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A CLASS OF FROBENIUS-TYPE
EULERIAN POLYNOMIALS

H.M. SRIVASTAVA, M.A. BOUTICHE AND M. RAHMANI

ABSTRACT. The aim of this paper is to prove several
explicit formulas associated with the Frobenius-type Eulerian
polynomials in terms of the weighted Stirling numbers of the
second kind. As a consequence, we derive an explicit formula
for the tangent numbers of higher order. We also give a
recursive method for the calculation of the Frobenius-type
Eulerian numbers and polynomials.

1. Introduction. This paper is concerned with a class of Euler-
ian polynomials, which was named, in the last decade or so, as the

Frobenius-type Eulerian polynomials A
(α)
n (x | λ) of order α ∈ C, and

are usually defined by means of the following generating function:

(1.1)

(
1− λ

ez(λ−1) − λ

)α

exz =

∞∑
n=0

A(α)
n (x | λ)z

n

n!
,

where λ is a complex number with λ ̸= 1. The numbers An, given by

A(α)
n (λ) := A(α)

n (0 | λ)

are called the Frobenius-type Eulerian numbers. Clearly, we have

(1.2) A(α)
n (x | λ) =

n∑
k=0

(
n

k

)
A

(α)
k (λ)xn−k.

The classical Eulerian polynomials An(λ), given by

An(λ) := A(1)
n (0 | λ),
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are defined by the following generating function:

1− λ

ez(λ−1) − λ
=

∞∑
n=0

An(λ)
zn

n!

and can be computed inductively as follows:

A0(λ) = 1

and

An(λ) =

n−1∑
k=0

(
n

k

)
Ak(λ)(λ− 1)n−k−1, n ≥ 1.

These numbers play an important role in combinatorial analysis and
number theory. Many authors investigated the Frobenius-type Eulerian
polynomials (see, for example, [4, 5, 10, 15, 20]). An application
to the normal ordering of expressions involving bosonic creation and
annihilation operators is presented in [14].

The purpose of this paper is to investigate several explicit formulas
and representations associated with the Frobenius-type Eulerian poly-
nomials of order α in terms of the weighted Stirling numbers of the
second kind. As a consequence of some of these explicit formulas, we

provide a recursive procedure for calculating A
(α)
n (x | λ).

We begin by recalling some classical definitions and notation as well
as some results that will be useful in the rest of this paper. For ν ∈ C,
the Pochhammer symbol (ν)n is defined by

(ν)n =

n−1∏
j=0

(ν + j) and (ν)0 = 1.

The (signed) Stirling numbers s(n, k) of the first kind are the
coefficients in the following expansion:

(x− n+ 1)n =
n∑

k=0

s(n, k)xk,

and satisfy the recurrence relation given by

(1.3) s(n+ 1, k) = s(n, k − 1)− ns(n, k), 1 ≤ k ≤ n.
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The Stirling numbers of the second kind, denoted S(n, k), are defined
as the coefficients in the following expansion:

xn =
n∑

k=0

S(n, k)(x− k + 1)k.

The exponential generating functions of the Stirling numbers s(n, k)
and S(n, k) are given by

∞∑
n=k

s(n, k)
zn

n!
=

1

k!
[ln(1 + z)]k

and

∞∑
n=k

S(n, k)
zn

n!
=

1

k!
(ez − 1)k,

respectively.

For any nonnegative integer r, the r-Stirling numbers Sr(n, k) of
the second kind (see [3]) are obviously a generalization of the Stirling
numbers S(n, k) of the second kind. These numbers count the number
of partitions of a set of n objects into exactly k nonempty and disjoint
subsets such that the first r elements are in distinct subsets. Their
exponential generating function is given by

∞∑
n=k

Sr(n+ r, k + r)
zn

n!
=

1

k!
erz(ez − 1)k.

For any positive integer m, the r-Whitney numbers Wm,r(n, k) of
the second kind (see [16, 17]) are defined as the coefficients in the
following expansion:

(mx+ r)n =
n∑

k=0

mkWm,r(n, k)(x− k + 1)k

and are given by their generating function as follows:

∞∑
n=k

Wm,r(n, k)
zn

n!
=

1

mkk!
erz(emz − 1)k.
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Clearly, we have

W1,0(n, k) = S(n, k)

and

W1,r(n, k) = Sr(n+ r, k + r).

The weighted Stirling numbers Sk
n(x) of the second kind are defined

by (see [7, 8]):

Sk
n(x) =

1

k!
∆kxn =

1

k!

k∑
j=0

(−1)k−j

(
k

j

)
(x+ j)n,

where ∆ denotes the forward difference operator. The exponential gen-
erating function of Sk

n(x) is given by

(1.4)
∑
n≥k

Sk
n(x)

zn

n!
=

1

k!
exz(ez − 1)k,

and Sk
n(x) satisfy the recurrence relation given by

Sk
n+1(x) = Sk−1

n (x) + (x+ k)Sk
n(x), 1 ≤ k ≤ n.

