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THE FIBERING MAP APPROACH TO A
p(z)-LAPLACIAN EQUATION WITH SINGULAR
NONLINEARITIES AND NONLINEAR
NEUMANN BOUNDARY CONDITIONS

KAMEL SAOUDI

ABSTRACT. The purpose of this paper is to study
the singular Neumann problem involving the p(z)-Laplace
operator:

_ Aa(z) .
_ Ap<z>u + |u‘P(I) Qu = e in Q7
(Py) u>0 in Q,

\Vu|p<z>72? =b(z)u?® 2y on 69,
v

where Q C RN, N > 2, is a bounded domain with C? bound-
ary, A is a positive parameter, a,b € C(ﬁ) are non-negative
weight functions with compact support in © and d(z),
p(x), g(x) € C(Q) are assumed to satisfy the assumptions
(A0)—(Al) in Section 1. We employ the Nehari manifold
approach and some variational techniques in order to show
the multiplicity of positive solutions for the p(z)-Laplacian

singular problems.

1. Introduction. In the present paper, we investigate the existence
of solutions for the following inhomogeneous singular equation involving
the p(x)-Laplace operator:

—Ap(x)u + |u\p(x)_2u = i‘;gf)) in Q,

(P)\) u > 0 in Q,
|Vu|p(r)*2% = b(z)ud® =2y, on 0.
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Here, Q@ ¢ RN, N > 2, is a bounded domain with C? boundary,
A is a positive parameter and a,b € C(f2) are non-negative weight
functions with compact support in 2. For any continuous and bounded
function 3, we define 87 := esssup 3(z) and B~ := essinf 3(z). We as-
sume the following on §(z), p(z) and ¢(zx) :

((1?0) §(x), p(z), g(x) € C(Q) such that 0 < 1—§(x) < p(x) < q(z) <
p*(x):

iy Vp(z)

p(z) = m

(A)0<1-0"<1-6T<p <pF<q <q".

The operator Apyu = div(|Vu[P®®~2Vu) is called p(z)-Laplace
where p is a continuous non-constant function. This differential op-
erator is a natural generalization of the p-Laplace operator Apu :=
div(|]VulP~2Vu), where p > 1 is a real constant. However, the p(z)-
Laplace operator possesses more complicated non-linearity than the p-
Laplace operator, due to the fact that A, is not homogeneous. This
fact implies some difficulties; for example, we cannot use the Lagrange
multiplier theorem in many problems involving this operator.

The study of differential and partial differential equations involving
the variable exponent is a new and interesting topic. The interest in
studying such problems was stimulated by their applications in elastic
mechanics, fluid dynamics, electrorheological fluids, image processing,
flow in porous media, calculus of variations, non-linear elasticity theory,
heterogeneous porous media models (see [1, 5]). These physical prob-
lems were facilitated by the development of Lebesgue and Sobolev
spaces with the variable exponent.

At this point, we briefly recall literature concerning related singular
equations involving the p(x)-Laplace operator. Unfortunately, results
for p(z)-Laplace equations with singular non-linearity are rare. Zhang
[22] obtained the existence and the boundary asymptotic behavior of
solutions to the purely singular p(z)-Laplace equation. Saoudi [18]
has extended the results of existence for more general problems. Fan
[7], using the critical point theory, investigated the existence and
multiplicity of solutions for the p(x)-Laplacian Dirichlet problem with
singular coefficients. Saoudi and Ghanmi [19] and Saoudi, Kratou
and Al Sadhan [21], using various methods, especially variational
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techniques, investigated the existence and multiplicity of solutions for
the singular p(z)-Laplacian Dirichlet problem and the singular p(z)-
Laplacian Neumann problem, respectively.

At this point, when p(x) = p = constant, problem (Py) has also
been studied with different elliptic operators. We refer the reader to
the monographs of Ghergu and Radulescu [10] for a more general pre-
sentation of these results and the survey article of Crandall, Rabinowitz
and Tartar [3]. After this paper, many authors considered the singu-
lar sub and super-critical problem using the technique used in [3] or
a combination of this approach with Nehari’s and Perron’s methods.
We would like to mention Coclite and Palmieri [2], Haitao [12], Hi-
rano, Saccon and Shioji [13], Giacomoni and Saoudi [11], Dhanya,
Giacomoni, Prashanth and Saoudi [4], Saoudi and Kratou [20], and
the references therein.

