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CONSTRUCTION OF NEW MULTIPLE KNOT
B-SPLINE WAVELETS

MARYAM ESMAEILI AND ALI TAVAKOLI

ABSTRACT. This paper deals with construction of non-
uniform multiple knot B-spline wavelet basis functions (with
minimal support). These wavelets are semi-orthogonal on a
bounded interval. A large family of multiple knot B-spline
wavelets is presented that gives a variety of basis functions
with explicit formulas and locally compact supports. More-
over, the structure of this wavelet is conceptually simple and
easy to implement. Finally, some examples of multiple knot
B-spline wavelets are also presented.

1. Introduction. Wavelets play a crucial role in many areas of
mathematics and engineering such as speech, image and signal process-
ing, approximation theory and numerical solution of partial differential
equations. Enormous progress has been made in the construction and
analysis of wavelet methods in recent years. Construction of wavelets
is usually based on the determination of filter coefficients of the scaling
functions.

The main goal is of course to find a possibly simple construction
from a technical point of view. Therefore, in order to minimize compu-
tational effort, construction of compactly supported wavelets is promi-
nent. A typical class of these wavelets are spline wavelets which are
constructed by B-spline functions. Some decomposition and reconstruc-
tion algorithms for spline wavelet packets on a closed interval are given
in [12]. B-splines are defined based on the knot points. An impor-
tant class of B-splines are multiple knot B-spline functions which are
defined based on multiple knot points. Construction of multiple knot
B-spline wavelets (MKBSWs) which are notable in mathematics and
engineering, has become a powerful mathematical tool. A generalized
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multiresolution of multiplicity r generated by r linearly independent
spline functions with multiple knots is introduced in [10].

Chui and Quak [2] investigated scaling function spaces of polynomial
splines of order m which, for a given level j € N, are defined on a knot
set t; of equidistant knots of spacing 277/ (j denotes the level) and
knots of multiplicity m at both endpoints of the interval [0,1]. For
some applications, this wavelet or a modification of it can work well.
A modification of Chui and Quak’s multiple knot B-spline wavelet for
solving (partially) Dirichlet boundary value problem is given in [11].

In [2], only the endpoint knots are multiple and the midpoint knots
are single. However, in many applications, we need multiple knot B-
spline wavelets (MKBSWs) whose knot points are multiple not only in
the endpoints but also in the middle knots. For example, hydroelastic
analysis of fully nonlinear water waves with the floating elastic plate is
a difficult task. When the water wave encounters the plate, the wave
function would not be smooth enough at the edge of the plate compared
to the other points. Hence, to numerically analyze the behavior of the
wave, the solution space should include basis functions that are not
smooth enough at the edge of plate [9].

Lyche et al. [6] constructed the mutually orthogonal spline wavelet
spaces on non-uniform partitions of a bounded interval with multiple
knots on the interval. In this paper, we follow another methodology
for constructing MKBSWs on a non-uniform partition of a bounded
interval. Our structure has the following advantages:

e the wavelet is expressed explicitly in terms of polynomials that
are conceptually simple and easy to implement;

e a large family of MKBSWs is presented that gives a variety
of basis functions with explicit formulas and locally compact
supports;

e MKBSWs may be found with minimal support;

e the algorithm is readily implemented with a variety in the order
of B-splines;

e multiple knot wavelets are constructed on non-uniform parti-
tions from a bounded interval.

In [1], a flexible and efficient single knot wavelet construction is
proposed for non-uniform B-spline curves and surfaces. Because of
multiplicity of the knots and presentation of an explicit formula for
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the wavelet, the wavelet introduced in this paper is more efficient than
that of [1]. Hence, this paper fulfills the construction of wavelets on
the single and multiple knot B-splines.

The structure of the paper is as follows. In Section 2, some prelim-
inaries of multiresolution analysis (MRA) and wavelets are presented.
The definition of multiple knot B-splines with their properties are given
in detail in Section 3. The main body of the paper is presented in Sec-
tion 4 where the construction of MKBSW is detailed. A variety of
MKBSW examples that support our theoretical results are given in
Section 5. The conclusion of the paper is presented in Section 6.

