ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 47, Number 5, 2017

APPLICATIONS OF VARIATIONAL METHODS TO AN
ANTI-PERIODIC BOUNDARY VALUE PROBLEM OF
A SECOND-ORDER DIFFERENTIAL SYSTEM

YU TIAN AND YAJING ZHANG

ABSTRACT. In this paper, we discuss the existence of
multiple solutions to a second order anti-periodic boundary
value problem

i(t) + Mz(t) + VF(t,z(t)) =0 almost every t € [0,T],
z(0) = —=(T) #(0) = —&(T)
by wusing variational methods and critical point theory.

Furthermore, we obtain the existence of periodic solutions
for corresponding second-order differential systems.

1. Introduction. The study of anti-periodic solutions for nonlinear
evolution equations was initiated by Okochi [26]. Okochi studied the
nonlinear parabolic equation in a real Hilbert space H, which is of the
form

2D | dptuv) 1)

where f € L2 _(R; H), ¢ is a proper lower semi-continuous (Isc) convex
functional on H and Jy is the subdifferential of ¢. By using fixed point
theory, the existence of anti-periodic solutions was obtained in the case
where dp is odd and f is T-anti-periodic. Inspired by [26], anti-periodic
problems for second- and higher-order differential equations have been
extensively studied, see [2, 3, 5, 6, 8, 9, 10, 11, 16, 17, 18, 19,
20, 22, 23, 25, 31] and the references therein. It is very important to
study anti-periodic boundary value problems since they can be applied
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to interpolation problems [13, 15], anti-periodic wavelets [7], the Hill
differential operator [14] and physics [1, 4, 21, 27].

Many results have been obtained by using tools such as topological
degree theory, lower and upper solution methods [2, 3, 5, 6, 10, 16,
17, 18, 23, 31, 32], the maximal monotone or m-accretive operator
(2, 6].

In [6], Aizicovici and Pavel established the existence, uniqueness
and continuous dependence upon data of anti-periodic solutions to
some first- and second-order evolution equations. In [31], Wang and Li
studied the existence of solutions of the following antiperiodic boundary
value problem for a second-order conservative system:

¢ =ult,q) te[0,T]
. {q<0> — —q(T) ¢(0) = (D)

By using fixed point theory together with Green’s function, the exis-
tence result is as follows: assume that there exist constants 0 < ¢ < 8
and M > 0, such that

C
[ult,q)| < F5lal + M

for all t € [0,7],q € R'. Problem (1.2) has at least one solution.

In [32], Wang and Shen studied the antiperiodic boundary value
problem as follows

{x” +f(tat) =0 te[0,T]

(1.2)
z(0) = —z(T) 2'(0) = —2/(T).

By using Schauder’s fixed point theorem and the lower and upper solu-
tions method, some sufficient conditions for the existence of solutions
are obtained: assume that there exist constants 0 < r < 2,1 > 0, and
functions p, g, h € C[0,T] such that

uf(t,u) < p(t)u? + q(t)|u|” + h(t)

for t € [0,T7], |u| > 1. Further, suppose that

T
/ pT(s)ds < 4,
0
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where p*(t) = max{p(t),0}. Then (1.2) has at least one solution. To
the best of our knowledge, few authors have studied the existence of
solutions for anti-periodic boundary value problems by using variational
methods and critical point theory. As a result, the motivation of this
paper is to fill the gaps in this area. We study the existence of multiple
solutions to anti-periodic boundary value problems for the second-order
differential system

(13) Z(t) + Mz + VF(t,z) =0 almost every ¢ € [0,T]
' z(0) = —a(T) #(0) = —a(T),
= (x1,22,...,7,)7 € R", M is an n x n real symmetric matrix,

F:[0,T] x R* — R, (t,x) — F(t,x)

is measurable in t for each € R™, and continuously differentiable in z
for almost every t € [0, 7],

VE(t2) = <6F(t,x), 8F(t,x)7m7 6F(t,m)>T'

Z T2 s
In particular, our aim of this paper is to apply critical point theory to
problem (1.3) and prove the existence of at least two solutions when
the eigenvalues of M are less than 72/T2. In addition, we obtain the
existence of 2T-periodic solutions for & + Mz + VF(t,z) = 0. The
constraint conditions on F' are new.