Nevertheless, some interesting papers on the application of the
Nehari manifold method in variable exponent problems have recently
been published; among others, we would like to mention [15, 16, 17].

In this work, we generalize the results obtained in Rasouli [16] to the
p(x)-Laplacian equations involving singular nonlinearities by using the
Nehari manifold and the fibering map. We shall discuss the multiplicity
of positive solutions for the problem (Py) and prove the existence of at
least two positive solutions.

Here, we state our main results asserted in the following theorem.

Theorem 1.1. Assume that (A0)—(A1l) holds. Then, there exists a Ao
> 0 such that problem (Py) has at least two non-negative solutions for
all A € (0, Ao).

This paper is organized as follows. In Section 2, we recall some basic
facts regarding the variable exponent Lebesgue and Sobolev spaces
which we will use later. In Section 3, we analyze the fibering map
related to the Euler functional associated to problem (Py). Proofs of
our results will be presented in Sections 4 and 5.

2. Generalized Lebesgue-Sobolev spaces setting. In order to
deal with the p(x)-Laplacian problem, we need to introduce some

functional spaces LPO)(Q), WP (), Wi (Q) and properties of
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the p(x)-Laplacian which we will use later. Denote by S(€2) the set
of all measurable real-valued functions defined in €2. Note that two
measurable functions are considered as the same element of S(€2) when
they are almost everywhere equal. Let

LrO(Q) = {u €5(Q) /Q ()P @ d < oo},

with the norm

|u|p(-) = ‘u|LP(‘)(Q) = inf {)\ >0: /
Q

The space (LP)(),] - |,(.)) becomes a Banach space. We call it a
variable exponent Lebesgue space. Moreover, this space is a separable,
reflexive and uniform convex Banach space, see [9, Theorems 1.6, 1.10,
1.14].

The variable exponent Sobolev space

u(x) p(z)

A

dxgl}.

WPO(Q) = {u e LPY(Q) : [Vu| € LPO(Q)},
can be equipped with the norm
[ull = [ulpey + [Vulpey  for all w e WHPO(Q).

Note that Wol’p(') (Q) is the closure of C§°(€) in WP()(Q). The spaces
WrO(Q) and WP (Q) are separable, reflexive and uniform convex
Banach spaces (see [9, Theorem 2.1]). The inclusion between Lebesgue
spaces also generalizes naturally: if 0 < |Q| < oo and p;, ps are variable
exponents such that p;(x) < pa(x) almost everywhere in , then there
exists the continuous embedding LP2(®)(Q) «— LP(*)(Q).

We denote by LI®)(Q) the conjugate space of LP(®)(Q), where
1/q(x) + 1/p(z) = 1. For u € LP*)(Q) and v € L1*)(Q), the Holder
type inequality:

(2.1) ‘/Qu(x)v(x) do

holds.

= u xT v x
— — p( ) q( )

An important role in manipulating the generalized Lebesgue spaces
is played by the modular of the LP(*)(Q) space, which is the mapping
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Pp(x) o LP®)(Q) — R defined by

ooy () = /Q @) dz.

If (un),u € LP@®)(Q) and p* < oo, then the following relations hold.

- +
(2.2) lull o) > 1= HUHZL)p(m) < pp)(u) < ”“”ip(z)v

+ —_—
(2.3) lull Lp) < 1= HUHip(m) < pp)(u) < ”u”ipmv
(2.4) |t — wll Loy — 0 if and only if ppz)(un —u) — 0.

The variable exponent Lebesgue-Sobolev space
WP (Q) = {u e LPY(Q) : [Vu| € LPO(Q)}
can be equipped with the norm
l[ul| = [ulpcy + [Vaulpy  for all w e WHPO(Q).

Note that Wol’p(')(Q) is the closure of C§°(Q) in W'P()(Q) under the
norm [|ul| = [Vul,(.).The spaces Wr()(Q) and Wol’p(')(ﬂ) are sepa-
rable, reflexive and uniform convex Banach spaces (see [9, Theorem
2.1]).

