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ABSTRACT. In this paper, we find the genus field of
finite abelian extensions of the global rational function field.
We introduce the term conductor of constants for these
extensions and determine it in terms of other invariants.
We study the particular case of finite abelian p-extensions
and give an explicit description of their genus field.

1. Introduction. It was Gauss [11] who first considered what now
is known as the genus field. The work of Gauss was in the context
of binary quadratic forms. Later, this concept was translated into
the context of quadratic number fields. In this way, originally, the
definition of genus field was given for a quadratic extension of Q. We
have that, for a quadratic number field K, the genus field of K is the
maximal extension of K that is abelian over Q and which is unramified
over K. The Galois group of Ky./K, Ky denoting the genus field of
K, is isomorphic to the maximal subgroup of exponent 2 of the ideal
class group of K. It was proven by Gauss that, if s is the number of
different positive finite rational primes dividing the discriminant dx of
a quadratic number field K, then the 2-rank of the class group of K is
s —2if 6 > 0, and there exists a prime p = 3 mod 4 dividing dx, and
s — 1 otherwise.

Genus theory using class field theory was introduced by Hasse [12]
for the special case of quadratic number fields. Hasse translated
Gauss’s genus theory using characters. Leopoldt [18] generalized the
results of Hasse, determining the genus field K. of an absolute abelian
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number field K. Leopoldt used Dirichlet characters to develop genus
theory of absolute abelian extensions and related the theory of Dirichlet
characters to the arithmetic of K.

The concept of genus fields for an arbitrary finite extension of the
field of rational numbers was introduced by Frohlich [7, 8, 9]. Frohlich
defined the genus field K. of an arbitrary finite number field K/Q as
Kg. := Kk, where k* is the maximal abelian number field such that
Kk*/K is unramified. We have that k* is the maximal abelian number
field contained in Kg.. The degree [K, : K] is called the genus number
of K, and the Galois group Gal(K./K) is called the genus group of K.

We have that, if Ky denotes the Hilbert class field of K, then
K C Ky € Ky, and Gal(Ky/K) is isomorphic to the class group Clg
of K. The genus field K, corresponds to a subgroup G of Clg, that
is, Gal(Kg4./K) = Clg /Gg. The subgroup G is called the principal
genus of K, and |Clk /G| is equal to the genus number of K.

Zhang [29] gave a simple expression of K g, for any abelian extension
K of Q using Hilbert ramification theory. Ishida [15] described the
narrow genus field Ky, of any finite extension of Q, that is, Ishida
allowed ramification at the infinite primes. Given a number field K,
Ishida found two abelian number fields ki and k3 such that

k*=kk; and kInk}=Q.

The field k7 is related to the finite primes p such that at least one prime
in K above p is tamely ramified.

We are interested in genus theory for global function fields. There
is no direct proper notion of Hilbert class field since all of the constant
field extensions are abelian and unramified, and the maximal constant
extension is infinite abelian and unramified. On the other extreme,
if the class number of a congruence function field K is hg, then
there are exactly h := hg abelian extensions Kji,..., K} of K such
that K,;/K are maximal unramified with exact field of constants of
each K;, the same as that of K, IF, the finite field of g elements and
Gal(K;/K) = Clk o the group of classes of divisors of degree zero [2,
page 79, Chapter 8].

There have been different notions of genus fields according to differ-
ent Hilbert class field definitions. Rosen [24] gave a definition of Hilbert
class fields of K, fixing a nonempty finite set S, of prime divisors of K.
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Using Rosen’s definition of the Hilbert class field, it is possible to give
a proper concept of genus fields along the lines of number fields.

Clement [6] found a narrow genus field of a cyclic extension of
k = Fy(T) of prime degree [ dividing ¢ — 1. She used the concept
of a Hilbert class field similar to that of a quadratic number field K:
it is the finite abelian extension of K such that the prime ideals of
the ring of integers Ok of K splitting there are precisely the principal
ideals generated by an element whose norm is an l-power. Bae and Koo
[3] were able to generalize the results of Clement with the methods
developed by Frohlich [9]. They defined the narrow genus field for
general global function fields and developed the analogue of the classical
genus theory. Angles and Jaulent [1] used narrow S-class groups to
establish the fundamental results, using class field theory, for the genus
theory of finite extensions of global fields, where S is a finite set of
places.

Peng [23] explicitly described the genus theory for Kummer exten-
sions K of k := Fy(T) of prime degree I, based on the global function
field analogue of Conner and Hurrelbrink’s exact hexagon. Wittman
[28] extended Peng’s results to the case [ { ¢ (¢—1) and used his results
to study the [-part of the ideal class groups of cyclic extensions of prime
degree [ of k. Hu and Li [14] explicitly described the genus field of an
Artin-Schreier extension of k.

In [19, 20], a theory of genus fields of congruence function fields
was developed using Rosen’s definition of Hilbert class field: given a
finite nonempty set S of places of a global function field K, the Hilbert
class field (relative to S) Kp g of K is defined as the maximal abelian
unramified extension of K such that the places in S fully decompose
in Kp 5. The genus field K. of K is the maximal extension of K such
that

K C ng - KH,S

with Ky = Kk* and such that k*/k is an abelian extension. In
the case where K/k is abelian, Ky, simply is the maximal abelian
unramified extension of k£ such that the primes in S fully decompose
in Kg.. The methods used there were based on the ideas of Leopoldt
using Dirichlet characters, and a general description of K, in terms of
Dirichlet characters was given. The genus field K. was obtained for an
abelian extension K of k and S the set of infinite primes. The method
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was used to give K. explicitly when K /k is a cyclic extension of prime
degree [ | ¢ — 1 (Kummer) or [ = p where p is the characteristic (Artin-
Schreier) and also when K/k is a p-cyclic extension (Witt). Later on,
the method was used in [5] to explicitly describe Ky when K/k is a
cyclic extension of degree [, where [ is a prime number and {" | ¢ — 1.

In this paper, we consider a finite abelian extension K/k. We find
the genus field of K with respect to k. Special consideration is given
to the genus field of a finite abelian p-extension of k, where p is the
characteristic.

The study of elementary abelian p-extensions, and more generally
abelian p-extensions, has been considered by numerous authors. These
extensions appear in several contexts. In [22], Ore considered additive
polynomials using composition as multiplication. With this operation,
these polynomials are known as twisted polynomials, and this is one
of the bases for Drinfeld modules. Lachaud [17] obtained an analogue
of the Carlitz-Uchiyama bound for geometric BCH codes and some
consequences for cyclic codes. His results are part of the analysis of the
L-function of Artin-Schreier extensions. Garcia and Stichtenoth [10]
studied field extensions L/K given by an equation of the type

Yy —y = f(z) € K(v),

where ¢ is a power of p and F, C K. Using a result of Kani [16], they
obtained a formula relating the genus of the extension and the genus
of several subextensions of degree p. There are many fields of this
kind having the maximum number of rational places allowed by Weil’s
bound, but they proved that, for fixed K, the number of rational places
is asymptotically bad. They also used these extensions to find a family
of fields whose Weierstrass gap sequences are nonclassical.

