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THE LOCAL S-CLASS GROUP
OF AN INTEGRAL DOMAIN

AHMED HAMED

ABSTRACT. In this paper, we define the local S-class
group of an integral domain D. A nonzero fractional ideal I
of D is said to be S-invertible if there exist an s € S and
a fractional ideal J of D such that sD C I,J C D. The
local S-class group of D, denoted S-G(D), is the group
of fractional t-invertible t-ideals of D under t-multiplication
modulo its subgroup of S-invertible t-invertible ¢-ideals of D.
We study the case S-G(D) = 0, and we generalize some
known results developed for the classic contexts of Krull
and PuMD domains. Moreover, we investigate the case of
isomorphism S-G(D) ~ S-G(D[[X]]). In particular, we give
with an additional condition an answer to the question of
Bouvier [7], that is, when is G(D) isomorphic to G(D[[X]])?

1. Introduction. Let D be an integral domain with quotient field K.
Let F(D) be the set of nonzero fractional ideals of D. For an I €
F(D), set 71 = {x € K/zI C A}. The mapping on F(D), defined by
I+ I, = (I"1)71, is called the v-operation on D. A nonzero fractional
ideal I is said to be a v-ideal or divisorial if I = I,,, and I is said to be
of v-finite type if I = J,, for some finitely generated ideal J of D. For
properties of the v-operation, the reader is referred to [11, Section 34].

The mapping on F(D), defined by

I— I, =U {J,,J is a nonzero finitely generated

fractional subideal of I},

is called the t-operation (for properties of the t-operation, the reader
may consult [3]). A fractional ideal I of D is called a t-ideal if T = I,
and [ is said to be t-invertible (respectively, invertible) if (II=1); = D
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(respectively, I1-1 = D). The set T(D) of t-invertible fractional ¢-
ideals of D is a group under the t-multiplication I*.J := (I.J);, and the
set of invertible fractional ideals of D is a subgroup of T(D), denoted
Inv(D). Let P(D) be the set of nonzero principal fractional ideals of
D. Then, P(D) is a subgroup of both T'(D) and Inv(D).

Following [9], the quotient groups C1(D) = T'(D)/P(D) and G(D) =
T(D)/Inv(D) are, respectively, called the class group and the local class
group of D [7, 8, 9]. Let S be a multiplicative subset of D and I an
ideal of D. Recall from [4] that I is S-finite (respectively, S-principal)
if sI C J C I for some finitely generated (respectively, principal) ideal
J of D and some s € S. Let S-P(D) be the set of S-principal ¢-
invertible t-ideals of D. Then, S-P(D) is a subgroup of T'(D) under
the t-multiplication. Note that, if S consists of units of D, then S-
P(D) =P(D). In [12], the authors showed that the set of S-principal
ideals of D is not included in T'(D), and the inclusion P(D) C S-P(D)
may be strict.

Following [12], the S-class group of D, denoted S-Cl(D), is the
group of fractional t-invertible t-ideals of D under t¢-multiplication
modulo its subgroup of S-principal t-invertible ¢-ideals of D, that is,
S-CI(D) = T(D)/S-P(D). Inspired by this definition, we define the
local S-class group of D, denoted S-G(D), as follows: let I be a
fractional ideal of D; we say that I is S-invertible if there exist an s € S
and a fractional ideal J of D such that sD C I, J C D. Let S-I(D)
be the set of fractional S-invertible t-invertible ¢-ideals of D. Then,
quotient group S-G(D) = T'(D)/S-I(D) is called the local S-class group
of D. Note that, if S consists of units of D, then S-G(D) = G(D).

In this paper, we study the case S-G(D) = 0, and we generalize some
known results developed for the classic contexts of Krull domains and
PvMDs. Moreover, we investigate the case of isomorphism S-G(D) ~
S-G(D[[X]]). In the particular case where S consists of units of D, we
give with an additional condition an answer for the question of Bouvier
[8], that is, when is G(D) isomorphic to G(D[[X]])?

In order to prove these results, we need to give an S-version of the
well-known results regarding invertible ideals.

In Section 2, we study many properties of an S-invertible ideal.
We give an example of an S-invertible ideal which is not invertible.
Among other things, we show that every S-invertible ideal is S-finite.
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We also give a necessary and sufficient condition for an ideal of D to
be S-invertible. We prove that I is S-invertible if and only if Ig is
invertible in Dg and [ is S-finite. Moreover, we say that D is an S-
generalized GCD domain (S-G-GCD domain) if every finite intersection
of invertible ideals of D is S-invertible. Note that, if S is included in the
set of units of D, then D is an S-G-GCD domain if and only if D is a G-
GCD domain (an integral domain in which every finite intersection of
integral invertible ideals is invertible [1]). Thus, the S-G-GCD property
generalizes both the GCD and G-GCD properties. We show that D is
an S-G-GCD domain if and only if every v-finite type ideal of D is
S-invertible. In addition, if D is an S-G-GCD domain, then Dg is a
G-GCD domain.