The main difficulties in the above problem are as follows:

(1) the construction of a suitable Banach space X;

(2) the construction of a functional ¢ on the space X;

(3) how to prove the critical point of the functional ¢ is only the
solution of BVP (1.3).

In order to overcome these difficulties, especially (3), we prove an
important fundamental lemma, which plays an important role in the
proof of Lemma 2.4. The idea of this paper comes from [24, 28, 29].

The following lemmas will be needed in our argument, which may
be found in [12, 24, 29, 33].

Lemma 1.1. ([33, Theorem 38A]). For the functional
F:SCX — [-o00,+00] with S # 0,
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minges F(u) = a has a solution in the following cases:

(i) X is a real reflexive Banach space;
(ii) S is bounded and weak sequentially closed;
(iii) F is weak sequentially lower semi-continuous on S, i.e., by defi-
nition, for each sequence (uy) in S such that u, — u as n — o,
we have that F(u) < lim,, ,  F(u,) holds.

Lemma 1.2 ([12, 24, 29]). Let E be a Banach space and ¢ €
CY(E, R) satisfy the Palais-Smale condition, i.e., every sequence {x,}
in E satisfying p(xy,) is bounded, and ¢'(x,) — 0 has a convergent
subsequence. Assume that there exist xog,x1 € E and a bounded open
neighborhood 0 of xo such that z; € E\ Q and

masx{io(x0). o(x1)} < inf o(a).
Let
L={h|h:[0,1] — E is continuous and h(0) = xg, h(1) =21}
and
©7 gy e

Then, c is a critical value of o, that is, there exists an x* € E such
that ¢'(z*) = © and p(z*) = ¢, where ¢ > max{p(xo), p(x1)}.

The remainder of the paper is organized as follows. In Section 2,
some preliminary results will be given. In Section 3, we will state and

prove the main results of the paper, as well as present some applications
to (1.3).

2. Related lemmas. In order to begin, we introduce some nota-
tion. Here, and in the sequel, we assume that 7' > 0 is the limit. For
r € R", £ = 0 means

2= (21,22, 0)" = (0,0,...,0)7
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and z > 0 means z; > 0 for all ¢ = 1,2,...,n. For z = (21,29,
"7xn)T7y:(ylay27"'7yn)T€Rn7

n
Ty = leyz
i=1

For x = (z1,29,...,2,)" € R™,

= ()

i=1

We define the space X = {z € H([0,T],R") : z(0) = —x(T)}
equipped with the norm

|z x = (/OT |2(t)[ + |33(t)|2dt)1/2.

We claim that (X,|| - ||x) is a reflexive Banach space. In fact,
(H*([0,T], R™), | - |lx) is a reflexive Banach space.

Now, we shall show that (X,| - ||x) is a closed subspace of
(H*([0,T], R™),]| - ||x). For any (z,) € X,z, — z* in X, ie.,
||lzn —x*||x — 0 as n — oo, which yields

x, — z* in C([0,T],R") and z* € H'([0,T],R").

Since x,,(0) = —2,(T), we have 2*(0) = —a*(T). Thus, (X,| - ||x) is
a closed subspace of (H'([0,T], R"),| - ||x). By fundamental analysis,
(X, ] - lx) is a reflexive Banach space.

For each x € X, put

T
(2.1) () = /0 %|i:(t)|2 - %Mx(t) cax(t) — F(t,z(t)) dt.