2. Preliminaries. It is well known that wavelets can be constructed
from a multiresolution analysis (MRA). In this section, we first recall
the definition of MRA that was already introduced by Mallat [7] and
Meyer [8] as follows:

Definition 2.1. A multiresolution analysis (MRA) is a nested sequence
of closed subspaces V; € L?(R) that satisfy:

(i) eCcVoicVpcy C BRI

(ii) closz2(UjezV;) = LA(R);

(i) ez Vj = {0k

(iv) feVie f(-+279) eV, < f(2) € Vis1,j €Z; and

(v) there exists a function ¢ € Vo that {¢(- — k)}rez forms a Riesz
basis for Vj, i.e., there are constants A and B, with 0 < A <

B < oo such that

2
< Bll{ex}H
2

o0

S - —k)

k=—o00

All{ex 7 <

for all sequences {c} for which

oo

Herdl = > lewl® < .

k=—oc0

The function ¢ that satisfies the above conditions is called a scaling
function.
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Since V; C Vjy1, one can write Vjy; = V; @ W; that W; is a
complementary orthogonal subspace for V; in V;i;. Moreover, one
can show that [4]

Let v € Vi and W; = closp2{¢(2/. — k) : j € Z,k € Z}. Then the
function v is called a wawvelet.
Let us denote Vj[U,l} instead of the subspace V; when dealing with a

bounded interval [0, 1] and take Vj[o’l] merely for j > 0 in the concept

of a multi-resolution analysis. Then we have Vo[o’l] C Vl[o’l] C--- and
ClOSLQ[Oyl] (UjeZJerj) = LQ[O, 1]
Furthermore, the complementary orthogonal subspaces W}O’l] satisfy

the following relations,
[0,1 0,1] [0,1 )
j+1] - [ @ W ]’ J € ZJr»

and the orthogonal decomposition of L?[0, 1], namely,
VvO[O,l] @ WJ[O,I].
JELy

In this paper, we will construct the wavelet on the interval [0, 1].

3. Multiple knot B-splines. In this section, we define multiple
knot B-splines and prove some related properties.

Definition 3.1. Let m > 1 be a fixed integer number. For j € Z, and
N; €N, consider the set {nk}kN;O such that

nEg =m k=0, Nj,
1<npy<m-1 k=12,...,N; — 1.

A general multiple knot set on [0,1] is defined by t() := t%) =
{tk}f‘):_mﬂ, where
NJ
So=> mk, 0<#, <tj <1 fork=01,...,N;—1,
k=1
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with
temt1 = tomiz = = lemtng = 0= 7%7
th = 1y = =y, =1,
bnyt1 = tni42 = 0 = lnggn, = t%’
(3.1)
ts,41 = lsy42 = = tS2+an—1 = tg\@-fl?
tsir1 = tsp2 = o0 = gy, = 1=y,
where

N;—2 N;-1
Sy = g n, and S; = E Ng-
k=1 k=1

Fori=0,1...,5 = Z,J:;gl ny, the B-spline basis functions of degree
m — 1 (the order of m) are recursively defined starting with piecewise
constants for m = 1:
1 4 <o <tipr, 6 <tiga,
0 otherwise.

Bio,j(x) = {
For m = 2,3, ..., they are defined by

(3.2) Bim-1,(x)
0 t
0 B; m—2,;(x) ti <tivrm—1, tit1 = titm,
BiBit1,m—2,;(x) ti =titm—1, tit1 < titm,
0;Bi m—2(x) + BiBix1,m—2,(x) t

i = bitm—1, Lit1 = titm,

i <titm—1, tit1 < titm,

where Q; = (iE — ti)/(ti+m71 — tl) and ﬁz = (tier — x)/(th — ti+1).

It is well known that the number of B-splines B ,,—1,; of order m
associated with t$) is § = Zgial ng. Moreover, the number of B-

splines B, o,—1,; of order 2m on t%) is equal to S — m. For example,

ifm=3,j=2and ngo =3, ny =1, no =n3 =2, ng =3, then

t = {0, 0, 0, 1/4, 1/2, 1/2, 3/4, 3/4, 1, 1, 1}.