In Section 3, we prove that, if D is an integral domain and S is a
multiplicative subset of D, then the following are equivalent:

(a) S-G(D) = 0;

(b) for each I, JET( ), ( J)s € T(Dg);

(c) for each I,J € T(D), if (I1.J); :D then (IJ)S = Dg;
(d) for each I,J € T(D), ((IJ)s) "t = (I"1J™1)s.

Also, we show that, for a PVMD (Priifer v-multiplication domain)
S-G(D) = 0 if and only if D is an S-G-GCD domain. Moreover,
we investigate the cases of isomorphisms S-G(D) ~ S-G(D][[X]]) and
S-G(D) ~ S-G(D[{Xa}aea]) where (X4 )aea is a set of indeterminates
over D. Following [12], the power series ring D[[X]] satisfies property
(%) if, for all integral v-invertible v-ideals I and J of D[[X]] such that
(IJ)o # (0), we have ((IJ)g), = ((IJ)y)o where Iy = {f(0), f € I}.
In [13], the class of TV-domains was introduced, domains in which
the t-operation coincides with the v-operation. It was observed in
[13] that the class of TV-domains includes the class of Noetherian
domains. We show that, if D is an integrally closed domain, then
S-G(D) ~ S-G(D[{Xa}aea])- In addition, for the power series ring,
we show that, if D is a TV-domain such that D[[X]] satisfies property
() and S is a multiplicative subset of D, then S-G(D) ~ S-G(D[[X]]).
In the particular case where S consists of units of D, we give, with
an additional condition, an answer to the question of Bouvier [8], that
is, when is G(D) isomorphic to G(D[[X]])? We conclude this paper
by giving a necessary and sufficient condition for the power series ring
to be an S-G-GCD domain in the case of a Krull domain satisfying
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property (x). We show that, if D is a Krull domain such that D[[X]]
satisfies (x) and S a multiplicative subset of D, then D is an S-G-GCD
domain if and only if D[[X]] is an S-G-GCD domain.

2. On S-invertible ideals. We begin this section by introducing
the following definition in order to generalize some known results
regarding invertible ideals.

Definition 2.1. Let D be an integral domain, S a multiplicative subset
of D and I a nonzero fractional ideal of D. We say that I is S-
invertible if there exist an s € S and a fractional ideal J of D such
that sD C IJ C D.

Remark 2.2. Note that, if S consists of units of D, then [ is S-
invertible if and only if I is an invertible ideal of D, i.e., II"' = D.

Example 2.3. Let D be an integral domain and S a multiplicative
subset of D.

(a) Every invertible ideal of D is S-invertible.

(b) The converse of (a), is not true in general. Indeed, let D =
Z+ XZ[i|[X], S={2", ne N} and I =2Z + (1 + ) XZ[i][X]. Since
2 €I, then 2D C I - D C D, which implies that I is S-invertible. On
the other hand, by [6, Lemma 2.1], it is easy to show that

1—1

I'=7+X
+ 2

Z[i)[X].
Thus, if II~' = D, then

1= Pi(0)Q1(0) +--- + P,(0)Q,(0)

for some Py,...,P, € I and Q1,...,Q, € I~*. However, P;(0) € 2Z
and Q;(0) € Z; thus, 1 = 2my + -+ + 2m,,, m; € Z, a contradiction.
Hence, I is not invertible.

Remark 2.4. Let I be a fractional S-invertible ideal of D. Then, there
exist an s € S and a fractional ideal J of D such that sD C IJ C D.
We have

sJ ' CsJ ' DCcJ NI Cc(J '\ NHICDICI.
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On the other hand, since IJ C D, then I C J~!. Thus, sJ ! C I C
J L

Let D be an integral domain and S a multiplicative subset of D.
Recall from [4] that an ideal I of D is said to be S-finite (respectively,
S-principal) if sI C J C I for some finitely generated (respectively,
principal) ideal J of D and some s € S.

The next proposition gives an S-version of a classical result for an
invertible ideal, that is, every invertible ideal is of finite type.

Proposition 2.5. Let D be an integral domain, S a multiplicative
subset of D and I a nonzero fractional ideal of D. If I is S-invertible,
then I is S-finite.

Proof. Since I is S-invertible, then there exist an s € S and a
fractional ideal J of D such that sD C IJ C D. As s € IJ, so
there exist an ay,...,a, € I and a By,...,B8, € J such that s =
041614" . +Oén6n Set IO = (Oél, . ,C\(n) Q I and Jo = (ﬂl, e 7Bn) g J.
Since sD C IyJy C D, then Iy is an S-invertible ideal of D. From
Remark 2.4, sJ; ' C Iy C Jy ' and sJ7' C T C J™'. As Jy C J, then
J L C Jo_l. Thus, sI C sJ~! C SJO_1 C Iy € I, and hence, I is an
S-finite ideal of D. a

Proposition 2.6. Let I be a fractional ideal of D and S a multiplica-
tive subset of D. Then, I is S-invertible if and only if there exists
an s € S such that sD C II=' C D. In particular, I=1 is also an
S-invertible ideal of D.

