,B < R(A+ B —2A4¢B) + At, B,
where r = min{v,1 — v} and R = max{v,1 — v}.

Zou et al., [24] refined the operator Young inequality with the
Kantorovich constant K (z) = (z +1)*/4z, & > 0, and proposed the
following result:

(1.3) K"(h)A4,B < AV, B,
where

0<dI<A<al<BI<B<pPI
or

0<adI<B<al <BI<A<LpAI,

h=8/a and b’ = ’/a’. Note also that the inequality (1.3) improves
Furuichi’s result from [9], which includes the well-known Specht’s ratio
instead of the Kantorovich constant.

As for the reverse of the operator Young inequality, under the same
conditions, Liao et al., [15] gave the following inequality:

(1.4) AV, B < K% (h)At,B.
For more related inequalities and applications, see e.g., [8, 11, 20, 21].

This paper gives some refinements and reverses for the operator
Young inequality via the Hermite-Hadamard inequality, that is, the
following theorem is one of the main results in this paper.

Theorem A. Let A, B be strictly positive operators such that 0 <
WI < A~Y2BA-Y2 < hI < I for some positive scalars h and h'.
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Then, for each 0 <wv <1,
(1.5) my(h)Af, B < AV,B < M,(h')A$,B,
where
2vy(1 —v)(x —1)2
(x + 1)v+L ’

my(z) =1+

and
v(l —v)(x—1)2

M,(z) =1+ Dy

The proof of Theorem A is given in Section 2, and its advantage for
previously known results is given by Proposition 3.1 in Section 3.

To state our second main result, we recall that the family of the
Heron mean [1] for two positive numbers a and b is defined as

Fro(a,b) =ra' 0" + (1 —r){(1 —v)a+vb}, 0<v<1, reR.
More recently, Furuichi [10] showed that, if » < 1, then

(1.6) (1—v)at+ob ) ' < F(ab), 0<v<1.
Theorem B. Leta,b>0,r € R, 0 <v <1. Define

grw(a,b) = v<baa>{r(a;ab>v_l +(1 r)} +1,

Grp(a,b) = ;(b ; a) {ra*="p"=t +2 —r} + 1.

(i) If either a <b,r >0 orb<a, r <0, then
grov(a,b) < Fry(a,b) <G, o(a,b).
(ii) If either a < b, r <0 orb<a,r >0, then

Gro(a,b) < Fru(a,b) < gro(a,b).

The proof of Theorem B along with its advantages is shown in
Section 4 using four propositions.
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2. On refined Young inequalities and reverse inequalities.
To achieve our results, we need the well known Hermite-Hadamard
inequality which asserts that, if f : [a,b] — R is a convex (concave)
function, then the following chain of inequalities hold:

o) f(a;b> _a/f i < (2) IO

Our first attempt, which is a direct consequence of [18, Theorem 1],
gives an additive-type improvement and reverse for the operator Young
inequality via (2.1).

To obtain inequalities for bounded self-adjoint operators in Hilbert
space, we shall use the following monotonicity property for operator
functions: if X € B(H) is a self-adjoint operator with a spectrum
Sp(X) and f, g are continuous real-valued functions on Sp(X), then

f@) <g®), teSp(X)= f(X)<g(X).

The next lemma provides a technical result which will be needed in
the sequel.

Lemma 2.1. Let 0 < v < 1.
(i) For each t > 0, the function f,(t) = v(1 —t'"1) is concave.
(ii) The function g,(t) = v(l —v)(t —1)/t"*! is concave if t <
14 2/v, and convezr if t > 1+ 2/v.

Proof. The function f,(t) is twice differentiable and f,”(¢) = v(1 —
v)(v — 2)t*73.  According to the assumptions ¢ > 0, 0 < v < 1,
so f,”(t) < 0. The function g,(t) is also twice differentiable and
" (t) = v(1 —v)(v+ 1)((vt —v — 2)/t"+3), which implies (ii). O

Using this lemma, together with (2.1), we have the following propo-
sition.