In [4], we considered an additive polynomial f(X) whose roots
belong to the base field, and we proved results analogous to those
obtained by Garcia and Stichtenoth. More generally, we studied abelian
extensions of type C}., where C; denotes a cyclic group of order j, and
such that the base field contains the finite field IF, with ¢ = p™. For
instance, given an additive polynomial f(X), we have that, if the roots
of f are in the base field, any elementary abelian p-extension can be
obtained by means of an equation of the type f(X) = u. Furthermore,
all the subextensions of degree p over the base field can be deduced
from the equation f(X) = u.
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We have studied genus fields in [19, 20, 21]. The general result
we present here goes along the lines of the proof we presented in [19],
but it is much simpler since, now, we consider in merely one step the
tame and the wild ramifications of the infinite prime. In [19], we first
studied the case of tame ramification of the infinite primes and then the
general case. It turns out that it is possible to consider the general case
in only one step and, in fact, this approach gives the genus field much
faster and in a more transparent manner. Furthermore, in [19], we
restricted ourselves to geometric extensions. Here, we consider general,
not necessarily geometric, finite abelian extensions.

Our objective in this paper is to give a full solution to the genus field
problem for finite abelian extensions K of k. We use this approach to
study finite abelian p-extensions of k. Obtaining the genus field of
this family of extensions is much more transparent than the manner in
which it was obtained in [19].

We use the following notation. Let k = Fy(T') be a global rational
function field of characteristic p. Let Ry = F,[T] be the polynomial
ring. Let R; denote the set of all monic irreducible polynomials in
Ry. For N € Ry, k(Ay) denotes the Nth Carlitz cyclotomic function
field. Let Py be the pole of the principal divisor (7') in k, which we
call the infinite prime. The maximal real subfield k(Ayx)T of k(Ay) is
the decomposition field of the infinite prime. For any field L such that
k C L C k(Ay), the real subfield Lt of L is

Lt :=k(Ay)t N L.

General results on cyclotomic function fields can be consulted in [26,
Chapter 12]. Let K/k be a finite abelian extension. From the
Kronecker-Weber theorem, we have that there exist n,m € N and
N € Ry such that

K C wk(AN)m := Lok(Ay)Fgm,

where L,, denotes the subfield of k(A rn+1) of degree ¢" and ky, :=
Fym (T') is the extension of constants of k of degree m. We have that
P is totally and wildly ramified in L,,/k. We also have that P, is
totally inert in ky,/k.

For any finite abelian extension F of k, So(F) denotes the set of
prime divisors of F' above P,. For any finite abelian field extension
E/F, let exo(E/F), foo(E/F) and h(E/F) denote the ramification
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index, the inertia degree and the decomposition number of S (F) in
E, respectively. For P € R}, ep(E/F) denotes the ramification index
of any prime in F' above P in E/F. For any extension F/k, let Fg.
denote the genus field of F over k with S = S, (F). When F/k is a
finite abelian extension, Fy, is the maximal abelian extension contained
in the Hilbert class field of F. The symbol Cy; will denote the cyclic
group of d elements.

Let M := L,k,,. Then,
(1.1)  ex(M/Ek)=q", foo(M/k)=m and he(M/k)=1.
We have M Nk(An) = k.

Our first main result is stated later as Theorem 2.2.

Theorem 1.1. Let K/k be a finite abelian extension with the above
notation. Let
E:=KMnNEk(An).

Then,
Kge = E;ﬁlK = (EgeK)Hv

where H is the decomposition group of any prime in S (K) in
EyK/K, H, := H|g,, and Hy := Hi|g.
Let d:= foo(EK/K). We have
H=~H, ~H, >,

and d | ¢ — 1. We also have that EqK/Kg and EK/E™K are
extensions of constants of degree d. Finally, the field of constants of
Kg. is Fye, where t is the degree of Soo(K) in K.

As a corollary, we obtain the general description of the genus field
of abelian p-extensions in Theorem 2.3.

In the classical case, the analogue to Theorem 1.1 is the following.

Theorem 1.2. Let K be an abelian extension of Q, and let X be the
group of Dirichlet characters corresponding to K. For any rational
prime p and each Dirichlet character x, let x, be the pth component
of x. Set

X, ={xp | x € X}
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Let

Y= [] X,
peEP
where the product runs through the set of rational primes P. Then, if
L is the field corresponding to Y, L is the maximal abelian extension
of Q containing K such that L/K is unramified at every finite rational
prime.

Our second main result is the description of what we call the conduc-
tor of constants of an abelian extension K/k. The classical Kronecker-
Weber theorem establishes that every finite abelian extension of @, the
field of rational numbers, is contained in a cyclotomic field. Equiva-
lently, the maximal abelian extension of QQ is the union of all cyclotomic
fields. In 1974, Hayes [13] proved the analogous result for rational con-
gruence function fields. He proved that the maximal abelian extension
of k is the composite of three linearly disjoint fields: the first is the
union of all cyclotomic function fields; the second is the union of all
constant extensions; and, the third is the union of all the subfields of
the corresponding cyclotomic function fields, where the infinite prime
is totally wildly ramified.

Given a finite abelian extension K/k, by the Kronecker-Weber
theorem, we have
for some n,m € N and N € Ryp. The minimum N and n can be
found by class field theory by means of the conductor related to the
finite primes and the infinite prime, respectively. However, m does
not belong to this category. In this paper, we define the conductor of
constants as the minimum m satisfying this condition and describe m
in terms of some other invariants of the extension. This is given in
Theorem 3.1.

The third main result is the explicit description of genus fields of
finite abelian p-extensions of rational function fields in the case where
we have enough constants. This is given in Theorem 5.1. More
precisely, in the notation of Witt vectors, if k = Fy(7T') and if F, C Fy,
then any finite abelian p-extension K/k with Galois group of rank v
can be given as K (%) where 7 is given by a Witt equation of the form

== 5 € Wn(k).
When F,ZF,, the field K cannot be described by this type of equation.
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To describe the genus fields of finite abelian p-extensions of rational
function fields without sufficient constants, we first prove a result on
the genus field of a composite of finite abelian extensions of degree
relatively prime to the order of the multiplicative group of the field
of constants, which shows that the genus field of the composite is the
composite of the respective genus fields. The description of the genus
field of an arbitrary finite abelian extension of a global rational function
field of degree relatively prime to the order of the multiplicative group
of the field of constants is the final main result, Theorem 6.9.