As a consequence of the generating function (1.4), we may deduce the
following results:

(1.5) Sk
n(0) = S(n, k),

(1.6) Sk
n(r) = Sr(n+ r, k + r)

and

(1.7) mn−kSk
n

(
r

m

)
= Wm,r(n, k).

For further details, we refer the reader to the recent works [1, 13, 21,
22, 23, 24] and the references cited therein.

2. Main results. In the following theorem, we give an explicit
formula for the Frobenius-type Eulerian polynomials in terms of the
weighted Stirling numbers of the second kind.
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Theorem 2.1. The following relationship holds:

(2.1) A(α)
n (x | λ) =

n∑
k=0

(α)k(λ− 1)n−kSk
n

(
x

λ− 1

)
.

Proof. From (1.4), we have

∞∑
n=0

( n∑
k=0

(α)k(λ− 1)n−kSk
n

(
x

λ− 1

))
zn

n!

=
∞∑
k=0

(α)k
(λ− 1)k

( ∞∑
n=k

Sk
n

(
x

λ− 1

)
((λ− 1)z)n

n!

)

= exz
∞∑
k=0

(α)k
1

k!

(
e(λ−1)z − 1

λ− 1

)k

.

Since
∞∑

n=0

(a)n
zn

n!
= (1− z)−a,

we get

∞∑
n=0

( n∑
k=0

(α)k(λ− 1)n−kSk
n

(
x

λ− 1

))
zn

n!

= exz
(
1− e(λ−1)z − 1

λ− 1

)−α

=
∞∑

n=0

A(α)
n (x | λ)z

n

n!
,

which gives, by identification, the desired result. �

As a consequence of Theorem 2.1, for x = r and λ = m, we have

A(α)
n (r | m) =

n∑
k=0

(α)kWm−1,r(n, k).

In particular, for m = 2 in this last identity, we obtain

A(α)
n (r | 2) =

n∑
k=0

(α)kSr(n+ r, k + r)
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which, for r = 0, yields Boyadzhiev’s identity for general geometric
numbers ωn,α(1) [2, equation (3.24)].

The tangent numbers T (n, k) of order k are defined by the following
generating function (see [6, 9]):

tank(u) =
∞∑

n=k

T (n, k)
un

n!
.

As mentioned by Cvijović [11, 12], these numbers appear to be insuffi-
ciently investigated, and the explicit formula for T (n, k) is presumably
still unknown.

Now, by using the Frobenius-type Eulerian polynomials A
(k)
n (x | λ)

of order k ≥ 1, we provide an explicit formula for T (n, k).

Theorem 2.2. It is asserted that

(2.2) T (n, k) = in−k

[
(−1)kδn,0 +

k∑
j=1

(−1)k−j

(
k

j

)
A(j)

n (−1)

]
,

where δi,j denotes the Kronecker symbol.

Proof. Since

tank(u) =
1

ik

(
2

1 + e−2iu
− 1

)k

=
1

ik

k∑
j=0

(−1)k−j

(
k

j

)(
2

1 + e−2iu

)j

,

by setting x = 0, λ = −1 and z = iu with i2 = −1 in (1.1), we obtain(
2

e−2iu + 1

)k

=
∞∑

n=k

inA(k)
n (−1)

un

n!
.

Therefore, we have

(2.3)
∞∑

n=k

T (n, k)
un

n!
=

∞∑
n=k

(
in−k

k∑
j=0

(−1)k−j

(
k

j

)
A(j)

n (−1)

)
un

n!
.

Comparing the coefficients of un/n! on both sides, we obtain the desired
result. �
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If k = 1, then equation (2.3) reduces to the well-known formula:

T (n, 1) = in−1An(−1), n ≥ 1.

In the same manner, we obtain

E(n, k) = (−i)nA(k)
n (−k | −1),

T̃ (n, k) = ik−nT (n, k)

and
Ẽ(n, k) = A(k)

n (−k | −1),

where E(n, k), T̃ (n, k) and Ẽ(n, k) are the coefficients of seck(u),

tanhk(u) and sechk(u), respectively.

Now, in what follows, we propose a three-term recurrence relation for
the calculation of the Frobenius-type Eulerian polynomials. First, by
setting x = 0 in Theorem 2.1, we obtain the following explicit formula
for the Frobenius-type Eulerian numbers:

A(α)
n (λ) =

n∑
k=0

(α)k(λ− 1)n−kS(n, k),

and, by the Stirling transform (see [18, 19]), we obtain

(α)n
(λ− 1)n

=
n∑

k=0

s(n, k)
A

(α)
k (λ)

(λ− 1)k
.

