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CHARACTERIZATION OF A TWO-PARAMETER
MATRIX VALUED BMO BY COMMUTATOR
WITH THE HILBERT TRANSFORM

DARIO MENA

ABSTRACT. In this paper, we prove that the space of
two parameter matrix-valued BMO functions can be charac-
terized by considering iterated commutators with the Hilbert
transform. Specifically, we prove that

I Bllemo SN[Mp, Hil, Ha]ll 12 m2scdy— L2 (r2;c4) S 1 BllBMO-

The upper estimate relies on Petermichl’s representation of
the Hilbert transform as an average of dyadic shifts and
the boundedness of certain paraproduct operators, while
the lower bound follows Ferguson and Lacey’s proof for the
scalar case.

1. Introduction. It is well known [4] that the space of functions of
bounded mean oscillation (BMO) can be characterized by commutators
with the Hilbert transform, and, in general, with the Riesz transforms.
Given b € BMO, let M, represent the multiplication operator M, (f) =
bf, if H represents the Hilbert transform, defined as

L[y
Hf(z)=pwv.— f) dy.
TJRY Y
Then, we have
[blleymo S 1M, H|[ 222> < lIb]BMmo-

The study of the norm of the commutator has several implications in the
characterization of Hankel operators, the problem of factorization and
weak factorization of function spaces and the div-curl problem. Several
extensions and generalizations have been made in different settings. In
the two-parameter version of this result, the upper bound was shown
by Ferguson and Sadosky [7], while the lower bound was proved by
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Ferguson and Lacey [6]. The formulation in this case is the following;:
if H; represents the Hilbert transform in the ¢th variable, then

[blleyo S 1Mo, Hn, Halll 22— 22 S [[bllBMmoO-

Here, we counsider the product BMO of Chang and Fefferman [3].
These results were later extended to the multi-parameter case by Lacey
and Terwilleger [10]. Here, we wish to obtain the same characterization
in the two-parameter case for a matrix-valued BMO function. In the
one-parameter setting, we have the desired characterization due to
[14, 16].

Consider the collection D of dyadic intervals, that is,
D= {[k277,(k+1)279) : j,k € Z},
and the collection of “shifted” dyadic intervals,

DU = {a+ k2, (k+1)2) : k,j€Z} fora,reR.

Definition 1.1. The dyadic Haar function is defined as
1
hi = —=(17. —11,),

VI
where I_ and I, represent the left and right half of the interval I,
respectively. Also, denote hl = 1,/ \/m (as the non-cancelative Haar
function). The family {h; : I € D} (or I € D*"), is an orthonormal
basis for L?(R; C?); here, for two Banach spaces X and Y, we use the
notation LP(X;Y) to denote the set

{f:X_>y;/X|f||§;<oo}.

Definition 1.2. The dyadic Haar shift is defined as
1
V2
and extended to a general function f by

W) = Y LA ) = Y () e b,

IeDxr IeDxr

m*"(hr) = —=(hr_ — hr,),
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Note that III*" is bounded from L?(R;C%) to L?(R;C%), with
operator norm 1. As proven by Petermichl [16], the kernel for the
Hilbert transform can be written as an average of dyadic shifts, in
particular,

1 L 1 (B dr
K(t,z) = lim / lim —/ K*"(t,z) da —,
L—o00 210gL 1/LR~>00 2R R r

K (tx)= Y hy()II" (hy(x)).

I1eDxr

where

Therefore, it is sufficient to prove the upper bound for the commutator
with the shift [Mp, I1I]; the estimates do not depend upon a or r.

Let B be a function with values in the space of d x d matrices.
We consider the commutator [Mp, H] acting upon a vector-valued
function f by

(Mg, H]f = BH(f) — H(BY).

The result obtained by Petermichl is based on a decomposition in
paraproducts and uses the estimates obtained by Katz [8] and Nazarov,
Treil and Volberg [15], independently. We have

I[MB, H]|| L2 (;cay— L2 (ricay S log(1 + d)[| Bl

Motivated by this result, we wish to find a generalization in a two-
parameter setting, with the corresponding definition of the product
BMO space [3]. The main result of the paper can be stated as follows.