2. The genus field. The general results on genus fields, as pre-
sented in the introduction, which are necessary throughout this paper,
can be found in [19, 20].

First, we present a new proof of the fact that, if K C k(Ay), then
Kge C k(Ay). For a group of Dirichlet characters X, and for P € R},
we set

Xp={xr|xeX}

where x p is the Pth component of x. We refer to [26, Chapter 12] for
the use of Dirichlet characters.

Theorem 2.1. Let k C K C k(Ay) for some N € R;. Then, Kg C
k(An). Furthermore, if the group of Dirichlet characters of K is X,
and, if L is the field associated to' Y = HpeR; Xp, then

Kge =KL

Proof. Let F/K be an unramified abelian extension so that the
elements of S (K) are fully decomposed in F/K. In particular,
Poo is tamely ramified. By the Kronecker-Weber theorem, we have
F C K(AN/).m, for some N’ € RE, m € N. Let T be the inertia group
of Seo(K) in k(An+)/k, and let B = k(An+)%. Since the elements of
Soo(B) are of degree 1, they are fully inert in B,,/B. Furthermore,
the elements of S (B) are fully ramified in k(An/)/B. Now, the
elements of S (K) are fully decomposed in B/K; thus, we obtain
that B is the decomposition field of So (K) in k(An/)m /K. Tt follows
that F' g B g k(AN/)
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kE(Any) ——————— k(AN/)m
z F
B / B,
/
K K,,
k km,

Let Z be the group of Dirichlet characters associated to F. Since
F/K is unramified, it follows that X C Z C Y, that is, F C L since L
is the maximal abelian extension contained in some cyclotomic function
field such that L/K is unramified in the finite primes. In particular, we
may take N’ = N. Therefore, K4 = LP, where D is the decomposition
group of S (K) in L/K. Now, Soo(K) fully decompose in KL /K
since Py fully decomposes in L™ /k. Since L/K is unramified, we have

KLt CL
so that KL1/K is unramified. Hence, KLT C K, and we obtain that

KL" C Ky C L.

Finally, we see that So.(KL™) is fully ramified in the extension
L/KL*. In fact, this follows from the facts that LT C KLt C L,
and Ss (L") is totally ramified in L/L*. Since KLT C Ky C L, and
Kge/KL" is unramified, it follows that Ky = KLt C k(An). O

Our first main result is the following.

Theorem 2.2. Let K/k be a finite abelian extension such that K C
nk(AN)m. Let M = L, ky,, and let

E:= KM Nk(Ay).
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Then,
Kge = EJIK = (Ege K)Y,

where H is the decomposition group of any prime in Sy (K) in
EyK/K, Hy := H|g,, and Hy := Hy|g. Let d = fo(EK/K). We
have H = Hy = Hy = Cq and d | ¢ — 1. We also have that Eq. K/K g,
and EK/EM2K are extensions of constants of degree d. Finally, the
field of constants of Ky is Fqe, where t is the degree of Soo(K) in K.

Proof. The proof that the field of constants of Ky, is Fye is the
same as that in [19, Lemma 4.1]. We repeat the argument for the
sake of completeness. Let K, be the extension of constants of K
of degree r. Since the degree of any element of So,(K) is ¢, the
elements of So(K) decompose into ged(t,r) elements of K, (see [26,
Theorem 6.2.1]). Therefore, the elements of So (K) fully decompose if
and only if ged(¢,r) = r if and only if r | . The assertion follows.

Since k(AN) N M = k and E = KM N k(Ay), from the Galois
correspondence, between k(Ay)/k and k(Anx)M/M, E corresponds to
KM. Hence, KM = EM corresponds to E. Thus,

KM = FEM.

Now,

ENK CENK Ck(AN)NK = (KM Nk(An))NEk(AN)NK
=ENk(AN)NK=ENK.

Therefore,
ENK=FE;NK =k(Ay)NK.

We have [E : k] =[EM : M| =[KM : M]=[K : KN M]. Thus,

(2.1) (K k] =|E:K|[KNM: k.

Next, we prove that EK/K is unramified. First, note that

ECEKCFEKM=FE-EM = EM.
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k(An) k(An)M
E KM = EM
K /
/
ENK
k———KNM M

In the extension M/k, P is the only ramified prime. Hence, in
KM/E, the only possible ramified primes are those in S (E). We
also have that, in the extension KM/K, the only possible ramified
primes are the elements of S, (K) and, since K C EK C EM = KM,
the only possible ramified primes in EK/K are those in S (K).

FE EFK EM=KM
S
K
/
ENK
k M

From (1.1), we have
e (EK/K) | exo(M/K N M)
and
e M/KNM) | ex(M/k)=q".
On the other hand, we have
eo(EK/K) | eo(E/ENK)
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and
exo(E/ENK) | exs(k(An)/k) =q— 1.

Thus,
eo(EK/K) | ged(¢",q—1) =1,

and FK/K is unramified.

Now, we have that
oo (EK/K) foo(EK/K) | eso(E/E N K)fso(E/ENK),
and eoo(EK/K) = 1, foo(E/ENK) = 1. Hence,
Fo(BEK/K) | eo(B/ENK) and esx(E/ENK)|q—1.

Thus, foo (EK/K) | ¢g—1. Therefore, we have that EK /K is unramified,
the inertia degree of Soo (K) in EK/K isd = fo(EK/K),and d | ¢—1.
Since Eg./E is unramified and S (E) fully decomposes in Ey./E, the
same holds in Fg.K/FK. In this way, we obtain that Fyg.K/K is an
unramified extension, and the inertia degree of S (K) is d.

Recall that H is the decomposition group of any prime in Sy, (K)
in B K/K, and let Hy := H|pg, . Observe that |[H| = d. Since
Ese N K = EN K, from the Galois correspondence, we obtain that
H = Hy, |H| = |H| and Ef' K = (E4 K)". Analogously, H, = Hj.
Furthermore, Hy C I (k(An)/k) = Cy_1, where I, denotes the
inertia group of P.,. Therefore, H is a cyclic group, H = H, = Hy =
Cy. Since S (K) fully decomposes in Efl' K /K, it follows that

EINK C Ky..

