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THE SOLUTION OF A NEW CAPUTO-LIKE
FRACTIONAL h-DIFFERENCE EQUATION

BAOGUO JIA, XIANG LIU, FEIFEI DU AND MEI WANG

ABSTRACT. Consider the Caputo fractional h-difference
equation

g @) =c®)z(t+v), 0<v<l te (hN)ora—vin,
where oA}  x(t) denotes the Caputo-like delta fractional h-

difference of z(t) on sets (hN)q4(1-,)n. Our main results are
found in Theorems A and B in Section 1. In Section 3, we
show that the proof of a recent result in [5] is incorrect.
Finally, four numerical examples are given to illustrate the
main results.

1. Introduction. Discrete fractional calculus has generated interest
in recent years. Some of the research concerns the forward or delta
difference. The reader is referred to [1, 3, 7], for example, and more
recently, [8, 10]. Possibly more work has been developed for the back-
ward or nabla difference; for this, the reader is also referred to [6, 9].
Some research developing relations between the forward and backward
fractional operators A¥ and V¥ may be found in [4], and research on
fractional calculus on time scales may be found in [7].

One of the central tasks in the qualitative theory of difference
systems or equations is stability of solutions. However, due to the
lack of a geometric interpretation of fractional derivatives, there are
few results concerning how to directly analyze fractional order systems
or equations. Some results on stability may be found in [2, 12, 13,
15, 17].
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Consider the following vth order Caputo-like fractional h-difference
equation with an initial condition:
(1.1) oA} () = c(t)x(t + vh),
(1.2) z(a) =x,, 0<v <1,
where t € (AN)q4(1—p)n = {a+ (1 =v)h,a + (2 —v)h,...}. This work
is motivated by Baleanu, Wu, et al., [5], who obtained monotonicity
of the solution for ¢(t) = ¢ < 0 and asymptotic stability of (1.1). In

this paper, we will further discuss the solution of (1.1). The following
theorems are obtained.

Theorem A. Assume that 0 < v < 1 and c¢(t) = ¢, |¢] < h™Y and
x(a) = 1. Then, the solution of equation (1.1) is

= Ci(tfa+i1/hf h);jy)

E!',(t,a) = 2 v 1 1) . te (hN),,
where we use the convention
(t —a—+ivh — h)gy) (}’85):” =1 1=0,
Tiv+1) — FELO;;,,:O P>

As applications, we obtain that

Theorem B. Assume that 0 < v < 1, z(a) > 0.

(1) If there exists a constant by such that 0 < by < c(t) < h™", then
the solution of equation (1.1) satisfies lim; o x(t) = +o00.

(2) If there exists a constant by such that c(t) < by < 0, then the
solution of equation (1.1) satisfies lims_, oo z(t) = 0.

In Section 3, we show that the proof of a recent result in [5] is
incorrect. Finally, we provide four numerical examples to illustrate the
main results.

2. The solution of the initial value problem (1.1)—(1.2). We
will be interested in functions defined on sets of the form (AN)q1(1-1s,
where a,h € R, h > 0. The next two definitions are from [5].
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Definition 2.1 (Delta fractional sum [5]). Let « : (hN), — R and
v > 0 be given, with a the initial point. The vth order h-sum is given
by:

1 t—vh+h
@1 A0 = 5 / (t — o () Va(r)Anr
- r(h) > (t—o(m)yVa(n)
v T€la,t—vh+h)

for t € (hN)g4un, where o(7) ;== 7+ h, [a,b) :={t € (AN), : a <t < b,
a,b € (hN),} and the h-falling factorial function is defined as

ty ) =h————————— R.

h o(t/hy+1-v) V€

Definition 2.2 (Caputo delta difference [5]). For z(¢) defined on (hN),
and m — 1 < pr < m, where m denotes a positive integer, m = [u], [-]
is ceiling of the number. The uth Caputo like fractional difference is
defined as

(2.2)
A z(t) = oA, TP AT ()
) t—(m—p)h+h
(m—p—1) Am
- t— A
[ e T A A

a

for t € (AN) gt (m—p)n, where Apa(t) = (x(t + h) — x(t))/h.