Theorem 1.3. Let B be a d x d matriz-valued BMO function on R2.
If Mp denotes the operator multiplication by B, and H; represents the
Hilbert transform in the ith parameter, for i = 1,2, then the norm of
the iterated commutator [[Mpg, H1|, Ha] satisfies

d=?||Bllsmo S [[Mp, H1], Ha)|l12(r2 c)— 12(R2,cay S d° || BllBMo-

This paper is organized as follows. Section 2 contains the proof of the
upper bound for the norm of the commutator using a decomposition in
paraproducts. Section 3 contains the proof of the lower bound that
relies on the proof for the scalar case by Ferguson and Lacey [6].
Throughout the paper, we use the notation A < B to indicate that
there is a positive constant C' such that A < CB.
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2. Upper bound. Consider R = D x D the class of rectangles
consisting on products of dyadic intervals. Given a subset E of R?,
denote by R(F) the family of dyadic rectangles contained in E.

Consider the wavelet wy constructed by Meyer [11] and the two-
parameter wavelet vg(z,y) = wr(z)w;(y) for R =1 x J, with all of its
properties listed in [6]. We begin by giving definitions for the product
BMO and the product dyadic BMO.

Definition 2.1. A function B is in BMO(R?) if and only if there are
constants C; and C3 such that, for any open set U C R?, we have

1 1/2
(|U| Z <B,?)R><B7’UR>*) §C1Id

RER(U)

and

(1 > <B,UR>*(B,UR>)1/2§C2L1.

U] RER(U)

The inequalities are considered in the sense of operators, I; the iden-
tity d x d matrix. The BMO-norm is defined as the smallest constant,
denoted by ||B||smo, for which the two inequalities are satisfied simul-
taneously. If we take the supremum only over rectangles U, we obtain
the rectangular BMO-norm, denoted by || B||zmo

rec’

If hy represents the Haar function associated to a dyadic interval I,
define
hr(z,y) = hi(z)h;(y) for R=1xJ,

that is, hg = hy ® hy. The family {hr}rer is an orthonormal basis for
L?(R2,C%). We have the following definition of dyadic BMO. Note that
it is the same definition, instead considering the Haar wavelet rather
than the Meyer wavelet.

Definition 2.2. A matriz-valued function B is in BMO4(R?) (dyadic
BMO) if and only if there are constants Cy and Cs such that, for any
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open subset U of the plane, we have

1 1/2
(|U > (B,hR><B,hR>*> < Cyly

RER(U)

and

1 1/2
<U| > <B,hR>*<B,hR>> < Cyly,

RER(U)

where the inequality is in the sense of operators, and the corresponding
norm || Bl|gmo, is, again, the best constant for the two inequalities.

It is known that || B|lsmo, < ||Bl|lsmo [18]. In that paper, the proof
of the inequality was given in the multiparameter setting, for Hilbert
space-valued functions, by means of the dual inequality || f|[zr1 < || f]|m
[18, Estimate 2.3]. The duality in the dyadic case is discussed in the
proof of Proposition 2.4. Using this fact, for the proof of the upper
bound, it is sufficient to consider the dyadic version of BMO for the
computations. For the rest of this section, we use E(R) to denote the
Haar coefficient of the function B, associated to the function hg, that
is,

FR) = (o) = [ fa)bntey) da dy

Since B (R)B\ (R)* is a positive semi-definite matrix, we have

I%JI Y IBR)|? ~ Tr(“l]' > E(R)E(R)*>

ReR(UV) RER(UV)

1 ~ ~
<Tr | > B(R)B(R)*.
| |R€R(U)

Therefore, if we consider the two inequalities

1

T > BRB®<CL

RER(U)
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or

1

0] Z E(R)*E(R)S(Hd,

RER(U)

taking the trace on both sides, we obtain

(2.1) LS B < cd

U] RER(U)

The initial computations are similar to those found in [5]. Here, we
need simplified versions since we are only dealing with the biparameter
Hilbert transform; differences will arise when we deal with the various
paraproducts that result from this process due to the BMO symbol
being a matrix (which implies losing commutativity and requiring the
use of matrix norms). Similar computations are used in [9], and these
ideas may also be implemented in our case. Although we can use some
equivalent results from [12, 13] to deal with the boundedness of the
paraproducts, those arising from our computations can be given self-
contained proofs of their boundedness.