Let By := EE[' C Ey. Now, Hy C Io(E/ENK), so Sso(EH")
is fully ramified in Eg./Efr. Therefore, So(E1) is fully ramified in
Eg./Eq. On the other hand, So (E) fully decomposes in Ey./E. Hence,
Soo(En) tully decomposes in Eg./E1, that is, Seo (E1) ramifies and fully
decomposes in Eg./E;. Therefore,

Eq = Ey = EE[l".
It follows that

(Ege K)" = Bl K C Kye and EE[ = Ej..
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To prove the other containment, we define C' := Ky M Nk(Ay). We
have
ECEM=KMC Ky M, ECEApN).

Therefore,
ECKyMnk(Ay)=C,

that is, £ C C. Furthermore, Eﬁl - Eé{lK C Kyge € KgeM and
Eé{l C Eyge C k(An). Thus, Egl C KgeM N k(An) = C. Hence,
Eé{l C C. Therefore,

(2.2) Eg =EE[l C C.

[4

Since C' = K4 M N k(Ay), from the Galois correspondence, we have
CM = Kg.M. Now, since Kg./K is unramified and S, (K) fully de-
composes, it follows that

(2.3) CM/KM is unramified and Soo (K M) fully decomposes.

We now prove that C/E is unramified. From (2.3), it follows that
CM /KM is unramified. Now, in KM = EM over E, the only ramified
primes are those in So.(F), and they have ramification index equal to
q". Tt follows that the only ramified primes in CM/E are those in
Soo(E). Hence, the only possible ramified primes in C/E are those in
Soo(F). Now,

exo(C/E) | exc(CM/E) = ¢"

and
¢oo(C/E) | eoo(k(AN)/k) = q = 1,
so that
ese(C/E) | ged(q" g~ 1) = 1.
Therefore, C/E is an unramified extension.

On the other hand, since So.(E) is unramified in C'/E, Sy (F) fully
decomposes in C/E since C C k(Ay). It follows that C' C Ey.. From
this and equation (2.2), we obtain

C=FE; and EgM=CM=KgM.

We have Ege K C Fq. K. Since Ky, /K is unramified and S (K) fully
decomposes in Ky, the same holds in EgKgy./FEq4. K. In particular,
hoo(EgeKge/Ege K) = [Ege Kge : Ege K.
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k(An) k(AN)M

/

c CM = Ky M
|
|
|
|
I
|
|

bl\ EKM =EM = KM

k= k(Ay) N M Comdly S M

Now, in the extension Eg.M/Ej., the only ramified primes are those
in Se(Ege), and we have

eoo(EgeM/Ege) = q" and  foo(EgeM/Eqe) =
since e (Ege/k) | ¢ — 1, which is relatively prime to g,
so(Ege/k) =1,e00(M/k) =¢" and foo(M/k) =m
Eq. Eg M

EgeNM =k M

eoo=q",foc=m

Let F; and F5 be two fields such that ¥ C F; C F», C M. Let
R, = B4 F;, i = 1,2. Since foo(Ege/k) =1 and eoo(Ege/k) | ¢ — 1, it
follows from the Galois correspondence between M/k and Eg.M/Eq,
that ex (Ri/Ege) = eco(Fi/k) and foo(Ri/Eqge) = foo(Fi/k), i = 1,2.
Therefore, eqo (F2/F1) = €oo(Ra2/R1) and foo (Fo/F1) = foo(R2/R1).

Since hoo(M/k) =1, we have hoo(R2/R1) = 1. In particular,
Ri# Ry <= F1 # F, < exo(F2/F1)>1 or [foo(Fy/F1)>1
(2.4) <= ex(R2/R1)>1 or fo(Ra/Ry)>1.
Also, since

Ege - EgeK - Egnge - ngM = EgeM7
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Soo(EgeK) is unramified in EgKye/Ege K, and S (Eq.K) fully de-
composes; thus, we obtain that

eoo(EgeKge/Ege K) =1 and  foo(EgeKge/EgeK) = 1.
From (2.4), it follows that
EgKge = Eg K.

Therefore, Kge C FEgeKye = Eg.K. Since E4 K/K is unramified, if
D is the decomposition group of So(K) in E4K/K, we obtain that
Kge = (Eg.K)P. Then, we have

Jool EqeK/K) = foo(Bqe K/ EK) foo(BE/K) = 1-d = d.

Hence, D = H and Ky, = (Ech)D = (EgeK)H = EglK~

Finally, it remains to show that E4 K/K, and EK/Ef2K are
extensions of constants. Since Ky M = Eg.M and Eg Ky = Eg K,
we have

Kge = (Ege ) C Eg K C EgeKye € BgeKgeM = Egc M.
Set I = Kge N M and Fy = Eg. K N M. We have
d=[EgK : Kge| = foo(EgeK/Kge) = [F> : Fi]
= oo (F2/F1) foo (Fo/F1)heo (F2/ FY).
Since en (Fa/F1) | ¢™ and hoo (F2/F1) = 1, it follows that

eoo(Fa/Fi) = eoo(Bge K/ Kge) = 1

and
foo(F2/F1) = foo(Ege K/ Kge) = d.

Therefore, k C F} C F, C M and e (F2/Fy) = 1.

Let a and b be such that Fy C FikyL,. Let A; = F;kyN Ly, 1 =1,2.
Note that, since e (Fa/F1) = 1 and Fiky = Akp/Ai, ¢ = 1,2, are
extensions of constants, we have e, (A42/A1) = 1. Since L, /k is totally
ramified at P, it follows that A; = As. Therefore, Fyk, = Fiky, and
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F5/Fy is an extension of constants.

L, Lyky
A, Foky = Asky
/
Fy
Ay Fiky, = Ak
F /
/

k ko
eoo(szb/Flkb) = GOO(FQ/Fl) = GOO(AQ/Al) =1.

Recall that Fy = Kz N M. We consider Ky € Fg K C Kg. M =
By M:
Ky —FEye K — KM = Eg.M

') Iy M

Therefore, Kge C FoKye = Eg K. It follows that Eg K/Kg. is an
extension of constants of degree [E4. K : Ky.] = |H| = d. The proof
that EK/EH2 K is an extension of constants is completely similar. This
concludes the proof of the theorem. O

For the particular case of a finite abelian p-extension, we have that,
on one hand, d | ¢ —1 and, on the other hand, d | [EK : K]. Since K/k
is a p-extension, we obtain from (2.1) that E/k is also a p-extension.
Finally, since

Gal(EK k) — Gal(E/k) x Gal(K/k), o+ (o], 0lx)
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is injective, and it follows that EK/k is also a p-extension. Therefore,
d | p® for some a. Thus, d = 1. We have proved the following.

Theorem 2.3. With the above notation, let K/k be a finite abelian
p-extension. Let
E:=KMnNEk(An).

Then, Kge = Eg. K and Kg./k is an abelian p-extension.