The following result generalizes the well-known Sobolev embedding
theorem.

Theorem 2.1 ([8, 14]). Let Q C RY be an open bounded domain with
Lipschitz boundary, and assume that p € C(Q2) with p(x) > 1 for each
r e Q Ifr € CQ) and p(x) < r(z) < p*(x) for all x € Q, then
there exists a continuous embedding WP (Q) — L™®)(Q). Also, the

embedding is compact r(z) < p*(x) almost everywhere in €, where

pr() = & VPN =p(@) i plw) <N,
+00 if p(z) > N.

The next three theorems play an important role in the present paper.

Theorem 2.2. Assume that the boundary of 1 possesses the cone
property and p € C(Q). Suppose that a € L*%) | a(x) > 0 for z € Q,
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a € C@) and o~ > 1, o < ag(z) < af (1/a(z) + 1/ag(x) = 1). If
§ e C(Q) and

alz) -1

(2.5) 0<1-6(x)< ()

p*(x) for all x € Q,

then the embedding from WP (Q) to L(ll(j)(x)(Q) is compact. More-

over, there is a constant c; > 0 such that the inequality

@6 [ el O < ol ] )
Q

holds.

Proof. We must assume that our proof of the embedding from

Whr(Q) e L) 20(Q)

is similar to [7]. Let u € WP (Q), and set
a(z)

r(z) = alz) —1

Then, (2.5) implies that 7(z) < p*(z). Hence, by Theorem 2.1, we have
the embedding WP(®)(Q) < L") (Q). Thus, for u € WhP@)(Q),
we have |u|'=%®) ¢ L*@)(Q). From (2.1),

(1=4(z)) = ao(z)(1 - 6(z)).

/Q (@)l @ de < eplalage ]| < oo.

This implies that WP (Q) ¢ L% (Q). Moreover, if

Up — 0 weakly in WP (Q),
then, from above,

U, —> 0 strongly in L™®)(Q).
Thus, it follows that

/ a(@)|un|" P dx < colala) l[unl" 0P| — 0,
Q

which implies that [uy|1—5(z),a(z) — 0, and hence, we can deduce

WP (Q) e L0,

a(x)
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Now, we show that inequality (2.6) holds. Firstly, from above, we
have

/ (@l de < eslalage ]| < oo.
Q

Since 1 -6~ <1—6(x) <1—6 and |u|* 0@ < |u'=5 + |u'~*", we
have

/a(x)|u|1_5(w)dx§/a(w)|u|1_67dx+/a(m)\u|1_‘5+dx.
Q Q Q

Moreover, from (2.1)—(2.4) and the condition p(x) < (1 — 67 )ag(x) <
(1 —0M)ap(z) < p*(z), we have
(2.7)

a(@)|u]' " dz < eslala|ul' " lag @) = calala Ul ag(m)

< calfu '

Similarly, we have

(2.8) /Qa(x)\ml*ﬁ*dx < esllull*".

Therefore, by (2.7) and (2.8), it follows that
/ga(x)lqu‘s(””)dx < eq[ful"=+ flul '),

The proof of Theorem 2.3 is now complete. ]

Theorem 2.3 ([16]). Assume that the boundary of Q— possesses the
cone property and p € C(Q). Suppose that b € L™ b(z) > 0 for
zeN,yeCQ) andy™ > 1,75 <vo(x) <5 (1/5(2)+1/70(z) = 1).
If € C(Q) and

v(z) —1

(2.9) 1<g(z) < @)

ph(z) forallz €Q
N~(x
Ny(z) = r(z)(N —p(z))’

1<y(z) <
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then the embedding from WP (Q) to LZ((:;; (09) is compact. More-
over, there is a constant ¢y > 0 such that the inequality

(2.10) / b(a)|ul” dz < er(lfull” + ul*")
o0

holds.

Theorem 2.4. Assume that the boundary of 1 possesses the cone
property and p € C(Q). Let u € WP®)(Q). Then, there are positive
constants cg, cg, €19, c11 > 0 such that the following inequalities hold:

1-5—
> 1,
Admwﬁ@m<{%M| if Jul

5t .
collull "= if flull < 1.

gt .
/’Mmmwmm<{qﬂw1 if Jull > 1,
Yo) B

cufull” i flull < 1.