Definition 2.3. For p € R, |[p| < h™", 0 < v < 1, the discrete Mittag-
Leffler function is defined as

Sl tfaJrthfh)(iV)

2. El (t,a) := i A t € (hN),.
( 3) qu/( ’a‘) ;p F(ZV+ 1) ’ € ( )
Remark 2.4. Using the ratio test and the following property for the
Gamma function [11, Example 5.6], [16, Proposition 2.1.3]:

I'(t
lim ( +04)7

LU/ C
AL Te 0 Y

it is easy to see that EJ,(t,a) is (absolutely) convergent if |p| < h™".
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The following power rule formula is from [14].

Lemma 2.5. Leta € R, u > 0, be given. Then:

—nep AP L(p+1) ()
(2.4) atphA," (t —a)y, F(p—l—u—!—l)(t a),

for t € (AN)aqphtph-

Lemma 2.6. Assume that 0 <v <1,p€eR, |p| <h™". Then:
P By (ta) = pE},(t + hv,a)

fort € (hN) gt 1—v)n-

Proof. For simplicity, let a = 0. For ¢ € (hN)g, we have
(2.5)

Ay, (t,0) = h™[E,,(t + h,0) — By, (t,0)]
2 (t+h+ivh =R — (t 4 ivh — b))

:h_liz;p TGiv+1)
R pth¥ ((t/h) +iv+1)  T((t/h) +iv)
=h Z LGiv+1) [ L((t/h)+1) '(t/h)

B p'h®  T((t/h) +iv)
= 12 (iv) T((t/h)+1)"

where we use the convention 1/I'(0) = 0. From (2.1), we have

oAy B! (1,0) = oA, TV ALED(8,0)
t+vh

__! (—)
)] O/(t—ff(f))h ARE!(1,0)ApT

1 t+vh

B I'(l1-v) /

( V) ph“’. (r/h)+iv)
Z LGiv) T(7/h)+1) An
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In the following, we first prove that the infinite series

(t—a(r)s " = p'h T((r/h) + iv)
I'(l-v) 4 T@v) ID((r/h)+1)

for each fixed ¢ is uniformly convergent for 7 € [0,¢ + vh).

Taking t = (1 —v)h + kh, 7 = jh, k € Ng, 7 = 0,1,...,k, we will
show that

'u—awng”
I'1l-v)

<h™", T=jh, j=0,1,... k.
For j = k, we have that

)@—dﬂﬁ"):hﬁ.

I'(l-v)

Now, we assume that 7 =0,1,...,k— 1.

‘@ovnf”

:‘h_y rl—v+k—j) ‘

(1 -v) r@—-v)(k+1-j3)
RIS ELIE RS
(k=)
k== —v—1 1—w W
o i ey e R e RS

Next, we will show that, for ¢ € Ny,

‘ L((rt/h) + iv)
L@v)T((r/h) + 1)

‘<@y+nh T=jh, j=0,1,... k.
For 7 = 0, we have that

=1< (iv+ 1)~

’ D ((r/h) +iv) ’
T(@)C((r/h) + 1)
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Now, we assume that j = 1,2,... k. Then,

L((r/h)+iv) | | T(j+iv)
L(i)I((r/h) + 1) ’ () + 1)’
wH+j—1||liv+j5—2 w4+ 1|
RIS e
< i’U+1‘ w _|_1‘... il+1 Q
—\|J ji—1 2 1

< (iv+1)7 < (iv + 1)k
Thus,
(2.6)
‘ (t— ()" = p'h™ T((r/h) + iv)
T(1-v) < T(v) T((r/h)+1)

<KV Ipl'R (v + 1),
i=1

Using the ratio test, the series Y .=, [p[*h® (iv + 1)* is convergent for
|p| < h~¥. From (2.6), for each fixed ¢, the infinite function series

(t—o()y " S PR T((r/h) +iv)
Fl-v) < T@v) I((r/h)+1)

is uniformly convergent on 7 € [0,¢ + hv). Thus, integrating, term-by-
term, we obtain

h—l > pihiu

OAZ,*E;L,V(@ 0) =

I(1—v) & I(iv)
t+vh F(( /h) L )
(=) N\ TW) A, >
0/ (=) R
R S o O
CT(1-v) ; I(iv)
t+vh
' / (t—o(n)y (7 +ivh —B) D Ayr
0

(2.1) D —(1-v . iv—1
=3y oA = i)Y
i=1
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» I'(iv)
TPEv)T(iv+1—v)

(t + ihv — b))

M2

P
T((j+1)v+1-v)

(t+ (j + v — b))

e L

:p

<.
Il
o

Zlﬂ t+hu+]hu—h)§lj”)
L(jv+1)

= pEg,u(t + hV7 O)
for

t € (AN)aipht(1—)h = (MN) (h—in) 4+ (-1t (1—)n = (AN)(1—0)n-
This completes the proof. ([l

From Lemma 2.6, we can get Theorem A.