Proof. The last assertion follows from the fact that Eg./k is also an
abelian p-extension. O

With the same proof as that for Theorem 2.2, we obtain the follow-
ing.

Theorem 2.4. Let K/k be a finite abelian extension. Let
R=K,nN nk(AN)

Then,
Kqe = R;IK = (RgeK)Ha

where H is the decomposition group at infinity in Ry K/K, Hi :=
H|Rge and Hg = H1|R.

Let d* = foo(RK/K). We have H = Hi; = Hy = Cyg« and
d* | g—1. We also have that Rg. K/ K4, and RK/R"2K are extensions
of constants of degree d*. Finally, the field of constants of Kge is Fge,
where t is the degree of Seo(K) in K.

3. Conductor of constants. Let K be a finite abelian extension
of k. By the Kronecker-Weber theorem, we have that there exist
n,m € N and N € Rr such that K C ,k(Ax);,. The minima n
and N satisfying this condition are given by class field theory using
local conductors of the extension K/k: n for Ps and N for the finite
primes.

In this section, we will determine the minimum m satisfying the
above condition, and we will see that this m is related to the number d
given in Theorem 2.2. The number m will be called the conductor of
constants of the abelian extension K/k.
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Note that, in general, F,m is neither the field of constants of K nor
that of Kg.. For instance, let ¢ = 3 mod 4. Since v—1 ¢ F,, we have
k(v/=T) # K := k(V/T). The field of constants of K is F,, and K is
not cyclotomic. In fact, K C k(A7)Fg2, and m = 2 is the conductor of
constants of K. We also have, in this case, that K. = K.

Now, let n,m € N and N € Ry be such that K C ,k(Ax),, and
where m is the minimum with respect to this condition. Note that m
may depend on n and N. Consider the following diagram of Galois
extensions, that is, let U := ,k(An)K and k,,» := U N k,,,. From the
Galois correspondence, we have that

U = ok(AN)E = nk(An )k = nk(Ax)m 2 K.

nk(AN) —————— U = ,k(AN) K —— 2 k(AN)m

e

[
[
[
K [
[
[
[

k Ky km

Since m is minimal, we obtain that m’ = m, that is, m is determined
by the equality

(3.1) nk(AN)K = nk(AN)m.
Now, we shall see that m is independent of n and N. Let n; € N,
N; € Ry and m; € N be the minimum such that K C ,,,k(AN,)m,,

1 =1,2. Let ng := max{ni,na}, No = lem[Ny, N3] and my € N be
minimum such that K C ,, k(An,)m,. From (3.1), it follows that

n0k<AN0)K = Lno (nzk<AN1)k(ANo))K = Lno (nlk(ANl)K)k(ANO)
= Lno (nzk(AN1>m1k(ANo)) = nok(ANo)mw

and
nok(ANo)K = nok(ANo)mo .

Therefore, m; = ms = mg.
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Hence, we consider K C ,k(AN)m, with m the minimum. Let
F := KNyk(Axn), and consider the following Galois square (see (3.1)):

(AN) ———— E(AN)m = nk(AN)K

/

Let ¢ be the degree of Soo(K) in K, that is, t = foo (K/k). We have

fOO(nk(AN)m/nk(AN)) =m.

In particular,
{1} = Ioo(nk(AN)m/nk(AN)) C Ioo(K/F)a
Cm = Doo(nk(AN)m/nk(AN)) € Do (K/F).
Since [K : F] = m and m < |Doo(K/F)| < [K : F] = m, it follows
that |Do(K/F)| = m and Do (K/F) = Cp,. In particular, we have
hoo(K/F) =1 and hoo (nk(AN)m/nk(AN)) = 1.
On the other hand, we have
E= foa K /R) = foo K/ F) foa(FJR) = foo(K/F) -1 = foc(K/F),
that is, foo (K/F) = t. Furthermore,
so that e (K/F) = m/t. Hence,
(32)  m=[K:F] = fulK/Flew(K/F) = tes(K/F)
oo (K /)
eoo(F k)"

Now, we shall investigate the relation between the numbers m and
d = foo(EgeK/Kg), given in Theorem 2.2. Recall that M = L,k,,,
E=KMnk(Ay)and EM = KM. We have

Ege C BgeK C Ey KL, C EgeKM = EjeEM = Ey M.
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Let A:= EyKNM and B := Eq. KL, N M. From the Galois corres-
pondence, we have Fq. K = Fyq. A and Eyg KL, = Eg.B.

Ege —— EyK —— Ey KL, —— Eg.M

k A B M

We also have L,, C Ege KL,NM = B C M = L,ky,. Therefore, B/L,,
is an extension of constants, say, B = L,k with m’ | m. From the
Galois correspondence, we obtain

K C EgKL, = Eg.B = EgeLykny C k(Ay)Lypkny = nk(Ay)

m’*
Since m is the minimum, m’ =m, B =M and Eq KL, = Eq.M.

Now, Ege(AL,) = (EgeA)L, = (EgeK)L, = Eq.M. Again, from
the Galois correspondence, it follows that AL, = M. We consider the
following Galois square:

L, AL, = M = L, k,,

ANnL, —— A
We have

Joo(ALyp/Ly) = foo(M/Ly) =m
and

eco(ALp/Ly) = eso(M/Ly) = 1.
Thus,

{1} = Ioo(ALn/Ln) - Ioo(A/A N Ln)

and

Cm = Doo(ALp/Ly) € Do (AJAN Ly,).
Due to the fact that [A: ANLy,] =[M : L,] =m, it follows that
D (A/ANL,) = C,, ew(A/JANL,) =1
and foo(A/AN L,) = m. Therefore,
foo(Ege K/k)= foo (Ege K/ Kge) foo (Kge/K) foo (K/k)=d - 1 - t=dt=td.
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Thus,

oo (EgeM /K

Finally,

% = foo(EgeM/Ege K)|[EgeM : Ege K| = [M : A

t
= [L, : ANL,]|[Ln : k] = ¢™.

It follows that
m = tdp®,

for some s € NU{0}. Furthermore, foo(K,;/K) = m/t = ex(K/F).
Note that
td = foc(K/k)foo(EK/K) = foo(EK/k)

We compute m in another way. Recall F' = KN, k(Ay), and consider
the following Galois squares:

nk(AN) - nk(AN)m
R Kn=R,
/ p /
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nk(AN) nk(AN)K = 3 k(AN )m
C R = K,
R=KpNak(Ay) RK
F=Kn,k(Ay) K

Since R = KNy k(An), it follows that K, = R,,. Now, K, R C RK C
K., =Rp.