Next, it is convenient to introduce the sequence M(α)
n,m(λ) with two

indices defined by

(2.4) Mn,m := M(α)
n,m(λ) =

(λ− 1)m

(α)m

m∑
k=0

s(m, k)
A

(α)
n+k(λ)

(λ− 1)k

with M0,m = 1 and

Mn,0 = A(α)
n (λ).

Theorem 2.3. The sequence M(α)
n,m(λ) satisfies the following three-

term recurrence relation:

(2.5) Mn+1,m = (α+m)Mn,m+1 +m(λ− 1)Mn,m,
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with the initial sequence given by

M0,m = 1.

Proof. From (1.3) and (2.4), we have

Mn,m+1 =
(λ− 1)m+1

(α)m+1

m+1∑
k=0

[s(m, k − 1)−ms(m, k)]
A

(α)
n+k(λ)

(λ− 1)k
.

After some rearrangement, we find that

Mn,m+1 =
(α)m

(α)m+1
Mn+1,m − m(λ− 1)(α)m

(α)m+1
Mn,m.

This completes the proof of Theorem 2.3. �

Now, we consider the polynomials M(α)
n,m(x, λ) defined by

Mn,m(x) := M(α)
n,m(x, λ) =

n∑
k=0

(
n

k

)
M(α)

k,m(λ)xn−k.

It is obvious from (1.2) that

M(α)
0,m(x, λ) = 1

and
M(α)

n,0(x, λ) = A(α)
n (x | λ).

Finally, we obtain the above mentioned three-term recurrence relation.

Theorem 2.4. The polynomials M(α)
n,m(x, λ) satisfy the following three-

term recurrence relation:

(2.6) Mn+1,m(x) = (α+m)Mn,m+1(x) + (m(λ− 1) + x)Mn,m(x),

with the initial sequence given by

M0,m(x) = 1.
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Proof. It is readily seen that

x
d

dx
Mn,m(x) = n

n∑
k=0

(
n

k

)
M(α)

k,m(λ)xn−k

− n

n−1∑
k=0

(
n− 1

k

)
M(α)

k+1,m(λ)xn−k−1.

By using (2.5), we obtain

x
d

dx
Mn,m(x) = nMn,m(x)− n

n−1∑
k=0

(
n− 1

k

)
((α+m)M(α)

k,m+1(λ)

+m(λ− 1)M(α)
k,m(λ))xn−k−1.

After some manipulations, we find that

xnMn−1,m(x) = nMn,m(x)− (α+m)nMn−1,m+1(x)

+m(λ− 1)nMn−1,m(x),

which is obviously equivalent to (2.6). �

3. Conclusions. In our present investigation, we have proved a
number of explicit formulas and explicit representations associated
with the Frobenius-type Eulerian polynomials in terms of the weighted
Stirling numbers of the second kind. As a consequence of some of the
results presented in this paper, we have deduced an explicit formula for
the tangent numbers of higher order. We have also given a recursive
method for the calculation of Frobenius-type Eulerian numbers and
polynomials.

REFERENCES

1. M.A. Boutiche, M. Rahmani and H.M. Srivastava, Explicit formulas associ-

ated with some families of generalized Bernoulli and Euler polynomials, Mediterr.
J. Math. 14 (2017), 1–10.

2. K.N. Boyadzhiev, A series transformation formula and related polynomials,

Inter. J. Math. Math. Sci. 23 (2005), 3849–3866.

3. A.Z. Broder, The r-Stirling numbers, Discr. Math. 49 (1984), 241–259.

4. L. Carlitz, Eulerian numbers and polynomials, Math. Mag. 32 (1958/1959),
247–260.

5. , Eulerian numbers and polynomials of higher order, Duke Math. J.

27 (1960), 401–423.



1012 H.M. SRIVASTAVA, M.A. BOUTICHE AND M. RAHMANI

6. L. Carlitz, Permutations, sequences and special functions, SIAM Rev. 17
(1975), 298–322.

7. , Weighted Stirling numbers of the first and second kind, I, Fibonacci
Quart. 18 (1980), 147–162.

8. , Weighted Stirling numbers of the first and second kind, II, Fibonacci

Quart. 18 (1980), 242–257.

9. L. Carlitz and R. Scoville, Tangent numbers and operators, Duke Math. J.

39 (1972), 413–429.

10. J. Choi, D.S. Kim, T. Kim and Y.H. Kim, A note on some identities of
Frobenius-Euler numbers and polynomials, Inter. J. Math. Math. Sci. 2012 (2012),

1–9.
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