Remark 2.7. From (2.5), we obtain that, when 0 < ¢(t) = ¢ < h™Y,
we have

ARE!,(t,a) > 0.

Thus, the solution of (1.1) with z(a) > 0 is increasing.

3. Asymptotic behavior, 0 < by < ¢(t) < h™".

Lemma 3.1. Assume that 0 < v < 1 and 0 < p < h™Y. Then, we
have:

lim E},(t,a) = +oc.

t—oo PV

Proof. Taking t = a + kh, k > 0. If i = 0, we have

. (iv)
lim (t —a+ivh —h), _
t—00 I(iv+1)

If i > 1, we have

. (t—a+ivh— h)gjy) .
3.1 1 = 1
(3.1)  Jim T(iv+1) koo D(iv+1)
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_ o L (k+iv) kv
=1 v : .
e T 1)

= —|—()Q7

where we use Pk + i)
+ w

1. —_— Y = 1
Koo T (k)k

This completes the proof. O

Letting z(t) = E! (t,a), Figure 1 illustrates the validity of Remark
2.7 and Lemma 3.1.

3.x 103

2.x10'%4
X(t)

1.x 10'%4

FIGURE 1. Asymptotic behavior of Mittag-Leffler function Egyy(t,a) for
a=0,v=05 h=025p=15.

Next, we will give the delta power rule formulae for the fractional h
difference.

Lemma 3.2. Assume that h > 0 and o € R.

(i) The delta h-difference of the h-falling fractional function (t—r)gla)
with respect to t is given by

(3.2) WAt —1)\ = a(t — 7).
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(i) The delta h-difference of the h-falling fractional function
(t— T)gla) with respect to T is given by

(3.3) At =) = —a(t — a(r)@ Y.
Proof. In order to see that (i) holds, consider

() ()
o t+h—1 —(t—-7
tAh(t_T)g ) — ( )hh ( )h

_ pa-1 L(t-7/h)+2)  T((t—7/h)+1)
I'((t—7/h)+2—-a) T((t—7/h)+1—-0a)
r((t—7/h)+1)
T((t—7/h)+2—a)
(

=a(t— T)hafl).

= ah*™!

Hence, (i) holds. In order to see that (ii) holds, consider

(@) ()
o t—17—h —(t—7
At — ) = ( )hh (t—7),

_ pa-1 L(t—7/h)  T(t-1/h)+1)
((t—7/h)—a) T(t—71/h)+1—a)
e D(t—r/h)
((t—7/h)+1—a)

= —a(t —o(r)" V.

This completes the proof. O
In the remainder of the paper, we assume A, = Ay, for simplicity,
when we mention the power rule formula.
The next comparison theorem plays an important role in proving

the main results.

Theorem 3.3. Assume that ca(t) < ci1(t) <h™,0<v <1, and z(t),
y(t) satisfy
(3.4) oA, () > er(t)x(t 4 vh)

and

(35) a Z,*y(t) < CQ(t)y(t + Vh)a
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respectively, fort € (hN)qy1—y)n with the initial condition x(a) > y(a).
Then, x(t) > y(t) fort € (hN),.