The dyadic shift operator

m) =3 ) % (hi —hi,)

1€D

corresponds to the operator S1¥ described by Dalenc and Ou [5], given
by
0) (1)

SOf = Z Z Z aryi(f,hr)hy,

KeDICK JCK

where

1/vV2 ifJ=K_,
a =
PETY-1v2 it g =K,

Here, the symbol
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represents summing over those dyadic intervals I such that I C J and
[I| = 27%|.J|. Let I represent the parent of the dyadic interval I, that
is, the unique dyadic interval containing I with |I] = 2|I]. Then, the
shift can also be expressed in a simpler way by

(2:2) W(f) =" arf(I)hs,
IeD
where ) 1
ar 5 i an 7 i i
If we have

then

Therefore, the commutator
[Mp, I](f) = MpUI(f) — II(Mp f) = BI(f) — LI(Bf),

can be written as

Note that the terms are non-zero only when I NJ # 0. If J C I, we
have that hj is constant in I N J. Therefore, for every x € I N J, we
have

[(Mp,, W] (hy) = h(z)I(h;(z)) — WL(hi(2)h; ()
= hr(x)I(hy(2)) — hi(2)(h;(z)) = 0.

Then, the only non-trivial terms are those for which I C J.
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We consider the two-parameter commutator [[Mp, H1], Ho| acting
on a vector-valued function f by

(Mg, Hy], Ho|f = BH (H(f)) — Hi(B(Ha(f)))
— Ho(BH1(f)) + Ha(H1(Bf)),

where H; and Hs represent the Hilbert transform on the first and
second variables, respectively, that is,

1 [ f(zy)

TJr T—2

Hgf(x,y):p.v.i/RJCy(w’?dz.

Hyf(z,y) = p.v.

dz,

The main result we want to prove in this section is the following.

Theorem 2.3. Let B be a matriz-valued BMO4(R?) function and f
in L?(R%;CY). Then,

I[[Mp, Hi], Ha]|| 12 (r2;00) - L2 (R2,00) S || BllBMO, -

Proof. Let I1I; and III; represent the dyadic shift operator in the
first and second variables, respectively, that is, IIT; (hg) = HI(h;) ® hy
and My (hg) = hy @ M (hy), for R =1 x J, and extend to a function f
by

W;(f) = Y FR)UL(hr), §=1,2

ReR

Conversely, in the notation of (2.2),

UL (f) = Y arf(Ix J)hr @hy,
I1,JeD

M(f) = Y asf(I x J)hr @ hy.
1,JeD

Again, due to the representation of H as an average of shifts, it is
sufficient to prove the result for the commutator [[Mp, I11;], II5]. By
an iteration of the computation for the one-parameter case, using the
Haar expansion of the functions B and f and taking their formal
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product, we obtain

[Mp, 111 = Y B(R)f(S)(hglll(hs) — I (hrhs))
R,SER
= > B(R)J(S)[Mpy, 111](hs)
R,SeER
= Y BIxJ)J(KxL)(hyUlihg —10y (hrh))@hhy.
I1,J,K,LeD

Repeating the same computations, in the two-parameter case, we
obtain

([Mp, IL ], HI5] (f)

Z Z I X J L)hjuhh}( ® h s hy,
1,JeD K,LED

~

- > Y BUIx )F(K x L) (hrhi) @ hyllzhy
I,JED K,LED

o~

- Z Z E(I X J) (K X L)hII_thK®I_H2(thL)
1,JeD K,LeD

+ 3 N BU x J)J(K x L) (hihy) @ Wy (hyhy)
1,JeD K,LeD

=T f-Tf -Ts3f +14f

= Z Z (IxJ)f KxL)[Mh,, 4] (hk) @ [Mp,,, U] (hz).
I,JED K,LED

If either INK =0, JNL =0, K C 1T or L CJ, then we have that
[Mp,, L] (hi) @ [Mp,, I2] (kL) = 0;

therefore, the terms are non-trivial only when I C K and J C L. We
have four different cases that can be independently analyzed for each
term in the sum. The computations for the four terms are similar; only
the complete details for the term T, will be provided, and, at the end
of the proof of the proposition, we briefly mention how to deal with
the other cases. Let Tj represent T} restricted to the case I C K and
J C L. Then, we have

Tof = ml(zz SN BUxJ)f KxL)hIhK®hJH_I2hL>

K L ICKJCL
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In order to analyze each of the four cases, we need the following
proposition.