Clearly, ¢ is a Gateaux differentiable functional whose Gateaux deriv-
ative at the point z € X is the functional ¢'(x) € X*, given by

(22) (¢'(a)v) = / #(t) - 5(t) — Ma(t) - v(t) — VE(t,2(t)) - o(t) dt,

for every v € X. Obviously, ¢’ : X — X* is continuous.
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Now, we shall cite an important fundamental lemma, which is useful
in proving Lemma 2.4, i.e., the critical point of ¢ is only the solution
of BVP (1.3).

Let Z = {g € C=([0,T], R") : 9(0) = —g(T)}.

Lemma 2.1. ([30, Lemma 3.4]). Let u,v € L'([0,T],R"). If, for
every f € Z,

T T
(2.3) A(Mmﬂmﬁz—é<mmﬂmw,

where (-,-) denotes the inner product and f s the derivative of the
vector function f, then

(2.4) % /0 ") + to(t) dt = /0 " ot de
and

t
u(t) = / v(s)ds+ag for almost every t € [0,T], ap € R".
0

Remark 2.2. A function v satisfying (2.3) is called a weak derivative
of u. By a Fourier series argument, the weak derivative, if it exists, is
unique. The weak derivative of u will be denoted by .

Definition 2.3. A function z € X is said to be a classical solution of
problem (1.3) if x satisfies equation in (1.3) for almost every ¢ € [0, T
and the boundary conditions of (1.3).

Lemma 2.4. If the function x € X is a critical point of the func-
tional @, then x is a classical solution of problem (1.3).

Proof. Let x € X be a critical point of the functional ¢. Then
(¢ (z),v) =0 for every v € X, i.e.,

T
/0 (1) - o(t) — Ma(t) - v(t) — VF(t, z(t)) - v(t) dt = 0,
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for all v € X, and hence, for all v € Z. By Lemma 2.1,
t

(t) = — / Mz(s) + VF(s,x(s))ds + ag
0

for almost every t € [0,T], ap € R". By Remark 2.2, & has a weak
derivative & and
¥=—-Mz—VF(t,z(t)).

Since z € X and VF (¢, x) are continuous in x for almost every ¢ € [0, T,
Z exists and is continuous for almost every ¢ € [0,7]. Thus, # is a
classical derivative of & for almost every t € [0,T]. Therefore, z satisfies
the equation in (1.3) for almost every t € [0, T.

Moreover, since the derivative of & is &, by (2.4) in Lemma 2.1, we

have
T
—/ t) + ti(t) dt = /i(t)dt.
0

7/ 1)+ (L) di = ;{/OT:'c(t)dt—i—Tc'c(T)—/OT:'c(t)dt} — 24(T),

Thus, #(0) = —&(T). Furthermore, z € X implies z(0) = —z(T).
Therefore, x is a classical solution of (1.3). O

Next, we shall show some properties between the norms which are
useful in estimating the norm || - || x.

Lemma 2.5. If x € X, then

1 . T, .
|22z < \/j—ollfﬂllm and |zllo < <= l2] L2,
where

[2]|oo = max, lz(t)],
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Xo = 72 /T? is the first nonzero eigenvalue of the eigenvalue problem

)+ x(t)=0 te€]0,T], AeR
(2:5) {3:(0) (T #(0) = —i(T).

Proof. As is well known, (2.5) possesses a sequence of eigenvalues
(M), Ak = (2k + 1)27%/T2, with
D<A <AL < <A< eee

For each A\g,k=0,1,2,..., (2.5) possesses eigenfunctions
wr(t) = ag cos / Mgt + b sin v/ Agt, ax, by € R™.

Let

(1) x(t — 2kT) t € [2kT, (2k + 1)T7,
€T =
—z(t—(2k+1)T) te[2k+ 1T, (2k+2)T).
Then T is a 27-periodic function on R™ satisfying Z(t) = —Z(t + T).
By the expression of Fourier expansion, we have

oo

(t):z (ax cos /At + b sin v/ Agt).

k=0

Thus

)

T , 1 2T ,
[ et = / ()2t

0 0

1 o0

2T 0
/ Z|ak|26052 VARt + |b|? sin® \/ At dt
Z[|ak| / cos? \/)\ktdt+\bk|2/ sinzx/)\ktdt]

0

2
Art + bg sin v/ Agt)

Il
DN | =
=~
Il
=)

(lax|* + [bx]*).