Proof. Using integration by parts,
At =) =t = oY
(Lemma 3.2 (ii)),

(—vh)\™) = hD(—v + 1),
we have, for t € (hN) g1 1—p)n:

G 2(t) = o0 Ay (t)

—v / (t— O’(T))gliyil)m(T)AhT

Take t =a+ (1 —v)h + kh, k € Ng. Then, we have

(1—v)h+ k:h)g;l’)x(a)
I(1-v)
h e
v S (a—7—vh+kh) Va(r)
T€la,a+(k+1)h)
=h""z(a+kh+ h) —vh™x(a + kh)
v(-v+1)
-2l

oA} x(t) =h™"x(a+ kh + h) —

h™z(a+kh—h)—---
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v(v+1)-(-v+k-1)

o h™"xz(a+ h)
(—v+k+1),
i Ve R
Using (3.4), we obtain
(3.6)
(h7" —c1(t)z(a+ kh+ h) > vh™"z(a + kh)
— 1
—&-%h‘”x(a—i—kh—h)—i—---
v(—v+1)---(—v+k—-1) _,
i h™"xz(a+h)
M(—v+k+1), _,
+ BRI h™"z(a).
Similarly, using (3.5), we obtain
(3.7)
(h™" —ca(t))y(la+ kh + h) < vh™"y(a + kh)
+Wh‘”y(a+kh—h)+m
1) (—v+Ek—1
AR, k,( VERTD) vy ot b
M'(—v+k+1), _,
TR A

Note that the coefficients of z(a + ih), y(a +ih), i = 0,1,...,k + 1,
are positive. Thus, by using the principle of strong induction and ¢ (t)
< ci(t) < h7", (3.6) and (3.7), it is simple to prove z(a + kh + h) >
y(a + kh + h) for k € Ny. This completes the proof. O

Remark 3.4. From the proof of Theorem 3.3, it is easy to see the
following result.

Assume that ca(t) < e1(t) <h™, 0 <v < 1, and x(t), y(t) satisty

(3-8) oD 2 (t) = er(t)z(t + vh)
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and
(3.9) oAy Ly(t) = calt)y(t + vh),

respectively, for ¢ € (AN)qi(1_,), with the initial condition x(a) >
y(a) > 0. Then, z(t) > y(t) > 0, for t € (hN),.

Remark 3.5. Theorem 3.3 can be regarded as an extension of [5,
Lemma 2.10].

It should be noted that [5, Lemma 2.10] is correct, but the proof
is incorrect. In the following equations [5, page 523], the authors
obtained:

o u(a) ARY = 1F(k:—j—i—y)
wa+k+1) = o (1= b7 )T (v )JZO F(k+1—j)u(a+j+1)
and

(3.11) » " —_

slatk+D) < TNT (1—)\hV)F(z/)Z()F(k:+j1t;;g(a+j+1)'

Due to the fact that g(a) = u(a), we can obtain g(a + 1) < u(a + 1).
However, since A < 0, using (3.10) and (3.11), we do not obtain:

gla+2) <ula+2),...,9(a+k) <ula+k), glatk+1) <ula+k+1).
Theorem 3.6. Assume 0 < v < 1, that there exists a constant by such

that 0 < by < c(t) < h™" and z(t) is the solution of the Caputo delta
fractional equation

(3.12)  JAj z(t) = c(t)x(t +vh), t€ (AN)opa—ryn, w(a)>0.
Then, z(t) > (z(a )/2)E£L v(ta) fort € (hN),.

Proof. From Lemma 2.6, we have
Z,*El}yll,u(ta a) = blEl’;ll,v(t + h’/a a)
and E}' (a,a) = 1. From Theorem 3.3, take cy(t) = by. Then, z(t)

and
z(a)

y(t) = VB L (ta)
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satisfy
(3.13) oA, 2(t) = c(t)z(t + vh)

and

3.14
(3.14) WAL y(t) = buy(t + vh),

respectively, and

r(a) > "Bl (a.0) = y(a).

From Theorem 3.3, we obtain that

o(t) > Xy 1,0,

for ¢t € (hN),. This completes the proof. O

From Lemma 3.1 and Theorem 3.6, we can get the following theorem.

Theorem B;. Assume that 0 < v < 1, z(a) > 0, and there exists
a constant by such that 0 < by < ¢(t) < h™". Then, the solution of
equation (1.1) satisfies

lim z(t) = 4o0.

t—o0
Remark 3.7 (see Example 6.2). If ¢(¢) in Theorem B; is not a cons-

tant, then the solution of equation (1.1) may not be monotonically
increasing.