Proposition 2.4. Consider the following paraproducts

() PE(f)= > £B(I x J){f.hr @ hy)h} @ hy|I|72|7]71/2.
1,JeD

(i) PA(f) =" £B(I x J){f,h} ® hj)hy @ hy| 1|72 J] 712,
I1,J

(i) PE(f)= > BU x J){f,h} @ hd)h @ hy|T|7V/2|J| 712
1,JeD

(iv) PE(f)= > B( x J){f,hr @ hh)h} @ hy|I[72)0]712,
1,JeD

v) PR(f) = B(Ix J)(f,h} @ hy)hy @ hY|1)7V/2|7|71/2
1,JeD

We have that, fori=1,2,3,4,

IPE()lc2@2cy S dllBllemog |22 w2ica)-

Proof of Proposition 2.4. In the following computations, for simpli-
fication, we write L?(Y) = L?(R?;Y) since all of the functions that we
consider are defined on R2.

(i) We make use of a well-known result, which is discussed in [2] for
the bidisc case but is easily extended to the plane.

Theorem 2.5 (Carleson embedding theorem). Let {ar}rer be a se-
quence of nonnegative numbers, indexed by the grid of dyadic rectangles.
Then, the following are equivalent:

©) Y ar(H% < Cllfl72 for all f € L2
RER
(ii) 1/|U] Z ar < Cy for all connected open sets U C R?.
RER(V)

Moreover, Cq ~ Cs.
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We have the following basic estimates

[(Ppf,9) ]

<

/ (PLf,9)ca dx dy’
R2

/ <Zj:B (I x NfIx )" @ hJ|J|1/2,g> dxdy’
Rz

Ccd

/RZZ&E( < D)FI % ), g |17 @ hyl |7 ca dwdy‘

~

S [ B x DA% gl sl ooy
1,0 JR?

Z<i§([ x ) F(Ix.J), / — g1 I @ hy|J|” 1/2d:cdy>
N V2

Ccd

~ o~

(£ B x DU % J), g, Ll @ gl J|7%)ca

V2145

1 ~

EZI&B(MJ)J‘(MJ (g, 11171 @ hy|J| 7))l
1,0

1 ~ ~ o~ _ _

EZII (I x DIFUI x Dlicalllg, LI @ hy| T 2)|ca
1,0

1

V2

SR % D) esl B x Ty lgllon) 1w
I1,J
1/2 R _ 1/2
( IxJ)HOz) (ZZ||B<IxJ>||2<||g||Cd>§xJ>
I J

1/2
S (Z|B Ix DI <||g||<Cd>1X,)

1,J

S 1 llzz el Blsmo,llgllea |l 22wy

= dHB”BMOd||fHL2((Cd)HgHL2((Cd)'

Here,

we used the fact that, since B € BMOy, then by (2.1), the second

condition in Theorem 2.5 is satisfied with ap = ||§(R)||2 Note that
we have a linear dependence on the dimension of the matrix, due to
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the use of the trace. Note also that the same computations allow us
to replace each individual I and J for a parent or “great parent” of
I and J, in which case, the implied constant will also depend upon
complexity (the level of relation with its ancestor); we will use P} to
denote any of these paraproducts.

(ii) A direct computation shows that (P2)* is of the type P}.; there-
fore, by symmetry of the definition of the BMOg-norm, the bounded-
ness for P% follows from that of P}.

(iii) Denote by S¢ the space of d x d complex matrices, equipped
with the norm derived from the inner product (A, B)y, = tr(AB*),
that is, [|[A]%, = tr(AA*). In order to estimate the L*-norm of this