I
| S
(¢

>
Il

0
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By the Parseval equality,

T 1 2Ti ,
| atpa = [ o

1 2T |
:5/0

2
Z(fak\/ﬁsin VARt + b/ Mg cos /At)| di
1 2ree
5/ Z|ak|2/\k sin? mt+ |bk|2)\k cos? \/thdt
0 k=0

k=0

T o0
= 5 2_(axl* + [bs*) s
k=0

Hence, we have ||z||rz < 1/v/Xo ||%]|L2-

For the last inequality, we cite it from [11, Lemma 2.3]. For
convenience, we prove it as follows. For x € X, we have

x(t):a:(O)—&-/Otj;(s)ds and m(t)zx(T)—/tTj:(s)ds.
Thus, we have
2 (t) = /Ot i(s)ds — /tTj;(s) ds
</0t |¢<s>|ds+/f [6(s)] ds
T

_ /0 16(s)] ds.

It follows from Holder’s inequality that the result follows. ]

Since M is a real symmetric matrix, M has n real eigenvalues, we
denote AXM, AM . AM,
Lemma 2.6. For maxj<;<,{\M} < X\g = 7%/T?, we have
1/2

T
(2.6) 01| 2 < </0 ()2 — Ma(t) - z(t) dt)

< Os||z||pz  for any x € X,
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91{\/1_
1

and

(max;<i<n{AM}/X0) 0 < maxicicn{AM} < o,

maxlgign{)\ﬁw} < 0,

0 < minj<;<, {AM}

< maxlgign{)\zM} < )\0,

02 = § V1 — (mini<; <, AN} /X)) mini<icn {AM} <0

< maxi<i<n {AM} < Ao,

V1= (mini<i<, {AM}/Xo) maxi<;<n{AM} <0,

that is to say,

</OT | (t)|> — Mx(t) - z(t) dt>1/2

is equivalent to || & L.

Proof. 1f 0 < max;<;<,{\M} < Ao, we have by Lemma 2.5

(/OT l&(t)|> — Ma(t) - 2(t) dt)
([ O — max (A (0P ) -

>

>

1/2

1<i<n

([ e - momtaznt )

Ao

= Ov]|&]| 2

If minlgign{)\g\/l} <0< maxlgign{)\zM} < Ao,

</0T ()2 — Ma(t) - 2(t) dt>

([ "L — min (A }|m<t>|2dt)1/2

IN

1/2

1<i<n

T . M 1/2
. mini<i<niA;" . .
< ( | et - e ) }|m<t>2dt) < b1l
0

Ao
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If0 < minlgign{)\fw} < maxlgign{)\zM} < Ao,

</0T l&(t)|> — Mx(t) - z(t) dt)l/2

T 1/2
<( [ 1P~ i {Aﬁ”ﬂx(t)ﬁdt) < il

1<i<n

If maxi<;<, {AM} <0,

1/2

el < (| " — Mat) - 2(0) i)

T . ) M 1/2
< ([ e - mmeeBih )
0 0

< 0ol L2

The result follows. O

Remark 2.7. || - | x is equivalent to ||&||z2. In fact, by Lemma 2.5,
T 1/2 1

@) Wil <ol = ([ 16 +laPar) <14 el
0

Remark 2.8. If maxi<;<,{AM} < \g = 7%/T?, ||z x, |||/ z2 and

(/OT | (t)|> — Mx(t) - z(t) dt>1/2

are equivalent.