Proof. Assume that I is an S-invertible ideal of D. Then, there exist
an s € S and a fractional ideal J of D such that sD C I.J C D. Thus,
J C I7', and hence, sD C IJ C II™' C D. The other implication is
obvious. O

Proposition 2.7. Let D be an integral domain and S a multiplicative
subset of D. Every S-principal ideal of D is S-invertible.

Proof. Let I be a nonzero fractional S-principal ideal of D. Then,
sI CaD C I for some o € I and s € S. Then, sI~* C (s/a)D C 171,
which implies that sI='I C (s/a)I C I7'I; thus, (s/a)l C 1711
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However, aD C I. Thus, (s/a)aD C (s/a)l C II7'; therefore,
sD CII7' C D, and I is S-invertible. U

Let D be an integral domain and S a multiplicative subset of D. It
is well known that, for each finitely generated fractional ideal I of D,
(Is)™' = (I7')s. The next lemma improves this result.

Lemma 2.8. Let D be an integral domain, S a multiplicative subset
of D and I a nonzero fractional ideal of D. If I is an S-finite ideal of
D, then (Is)_l = (I_l)s.

Proof. We always have that (I71)g C (Is)~!; thus, we must prove
the converse in order to reach a conclusion. Since I is S-finite, there
exist an s € S and a finitely generated ideal J C I such that sI C J C I.
Thus, J~* C (1/s)I~!, and consequently, (J~1)s C (I7!)s. Since J
is finitely generated, (J~!)s = (Jg)~!. Moreover, Jg C Ig. Thus,
(Is)' C (Js) ' = (J-1)s € (I})s, and hence, (I V)5 = (Is)"\. O}

Next, a necessary and sufficient condition is given for an ideal I of
D to be S-invertible.

Theorem 2.9. Let D be an integral domain, S a multiplicative subset
of D and I a nonzero fractional ideal of D. Then, the following asser-
tions are equivalent.

(i) I is an S-invertible ideal of D.
(ii) Is is an invertible ideal of Dg, and I is an S-finite ideal of D.

Proof.

(i) = (ii). By Proposition 2.5, I is an S-finite ideal of D. Moreover,
since I is S-invertible, sD C II~! C D for some s € S. Thus,

Dg C (II™")s C Dg,

which implies that Dg = Is(I~!)s. Finally, from Proposition 2.5 and
Lemma 2.8, Is(Is)~! = Dg.

(ii) = (i). By hypothesis, sI C J C I for some s € S and finitely
generated ideal J of D. Then, Is = Jg. Since Ig is invertible in
Dg, then 15(15)71 = Dg. Thus, Js(:]s)71 = Dg; therefore, (JJil)S
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= Js(JY)s = Js(Js)~! = Dg. Hence, there exist t € S, a1,...,a, €
J and by,...,b, € J~! such that
a161 anbln
1= 27y I
t + + t
Then, tR C JJ~' C R. However, sI C J C I. Then, sI"! C sJ~ ! C
I, which implies that sJJ~! C IT~!. Thus,

stRCsJJ ' CIIT'CR.
Hence, I is an S-invertible ideal of D. O

Remark 2.10. Let I be a v-finite type ideal of D, ie., I = J, for
some finitely generated ideal J of D. If Ig is an invertible ideal of Dg,
then I is S-invertible. Indeed, since I5(Is)~! = Dg, then

(Jo)s(Js) ™" = (Ju)s(((Jo)s)o) ™" = (Ju)s((Jo)s) ™" = Is(Is) ™" = Ds

[14, Lemma 3.4(2)]. Thus, (J,J !)s = Dg. In the same manner
as in the proof of Theorem 2.9, there exists a t € S such that tR C
JyJ™ 1 C R. Thus, tR C II~! C R, and hence, I is an S-invertible
ideal of D.

Proposition 2.11. Let D be an integral domain and S a multiplicative
subset of D. Then, the following statements hold.

(i) If I is an S-finite ideal of D, then there exists an s € S such that
s(IT) "t C(I7Y7 C (I7)™! for each multiplicative subset T of D.

(ii) If I is an S-finite locally principal ideal of D, then I is S-
invertible.

Proof.

(i) We have sI C J C I for some finitely generated ideal J of D
and s € S. Let T be a multiplicative subset of D. We always have
(I"Y7 C (I7)~'. On the other hand, since sIr C Jr C Iz, then
s(It)~t C s(Jr)~t C (Ir)~t. Moreover, as sI=! C sJ~! C I~!, then
s(I™YHp Cs(J7 1) C (I71)7. Hence,

s(I)™ Cs(Jp) P =s(J Hr (T Hr.