Proposition 2.2. Let A, B be strictly positive operators such that
A < B. Then, for each 0 <v <1,

(2.2)
v(B— A)A™ (A ~ A2““‘1B

—1/2p 4—-1/2\* "1
v(B—A)A‘l(A—Al/Q(I+A BA ) A1/2)+Aﬁ,,B

) + A#,B < AV, B

2
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Proof. In order to prove (2.2), we firstly prove the corresponding
scalar inequalities. As was shown in Lemma 2.1 (i), the function
fot) =v(1 —t"=1), where t > 1 and 0 < v < 1 is concave. Moreover,
it is readily verified that

/lzfv(t)dt:(l—v)—&—va:—x”.

From inequality (2.1) for the concave function, we infer that

1—a2""

(2.3) v(:z:l)( 3 1)+x“§(1v)+v:z:

<oz — 1)(1 - (1_;_$>v1> +a,

where £ > 1 and 0 < v < 1. With X = A‘l/QBA_l/z7 and thus
Sp(X) C (1, +00), relation (2.3) holds for any x € Sp(X). Therefore,

I_XU—l
U(X—I)<2) +X"<(1—-v)]+vX

<o(X —1T) <I - <”;X)_1) + X

Finally, multiplying both sides by A'/2, we obtain (2.2). O

By virtue of Proposition 2.2, we can improve the first inequality in
(1.1).

Remark 2.3. It is worthwhile remarking that the left-hand side of
inequality (2.2) is a refinement of the operator Young inequality in the
sense of v(z — 1)(1 —2v71/2) > 0 foreach z > 1 and 0 < v < 1, i.e,,

A— Ap, B
2

(2.4)  Af,B<v(B-A)A™! ( + A$,B < AV, B.

Replacing A and B by A~! and B~!, respectively, in (2.4), we obtain
(2.5)

-1 _ 4-1 -1
A, B <o(B7! — Al)A(A A" BB

2

) + AilﬁvBil

<A 'v,B7L
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Taking the inverse in (2.5), we get

-1

—1_ p-1 -1
A A hv—lB >+A1ﬁvB1} < AﬁUB

2

Al B g{v(Bl—Al)A<

In order to give a proof of our first main result, we need the following,
essential result.

Proposition 2.4. For each 0 < =z < 1, 0 < v < 1, the functions
my(z) and M,(x) defined in Theorem A are decreasing. Moreover,
1 <my(x) < My(x).

Proof. The function m,(z) is differentiable, and
v(v—1)2Y

m((v —Da? +v+3—2(v+1)x).

mv/(x) =

By assumption, we can easily find that m,’(z) <0, for any 0 < z < 1,
0 <wv < 1. In addition, m,(1) = 1, so m,(z) > 1.

Similarly, the function M, (z) is differentiable, and

vo=1)z-1D)(v-1Dz—-—v—-1)
2pvt?2

le(x) =

Therefore, M,’(z) < 0 for any 0 < z < 1,0 < v < 1. We also have
M,(1) =1, ie., M,(z) > 1.

It remains to prove m,(z) < M,(z). Suppose that
M, (x) = My(x) —my(z), 0<z<1, 0<v<1.

In a manner similar to what was done above, we can calculate M, (z)
in the following:
v(l —ov)(1—x)
om; = —F—b,(2),
o= S e )

where

b (z) = 222{(1 —v)x+v+3}<x2_::1>v

{1 =02+ B -v)?+(w+3)z+ (v+1)}
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Since 0 < z < 1, 2z/(x + 1)” < 1. Thus, M/ (z) is bounded from the
above:

where
t(2) =1 —v)2® +30w+1)z? — (v+3)z — (v+1).
By elementary calculations, we find that
(z)=6(1-v)z+6(v+1)>0, £€(0)=—(v+1)<0, £(1)=0.