2

operator, we perform the following computation

)
=~ hir®h
= Lo ply &0
_/]R2 <ZB(I><J)(f,hI®hJ>|I|1/2|J|1/2,9>Cddxdy

J
hy @ h
1 I J
/R< (I x J){f,ht @ hY), g |1|1/2J|1/2> dx dy

~ 1
I ht @ h} hi @ hy) s
(I x J)(f,hy ®@hy), (g, h1 ® J>|I|l/2|J|1/2>Cd

. .1
< (I xJ),{g,hr @ hy)(f,h] @ h}) |I|1/2|J|1/2>Tr
/ dx dy

<Bh1®hJa (g, hr@h ) (f, h}®h1J>*|I|1/2|J|1/2>
Tr

hr ®h,
/< Tlomehr ey i) e

hr®hy
B, (g, hs @ hy)(f, b} @ W)y —L 2T
IZ“’ 1@ R foh ® |f|1/2|J|1/2>L2<sd

J
- <Banl(fag)>

)

Define the space H} to be the space of d x d matrix-valued func-
tions @ such that |[® ;1 = [[S®|[z:, where S is the square function
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defined by

S(e) = 3 Y @ @ bl D L.

IeD JeD

Note that, if ® is in H}, then all of its components are in scalar H',
and, for 1 <4, j < d, we have

@i gl < 193

In addition, if B is a matrix-valued BMOy function, then all of its
components are in scalar dyadic BMO, and an easy computation shows
that, for 1 <4, j <d, ||B; llsmo < d||B||emo,. Using these facts, we
can easily verify the following duality statement.

Lemma 2.6 (BMO,—H} duality). Let B in BMO, and ® in H}.
Then,

(B, ®)2(sg) S & l1BllBr7o, ]z

Using this result, it is sufficient to prove that

L, )y = ST, ) S [ flle2llgllze

We have
[SALL(f, 9)) (=, )]
2 1r(z)1,(y)

=D g hr © h)(f, by @ R IIIT2 10172,

I, 11|17
hr ®hy ? Lrxs(z,y)
= h h 2 )
Iz; ||<9a 1® J>||<Cd <f7 I1/2|J|1/2> ca |I % J‘
hi @ hy ’ 2 ]IIXJ(xay)
< sup <f> + > g, hr @ b |fa— 5=
(z,y)eIxJ ‘I|1/2|J|1/2 cd ; ce |I X J|

hr ® hy 2 2 ﬂfo(%y)
< sup <f d7> + g, hr @ hy)llca—F———
i AWl i)+ 20 e ]

< MUIIfllea) (2, »)I*[S(9) (z, y)]*.
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Here, M represents the strong maximal function. Using the L2-
boundedness of the maximal and square functions, we conclude with

ML (f, Dy S ST ) S IMUAfllea) S S I f 1l e2llgll 22

(iv) As in the previous case, we compute

h} @ hy
|]|1/2|J|1/2 ’g><cd dx dy

h; ® hy

< B(I x J){f,h; @ hY)
R R ey O

1
I J)(f b @hY), (g, ht @ hy) 175175
( x J)(f,hr @ hj),(g,h; ® J>|I|1/2|J|1/2>Cd

o~ * 1
< (I xJ),{g,ht@hs){f h;®hY) |I|1/2|J|1/2>Tr

<Bh1 © hy, (g, hE @ hy)(f, hy @ hb)* du dy
R2

)
(I[P [

hy®h
B 1 Ly 1L ST
— /]R2 <B,;<g,hl ®hy){f, hr ® hy) |I|1/2J|1/2>Tr de dy

hy ®hy
B, (g,h; @ hy)(f by @ hY)* >
< IZ: ! SVREINE L2(54)

< 7H2( )>

Therefore, by duality, it is sufficient to prove that

e (f; Pz < 11229l ze-

For this, we again proceed to find a pointwise estimate for the square
function. We compute

1 2

|I|1/2|J|1/2

17xs

htoh hr @ hY)*
<ga I® J><fa 1 ® J> Sg‘IXJ|

[SMa(f, )" =)

1,J

]].J ILI
— hy) 2d h 2,
ZH g, J (C ‘J| ||<<f7 I>>JHC |I|
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< ;<||<g,hJ>||Cd>%]§’|<n<f, e |117|

1 els
< (St i ) (S ovltanacn ()

1

where M7 and My represent the maximal function in the first and
second variables, respectively. These last two factors are symmetric
to each other; thus it is enough to prove the L?-boundedness for the
operator

) 11(1”))1/2_

3100 = (LMl kst 15

I

However, this is easy since

[ Bs i andy =37 [ (Mall(s ) lea)) dy

3 / 1 o)y B (D) dy = 11125

(v) The computations are symmetric to those for (iv), exchanging
the roles of I and J. O