(ii) Assume that I is an S-finite locally principal ideal of D. Thus,
by (i), there exists an s € S such that s(Iy)™' € (I7 1)y € (In)7!
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for each maximal ideal M of D. Hence,

sD = ﬂ sDyy
MeMax(D)

= ﬂ SIM(IA1)71

N
D)
~
=
~
L
E

N U

MeMax(D)
=J1I"'CcD.

Hence, I is an S-invertible ideal of D. O

Recall from [1] that an integral domain D is called a generalized
GCD domain (G-GCD domain) if every finite intersection of (integral)
invertible ideals of D is invertible [1]. Then, it is natural to define the
notion of an S-generalized GCD domain (S-G-GCD domain), which is
a generalization of a G-GCD domain.

Definition 2.12. Let D be an integral domain and S a multiplicative
subset of D. We say that D is an S-generalized GCD domain (S-G-
GCD domain) if every finite intersection of invertible ideals of D is
S-invertible.

Example 2.13. Let S be a multiplicative subset of an integral do-
main D.

(i) If S is included in the set of units of D, then D is an S-G-GCD
domain if and only if D is a G-GCD domain.
(ii) If D is a G-GCD domain, then D is an S-G-GCD domain.

Remark 2.14. Let D be an integral domain and S a multiplicative
subset of D. Then, the following assertions are equivalent.

(i) Every finite intersection of invertible fractional ideals of D is S-
invertible.

(ii) Every finite intersection of invertible integral ideals of D is S-
invertible.
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Indeed, it is obvious to show the implication (i) = (ii). Conversely, let
Ii,...,I, be a fractional invertible ideal of D. Then, there exist dy,
...,d, € D\ (0) such that d;I; C D for each 1 < i < n. Since, for each
1<i<n,dy--d,l; is an invertible integral ideal of D, by hypothesis,

dl...dn(jlm...m[n):(dl...dnjl)m...m(dl...dn]n)

is S-invertible. Thus, (I; N---N1I,) is S-invertible.

Theorem 2.15. Let D be an integral domain and S a multiplicative
subset of D. Then, the following assertions are equivalent.

(i) D is an S-G-GCD domain.
(ii) Ewery v-finite type ideal of D is S-invertible.

Proof.

(i) = (ii). Let I = (a1,...,an)y be a v-finite type ideal of D. We
have I = ((a1,...,a,) )" = ((1/a1)DN---N(1/a,)D)~ . However,
by hypothesis, (1/a1)D N ---N(1/a,)D is an S-invertible ideal of D.
Hence, I is S-invertible.

(ii) = (i). Let Iy,...,I, be an invertible ideal of D. Then, for each 1
< i < n, I[l is a finitely generated ideal of D. Let I = (If1 +
oo+ I7Y),. Then, I is of v-finite type, which implies that I is an
S-invertible ideal of D. Hence, I7! = (I1), N---N(I,)y =LN---N1,

is S-invertible. O

Corollary 2.16. Let D be an integral domain. Then, D is a G-GCD
domain if and only if every v-finite type ideal of D is invertible.

Proof. In the previous theorem, it suffices to take S included in the
set of units of D. |

Corollary 2.17. Let D be an integral domain and S a multiplicative
subset of D. If D is an S-G-GCD domain, then Dg is a G-GCD
domain.

Proof. Let Ig be a v-finite type ideal of Dg. Then, there exists a
finitely generated ideal J of D such that Is = (Jg),. Hence, by [14,
Lemma 3.4(2)], Is = (Js)u = ((Jy)s)w. However, J, is a v-finite type
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ideal of D; thus, there exists an s € S such that sD C JU(JU)_1 C D.
Since (J,)~! = J71, then

Ds C (Ju)s(J s = (Ju)s(Js) ™!

C ((Jo)s)o((Js)o) ™" S Is(Is) ™" € Ds.

Hence, Ig is invertible. O

Proposition 2.18. Let D be an integral domain and S a multiplicative
subset of D. Let T be a multiplicative subset of D. If D is an S-G-GCD
domain, then Dt is an S-G-GCD domain.

Proof. Let It be a v-finite type ideal of Dg. Then, I = (Jr), for
some finitely generated ideal J of D. Since D is an S-G-GCD domain,
there exists an s € S such that sD C J,J~! C D. Thus,

sDr C (Jo)r(J ™Y = (Jo)r(Jr) ™"
C ((Jo)1)o((Jr)o) " S Ip(Ir) ™" C Dy

Hence, I is an S-invertible ideal of Dy. O

Lemma 2.19. Let D be an integral domain and S a multiplicative sub-
set of D. Let a,b € D\ (0). Then, aD NbD is S-invertible if and only
if (1/a)D N (1/b)D is S-invertible.

Proof. Tt is sufficient to remark that, for each a,b € D\ (0),

1 1 1
-DN—-D=—(aDNbD).
, N ; 3 (aDNbD)
Recall from [2] that an ideal I of D is a wv-ideal of type 2 if
I = (aD + bD), for some a,b € D\ (0). We conclude this section
with the following equivalent condition for a v-ideal of type 2 to be
S-invertible. O

Proposition 2.20. Let D be an integral domain and S a multiplicative
subset of D. Then, the following assertions are equivalent.