Thus, we have t,(z) < 0, which implies 9 (z) < 0 so that 9, (x) >
M, (1) = 0. Therefore, the proposition follows. a

We are now in a position to prove Theorem A, which is a multiplicative-
type refinement and reverse for the operator Young inequality.

Proof of Theorem A. It is routine to verify that the function

fulty = =D,

where 0 <t <1, 0<wv <1, is concave. We can also verify that

/fv (vt

m’U
Hence, from inequality (2.1), we can write
(2.6) my(z)x’ < (1 —v) +vx < M,(x)z",
foreach0<z<1,0<v<1.

Now, we shall use the same procedure as in [9, Theorem 2]. Inequal-
ity (2.6) implies that

min = my(z)z" < (1—v)+vx < max M, (z)z’.
W <w<h<1 W <z<h<1

Based on this inequality, it can easily be seen that, for X,

. v Y - < v Y.
(2.7 h’<12éh my(2) X < (1 —v)] +vX H;%%<1 M, (z)X
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By substituting A~/2BA~1/2 for X and taking into account that
my(z) and M, (x) are decreasing, relation (2.7) implies
(2.8) my(h)(A™Y2BA™Y?)" < (1 — )] +vA~Y/2BA™Y/?

< M,(h)(A"'/2BA~1/2)".

Multiplying A'/2 on both sides in inequality (2.8), we have inequality
(L5). 0

Remark 2.5. Note that, the condition 0 < h'] < A~1/2BA-1/2
hI < I in Theorem A can be replaced by 0 < o/T < B < ol < 81
A < B'I. In this case, we have

<
<

my(h)Af, B < AV,B < M, (h')A4,B,
where h = a/f and b/ = o//f’.
It is well known that, for each strictly positive operator A, B (see,
e.g., [13, Proposition 3.3.11]),
(2.9) H,(A,B) < AVB, 0<wv<l.

A counterpart to inequality (2.9) is as follows:
Remark 2.6. Assume the conditions of Theorem A hold. Then,
AVB < /M,(hW?)H,(A, B).
Theorem A can be used to infer the following remark:
Remark 2.7. Assume the conditions of Theorem A hold. Then,

my(h)Al, B < A8, B < M,(h')Al,B.

The left-hand side of inequality (1.5) can be squared by a similar
method as in [16, 17].
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Corollary 2.8. Let 0 < o/l < B < al < I < A< pB'I. Then, for
every normalized positive linear map P,

(2.10) ®?*(AV,B) < (%) ?(At,B)
and
AN 2
(2.11) P*(AV,B) < (f%) (®(A)t,P(B))°,

where h =«a/B and K =o' /f'.

Proof. According to the assumptions
(@ +B)>dBFA T +A (o +B)>d B +B,
since (t — o/)(t — ') <0 for o/ <t < B’ From these, we can write
(2.12) (/ + 8 >d/BO(A 'V, B! + ®(AV,B),
where @ is a normalized positive linear map. We have

H‘I)(AVUB)alﬁlmv(h)(b71(AﬁvB)”

2

< {1(AV.B) + o' Fm, ()@ (AL B (by [3])

< L 10(AV, B) + o/8'm, (1)0(A 5,57

(by Choi’s inequality [2, page 41])
1

< J19(AV,B) + oBOAV,BY|°  (by Remark 2.5)

<@ +8) by (212)

This is the same as stating

_ K(Rn)
2.13 ®(AV,B)® 1 (A4,B)| <
(213) | #(AY, By (42,8 < L
where h = o/ and b/ = o' /B’. Tt is not difficult to see that (2.13) is
equivalent to (2.10). The proof of inequality (2.11) proceeds likewise,
and we omit the details. O
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Remark 2.9. Obviously, the bounds in (2.10) and (2.11) are tighter
than those in [17, Theorem 2.1], under the conditions 0 < /I < B <
al <BI<ALPBTwithh=a/fand k' =d'/5".