4. Asymptotic behavior, c(t) < by < 0.

Definition 4.1 (Riemann-Liouville delta difference). For z(t) defined
on (hN), and m — 1 < p < m, where m denotes a positive integer,
m = [u], [-] is the ceiling of a number. The pth Riemann-Liouville
fractional difference is defined as

(4.1)  JAlz(t) = APLA TPt
t—(m—p)h+h
= #A?L@ / (t—U(T))(m_#_l)x(T)AhT
T(m — p) 4 ’

for t € (AN)qq(m—p)n, where Apa(t) = (z(t + h) — x(t))/h.
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Lemma 4.2 (Leibniz rule). Assume that © : (AN)g4,n X (AN), — R.
Then

(4.2)
t—vh+h t—vh+2h
z(t, T)AhT] = / Apz(t, 7T)ApT + 2(t,t — vh + h),

a

Ap

a

for t € (hN)gyuon, where the Apx(t,T) inside the integral means the
(partial) h-difference of x with respect to t.

Proof. In order to see that (4.2) holds for ¢t € (hN)g1up,
t—vh+h

Ah x(t, T)AhT

a

S o) A — [ (1) AT
h

f;umzh e(t+ b, T) AT — f;*”h”h x(t, T)ApT
h

x(t, T)ApT

h

t—vh+2h

+ t—vh+h

t—vh+2h
= / Apx(t, T)ApT + x(t,t — vh + h),
which is the desired result. (|
Consider the fractional difference equation
(4.3) JA7x(t) = c(t)x(t+vh), 0<v<l1,
t € (AN)aq(1-yn-

Theorem 4.3. Assume that ¢(t) < 0. Then, the solution of equation
(4.3) with x(a) > 0 is positive.

Proof. Using Leibniz formula (4.2), Ah(t—a)gfu) = —u(t—a)gjufl)
and the convention 1/T°(0) = 0, we have

t—(1—v)h+h
a ;VLIE(t) = ﬁAhA (t — O—(T))gl_y)x(T)AhT
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v

t+vh+h
— (=v—=1)
- —Fie V)/a (t = o(r) ™ Va(r)Anr

:F(fy) S =) Var).
T€[a,t+vh+h)

Take t = a+ (1 —v)h+kh, 7 =a+ jh, k € Ng, j=0,1,...,k+ 1.
Using (4.3), we have

po kel
oD (t) = T(—v) Z((k —j)h— Vh)gfyfl)x(a +jh)
=0
=h7" [x(a + kh+h) —vz(a+ kh)
—v(-v+1) (fa+(k—1)
* 2! a:( h )
_1/(—1/ + 1) .. (—V 4 /43)
NI 1)1 x(a)]
= c(t)z(a+kh+h).
Thus,
(1 —c(t)h")z(a + kh + h) = va(a + kh) + V(—I;!+ 1)x<“ + (z — 1))
v(—v+1)--(—v+k)
NI 1) z(a).

Due to ¢(t) <0, z(a) > 0 and 0 < v < 1, using the principle of strong
induction, we obtain xz(a + ih) > 0 for ¢ € Ny. This completes the
proof. |

Theorem 4.4. Let

= . t—aJril/h—h)(iu_l)
Fh t _ 1—1( h
pal/( 7a) ;p F(Zl/) )

te (hN)y, 0<v <1, |p| <h™". Then, F', (t,a) is the solution of the
initial value problem:

aApx(t) =px(t +hv), te (hN)gpa—uyn,

hufl
z(a) = e
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Proof. For simplicity, let a = 0. It is easy to obtain that

hufl

>0
1 — ph¥

h _
Fy,(0,0) =

and, similar to the proof of Lemma 2.6, we can interchange the sum
order and get

OAnggy(tv O)
= Ao, VR (1,0)

(iv—1)
= Anolr, ™ ”>Z i1 ik — ),

P I'(iv)
. t+vh oS (i — h)gju—l)
- il [ el ]
/ -
1 > e (=v) -1 (T+ZhV h);lw 1)
A [m S7pY O/ (t— o ()™ p to Ahr]
— A ip 0,7 (t;(h) =Y

Using (2.4) and Ap(t — a)g') =v(t— a)zy_l), we have

oo . (iv—14+1-v)
v ph _ i1 (t+ihv —h)y
OAthﬂ,(t, 0)=Ay i:E 1 {p Tiv)

I(iv)
Fiv—1+14+1-v)

0o . (iv—v)
B i1 (t+ihv —h),
7Ath Iiv—v+1)

i=1
(iv —v)(t + ihv — h)gjy_y_l)
Liiv—v+1)

o (t+ihv — h)gu_l’_l)

T(iv —v)

i
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pz i1t e+ jh = R)PY
= L)
h)gbj’/_l)

t+ hv + jhv —

=p J 1
]Zl L(v)
= pF},(t+ hv,0),
for t € (hAN)_,yn, where we use the convention 1/I'(0) = 0. This
completes the proof. O

From Theorem 4.3 and Theorem 4.4, we obtain the following.