Proof. The results of Theorem 2.4 follow immediately from the con-
clusions of Theorems 2.2 and 2.3, respectively. ]

3. Fibering map analysis for (P)). Associated to the problem
(Py), we define the functional Ey : W1P(®)(Q) — R, given by

jup

det [ |Vu[P@®) ')
3.1 FEy(u :/7(1;10—&— dx
BN B = o 2(2)
)

1-d(z q(z)
f/\/ %dx/ b(x)de
o 1-46(z) 09 q(z)
Note that E, , is not a C' functional in W, and hence, classical
variational methods are not applicable. Through a new cut-off func-
tional (see [21, Lemma A.3]) we are able to recover the availability of

the variational method. Precisely, we obtain the C'!-differentiability of
the associated cut-off functional.

Definition 3.1. « € W'P(®)(Q) is called a generalized solution of
problem (Py) if, for all ¢ € C§°(Q),

(3.2) /|Vu|p(m)*2Vquod:c+/ Ju|P@ =2y da
Q Q

= a(m)|u|_‘s(m)<pda:+/ b(a)|u|? ™ da.
Q o0



FIBERING MAP FOR A p(z)-LAPLACIAN EQUATION 935

In many problems, such as (P)), E, is not bounded below on
WLr)(Q), but it is bounded below on the corresponding Nehari
manifold, defined by

Ny = {u € WHPO(@)\ {0} : (B} (u),u) = 0}.
Then, u € N, if and only if

|Vu[P®) |u|P(®)
3.3 / dx + d.
33 f @ o p(@)

— a(x 7|u|175(w) T
)\/Q | )1_6(x)d b \u|q(w)d 0
AQ“”«m r=0

We note that N, contains every solution of problem (Py).

Now, we know that the Nehari manifold is closely related to the
behavior of the functions ®,, : [0,00) — R, defined as

B, (t) = Bx(tu).

Such maps are called fiber maps and were introduced by Drabek and
Pohozaev in [6]. For u € WhP(®)(Q)\ {0}, we have

p(z) p(z) P(z) |4,|P(®)
(1) :/ %dﬂ/ L Ul
Q p(x) o p)

1—-68(x) |, [1—6(z) a(z)
B )\/ a(a:)t \u| do — / b(.%')lf |u|q(w) dz,
Q 1—0(x) o q(r)

Q@ Q

_)\/a(m)t—é(x)|u|1—6(z) d:c—/ b(x)tq(x)—lllL'q(x) dz,
£ oQ

%w=/u)—mmmwwmm+4mw—mmﬂmmwm

_)\/ t—5(z 1|u|1 &(x) dx

— [ b)) = D21 da
o0
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Then, it is easy to see that tu € N if and only if ®/,(t) = 0 and, in
particular, u € Ny if and only if ®, (1) = 0. Thus, it is natural to split
N, into three parts corresponding to local minima, local maxima and
points of inflection, defined as follows:

Ny ={ueN,:d!1) >0}

= {tu e WP (Q)\ {0} : @, (1) = 0,}/(t) > 0},
Ny ={ueN,: (1) <0}

= {tu € WHPE(Q)\ {0} : @ (t) = 0, D" (t) < 0},
NL ={ueNy: /(1) =0}

= {tu e WHPE(Q)\ {0} : @ (t) = 0, D" (t) = 0}.

Our first result is the following:
Lemma 3.2. E) is coercive and bounded below on Ny.

Proof. Let u € Ny and |lu|]| > 1. Then, using (2.2)-(2.4) and the
embeddings in Theorem 2.1, we estimate F)(u) as follows:

|V |P(®) / |u|P(®)
Ey(u :/ ——dx + dzr
)= ) o P

1-6(x) q(z)
Y R ey UG T
o 1-6(z) oo (@)
1 1
> (- ) 0w s ) ao
Q

pt q

1 1
Y / 1) d
¢ 1-=0%)Jg
11 - 1 1 -
> (= 2 )l = e - =l

Hence, noting p~ > 1 — &1, it is seen that Fy(u) — oo as ||u| — oo.
This implies that E) is coercive and bounded below on Ny. The proof
of Lemma 3.2 is now complete. O

Lemma 3.3. Let u be a local minimizer for Ey on subsets N; or Ny
of Ny such that u ¢ N\). Then, u is a critical point of Ey.
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Proof. Since u is a local minimizer for E) under the constraint
(3.4) Ix(u) = (E(u),u) =0,

then, applying the theory of Lagrange multipliers, we get the existence
of 1 € R such that

E)\(u) = ply ().
Thus, we have
(E5(u),u) = p(I§ (), u) = p@y(1) = 0.