Lemma 2.9. Suppose that maxi<;<,{\M} < X\og = 72/T?, where \M,
i1=1,2,...,n, are n real eigenvalue of matrix M, and

(C1) there exist i > 2, Iy, ls > 0, r € L*([0,T], RT),
H(t,z):[0,T)]x R* — R

continuous in x for almost every t € [0,T], H(t,z) > 0 for x > 0,
t € 10,7, such that

r(t)])”

F(t,z) = + H(t,x),
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where
(2.8) lim sup pH(t2) - VH(t2) -z lo.

|z| =400 |J3‘2

(C2) lo/ Mo < (11/2—1)6%, where 0y is defined in Lemma 2.6. Then, ¢
satisfies the Palais-Smale condition.

Proof. Let (z,,) C X satisfy ¢(zy) is bounded and
o' () — 0 asn — oco.

First, we shall show that (z,) is a bounded sequence in X. By
(2.1)—(2.2),

(2.9) (‘2‘ - 1) [||an||%2 - /OT Mz - 2n(?) dt}

T
= pp(zn) — (¢ (Tn), Tn) + ,u/o F(t,x,)dt

T
— / VF(t, xz,) - x,dt.
0

By (C1) and Lemma 2.5,
(2.10)
T
1 F(t,xz,)dt — / VE(t,x,) - x, dt
0

~

r()|en|* + pH(t, x,) — [r(t)¢u(zn) + VH(E, x,)] - 2y dt

T
r(€)|en|* + nH(t, ) — [ )| znl” + VH(t, x) - 2p | dt

T
wH(t, xn) — VH(t, zy,) -z, dt,

Il
o— o >—

where ¢, (z) = |z|F2z.

By (2.8), for any

(2.11) ce (O,/\()(g - 1) 62 — l0>,
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there exists a positive constant C' > 0 satisfying

pH(t,x) — VH(t,x) - x
|z[?

<lp+e forall|z|>C.

Thus, there exists a sufficiently large number C’ > 0 satisfying
(2.12) pH(t,x) —VH(t,z) -z < (lo+¢)|z]* +
for all z € R™.
By (2.10)—(2.12) and Lemma 2.5, we have
(2.13)

T T
u/ F(t,xn)dt—/ VE(t, ) - o dt < (Io + &)|[nl|% + C'T
0 0

< lo+e

By (2.6) and (2.9), we have

@10) (5-1) il | " Moty 2alt) it = (5 -1) 0ol

Substituting (2.13) and (2.14) into (2.9), we have

[ .
215) (5= 1)@l < uplen) - (9 0).)
0L ks + O'T.
Ao

Suppose that (i) is unbounded in L2[0, T]. Passing to a subsequence,
we may assume, if necessary, that ||Z,||,2 — 0o as n — co. Dividing
both sides of (2.15) by [|@,[|2., we have

p o _ wp(@n) (@), Tn) lot+e COT
a 1 91 S . 2 - N 2 N 5 -
2 Hxnum Hxn”L2 Ao ”xn”m

Since ¢(zy,) is bounded and ¢'(x,) — 0, let n — oo in the above
inequality. Then, we have, by (2.11),

p 2 _lote Iz 2
- — < —_
(2 1>91 ST ° (2 1)91’
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which is a contradiction. Therefore, ||&,,| 2z < oo, which, together with
Remark 2.8, gives ||z, | x < oo.

From the reflexive property of X, we may extract a weakly con-
vergent subsequence, which we call, for simplicity, (2,),z, — 2. In
the following we shall show that (z,) converges strongly to z, i.e.,
|lzn — x||x — 0 as n — co. By (2.2),

T
(@ (n) — (@), n — 2) = / i — &7 — M(z, — )
(xp —x) = (VE(t,zn) — VF(t,2), 2, — x)dt.

By @, — zin X, we see that (x,) converges uniformly to = in C([0, 1),
ie., ||zn — 2|lcc = 0 as n — co. Hence,

/T(VF(t,xn) —VF(t,z)) (xp, —2)dt — 0 asn — oo.
0

By ¢'(x,) — 0 and x,, — z, we have

<90/(15n) - Sﬁl(z)7 Ty — l‘> — 0.