(i) FEwvery v-ideal of type 2 is S-invertible.
(ii) Fora,be D\ (0), aDNbD is an S-invertible ideal of D.
(iii) Fora,b e D\ (0), aD : bD is an S-invertible ideal of D.
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Proof. We will show that (i) < (ii) < (iii).
(i) = (ii). Let a,b € D\ (0), and let

I = (1D+1D) .
a b

v

Then, I is a v-ideal of type 2, and, by hypothesis, I is S-invertible.
Thus, I~! = aD NbD is an S-invertible ideal of D.

(ii) = (i). Let I = (aD + bD),, be a v-ideal of type 2. We have

b

However, by hypothesis and Lemma 2.19, (1/a)D N (1/b)D is an S-
invertible ideal of D. Hence, I is S-invertible.

I=((aD+bD) )t = (iD N 1D> _1.

(ii) < (i). It is sufficient to remark that, for each a,b € D, aD
NbD = (aD : bD)(bD). O

3. The local S-class group of an integral domain. In this
section, we define the local S-class group of an integral domain D,
denoted by S-G(D), as the group of t-invertible fractional t-ideals of D
under t-multiplication modulo its subgroup of S-invertible ¢-invertible
t-ideals of D. We investigate the case of isomorphism S-G(D) =~
S-G(D[[X]]), and we generalize some known results developed for the
classic contexts of Krull domains and PvMDs.

We begin this section by introducing the following definitions in
order to generalize some known results about G(D).

Notation 3.1. Let D be an integral domain and S a multiplicative
subset of D. We note that S-Inv(D) (respectively, S-Prin(D)) is
the set of S-invertible (respectively, S-principal) fractional ideals of
D. Tt is clear that S-Prin(D) is a subset of S-Inv(D). Moreover,
it S consists of units of D, then S-Inv(D) = Inv(D) (respectively,
S-Prin(D) = Prin(D)) is the set of invertible (respectively, principal)
fractional ideals of D.

Theorem 3.2. Let D be an integral domain and S a multiplicative
subset of D. Then, S-Inv(D) is a monoid under the usual multiplication
I-J=1J, and S-Prin(D) is a submonoid of S-Inv(D).
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“ 2

Proof. We show that the usual multiplication is a binary
operation on S-Inv(D). Let I and J be two S-invertible fractional
ideals of D. There exist s,t € S such that sD C II~' C D and
tD C JJ71 C D. 1t is easily seen that I=*J~! C (IJ)~!. Thus,

stD C (I171)(JJ 1) € (L)(I' ") € (L)(1) " € D;

therefore, I.J is S-invertible. Moreover, it is easy to prove that the
multiplication “ -7 is associative, and D € S-Inv(D) is the identity
element. Hence, S-Inv(D) is a monoid.

We show that S-Prin(D) is a submonoid of S-Inv(D). Let I and J
be two S-principal fractional ideals of D. There exist s,t € S, a €
and b € J such that sI CaD C I and tJ C bD C J. Then,

st(IJ) CabD C IJ;

therefore, I.J is S-principal. Since D € S-Prin(D), then S-Prin(D) is
a submonoid of S-Inv(D).

Let D be an integral domain with quotient field K. We note that
S-I(D) is the set of fractional S-invertible t-invertible t-ideals of D.
Recall that D is a Priifer v-multiplication domain (PuMD) if every
nonzero finitely generated ideal of D is t-invertible. ]

Remark 3.3.

(i) The set of S-invertible ideals of D is not included in T'(D).
Indeed, let D = Z[X], I = 2Z + XZ[X] and S = {2",n € N}. Since
2 € I, then I is an S-principal ideal. Thus, by Proposition 2.7, I is
S-invertible. On the other hand, by [6, Lemma 2.1], I=! = Z[X]. This
implies that I, = Z[X]. Thus, I is not a v-ideal; however, Z[X] is a
Noetherian ring. Therefore, I is not a t-ideal, and hence, I ¢ T'(D).

(ii) There exists an S-invertible ideal which is not t¢-invertible.
Indeed, let D be an integral domain which is not PuMD. Then, there
exists a finitely generated ideal I of D which is not t-invertible. Let
s € I\ (0) and S = {s",nN}. Then, S is a multiplicative subset of
D. Moreover, I is an S-principal ideal of D(S NI # (). Thus, by
Proposition 2.7, I is S-invertible.

(iii) The inclusion Inv(D) C S-I(D) may be strict. Indeed, let
D =7+ XZ[i|[X], I = 2Z+ (1+4)XZ[i][X] and S = {2, n € N}. By
[6, Remark 3.2], I is a t-invertible ¢-ideal of D. Hence, by Example 2.3,
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I is a fractional S-invertible t-invertible t¢-ideal of D which is not
invertible.