Corollary 4.5. Assume that —h™" <p < 0. Then,

© (t—a—&—iuh—h)ﬁju*l)
)= p!

F (¢
po(ta T(iv)

>0
i=1

fort € (hN),.

Theorem 4.6. Assume that —h™" < p < 0. Then,
lim E w(t,a) =0.

t—o0

Proof. For simplicity, let a = 0. From Corollary 4.5, we have

o oo pihiu L((t/h) +iv)
(44)  AWEL(t.0)=h IZ W) T(/h D)

> t+ hzz/ h)(w b
Z ) h = pFl,(t,0) <0
=0

for t € (hN),. From Remark 3.4 and E;}VV(O,O) =1, we obtain that
E},(t,0) > 0. Set u(t) := E},(t,0). From (4.4), we have that
lim;_, oo u(t) exists. Arguing by contradiction, we assume that lim;_,
u(t) =1 >0 for t € (hN)o. Using u(t) — u(0) =q_,yn A,"0A} Lu(t),

we have

u(t) —u(0) = 1-,)p A}, “pu(t + vh)
= L Z (t — U(T))Ely_l)pu(T + I/h).

F(V) T€[(1=v)h,t—vh+h)
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v)h, (1 —v)h+h,...,t —vh,

Due to u(r +vh) > u(t) > 0, 7 = (1 —
- 0‘(7’));:71), we obtain:

and p < 0, using A, (t — T)El”) = —u(t

u(t) — u(0) < 2O > (t—at)
F(l/) T€[(1=v)h,t—vh+h)
B phu(t) . ) t—vh+h
=) T Lo
_ phu(t) (v)
- m(t—(l—V)h)h :

where we use the convention 1/T'(0) = 0. Taking ¢t = kh, k € Ny, we
have
hT(k + v)
T(v + 1) (k)
kv I(k+v)

— phv Tl . —
= ph u(kh)r(y T BT — —00

u(t) — u(0) < phu(kh)

as k — oo, where we use

I'k+v
klggo k(”F—(Fk)) =1
However,
u(t) — u(0) = u(kh) — u(0) — 1 —u(0) <0
as k — oo. This yields a contradiction, and we obtain that lim;_, u(t)
=0. O

Remark 4.7. From (4.4), we can get that, when —h™" < ¢(t) = ¢ < 0,
we have
ARE!,(t,a) <0.

Thus, the solution of (1.1) with u(a) > 0 is decreasing.

Let x(t) = EJ,(t,a). Figure 2 illustrates the validity of Theorem
4.6 and Remark 4.7.

Theorem Bj. Assume that 0 < v < 1, x(a) > 0. If there exists a
constant by such that c(t) < by < 0, then the solution of equation (1.1)



A NEW FRACTIONAL h-DIFFERENCE EQUATION 1625

0.9

0.8

0.7

()

0.5

0.4

0.3

0.2

FIGURE 2. Asymptotic behavior of Mittag-Leffler function E,(t,a) for
a=0,v=0.5,h=0.25 p=-0.9.

satisfies
lim z(¢) = 0.

t—o0

Proof. Assume that by > —h~". Otherwise, we can choose 0 > b, >
—h™Y, by, > by and replace by by by. From Lemma 2.6, we have

Z,*El};,u(t? a) = sz{fN/(t + hv,a)
for t € (hN)aq(1—)n and Ep, (a,a) = 1.