Note that, in general, R # F. For instance, if ¢ = 3 mod 4, v—1 ¢
F/, and, if K := k(\/T), then n = 1,m =2, N = T and

F=Kn,k(Ay) =k(VT)Nk(Ar) =k,
R =K, Nnk(An) =Fp(VT) N k(A7) = k(V=T) # k.

Let C := K,, N ,k(Ay). Then, C = R, and, from the Galois cor-
respondence, we have RK = R,, = K,,. It follows that the field of
constants of RK is Fym. The field of constants of RK. is also Fym.
Now, the field of constants of K, is Fg.

On the other hand, we have that Rng/RZfelK = K. is an extension
of constants of degree d* = |H;|. Thus, the field of constants of RK g,
is Fea=. It follows that td* = m.

We have obtained the following.

Theorem 3.1 (Conductor of constants). Let K be a finite abelian
extension of k. Let n,m € N and N € Rr be such that K C k(AN )m
and m is minimum with this property. Then, m is independent of n
and N. Lett = foo(K/k) = foo(K/F) be the degree of the infinite
primes of K.

(a) Let M = Lpkp, E = KM Nk(Ay), F = KN yk(Ay) and
d= fx(EK/K) = foo(EgeK/Kgy). Then,

nk(AN)K = nk(AN)m
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and
m=[K : F| =tex(K/F) = tdp® = foo(EK/K)p®

for some s > 0. In particular,
e (K/F) = dp® = foo(Km/K).
(b) Let R = K N pk(Ax) and d* = foo(RK/K). Then,
m = teso(K/F) = td* = foo (RK/).

In particular,
d* = foo(RK/K) = ex(K/F).

Remark 3.2. When p t m/t, in particular, when K/k is tamely
ramified at Py, we have s = 0 and m = td. When K/k is not tamely
ramified, we may have s > 1.

Example 3.3. Let p be any prime, and let ¢ = p. Let X :=1/T. We
have Ly := k(Ax2)" and [L; : k] = p. We have that L /k is an Artin-
Schreier extension. It is unnecessary to give the explicit description
of Lq; however, for the sake of convenience, we give a generator of
Li. Let X be a generator of Ax2 such that AP~! is a generator of
k(Ax2)T = Ly. Now, X is a root of the cyclotomic polynomial Wz (u)
(see [26, Chapter 12]). We have that Ux2(u) = Uy (u™), where uX
denotes the Carlitz action. Since U x (u) = u™ /u = uP~1 + X, it follows
that Ux2(A) = (AP + X\)P~L + X. Set p:= AP"!and € := p+ X.
Then, we obtain
Xl X =0.

Finally, if 6 := 1/¢, then L; = k() with
O —6=—1/X=-T, §=T/(TN"+1).

Let o be a solution of y» —y = 1. Then, Fp(a) = Fpr, &k, =
Fp(a)(T) = Fpe (T') and L1k, = k(c, ). The p + 1 extensions K/k of
degree p over k such that k C K C Lk, are {k(a +i6)}’~) and L;.
Set K :=k(a+6). Then, K # k, and K # L;. Hence, K = k(z) with
P—z=1-T.

Let N € Ry be arbitrary. Then, K C L1k, C 1k(AN)p and K ¢
1k(An);. Therefore, m = p and M = Lik,. We have foo(K/k) =1
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and e (K/k) = p. We also have E := KM Nk(Ay) = MNk(Ay) = k.
Therefore, Fge = k and Ky = Ey. K = K. It follows that FK = K
and foo(EK/K) = d = 1. Hence, td =1 # m = p. In this example,
s=1.

Remark 3.4. From Theorems 2.2 and 2.4, it follows that, if K C
nk(AN),,, then Kg. C ,k(Ay),,. In particular, the conductors of con-
stants of K and Kg. are the same.

4. Genus fields of subfields of cyclotomic function fields.
For an abelian extension K/k, the explicit description of Kg., that
is, a description in terms of the generating equation of K., depends
upon the explicit description of Eg. (Theorem 2.2). In this section,
we present some details in order to find Eg.. For results and notation
regarding Dirichlet characters we use, the reader is referred to [26,
Chapter 12]. Here, K denotes a field k C K C k(Ay) for some N € Ry
and k =F (T).

Remark 4.1. Let £k C K C k(Ay), and let X be the group of Dirichlet
characters associated to K. If L is the field associated to HpeR; Xp,
then
ng = LDv

where D is the decomposition group of any prime p € S (K) in L/K.
Proposition 4.2. With the notation as above, let X be the group of
Dirichlet characters corresponding to K. Fixz P € R}'. LetY be a group
of Dirichlet characters such that Y = Yp, that is, for any x € Y, the
conductor of x is a power of P: F, = P for some a,, € NU{0}. Let
L be the field associated to (X,Y), that is, if F is the field associated
toY, then L= KF. If KF/K is unramified at P, then Y C Xp.

Proof. We have

(X, Y)p| = ep(KF/k) = ep(KF/K)ep(K/k) = ep(K/k) = | Xpl.
Since Xp C (X,Y)p, it follows that Xp = (X,Y)p. In addition, since
Yp C (X,Y)p, the result follows. O

Corollary 4.3. If |Y| = |Xp|, then Y = Xp.
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Next, we apply Proposition 4.2 to Kummer extensions of k£ and to
finite abelian p-extensions of k.

4.1. Kummer extensions. From Proposition 4.2 and [21, subsec-
tion 5.2], we obtain the following.

Theorem 4.4. Let X be the group of Dirichlet characters associated
to K = k(\”/’yD) with t | ¢ — 1, D € Ry and is t-power free,
D=PM...P* p>1 1<a;<t—1, 1<i<r,

T

v = (=1)8D Letd; = ged(t,;), 1 <i <r. Then, the field associated

to
I xr=1[xr
i=1

PER],

is L=k(&,...,& ), where

; i /d; ag/d;
&= "YuP" and 4= (—1)0ERT,

that is,

L = k;(\‘/(_l)deg;Pf‘lPlozl7 o \t/(_l)deg por PTO‘T)7

and the genus field of K is Kg. = LP, where D is the decomposition
group of any prime p € Soo(K) in L/K.