3. Connection with known results. In this section, we point out
connections between our results given in Section 2 and some inequalities
proven in other contexts, that is, we now explain the advantages of our
results. Let 0 <wv < 1,7 = min{v,1—v}, R = max{v,1—v} and m,(-),
M, (-) be defined as in Theorem A. As we will show in Appendix A, the
next proposition explains the advantages of our results.

Proposition 3.1. The following statements are true.

@

(i) The lower bound of Proposition 2.2 improves the first inequality
n (1.2), when 3/4 <v <1 with0 < A < B.
(ii) The upper bound of Proposition 2.2 improves the second in-
equality in (1.2), when 2/3 <v <1 with0 < A < B.
(iii) The upper bound of Proposition 2.2 improves the second in-
equality in (1.2), when 0 < v < 1/3 with0 < A < B.

e upper bound of Theorem A improves the inequality
1) Th bound of Th A he i li
(1 —-v) vz <a"K(x),

when z¥ > 1/2.
(III) The upper bound of Theorem A improves the inequality given
by Dragomir in [4, Theorem 1],

(3.1) (1-v)+vx <exp(dv(l —v)(K(z)—1))z", x>0,

when 0 <v<1/2 and 0 <z < 1.
(IV) There is no ordering between Theorem A and the inequalities
(1.3) and (1.4).

Therefore, we conclude that Proposition 2.2 and Theorem A are
not trivial results. The proofs of the above-mentioned are given in
Appendix A.
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4. Inequalities related to the Heron mean. This section aims to
prove new inequalities containing (1.6). These inequalities were given
in Theorem B. Our main idea and technical tool are closely related to
inequality (2.1).

Proof of Theorem B. Consider the function f,.,(t) = rot'~! +
(1 —7)v, where t > 0, r € R, 0 < v < 1. Since the function f,,(¢) is
twice differentiable, it can easily be seen that

o)
2
@ frolt) ]:;t;(t) =r(v—2)(v— 1wt 3,

It is not difficult to verify that

{‘%’;’(O>O for r > 0,

%SO for r <0.

Utilizing inequality (2.1) for the function f,,(¢), we infer that

(4.1) gro(@) <rz’+ (1 —7r)((1 —v)+ovz) < Gpy(z),

where

(4.2) gm(x)zv(x_n{r(l;x) ) —|—(1—7“)}+1,
v(x —1)

(4.3) Gr () (rw“_l +2—r)+1,

2

for each x > 1, r > 0, 0 < v < 1. Similarly, for each 0 < z < 1,
r>0,0<v<1, we get

(4.4) Grop(x) <rz"+ (1 —7r)((1 —v)+vz) < gro(z).
If > 1 and r» <0, we obtain

(4.5) Gro(x) <rz’+ (1 —r)((1—v)+ovt) < grp(z),
for each 0 < v < 1. For the case 0 < x < 1, r <0, we have
(4.6) grow(t) <rz'4+ (1 —7)((1—v)+ovt) < Grp(z),

for each 0 <wv < 1. O
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Note that we equivalently obtain the operator inequalities from the
scalar inequalities given in Theorem B. We omit such expressions here
for simplicity.

Closing this section, we prove the ordering
{A=v)+ot7 1} P <go(t) and {(1—v)+vt 1} < Gut)

under some assumptions, for the purpose of showing the advantages of
our lower bounds given in Theorem B. It is known that

{(Q—v)+ot 1} ' <, 0<v<l, t>0,

so that we also have interests in the ordering g, . (t) and G, ,(t) with
tY, that is, we can show the following four propositions. The proofs are
given in Appendix B.

Proposition 4.1. Fort>1, 0 <wv,r <1, we have

(4.7) {1 —v)+ 'Ut_l}_l < gr,v(t)‘

Proposition 4.2. For0<t<1,0<w,r <1, we have

(4.8) {(1—v) ot} <Y < gru(t).

Proposition 4.3. For 0 < rv < 1, and ¢ < t < 1 with ¢ =
(27 —1)/5*, we have

(4.9) {(1—v) + ot 7 < Grolt).