Therefore,
T
/ &y — &% — M(x, — ) - (2, —x)dt — 0 as n — oo.
0
By Remark 2.8, |z, — z||x — 0 as n — oo. O
3. Main results.

Theorem 3.1. Suppose that maxi<;<,{\M} < X\g = 72/T? \M i =
1,2,...,n, are n real eigenvalues of real symmetric matriz M), and
(C1)—(C2) hold. Furthermore, we assume that:

(C3) there exists Koy > 0 such that

D) TH/?
170](3,%[{5 max / H(t,z)d
2(14 Xo) p2H 2| <(VTKo/2)

+/ H(t,0)dt > 0.
0

Then BVP (1.3) has at least two solutions.
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Proof. We complete the proof with the following three steps.

Step 1. By Lemma 2.9, the functional ¢ satisfies the Palais-Smale
condition.

Step 2. We shall show that there exists a Ky > 0 such that the
functional ¢ has a local minimum z¢ € Bg, :={z € X : ||z||x < Ko}.

Let K > 0, which will be determined later. First, we claim that
By is bounded and weakly sequentially closed. In fact, let (u,) C By
and (un) — u as n — oo. By the Mazur theorem [24], there exists a
sequence of convex combinations

n n
Un:Zanjuj> Zanj=17 an; 20, j €N,
j=1 j=1

such that v,, — u in X. Since By is a closed convex set, (v,) C Bx
and u € Bi. Now, we claim that ¢ has a minimum zg € BK;We will
show that ¢ is weakly sequentially lower semi-continuous on By . For
this, let

T T
ol(z) = 5/ |&|? — Mz -z dt, o (z) = / —F(t,z)dt.
0 0

Then, ¢(z) = o' (z) + ¢*(z). By x, — z on X, we have (x,)
uniformly converges to x in C([0,T]). Thus, ¢? is weakly sequentially
continuous. By Remark 2.8, ¢! is continuous, which, together with
the convexity of ¢!, gives that ¢! is weakly sequentially lower semi-
continuous. Therefore, ¢ is weakly sequentially lower semi-continuous
on Bg. Further, X is a reflexive Banach space, Bx is a bounded and
weak sequentially closed set; thus, our claim follows from Lemma 1.1.
Without loss of generality, we assume that ¢(79) = min, 5 _©(7).
Now we will show that

(3.1) p(x0) < E p(x).

If this is true, the result of Step 2 holds.

In fact, for any z € 0Bk, by Lemma 2.5, we have,

JT JT
I#lloe < - llllx = *5 K.
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y (C1), (2.6), (2.7) and Lemma 2.5, we have

02 T x|
o(a) = Pl = [ v+ ) a

) r
2o g e - [ wg
K 0

~2(14 Xo)
0N o el T
= 2(1+)\0)K BT &%, — [ H(t,z)dt
(3.2) o2 T2 oT
0 L
= 2(114—/\0)K2 T o [Edlie —/O H(t,x)dt
03 Ao K2 _ 1K ||L1T“/2K#
~2(1+ o)
max / H t, x
Iz\< (VT/2)K
Noting

/FtO /HtO

and p(z9) < ¢(0), let K = Ko. By (C3), we have inf,ecop,, ¢(z) >

»(0) > minerKo ©(x). Thus, (3.1) holds and zy € Bk,.

Step 3. We shall show that there exists an 21 € X with ||z1||x > Ko
such that p(z1) < infreop, ¥(2).

Let ¢(t) = sin(r/T)t(1,0,...,0)T, X > 0. Then, by (C1),
(3.3)

T
- 1oy 1. — B
@(Aé’):/ §|/\e|2—§M/\e-)\e—F(t,)\é)dt
0
T 2
1|—7 Tt
< - i
—/0 2’/\TCOST

- t
— F(t, Asin 7;61> dt

2
_(x=\' L MpyyeL
= (3F) 7+ e UA IR

HlaX1§i§n{|>\fw|} by ’

2

+
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T A# sin® r Y
_/ r()[A[" sin* (7t /T) dt—/ H(t,)\sinmﬁ) dt
. 0

1 T
2 T .
—m\°T B - r(t) sin®(wt/T)
<[(xZ) = M 22\ e AR g
_(AT) T+ s IR - T ar

Since
T it
t) sin” — dt
/Or()sm T >0

and p > 2, we have -
_lim p(Ae) = —o0.