4.2. Abelian p-extensions. For any field F', W, (F') denotes the ring
of Witt vectors of length v. The Witt operations will be denoted by —T—

and —. We now consider K = k(), where
Pr-g=0+ 46,

with 5; = (61‘,1;“-’61',1)) for some v € N, 5i,j = Qi,j/PZ-ei’j, €ij = 0,
Qi,j € Rp. Here, we assume that Fju C F, and K C k(Ay) for some
N € Rp. Let X be the group of characters associated to K. According
to Schmid [25], the ramification index of P; in K/k is determined
by the first index j such that we may write &;; = Q;;/P" with
ged(Qi5, Pi) = 1, e;; > 0 and ged(e; ;,p) = 1, in other words, the
ramification index of P; at K/k depends only upon ci and not upon
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- -

517 SR VI N S TN 5;. Therefore, if Y is the group of characters asso-
ciated to

Fi=k(j) with ¢ ~§=258, 1<i<n

we have | Xp, . Furthermore, the extension

=[Y|=Yp,

KE; = k(4. 5:) = k(7,5 — 4:) = K(§ — %)

is unramified at P; over K. It follows that the field associated to

[Txr = %r
P i=1

is k(i1,...,y-) (Proposition 4.2). Here, the decomposition group D is
trivial. Then, we have (see Remark 4.1) the following.

Theorem 4.5. With the conditions as above, if K = k(¥), then the
field associated to []p Xpert = [T, Xp, is

L= k(gjl; .. 'agr),
and the genus field of K is also

ng = k(?jlw"v?j?‘)'

5. Explicit description of genus fields of abelian p-extensions.
The reader may consult [19, 27] for the theory of Witt vectors. Let
K/k be a finite abelian p-extension. Recall that k = ko(T") with ko =
F,, say q = p'. We will assume that Fpu C ko, that is, w | {. Then, we
have

Gal(K/k) = (Z/p™Z) x -+ x (Z/p™*ZL)

with 1 < a3 < -+ < @, = v. There exist w,...,w, € W,(k) such
that @? — @; = & € W,(k), with K = k(i, -+ ,1,). We also have
that there exists a o € W, (k) such that K = k() with

u @

@ =iy =& for some & € W, (k)

(see [4, Theorem 8.5]). Here, k denotes an algebraic closure of k.
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Let Py,..., P, € R; be the finite primes in k£ ramified in K. From
[4, Theorem 8.10] it follows that we may decompose &) as

(5.1) &):5’14"""‘1‘5;«4-’7,
where 57;7]‘ = Qi,j/Piei’j, €;j >0, Qi,j € Rr and, if €5 > 0, then
€ij = Ai7jpmi’j, ng(AiJ‘,p) = 1, 0 < m; j <n,

ged(Qij, Pi) = 1 and deg(Qi;) < deg(P;"”), and v; = f;(T) € Rr
with deg f; = v;p™ and ged(q,v;) =1, 0 < m; <n, when f; & ko. If
the ramification index of P; is p® < p¥, we may write

5; = (6i,la o 76i,v) = (Oa sy 0) 6i,(v7ai+1)> .. 76i,v)7

in particular, P, fully decomposes in k(¢;)/k, where gjf : i = 5 (see
[4, Theorem 8.13]).

Let 2#" 2 7= 4. In k(2)/k, the only possible ramified prime is Pu.

Note that, if
j=it 1o,
then . . . .
yo—y=8&-—T=0+" -+,

and P, fully decomposes in k(7)/k. We have ¢y = ;&'—T— Z, k(2) C M
and k(7 + 2) € k()k(2).

The first main result of this section is the following.
Theorem 5.1. With the above notation, let E = KM Nk(Ayn). Then,
E =k(Y), Eqe = k(¥1,...,¥r), and

Kgc = k(?jla s 737’” Z)

Proof. From the Galois correspondence, EM = KM. To prove

E = k(y) is equivalent to showing k()M = KM since k(y) C k(An).

Now, k(Z) € M since M = L,Fom(T) codifies all inertia and ramifi-
cation, which is totally wild, of P,,. We have

k()M = k(§)k(Z2)M 2 k(§+ 2)M = KM.
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In addition,

KM = Kk(2)M = k(jy)k(2)M 2 k(jy ~ 2)M = k(H)M.

Thus,
KM =k(f)M and FE = k(y).

From [19] (see also Theorem 4.5), we obtain Eg. = k(¥1,...,¥,). Fin-
ally,

=k, ¥ )k(Go —h — - — ¥r)
= k(?jl, 3 _‘7‘>k(2 = k(glv 7?77‘7 _')
This concludes the proof. O

Remark 5.2.

(a) Observe that, with the above conditions,
[k(7i) : k] = ep,(K/k)

and
k(2) + K) = eau(K/R) - Joo (K )-

(b) Note that the proof of Theorem 5.1 works even in the case where

-

0; and 4 are not in the reduced form described above. We only need
u e - w ®

that, in each extension ¢ —¢; =;, 1 <i <r, and z2¥ — Z =47, there

is at most one ramifying prime.

From Theorem 2.3, the cases of Artin-Schreier and Witt extensions
and elementary abelian p-extensions are an immediate consequence of
Theorem 5.1.

Corollary 5.3 ([19, Theorems 5.4, 5.7]). Let E = F(T), where F is
a finite field.

(a) Let K = E(y) with

~ Q;
p_ = =
yv-y=a ;:1 P + f(T),
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where R S R;7 Q’L S RT7 ng(PZ7Q’L) = 17 €; > O: p f €i, degQi <
deg P, 1 <i<r, f(T) € Ry, with ptdeg f when f(T) ¢ F. Then,
ng:E(y17"'7yT7B)a
where yf —y; = Qi/P, 1 <i<r and ¥ — 3 = f(T).
(b) Let K = E(¥), where

Plgmfoitotii
with 6;5 = Qi /P, eij >0, Qij € Rr, ged(Qi 5, Pi) = 1 and, if
€5 > 0, then p 1’ €455 deg(Qw-) < deg(Piei’j), and i = fj(T) € Rr
with p{ deg f; when f; ¢ F. Then,
ng :E(glv"'7gr75)7

—

L] — L]
where ¢ —§; = 0;, 1 <i <7 and 2P — Z = [i.

(c) Assume that Fpu C F. Let K = E(y), with

“ "L Q;
vo—y=a=) oo+ (T),
i=1 "1
where P; € R, Q; € Ry and f(T) € F[T)]. Then,
ng :E(yla"'ayrvz)a

where yfu —yi=Qi/PF, 1<i<rand 2" —z= f(T).

6. General finite abelian extensions of k. Up until now, we have
given the explicit description of the genus fields of abelian p-extensions
K of k = ko(T), where kg = F; is such that Fpu C ko, K = k(%),
and ¢ is given by an equation of the form ¢#" — i = § € W,,,(k). When
Fpu € ko, the field K cannot be given by this type of equation.

In this section, we explicitly give the description of Ky, where K/k
is a finite abelian extension of degree t with ged(t,q—1) = 1. The case
t|gq—1is treated in subsection 4.1.