We now proceed to prove the upper bound for four different cases.
In each of them, the idea is to reduce the term to an expression of the
form 111 o P§ o Ill; therefore, by Proposition 2.4 and the boundedness
of the shifts, we obtain the desired result. The estimates for the rest of
the terms are similar since they are reduced to finding an upper bound
for the norm of the four variants of the paraproduct studied above.
More specifically, they correspond to expressions of the form

0L (Pp(I;f)), WL (IL;(Ppf)),
I, (OI;(Ps f)), I; (P f),
or duals of operators of the form

IT;(Pp- (1)), HL(II;(Ps-f)),
I (1L, (Pp- f)),  OLi(Ps-f).
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Case I = K, J = L. In this case, using the definition of the shift,
we have

<ZZB (I x J)F(I x J)h,thQhJ>
(ZZB FIx Hr2e hJaJhJ>

Since o (f, hr) = >, aLf(] % E)hL,
(Ws(f, hr), hy) = ay f(I x J).
Thus, the previous expression is equivalent to

m(ZZ% < T (f, by, 2 & hﬂu)

I J

= I, (ZZiE(I x J) (WL (f, hy), h) 1 It @ mﬂ—”?)

1 J

(ZZi (IxJ) (s f, by @ hy)hy @ hy|I|7/2|J]~ 1/2>,

which has the form I, (P3 (s f).
Case I C K, J C L. Here, we have

(3 3 3057 BU < )UK x Lt @ Rl )

K ICK L JCL

— I, <Z > B(IxJ)hihk® (Z arse hL>Hl2hL]1J) hJ>.

JKICK LD>J

By using the definition of the shift and the known average identity

(F R =37 F(Dhiy,

12J

we have

Z ((f,hi), hp)lah 1,

L2J
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= m2< > ({f,hi), hL>hL> 1,

L2J
= ar((f;hi), hp)hrly
LDJ
= as((f,hi)shpdhy + Y ar((f.hi) hp)hely

LDJ
= (LWL (f, hic), K5)|J| 721y + (Lo (f, hic), Byl

This divides the original sum into two sums S; + Ss.

Sl I_T_I1<Z Z ZB I x J H—I2<f7h[(> h1>h]hK® |Jh1/2>

K ICK J

=111, (ZZB(IX J)( > <<H12f7h1J>,hK>hK]1])hI® IJ}T{”)
r J

K2I

R hr®h
<ZZBI><J (o f,RY), hl>|I|1I/2|J|1J/2>

J
. hi ®h
1 I J
(zI:EJ:BIxJ (o f, h; @ hY >|I|1/2|J|1/2>’

which has the form I, (P3 (12 f)). And, with similar computations,
we get

So = I_Hl(ZZB I x J)(Waf, h ® hy)hy @ RY|T|7Y2(7| 1/2)
= I, (P3 (2 f)).

Case I = K, J C L. In this case, we obtain

L JCL
= LU1(ZZ§(I x J)hi @ ( > hI>7hL>H—I2hL]1J> hJ)
T L2

= m1(22§(1 x J)hi @ (W(, m>,hb>hJ|J|1/2>
I J
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+1H1(ZZ (Ix J)hi @ <H12<f7h1>,hJ>hJ)
J
=5 +55.

Again, by the definition of the shift,

1= 1, (3237 B ¢ )0 o (1 i) 1110, )
I J
= I, (ZZEU x J) (Mo f, hy @ 140 H LI @ hJ)
I J

= III, (Zzﬁ(f x J)(Iyf, hy ® hy)h} ® hJ|I|1/2|J1/2>,

I J

which has the form III; (P2 (I2f)). And, similarly,
Sy = Hll(ZZB (I x J)(Iof, hy ® hy)ht @ hY |11~ Y2]0]~ 1/2>

= L ((Pg-)" (IL2f)).

Case I C K, J = L. In this last case, we have

(ZZZBIXJ KXJ)hIhK®hJHIQhJ)

J ICK

= ml(zI:zJ:B(I X J)( > {fha), hK>hK]lI)h1 ® hJLHQhJ>

KDI
) ml(zzé(“‘”“ﬂ B )17/ @ <hJ—hJ+>J|‘”2).
r J

This is a sum of two terms of the form

~ ~ hr®h
Uh(ZI:ZJ:iB(I x J)(f7h}®hj>lll/2|jll‘l/2) = 111, (P3(f)).