A—> 400

Thus, there exists a sufficiently large Ao > 0 with ||[A\¢€|| > Ky such
that

p(Aoe) < xelaanKo p(z).

Therefore, let 21 = A\g€ and

inf .
p(r1) < e ¢(x)

Lemma 1.2 now gives the critical value

= inf h(t
¢ = jnf max ¢(h(t)),

where
v={h|h:[0,1] — X is continuous and h(0) = xg, h(1) = 21},

that is, there exists an x* € X such that ¢’(z*) = 0. Therefore, x¢ and
x* are two critical points of ¢, ||zo]|x < Ko. By Lemma 2.4 z¢ and z*
are two classical solutions of (1.3). O

By Lemma 2.9 and Theorem 3.1, we have the following corollary.

Corollary 3.2. Suppose that maxi<i<,{A\M} < Xo, A\M, i = 1,
2,...,n, aren real eigenvalues of real symmetric matriz M), (C3) and

(C4) there exist > 2, Iy, ls >0, r € L}([0,T], RT),
H(t,z):[0,T] x R — R
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continuous in x for almost every t € [0,T], H(t,x) > 0 for x > 0,
t € 10,71, such that

r(t)|=["

F(t,x) = + H(t,x),

and pH(t,z) < VH(t,x) -z for |z| sufficiently large. Then, BVP (1.3)
has at least one solution.

Proof. Condition (C4) implies (C1) and (C2). Therefore, the result
follows. O
Finally, we consider the system
(3.4) Z+ Mx+VF(t,x) =0, almost everywhere ¢t € R,

where
F:RxR'"— R and (t,z)— F(t,x)

is measurable in t for each € R™, and continuously differentiable in x
for almost every t € R,

OF(t,x) OF(t,x) OF(t,x)\ "
VE(t = - .
(t,2) ( Ox1 = Oxo 7 Oz,
Theorem 3.3. Assume that maxj<;<,{A\M} < \g = (72/T?), (\M,
i = 1,2,...,n, are eigenvalues of real symmetric matrix M), (C1),

(C2), (C3), and

(C5) F(t+T,z) = F(t,z), VF(t,—x) = =V F(t,x) hold.
Then, (3.4) has at least two 2T -periodic solutions.

Proof. Assume that z(t) is a solution of BVP (1.3). Let x1(t) =
—x(t —T) for t € [T,2T]. Then, & (t) = —&(t — T). By (C5), we have
VF(t,z1(t)) =VF{t—-T,—2(t—-T)) = -VF{t—-T,z(t —T)).

Thus,

F1(t) + Mz (t) + VE(t 21 (t)) = — &(t — T) — Mx(t — T)
~VF(t—T,z(t—T))=0
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and
x1(T) = —x(0), x1(2T) = —x(T),
B(T) = —01(0),  #1(2T) = 1 (T).

Let
z(t) te[0,T],

2t = zi(t) t€[T,27).

Then, Z(t) is a solution of (3.4) with z(0) = xz(2T), #(0) = (27T).
Since F(t,x) is 2T-periodic in t, T can be extended by 27-periodic
over R to give a 2T-periodic solution of (3.4), and Theorem 3.1 gives
the existence of two solutions. The result follows. |

By Corollary 3.2 and Theorem 3.3 we have the following corollary.

Corollary 3.4. Suppose that maxi<i<, {\M} < g = (72/T?), (\M,
1 =1,2,...,n, are n real eigenvalues of real symmetric matrix M),
(C3), (C4) and (C5) hold. Then, (3.4) has at least one 2T-periodic
solution.
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