However, u ¢ N, and thus, ®//(1) # 0. Hence, p = 0. This completes
the proof of Lemma 3.3. ]

Now, we prove the following crucial lemma.

Lemma 3.4. There exists a Ao such that, for A € (0, o), we have
NZE #0 and N2 = {0}.

Proof. Firstly, using Lemma 3.3, we conclude that N, f are non-
empty for A € (0,\9). Now, we proceed by contradiction to prove that

N = {0} for all A € (0, o). Let us suppose that there exists a u € N,
such that ||u|| > 1. Then, from the definition of N, it follows that

/ |V [P dx+/ |ulP®) da
Q Q
- )\/ a(z)|ul* =@ da — / b(z)|u|?® dz = 0.
Q 0
Combining the above equality with (3.4), we obtain
0= <I£\(u)7 u>

— [ p@)TuP do+ [ plup do
Q Q
—A/a(x)(l—é(x))\uw—é(@ dx—/ b(x)q(x)|u|?™ d
Q o0
Zp_/ V[P dac—l—p_/ [P da
Q Q

_a _5+)< V@ da +/ [P dx—/ b(w)q(@) e dx)
Q Q o0
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- q+/ b(z)|u|?™) da
a0

> -1 —5*))( [vup@ ot [ jupe dx)
Q Q

+((1=6%) = ¢") /6 )l d,

Using, Theorem 2.4, we obtain that
— - +
0>(p~ =@ =0")lull” +e10((1=07) —g")ul”,
which implies that

— (1 _ s\ V@t-pT)

Similarly, since u € Ny, we have

/ |VulP®) dz —|—/ [P da:
Q Q
- )\/ a(z)|ul* @ dg — / b(z)|ul!®dz = 0
Q Q
and, since u € N2, we obtain
p+/ |Vu|p(x)dx+p+/ JuP@ dz — \(1 — 6+)/ a(z)|ul* @ dz
Q Q Q

—-q / b(z)|u|"dz > 0.
o0

Therefore,

p+/ ‘Vu|p(x)dl'+p+/ |u|p(x)dl._)\(1_5+)/a(m)|u|1—6(x)dx
Q Q Q

q</ ‘vMP(z)der/ |u|p(“")d:z:—)\/ a(x)|u|16(x)d;1:> > 0.
Q Q Q
ot =) [ v+ [ )

Q2 Q

Mg — (1= 6 /Qa(a:)|u|1_5(z)dx > 0.



FIBERING MAP FOR A p(z)-LAPLACIAN EQUATION 939

Now, since |lu]| > 1, using Theorem 2.4, we get

- B - _§t

(0 — )l +esha™ — (15Dl >0,
and hence,
- 1/(p~™—(1=6"))
¢ —(1- 5+)>

(36) N
From (3.5) and (3.6),

- 1_st L gy =) a7
08)\<q (-9 )> cho(p( i )) ;

g —p* gt —(1—6%)
and thus,
yp G (2= (LSOOI
= s \gt—(1—0oh) a0

Therefore, if A is sufficiently small,

_ ——(1-6M)/(qt—p~ _
(= (st

gt —(1—46%) g (L=dt))’
we obtain |lul| < 1, which is impossible. Thus, N,) = {0} for all
A € (0, Ag). Therefore, the proof of Lemma 3.4 is now complete. |

4. Existence of a minimizer on N/\Jr In this section, we show
that the minimum of E) is achieved in N} In addition, we show that
this minimizer is also the first solution of (Py).