Proposition 4.4. For0<v <1,r<1,t>1, we have

(4.10) {(1—v)+ ot} <" < G,olt).

Remark 4.5. Propositions 4.1-4.4 show that the lower bounds given
in Theorem B are tighter than the known bound (harmonic mean) for
the cases given in Propositions 4.1-4.4. If » = 1 in Proposition 4.1,
then g, ,(t) <t¥,fort > 1,0 <wv <1. If r =1 in Proposition 4.3, then
Grp(t) <tV forc <t <1,0<wv <1 We, thus, find that Propositions
4.1 and 4.3 make sense for the purpose of finding the functions between
{(1 —v) + vt~ 1}~ and ¢°.
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Remark 4.6. In the process of the proof of Proposition 4.3, we find
the inequality:
U+t

<{1-v)+ vt_l}_l,

for 0 <v <1, ¢<t<1. Then, we have the following inequalities:

Af,B+ B
2

for 0 < cA<B<Awithe=(2"-1)/5%, 0<v <1,
In the process of the proof of Proposition 4.2, we also find the ine-

quality:
t+ 1 v—1
t<2> <{(1 —w)+ot™1}7

< Al,B < Af,B,

for 0 <v <1,0<t<1. Then, we have the following inequalities:

BA-12 <A1/23A1/2 +1
2

v—1
) AV? < ALB < A1B,
for0<B<A 0<v<1.

5. Concluding remark. Several refinements and generalizations of
inequality (2.1) have been given (see, e.g., [5, 6, 19, 22]). Of course, if
we apply them with similar considerations as those discussed above, we
can find new results concerning mean inequalities. We leave the details
of this idea to the interested reader, as it is merely an application of
our main results.

Acknowledgments. The authors thank the anonymous referees for
giving valuable comments and suggestions to improve our manuscript.

APPENDICES

A. For the purpose of giving a proof of Proposition 3.1, we need
the following lemma.

Lemma A.1. For each x > 1, we have

w5 (5 ()
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Proof. We firstly prove

A2) (x—;l)g/?’z(;+x;1>(1+log<x;1>),

for x > 1. Setting ¢t = (z + 1)/2 > 1, the inequality (A.2) is equivalent
to the inequality

2/3 s (3t —1)
= 22— 1)

(1+logt),
which is equivalent to
25%(25% — 1) > (3s® — 1)(1 + 3log s),
where s = t1/3 > 1. In order to prove the above inequality, we set

F(s) =4s° — 35 — 252 +1 - 9s%logs + 3logs, s>1.

By simple calculations, we have §(s) > §(1) = 0. Hence, we have
inequality (A.2). For any a > 0, we have 2a/(1 +a) < y/a, that is,
(a +1)/(2a) > 1/+/a. Therefore, for any a > 0, we have

1 Va+1

1 a+1

1
2" ia *§+2¢a’ 2va

which implies the following, second inequality:
s+ 1\ _ /1 241 z+1
> = i
(5) =)o)
Ve +1 r+1
> 1+1 — ).
Z ( NG + log B

This completes the proof. O

Proof of Proposition 3.1.
(I) Assume that x > 1.

(1) Consider the function

() = v(z — 1) (1_2“”1> _ 7«(1 _ \/5>2.



REFINEMENTS OF CLASSICAL INEQUALITIES 2303

For 3/4 < v < 1, we have u,(z) > 0. Let us prove this statement.
Since u;(x) = 0 and
d*uy(z) 1

St = (1= apa 2loga + v(loga)?} <0

for > 1, we have only to prove ug/4(z) > 0 for z > 1. Since

¥/ — 3z + 423/4 — 521/4 4+ 3
us/a(@) = 871/ )

we set the function v(x) = 2°/* — 3z + 423/* — 521/4 + 3. Some calcu-
lations show v(z) > v(z) = 0, which implies ug/4(x) > 0. Hence, our
claim follows.