This concludes the proof of the estimate for the term Ts. O

2.1. Remark on the logarithmic estimate. Note that, due to
(2.1), the previous estimates for the upper bound depend upon a dimen-
sional constant. Using a slightly different ordering of the terms in the
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formal Haar expansion of the product Bf, we obtain a decomposition
in paraproducts of the form:

Bf = Z<B7h§§’°)><f,h§§’°)>h§%’l)+ S (B by

ReD? ReD?2
R€D2 REDz

+ > (B R+ S (B ) (R g
ReD? ReD?

+Z h(OO f,h(10>h(01+z Bh00)><f,h(11)>h(00)
ReD? ReD?

i Z h(o 1) VWS, h(l 0) >h(0 ,0)
ReD?

:(T1+T2+T3+T4+T5+T6+T7+T8+T9)(f).

Here, 1" = hehS, with ¢,6 € {0,1} and h9 = hy, h} = |[I|71/21;.
Then,

[[Mp, L], o] (f) = [[Th, ], ] (f) + - - - + [[To, I, ], ] (f).

Therefore, to find an upper bound for the commutator, it suffices to find
upper bounds for the different paraproducts in the above expansion.
From the previous section, this upper bound also depends upon a
dimensional constant; however, it is possible for the terms 77, T and
Ty (by duality) to find a better estimate of order log?(1 + d). This is
possible due to a generalization of the results obtained by Pisier [17]
for the one-parameter case, combined with the characterization by two
index Martingales given by Bernard [1].

Along with the rest of the terms, it is still not clear how to find
this improved dimensional bound for the paraproduct since we do not
have a representation in two-index Martingales in these cases, or the
appropriate embedding theorem.

3. Lower bound. The lower bound can be proved by using the
result in the scalar case (proved by Ferguson and Lacey [6]), that is,
there is a constant C' > 0 such that

||b||BMO < C”[[Mba H1]7H2H|L2—>L27
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for all scalar functions b in BMO(RR?). Recall the definition of BMO
given in Definition 2.1. The lower bound estimate in the matrix-valued
setting is given in Theorem 3.1.

Theorem 3.1 (Lower bound). Let B be a matriz-valued function on
R2. Then,

d?||Bllsmo S I[[Mp, H1), Ha)|l 12 (cay— 12(ce)-

Proof. Denote by B(R) the wavelet coefficient (B, vg). Consider the
functions f,g € L%(C). Let {€1,...,84} represent the canonical basis
of R?. Then, for 1 < i, j < d, the functions f: fé€; and g = g€; both
belong to L?(C?). If B = (b;;), an easy computation shows that

<HMB’H1LH2]JT‘, @L2(Cd) = <[[Mbijl]’ H2]f,g>L2(C)-
Therefore, for every 4,5 € {1,...,d}, we have
(3.1) |[[My,,, H1], Ha]l| 12 () L2(c) < [[MB, Hil, Ho]l| L2 (c4)— 12 (ca)-
Let {E;; : 1 <i,j < d} be the canonical basis for the d x d matrices,
that is, (Ej)x = 0ixd;1. We can write B = Zi,j b;jE;; and proceed to

find an estimate for the BMO norm of the matrices Eij =b;; E;j.
|bi;(R)|?E;;. Then, for any open set U C R?, we have

1 P~ . N 1 ~
m Z Bij<R)Bij(R) = m Z ‘bij(R>|2Eii
RCU RCU

1 N
S > (R
RCU

< |[bijllBMOLa-
Using the one-parameter result and (3.1), we obtain

1 ~ ~ .
] > Bij(R)Bij(R)* < ||[[My,,, Hi], Ha)|l 12 (c) = 22(c)La
RCU

< [[[Mp, H1], Ho]|| 2 (ca)—s L2 (ce)>
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that iS, HEinBMO 5 ||HMBvH1]>H2}||L2(Cd)ﬁL2(Cd)~ Therefore,

IBllemo < > 1Bijllevo < d|[[Mp, Hil, Halll 2 (ca)—s L2 (co),

.3

which is the desired lower bound. O
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