Theorem 4.1. For all A € (0, ), there exist ux € Ny satisfying
E,\(U)\) = infueN; E,\(u)

Proof. Assume that A € (0,)g). Since E) is bounded below on
N, and also on Ny, then, there exists {uy} C Ny, a sequence such
that Ey(up,) — infue/\/j Ey(u) as n — oo. Since F) is coercive, {u,}
is bounded in WH'P(®)(Q). Thus, we may assume, without loss of
generality, that u, — ug weakly in WP(*)(Q) and, by the compact
embedding, we have

Up — Ug  in L(ll;f)(m) Q)
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and
Up — Ug N ngg (09).
Now, we will prove u,, = ug strongly in Wl’p(”)(Q). First, we show

that infuej\,;r Ex(u) < 0. Let ug € Ny. Then, we have ¢, (1) > 0,
which gives

(4.1)
Q Q

a1 5+)/ a(@)u[ = D dg — g~ / b()|ul 1@ dz > 0.
Q o0

On the other hand, from the definition of E), we can write

1
(4.2) Ex(u) < _< / |VulP® da 4 / u|p(””)dx>
b Q Q

A 1-6() g L (@)
gy /Qa(x)|u| dx — = o b(x)|u|9™ dx

Now, we multiply (3.4) by —(1 — §*), which yields:

_(1_5+)(/ |Vu\p(x)dx+/ |u|p<x)da:>
Q Q

+A(1—67) / a(z)|u' 0@ de 4 (1 — 6%)
Q

/ b(z)|u|!® dz = 0.
onN

Adding the above equality to (4.1), we get
(4.3)

—5t)
b(x ul_‘;(m)dx<p (19 Vupg”)dx—f— up(”” dx ).
+
0 5 —q

with (4.2), we have

4)
(44)  Ex(u) < (pl f )( /Q Vu[P® da + /Q [P dx)
(1— 1 _5+> /m b(x)|u| ") de.

Moreover, using (3.
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Hence, using (4.3) and (4.4), we obtain

Bau) < (L= =020 e <o

Now, we suppose that uy - ug strongly in W) (Q). Then,

ol < timm inflfu
We now have, by compact embeddings:

/ a(z)ul @ dz = liminf [ a(z)ul 0@ de
Q

n—oo O

and

/ b(x)ug(f)dx = liminf b(m)ug(”)dx,
o

Now, using (3.4) and Theorem 2.2, we have

1 1
Ex(un) > <+ - ) (/ |Vun|p(m)dx+/ un|p(m)dx)
p q Q Q
1

1
+ )\(q — 15+> / a(x)|un|1_6(”)dac.
- Q

Letting n to oo, we obtain

1 1
n— 00 P q n— o0 Q Q

1 1
- Ii 1=6(2) 1.
+/\<q 1_5+>nggo/ﬂa($)|un dx

Therefore, using Theorem 2.2, we obtain

1 1 -
inf E\(u) > (p — ) |luollP

ueEN+ - -

1 1 _s— _
e (L= s ) ol + ol %) > 0

since p~ > 1 — 67 and |lug| > 1, a contradiction. Thus, u,, — ug
strongly in WhP(®)(Q) and Ej(ug) = infueN; Eyx(u). The proof of
Theorem 4.1 is now complete. ]
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5. Existence of a minimizer on N, . In this section, we shall
show the existence of the second solution by proving the existence of
the minimizer of Ey on N .

Theorem 5.1. For all A € (0,)), there exist vy € N, satisfying
E,\(’U,\) = infve./\/; E)\(U).

Proof. Assume that A € (0,)g). Since E) is bounded below on
N, and thus, on N, there exists {v,} C N, , a sequence such that
Ex(v,) — infve/\/; Ey(v) as n — oo. Since E) is coercive, {v,}
is bounded in WH'P(®)(Q). Thus, we may assume, without loss of
generality, that v, — vy weakly in W'P(®)(Q) and, by the compact
embedding, we have

Uy — Vg in L(ll(j)(x)(Q)

and
Up — vy in LZg;(&Q)

Now, we will prove v, — vy strongly in W1P(#)(Q). First, we show
that inf, \— Ex(v) > 0. Let vg € N . Then, we have, from (3.4),