Proposition 3.4. Let D be an integral domain with quotient field K
and S a multiplicative subset of D. Then, S-I(D) is a subgroup of
T(D) under the t-multiplication I*J = (I.J);.

Proof. We have D € S-I(A). Since T(D) is a group and, by
Proposition 2.6, if I € S-I(D), then I=! € S-I(D). Let I and J be two
elements of S-I(D). We show that I*J = (IJ); € S-1(D). We have
(IJ): € T(A). Moreover, since I and J are both S-invertible ideals,
there exist s, € S such that sD C II-' C D and D C JJ~! C D.
Thus,

ss eI tJgjt=anatsohcuanatitco.
Therefore, ss'D C (IJ),I"'J~1 C D. O
Definition 3.5. Let D be an integral domain and S a multiplicative
subset of D. The quotient group S-G(D) = T(D)/S-I(D) is called the
local S-class group of D.
Remark 3.6.

(i) When the multiplicative subset S is included in the set of units
of D, then S-G(D) = G(D)(the local class group of D).

(ii) It follows from Theorem 2.15 that, if D is an S-G-GCD domain,
then S-G(D) =0

Our next theorem presents the case when S-G(D) = 0. Note that
the proof is inspired by [9, Theorem 2.1].

Theorem 3.7. Let D be an integral domain and S a multiplicative
subset of D. Then, the following assertions are equivalent.

(i) S-G(D)=0

(ii) for each I,J € T(D), (IJ)s € T(Ds);
(iii) for each I,J € T(D), if (IJ)¢ = D, then (IJ)S = Dg;
(iv) for each I,J € T(D), (IJ)s) ' = (I tJ Y)s.
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Proof.

(i) = (ii). It I,J € T(D), then I and J are S-invertible ideals of
D. Thus, by Theorem 3.2, IJ is an S-invertible ideal of D, and, by
Theorem 2.9, (IJ)g is invertible. Hence, (I.J)s € T(Dg).

(ii) = (iii). Let I and J be t-invertible ¢-ideals of D such that
(IJ): = D. We always have ((IJ):)s C ((IJ)s): by [14, Lemma
3.4(iii)]. Then, Dg C ((I])s):. As IJ C (IJ); = D, then ((IJ)g); C
Dg. Thus, ((IJ)s): = Ds. However, (IJ)s € T(Dg). Hence, (IJ)g
=((IJ)s)t = Ds.

(iii) = (iv). Let I and J be t-invertible ¢-ideals of D. We have
(IJI T Yy =T JT Y = ((IT Y (JT 1)) = D.
Then, by hypothesis,
(IN)s(I7*J g =(IJI T s = Dg.
Hence, ((IJ)s)™ ' = (I 1T Y)s.

(iv) = (i). Let I be a t-invertible ¢-ideal of D. We show that I is S-
invertible. Since 71 is a t-invertible t-ideal of D, then ((I171)g)™! =
(IT71)s. In addition, since (II~')s C Dg, then

Ds C((II71)s)™t = (II"Y)s C Ds.

Thus, Ds = (IT71)s = (Is)(I7!)s, and hence, Is is an invertible ideal
of Dg. Moreover, since I of v-finite type, from Remark 2.10, I is an
S-invertible ideal of D. O

Recall from [16] that an integral domain D is said to be a *-domain
if, for a;,b; € Di=1,...,mand j =1,...,n,

(Ne@)) (N69) = Mt
i j ij
According to [15], D is a x-domain if, and only if, for all finitely

generated fractional ideals I,J of D, (IJ)~! = I=*J~!. The next
definition generalizes the notion of *-domains.

Definition 3.8. Let D be an integral domain and S a multiplicative
subset of D. We say that D is an S-*-domain if, for all finitely generated
fractional ideals I, J of D, ((IJ)s)~t = (I7*J1)s.
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We remark that, if we take S to be included in the set of units of D,
then the notions *-domain and S-*-domain are equivalent. The next
theorem gives an S-version of a well-known result, that is, in a PoMD,
G(D) = 0 if and only if D is a G-GCD domain if and only if D is a
*-domain [9].

Theorem 3.9. Let D be a PuMD. Then, the following assertions are
equivalent.

(i) S-G(D)=0
(ii) D is an S-G-GCD domain.
(iii) D is an S-x-domain.

Proof.

(i) = (ii). We suppose that S-G(D) = 0. Let I = J,, be a v-finite
type ideal of D. We show that [ is S-invertible. Since D is a PvMD,
then J is t-invertible. Thus, I = J; is a t-invertible t-ideal of D. Then,
[I] € S-G(D) = 0. Therefore, I is S-invertible, and hence, D is an
S-G-GCD domain.

(ii) = (i). Assume that D is an S-G-GCD domain, and let I be
a fractional t-invertible t-ideal of D. Then, I is v-finite type, which
implies that I = J, for some finitely generated fractional ideal J.
Since D is an S-G-GCD domain, then I = J, is S-invertible, and
hence, S-G(D) = 0.