In this case, the first inequality in (2.2) can be considered as a re-
finement of the first inequality in (1.2).

(ii) Consider the function

wo(2) = R(1 — v3)? = v(z — 1)(1 - (”;1)1>

For 2/3 < v < 1, we have w,(x) > 0. In order to prove this inequality,

: fo(o) = (1= Va2~ (o= 1)1~ (xf))

For x > 1, we then have

dx:lix) o 1)<x;1>“{bg (x;d)} > 0.

We have only to prove ry/3(z) > 0 for z > 1. By slightly complicated
calculations, we have

() = 24(/:’(+¢15)1—/31){ﬁ2+ 1 <x;1>1/3} S0

Indeed, for ¢t > 1, we have (t — 1)(t2 + 3) > 0 which is equivalent to
(t+1)3 > 4(t* + 1). Setting t = \/z, we obtain

(Vz +1)? Srtl
8 - 27
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which yields

Va1 (a1 1/3
2~ 2 '

Thus, our assertion follows.

(iii) In addition, for 0 < v < 1/3, we have w,(z) > 0. In fact, since
v(z +1)/2°71 is increasing for v, we estimate the first derivative of
wy () as

du;;qffﬂ):_(\/5_1)2_(;5_1)—1—(3;—1)(33‘2*‘1)”1<1+vlog (T))
<-(Wr-1)' =@ -1)
+a— 1)(x;rl)2/3<1+ %mg ("””‘2”))

()

S (oo

The last inequality is due to Lemma A.l. Consequently, w,(z) >
wy/3(x). Thus, we prove wy3(z) > 0.

wy 3(7) = Vel (x+1)_2/3{(\/5—3)($+ 1)2/3+ VT + 1}.

3 2 2

Now, we set the function y(t) = (t —3)((t> 4+ 1)/2)?/> +t +1 for t > 1.
With some calculations, we get y(¢t) > (1) = 0. Therefore, we have
wy(t) > wy/3(t) > 0, as required.

In these cases, the second inequality in (2.2) provides an improve-
ment for the second inequality in (1.2).!

(IT) Let > 0. It is clear that, if ¥ > 1/2, then M,(z) <
K(z). Indeed, by simple calculations, the inequality M,(z) < K(x
is equivalent to the inequality 2v(1 —v) < . Since v(1—v) < 1/4, we
have ¥ > 1/2 > 2v(1 — v) under the condition z¥ > 1/2.

~—
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(III) Dragomir [4, Theorem 1] obtained the inequality (3.1) for
x > 0. However, for 0 <v <1/2,0 <z <1, we show

(A.3) M, (x) < exp(dv(l —ov)(K(z) —1)).
Our upper bound of Theorem A is tighter than that given in [4,
Theorem 1], when 0 < v < 1/2.

Now, we prove the above inequality (A.3), which is identical to the
inequality

P BB [ (m—v)(:c—u?)_

2xv T

We use the inequality
1
exp(y) > 1+y+5v% ¥ >0,

with y = (v(1 — v)(x — 1)?)/2 > 0. Then, we calculate

o(1 —v)(z —1)° 1 o(l—v)(z—1)°
(A.4) eXp(x) 1 ST
v(1 —v)(z —1)* 1 o(l—v)(z—1)°
= T (1 C 2y + 2z >
B (1 —v)(@—1)% (22" =1+ v(1 —v)2z* L (z — 1)
B T ( 220 >

Thus, we have only to prove 2z° —1+v(1 —v)z* "t (z—1)? > 0 for 0 <
x <1,0<wv<1/2. By setting t = 1/, the above inequality becomes

o2t — T (1 —v)(t - 1)%) > 0.
Therefore, it is sufficient to prove the inequality
go(t) =2t — " 4 u(1 —v)(t - 1)2 >0,

for t > 1, 0 < v < 1/2. With some calculations, we have g,(t) >
g1/2(t) > g1/2(1) = 1 > 0. Thus, the proof of inequality (A.3) is
complete.