(5.1) /\wp(ﬂdw/ |v|P®) da:
Q Q

- )\/ a(z)|o|' 0@ dy —/ b(z)|v|?® da = 0.
Q o

On the other hand, from the definition of E), we can write

1
(5.2) Ex\(v) > _</ |Vv|p(m)da:+/ |Up(z)dx)
p Q Q
_L/ a(x)|v|1*5<z>dx_i/ b(z)|v|1®) d.
1—-6% Jg at Jaa

Therefore, using (5.1) and (5.2), we obtain:

1 / A _
Ey\(v) > — VolP®) dg + vp(‘r)d:v> /az V|10 gy
R (10 e [at@l

1
—+</ |Vo[P@ dx—i—/ |v|p(m)dx—)\/ a(x)|v|15(m)dx)
q Q Q Q
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1 1
> ( — +) (/ |Vv|p(m)dx+/ |v|p(m)da:>

p q Q Q

+ A I / a(z)|v|* @ dz
gt 1-46%) Jg

1 1 1 1 Lt

> (-2 )l e 2 - =5 el
1 1 1 1

> (= - = [ P
B Kp‘ q+>+/\08<q+ 1—5+>}”v

since p~ > 1 — §1. Consequently, if we choose

(p~(1—6%))q"
cgp~ (gt — (1 —d%))’

we obtain Ej(v) > 0. Moreover, since N5 NNy = 0, the fact that
infveN; Ex(v) < 0, we obtain v € N, . Moreover, if vy € N, , there

exists a to such that tovg € Ny, and thus, E\(tovg) < Ex(vo). In fact,
since

1) = [ pla)Topds + / p(@) o] da

—)\/ )o@ da — / b(x)q(x)|v|"®da,
then

I3 (tovo) :/p($)|Vtovo|p(m)dx+/p(x)|t0v0|p($)d:c
Q Q
- / a(x)(1-6(x))|tovo | ~* ) da — / b(x)q(@)[tove "™ da:
Q o0

St€+P+</ |Vvo|p(”)d$+/ vo|”($)d1;)
Q Q

— A (1—6T) / a(x)|v0|175(z)dqu7tg+/ b(x)|vo|?® dx
Q Q

A<

since 1 — 6T < p™ < g7, and, by the assumptions on a and b, it follows
that I{(tovg) < 0. Hence, by the definition of Ny, tovg € N .

Now, we suppose that v, - v strongly in W?(*)(Q). Using the
fact that
llvollp dz < liminf ||v, |,
n—oo
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we obtain

Ex(tvg) < tg+P+</ | Vg |P@®) da +/ |v0|p(z)d:c)
Q )

- )\téfﬁ(l - 5+)/ a(z)|vo| '@ dx
Q

—q_t8+/b(m)|vo|Q(x)dx
Q

< lim [t8+p+(/ |an|p(x)dx—|—/ |vn|p(x)da:>

— A — 5+)/ a(z)|vn|' 0@ dx
Q

—q_t8+/ b(w)|vnq(z)d4
)

< lim E)(tv,) < lim E)\(v,) = inf E\(v),
n—oo UEN’;

n— oo

which contradicts tvy € N, . Thus, v, — vy strongly in lep(z)(ﬂ)
and E)(vg) = infveN; Ey(v). The proof of Theorem 5.1 is now com-
plete. O

Proof of Theorem 1.1. Now, to prove Theorem 1.1, we begin by
proving the existence of non-negative solutions. First, by Theorems
4.1 and 5.1, for all A € (0,Ap), there exist up € Ny and vy € Ny,
satisfying

E,\(U()): inf E)\(’U,)

ueNY
and
Ex(v9) = inf E\(v).
vENS
Moreover, since Ey(up) = Ex(Jug|) and |ug| € Ny, and similarly,

Ex(vo) = Ex(|vo]) and |vg| € N, , we may thus assume ug,vg > 0.
From Lemma 3.3, ug and vg are critical points of E on Wl’p(m)(ﬂ) and,
hence, are weak solutions of (Py). Finally, by the Harnack inequality,
due to [24], we obtain that ug and vy are positive solutions of (Py). It
remains to show that the solutions found in Theorems 4.1 and 5.1 are
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distinct. Since Ny NN = (), then ug and vy are distinct. The proof
of Theorem 1.1 is now complete. (|
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