(1) = (iil). Let I and J be two finitely generated fractional ideals of
D. Since D is a PuMD, then I and J are t-invertible ideals of D. Thus,
I,,J, € T(D). Then, by Theorem 3.7 (iv) , ((I,Jy)s) "t = (I71J 1)s.

However,

((IUJU)S)_l

(1) (J0)s)w) ™
(1) 8)o((Tu)s)w)e) ™"
(((Is)o(Js)w)w) ™
= (IsJs) ™" = ((IJ)s) 7"
Thus, ((IJ)s)™' = (I7'J7!)g, and hence, D is an S-*-domain.

(iii) = (i). Let I and J be two fractional t-invertible t-ideals of
D. Then, I and J are v-finite types, which implies that I = A, and
J = B, for some finitely generated fractional ideals A and B of D. We
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have
((I‘])S)_l = ((AUBU)S>_1 = ((AB)S)_l'

Since D is an S-x-domain, ((AB)s)™! = (A7!B7Y)g = (I71J )s.
Thus, ((IJ)s)™t = (I7'J71)s, and hence, by Theorem 3.7 (iv),
S-G(D) = 0. 0

Proposition 3.10. Let D be an integral domain and S a multiplicative
subset of D. If G(D) =0, then S-G(D) = 0.

Proof. 1t is sufficient to remark that every invertible ideal is S-
invertible. U

Remark 3.11. The converse of Proposition 3.10 is false, in general.
Indeed, let D be a PuMD which is not a G-GCD domain [2, page 218],
and let S = D\{0}. Then, D is an S-PID (S-principal ideal domain);
in particular, D is S-G-GCD, and, by Theorem 3.9, S-G(D) = 0.
However, D is a PuMD which is not G-GCD. Then, by [9], G(D) # 0.

Let D C L be an extension of integral domains. Following [5], we
say that T is t-linked over D if, for each finitely generated fractional
ideal I of D with I=! = D, we have (IL)"! = L.

Theorem 3.12. Let D C L be an extension of integral domains such
that L is t-linked over D and S a multiplicative subset of D. Then, the

mapping
v:S5-G(D) — S-G(L), [I] — [(IL){]
is well defined, and it is a homomorphism.
Proof. By [5, Theorem 2.2], it is sufficient to show that, if I €
S-I(D), then (IL), € S-I(L). Let I € S-I(D). Then, I € T(D). Since

T is t-linked over D, then (IL); € T(L) [5, Theorem 2.2]. Moreover,
there exists an s € S such that sD C II~' C D. Then,

sLC(II'YL=({IL)Y(I'L)C(IL)(I"'L) C L.
Thus, (IL); is S-invertible, and hence, (IL); € S-I(L). O
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Let D be an integral domain and (X, )aea & set of indeterminates
over D. In [8], the author showed that, if D is a Krull domain, then
G(D) ~ G(D[{Xa}aeal) [8, Corollary 7]. Our next theorem shows the
case S-G(D) ~ S-G(D[{Xq4}aeal)-

Theorem 3.13. Let D be an integrally closed domain and S a multi-
plicative subset of D. Then, S-G(D) ~ S-G(D[{Xa}acal)-

Proof. Tet ¢:5-G(D) —5-G(D[{Xa}acal), [+ (TD{Xa}acal)]
From [10, Lemma 1.6], D[{Xa}aea] is t-linked over D; thus, by
Theorem 3.13, ¢ is well defined, and it is a homomorphism. Again,
by [10, Lemma 1.6], it is easy to show that, for every I € T(D), we
have (ID[{Xa}aea])t = ID[{Xa}aca]. We show that ¢ is injective.
Let I be an integral t-invertible ¢-ideal of D such that ¢([I]) = 0.
Then, [ID[{Xa}aca]] =0. Thus, ID[{Xas}aea] is an S-invertible ideal
of D[{X4}aen], which implies that there exists an s € S such that

sD[{Xa}aea] € (ID{Xa}aea)ID{Xa}aea)) ™"
= II?lD[{on}aeA] - D[{Xa}aeA]

Thus, sD C II~! C D, and hence, I is S-invertible.

Next, we show that ¢ is surjective. Let I be a t-invertible t-ideal of
D{Xa}aea]- Since D is integrally closed, by [10, Theorem 3.6], the
mapping ¢ : Cly(D) = Cly(D[{Xa}aeal); (It = [ID{Xa}aen]lt is an
isomorphism, where [I]; is the class of the fractional ideal I of D in
Cly(D). Thus, there exists a fractional t-invertible ¢-ideal J of D such
that [I]; = [JD[{Xa}aen]]t- This implies that (I7'JD[{X4}aea])s is
a principal ideal of D[{ X, }aeca], in particular, S-invertible. Therefore,
[I] = [JD[{Xa}acn]], and hence, ¢ is surjective. O

Corollary 3.14. Let D be an integrally closed domain. Then, G(D) ~
G(D{Xa}taeal)-

Since, for each nonzero fractional ideal I of D, (I - D[[X]])"! =
I7Y[X]], then it is easy to show that the power series ring D[[X]] is
t-linked over D.
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Lemma 3.15. Let D be an integral domain with quotient field K and
S a multiplicative subset of D. Then:

¢ S-G(D) — S-G(D[[X]])
(1] — [(1 - DIXT)):]

is an injective homomorphism.