Remark 6.1. For any abelian extension K/k of degree t with ged(t,
g — 1) = 1, we have that, if E = KM N k(Ay), then [E : k] | t,
see (2.1). If X is the set of Dirichlet characters of E, we have
ged(| X, — 1) = ged([E : k],g — 1) = 1. Since, for any y € X and
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Pe R;, we have that XI;(I = 1, we obtain that gcd([Eq. : k],q—1) = 1.

In particular, H = {1}. Therefore, Ky, = E4. K.

Remark 6.2. In general, if K; and K5 are two finite extensions of k,

we have
(Kl)ge(K2)ge - (K1K2)ge§

however, we may have (K7)ge(K2)ge C (K1K2)ge. In fact, let ¢ > 2 and
P, Q, R, S € Ry be four different monic polynomials in Rp. Set L; :=
k(Apg)t and Ly := k(Ags)™. Then, (L;)ge = L, i = 1,2. Therefore,
(L1)ge(L2)ge = L1La. On the other hand, (L1L2)ge = k(Apors)t and
[Loe: L] =q—1>1. Thus, (L1Lo)ge = Lge # L = (L1)ge(L2) ge-

We will show that, for finite abelian extensions of k of degree
relatively prime to ¢ — 1, we have equality. In particular, if K; and
K, are finite abelian p-extensions of k, we have equality.

For a subfield K C k(Ay) for some N € Ry, denote by K;c the
maximal abelian extension of K contained in k(A y), unramified at the
finite primes. We have (see Remark 4.1):

(6.1) ng = (Kée)Da
where D is the decomposition group at infinity in Ky, /K.

Consider K; C k(Ay), i = 1,2, and let X; be the group of Dirichlet
characters associated to K;. Therefore, Y = X; X5 = (X1, X5) is the
group of Dirichlet characters associated to L = K1 K. Let P € R;. It
is easy to see that

(X1, Xo)p = ((X1)p, (X2)pP),
so that we obtain
[T ve~ IT et = (IT eoon ) (T o),
PeRF PER}, PERF,
It follows that
(K1) e (K2)ge = (K1K2)g,-

We have proved the following.
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Proposition 6.3. For K; C k(Ay), i = 1,2, we have
(Kl)/ge(KQ)/ge = (K1K2)/ge'

Corollary 6.4. Let K; C k(An), i = 1,2, be such that K /k and Ka/k
are finite abelian extensions of degrees relatively prime to ¢ — 1. Then,
(Kl)ge(K2)ge = (K1K2)ge~

Proof. Since the decomposition groups of P in Ki/k, Ks/k and
K Ky/k are the unit group, it follows from (6.1) that (K;)ge =
(Ki)i3127 i=1,2, and (K1 K>)ge = (K]_Kg)/ge. The result follows from
Proposition 6.3. O

Corollary 6.5. Let K;/k, i = 1,2, be two finite abelian extensions of
degrees relatively prime to ¢ — 1. Then

(Kl)ge(KQ)ge = (K1K2)ge~

Proof. Let ko = F, K C Lpk(AN)Fpm(T), i = 1,2, and let
M := L,F,m(T). Set E; := K;M N k(Ax), i = 1,2, and E :=
K1 KoM N k(Ay). Using the Galois correspondence, it can be proven
that £ = E1Ey. From Corollary 6.4, we have Ege = (E1)ge(E2)qge-

Therefore,

(Kl)ge(K2)ge = (El)geKl : (E2)96K2 = (El)ge(E2)ge KK
= Ege K1 Ky = (K1K2)92'

Thus, (K1)ge(K2)ge = (K1K2)ge. -

Corollary 6.6. Let K;/k, i = 1,2 be two finite abelian p-extensions.
Then,

(Kl)ge(K2)ge = (K1K2)ge-

As a consequence, we obtain the description of the genus field of a
finite abelian p-extension of k.

Corollary 6.7. Let K/k be a finite abelian p-extension with Galois
group
Gal(K/k) =G =Gy x - x Gy
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with G; 2 Z/p*7Z, 1 < i <s. Let K be the composite K = Ky --- K
such that Gal(K;/k) = G;. Let Py, ..., P. be the finite primes ramified
in K/k. Let K; = k(w;) be given by the equation

. —
lﬁf—wizfi, 1§Z§8.

Write each & as in (5.1), that is,

N - . ° o

& =0i1+ -+ 0ir + Vi
such that all of the components of 5” are written so that the degree of
the numerator is less than the degree of the demominator, the support
of the denominator is at most {P;}, and the components of 7; are
polynomials. Let

and

Then
Kge=k(wW;;, 7z |1<i<s, 1<j<r).

Proof. From Remark 5.2 (b), we obtain that the genus field Eg. given
in Theorem 5.1 can be obtained in the same way, even if the equation

is not given in normal form. Thus, the result follows from Remarks
5.2 (b), Corollary 5.3 (b) and Corollary 6.6. O

Proposition 6.8. Let E C k(Ay) be a cyclic extension of k of degree t
relatively prime to p(q — 1). Let Py,...,P. € R; be the primes in k
ramifying in E. Then,

Eqe = HFja
j=1

where k C F; C k(Ap,) is the subfield of degree a; over k, a; is the
order of xp;, and x is the character associated to E.

Proof. We consider a cyclic extension K/k of degree t such that
ged(t,p(g — 1)) = 1. We have that E = KM N k(Ay) satisfies that
[E : k] is relatively prime to ¢—1. From Remark 4.1, we have Ej, = Eg,
and Ky = FgeK.



GENUS FIELDS OF ABELIAN EXTENSIONS 2131

The result follows from the fact that X = (x) is the group of Dirichlet
characters associated to E, Ey, is the field corresponding to H;Zl Xp;,
Xp, = (xp,;) (see Proposition 4.2) and Fj is the field associated to
XP;- 0

Next is our final, main result.

Theorem 6.9. Let K/k be an abelian extension of degree t with
ged(t,q — 1) = 1. Let Py,..., P, € R} be the primes in k ramifying
in K. Let E = KM Nk(An) = EoEy--- Es, where E;/k is a cyclic
extension of degree t;, ged(t;,p(¢g—1)) =1, 1 <i<s, and Ep/k is an
abelian p-extension. Then

Ky = Ege K, where Ege = (Ep)ge(E1)ge -+ (Es)ge,

(Ep)ge ts given by Corollary 6.7, and (E;)ge = H;Zl F, ; is given by
Proposition 6.8, 1 < i < s. Furthermore, let b; j = [F; ; : k]. Then,
Lj == [I;_, Fi; is the subfield of k(Ap,) of degree b; := lemlb; j,1 <
i < s] over k. We have

Kge = (Eo)ge ( Hl Lj> K.

Proof. The result follows from Theorem 2.2, Corollary 6.6 and
Proposition 6.8. ]
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