In Theorem 3.3, take ¢ (t)=bz. Then, x(t) and y(t) :Zz(a)Elz’V(t, a)
satisfy
oA L x(t) = c(t)x(t + vh)

and
oA} y(t) = bay(t + vh),
respectively, for ¢ € (AN)q1(1—,), and
x(a) < 2x(a) = 2x(a)E£Lz,l,(a, a) = y(a).
From Remark 3.4, we obtain
0<z(t) < Q:U(a)EZ}%l,(t,a)

for t € (hN),. From Theorem 4.6, we get that
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lim z(t) = 0.

t—o00

This completes the proof. O

Remark 4.8 (see Example 6.4). If ¢(¢f) in Theorem By is not a
constant, then the solution of equation (1.1) may not be monotonically
decreasing.

Remark 4.9. In [5], when ¢(t) = ¢ < 0 and z(a) > 0, Baleanu, Wu, et
al., using qualitative theory, proved that the solution of equation (1.1)
satisfies lim;_, oo z(t) = 0.

5. Asymptotic behavior with initial value, z(a) < 0. Consider
the following vth order Caputo-like fractional h-difference equation
with an initial condition:

(5.1) oA} () = c(t)z(t + vh),
(5.2) z(a) =x,<0, 0<wv<lI,

where t € (AN)q4(1—p)n = {a+ (1 =v)h,a + (2 —v)h,...}. By making
the transformation z(¢) = —y(t) and using Theorem A, Theorem By,
and Theorem By, we obtain the following results.

Theorem C;. Assume that 0 < v < 1, z(a) < 0 and there exists
a constant by such that 0 < by < c(t) < h™". Then, the solution of
equation (5.1) satisfies limg_, oo z(t) = —o0.

Theorem Cs. Assume that 0 < v < 1, z(a) < 0. If there exists a
constant by such that c¢(t) < ba < 0, then the solution of equation (5.1)
satisfies limy_, o0 z(t) = 0.

6. Examples. We now consider the numerical solution of equation
(1.1) to show the validity of Theorem B, Theorem By, Remark 3.7
and Remark 4.8. Let a =0 and t = (1 —v)h + kh, kK > 0. We have the
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numerical formula for equation (1.1):

h*l/
kD) = A= o i)
k()i — )k
. {Z( Z_') x((k+1—i)h)—%x(0) !
i=1 '

where 2% = T'(x + k) /T(z).

Example 6.1. Consider the linear discrete fractional equation
(6.1) oA L (t) = 0.3z(t + 0.45),
z(0)=0.1, v=0.9, h=0.5,
t € (hN)(1—pyn = (0.5N)q.05.

Plot the solution z(t) in Figure 3. It is easily seen that z(¢) mono-
tonically tends toward co as t — oco.

gy

08
08
04
02
0 10 2 3 40 6 70 8 9 100

t

FIGURE 3. Asymptotic behavior of z(¢) for v = 0.9, h = 0.5, 2(0) = 0.1,
c(t) =0.3.

Example 6.2. Consider the linear discrete fractional equation

1. 1
(6.2) 0 A2 La(t) = <2 sin?t + 2Oo)x(t +0.45),

2(0) =01, »=09, h=05
t e (hN)(lfy)h = (05N)005
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Plot the solution x(t) in Figure 4. It is easily seen that x(t) tends
toward oo as t — oo but is not monotonically increasing.

FIGURE 4. Asymptotic behavior of z(¢) for v = 0.9, h = 0.5, z(0) = 0.1,
c(t) = (1/2) sin® ¢ + 1/200.
Example 6.3. Consider the linear discrete fractional equation
(6.3) oA 2 La(t) = —5a(t +0.25),
z(0)=0.1, v=0.5, h=0.5,
t € (hN)(1—pyn = (0.5N)q.25.

Plot the solution x(t) in Figure 5. It is easily seen that z(¢) mono-
tonically tends toward 0 as ¢t — oo.

FIGURE 5. Asymptotic behavior of z(¢) for v = 0.5, h = 0.5, z(0) = 0.1
c(t) = —5.
Example 6.4. Consider the linear discrete fractional equation

(6.4) 0AYS x(t) = (=2 — sint)x(t + 0.25),

0.5,%

x(O) =01, v=05, h=0.5,
te (hN)(l—V)h = (0.5N)0.25.
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FIGURE 6. Asymptotic behavior of z(t) for v = 0.5, h = 0.5, z(0) = 0.1,
c(t) = —2 —sint.

Plot the solution x(t) in Figure 6. It is easily seen that x(t) tends
to 0 as t — oo but is not monotonically decreasing.
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