Proof. Since D[[X]] is t-linked over D, by Theorem 3.13, ¢ is a
homomorphism.

Let I be a fractional ¢-invertible ¢-ideal of D such that (I - D[[X]]):
is S-invertible. We show that I is an S-invertible ideal of D. By [12,
Lemma 3.1], (I-D[[X]]): = I[[X]]. Thus, there exists an s € S such that
sD[[X]) € IXU[X])~ = I[[X]II7H[X]] € D[[X]], which implies
that sD C II~' C D. Hence, I is S-invertible. O

Our next theorem shows the case of the isomorphism S-G(D) ~
S-G(D[[X]]). First, we recall the following notions. Let D be an
integral domain and S a multiplicative subset of D. The S-class group
of D, S-CI(D), is the group of fractional ¢-invertible ¢-ideals of D under
t-multiplication modulo its subgroup of S-principal ¢t-invertible ¢-ideals
of D, that is, S-CI(D) = T(D)/S-P(D) [12]. Also, in [12], the authors
defined the following mapping;:

¥ S-CI(D) — S-CI(D[[X]))
[J]% — [(J - D[XT]))®,

where [J]¥ is the class of the fractional ideal J of D in S-CI(D).

Theorem 3.16. Let D be an integral domain with quotient field K and
S a multiplicative subset of D. If the mapping v is an isomorphism,
then the mapping ¢ is an isomorphism. In particular, S-G(D) =~

S-G(D[[X]])-

Proof. From Lemma 3.15, ¢ is an injective homomorphism. We
show that ¢ is surjective. Let I be a nonzero fractional ¢-invertible
t-ideal of D[[X]]. Since v is surjective, [I]° [(J DI[[X]])¢]® for some
t-invertible t-ideal J of D, which implies that (I=*(J- [[ 1Dt)s is an S-
principal ideal of D[[X]]. Then, by Proposition 2.7, (I7(J - D[[X]])¢):
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is S-invertible. Therefore, [I] = [(J - D[[X]])¢], and hence, ¢([J]) =
[(7- DIXT))] = ] 0

Recall that D is a TV-domain if the v- and the t-operation on D
are the same. In addition, the power series ring D[[X]] is said to
satisfy property (x) if, for all integral v-invertible v-ideals I and J
of D[[X]] such that (I.J)g # (0), we have ((I.J)g)y = ((IJ)y)o, where
Iy = {£{0), f € I} [12].

Corollary 3.17. Let D be a TV-domain such that D[[X]] satisfies
property (x). Then, S-G(D) ~ S-G(D[[X]]).

Proof. From [12, Theorem 4.4], the mapping ¢ is an isomorphism.
Thus, by the previous theorem, S-G(D) ~ S-G(D][[X]]). O

In the particular case where S consists of units of D, we provide
with an additional condition an answer to the question of Bouvier [8],
that is, when is G(D) isomorphic to G(D[[X]])?

Corollary 3.18. Let D be a TV-domain such that D[[X]] satisfies
property (x). Then, G(D) ~ G(D[[X]]).

We conclude this paper with the following results regarding the
power series ring as an S-G-GCD domain (S-*-domain).

Corollary 3.19. Let D be a Krull domain such that D[[X]] satisfies
(*) and S a multiplicative subset of D. Then, D is an S-G-GCD do-
main (respectively, S-x-domain) if and only if D[[X]] is an S-G-GCD
domain (respectively, S-x-domain).

Proof. By Theorem 3.9, D is an S-G-GCD domain if and only if
S-G(D) =0 if and only if D is an S-x-domain. However, by Corollary
3.17, S-G(D) ~ S-G(D[[X]]). Thus, D is an S-G-GCD domain (S-*-
domain) if and only if S-G(D[[X]]) = 0, which is equivalent to the fact
that D[[X]] is an S-G-GCD domain (S-*-domain). O

Example 3.20. It follows from Corollary 3.19 that, if D is a Krull
domain such that D[[X]] satisfies (*), then D is a G-GCD domain
(respectively, #-domain) if and only if D[[X]] is a G-GCD domain
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(respectively, *-domain). For example, if we take D = Z[iv/5], then
D is a Krull domain. Moreover, by [12, Example 3.1], Z[iv/5][[X]]
satisfies (*). Since Z[iv/5] is a G-GCD domain (respectively, *-domain)
(Dedekind domain), then Z[iv/5][[X]] is a G-GCD domain (respectively,
x-domain).
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