It should be mentioned here that inequality (A.3)holds for 0 < v <1
and z > 1/2 from (A.4).

(IV) It is natural to consider m, (z) and M, (x) as better than K" (x)
and K*'(z) under the assumption 0 < z < 1.
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(i) In general, there is no ordering between K" (z) and m,(x). For
this purpose, taking v = 0.3 and x = 0.7, then

my(z) — K"(x) = 0.002.
On the other hand, taking v = 0.7 and x = 0.1, we have
my(z) — K" (z) = —0.15.

(i) In addition, we have no ordering between K(x) and M,(z). In
order to see this, putting v = 0.2 and = = 0.4, observe that
K®(x) — M,(x) ~ 0.08.
However, if we choose v = 0.6 and = = 0.3, we obtain

K®(x) — M,(z) = —0.17. O

B. We begin by proving Proposition 4.1.

Proof of Proposition 4.1. Since g, ,(t) is decreasing in 7, g, ,(t) >
g1,0(t) so that we only must prove, for ¢ > 1 and 0 < v < 1, the
inequality g1.,(t) > {(1 —v) + vt7*}~!, which is equivalent to the

inequality by v(t — 1) > 0,

. () =i

Since t > 1 and 0 < v < 1, we have t((t + 1)/2)"~! > #*. In addition,
fort > 0,0 < v <1, we have t* > {(1 —v) + vt~'}71. Thus, we
have t((t +1)/2)~1 > {(1 —v) +vt~1} =1, which implies the inequality
(B.1). O

Proof of Proposition 4.2. The first inequality is known for ¢t > 0,
0 <wv < 1. Since g, () is deceasing in 7, in order to prove the second
inequality, we only need prove g; ,(t) > t¥, that is,

¢ 1 v—1
v(t—l)(Z) +1 >,
which is equivalent to the inequality

-1 t1\" !
<(t-1)( L= .
v _( )< 2 )
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With the use of the Hermite-Hadamard inequality along with a convex
function 2V ~! for 0 < v < 1, z > 0, the above inequality can be proven

as 1 1
t+1\"" 1 1—¢
trl <— | 2 Yz = ) O
2 1—t /), v(l —t)

Proof of Proposition 4.3. We firstly prove h(t) = 2(t — 1) —logt > 0
for ¢ <t < 1. Since h"(¢) > 0,

h(1) =0 and h(c) ~ —0.0000354367 < 0.
Thus, we have h(t) <0 for ¢ <t < 1. Secondly, we prove
lL,(#)=2(t—1)— (1 —v)t+v)logt <0.
Since

dl, (1)
dv

= (t—1)logt >0,

we have

l,(t) <I1(t) = h(t) <0.
Since G, ,(t) is decreasing in r, we have G, ,(t) > G1,(t), so that we
must only prove Gy ,(t) > {(1 —v) +vt~1}71, which is equivalent to
the inequality by v(t — 1) <0,

41 1

2 T (1-vt+o’
for 0 <r,v <1, c<t<1. Towards this end, we set
f,() =2— (" +1)((1 — )t +v).

Simple calculations imply f,(¢) > f;(¢) = 0. O

Proof of Proposition 4.4. The first inequality is known for ¢t > 0,
0 <wv < 1. Since G, ,(t) is deceasing in 7, in order to prove the second
inequality, we only need prove G ,(t) > ¢V, which is equivalent to the
inequality

1
5v(t — D )+ 1>t

Towards this end, we set
ko(t) = v(t — 1) ("1 4 1) + 2 — 2t°.
Simple calculations imply k,(t) > k,(1) = 0. O
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ENDNOTES

1. It is interesting to note that, with computer calculations, we find
that, if v > 0.7, then wu,(z) > 0 and, if v > 0.6 or v < 0.4, we have
wy(xz) > 0. This means that we have a possibility of extending the
range of v to satisfy one of the conditions of (I) (i), (I) (ii) and (I) (iii)
in Proposition 3.1.
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