1468 MARYAM ESMAEILI AND ALI TAVAKOLI

The multiple knot B-splines of orders 3 and 6 associated with tz(f) are

{B;22}% , and {B;52}7_,, respectively.
We denote by V,

spline basis functions of order m at level j on tgﬂ), ie., V

J
m,ty,

the space generated by the multiple knot B-

J
tm

span {B; ;m—1,;}5 ;. In a particular case where
np=ng=--=ny,-1=n, 1<n<m-1,
the space is denoted by Vrz’t% .
The next lemma gives an explicit rule of multiple knot B-splines in

m—1,

jo.
m,to,

Lemma 3.2. Let the space V:;: be defined as above. The following

two statements hold for MKBS basis functions in the space VnT;jl:

(i) Ift;i < tiz1 =" = titm-1 < titm, then two real numbers A and
B exist such that
A(.’L‘ — ti)m_l ti <z <1y,
(33) Bi,mfl,j (l‘) = B(ti+7n - x)m—l tiv1 S <Tligm,
0 otherwise.
(i) Ifti = tiz1 = -+ = tigr < tigk+1 = tivhy2 = = tigm for
k=0,1,...,m —1, then a real number C' exists such that
(3.4)
Bim1.(z) = C(" ) tigm — @) (@ =)™t <@ < iy,
’ 7 0 otherwise,

where (mlzl) = (m—D!/kl(m —k—1).

Proof. First note that, for the knot vector {¢;,t;41,...,titm}, only
two cases (i) and (ii) occur. The proof proceeds by induction with
respect to m. For m = 1, there is nothing to prove.

Assume that the lemma is true for m — 1 > 2. In order to prove (i),
by the recursive relation (3.2), we have:

(3.5)
Tr — ti ti m — L
Bim-1,j(z) = Biim-2,j(%) + — " ——Bi1,m—2,j(2).

ti—i—m—l — ti ti+m - ti+1
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On the other hand, by the induction assumption,

Ci(z—t;)" % t; <z <tirm-1,
0 otherwise.

(36) Bi,m,g,j(x) = {

and

Cotigm — )" 2, tiy1 <@ <tipm,
0 otherwise,

(37) Bi+1,m72,j($) = {

hold. Now relation (i) is derived by substituting (3.6) and (3.7) in (3.5).
In order to prove (ii), by (3.2), we have:

Bim-1,;()
(x —t:)/(titm—1 — ti)Bim—24(x) k=0,
(tivm — @)/ (tixm — tiv1)Biv1,m—2,5(7) k=m—1,

(v —t:)/(tixm—1 — ti) Bim—2,5(x)
+(titm — @)/ (titm — tiv1)Biy1,m—2,j(x) 1<k<m-—2.

For cases k = 0 and £k = m — 1, by the induction assumption, we
respectively have:

Ci(z—t)"% t; <z <tixm—1,
0 otherwise,

(38) Bi’m72’j(x) = {

and

Coltinm — )™ 2 tig1 < < tigm,
3.9 Bi m—2.i\L) =
(3:9) =24 (2) {O otherwise.

For 1 < k < m—2, first note that t; = ;11 and t;4,,—1 = t;4m. Second,
by the induction assumption, we have:

(3.10)  Bim—2;(x)

_ SO G — @) (@ = )™t < < g,
0 otherwise,
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and

(311) Bi+1,m*2j(x)
{02 (D) (i — ) e =)™t <@ <tigom,

0 otherwise.

Now, by substituting (3.10) and (3.11) in (3.5) and using Pascal’s

binomial theorem
m— 2 n m — 2 _(m— 1
k—1 k o k ’

statement (ii) is established. O
The next lemma identifies the properties of the space V,

Lemma 3.3. Let S and V ¢, be given as before. Then,

(1) {Bim—1,}71 is linearly independent and
() Vygy, = 1 0.1 = RIfliy g € Moty b= 0,1, N; = 1

and fiL)(ti) = J(FL)(ti) for L = 0,17‘..,m —ng—1and k =

1,2,...,N; — 1}, in which fSL) and f_(,_L) show the left and right
Lth derivatives of f, respectively.

L =0 is defined by f(o) (ti) = limt_%i f@t). Also, I1,,,_1 denotes the
set of polynomials with degree not exceeding m — 1.

A proof of this lemma may be found in some standard textbooks
on spline theory, see for example, [13, Theorems 4.14, 4.18]. An
immediate result of Lemma 3.3 is as follows:

Corollary 3.4. Let Vm —and Vbl be given as before. Then,

stm

(i) for any set {ni}i\lo where ni <m, the space V, ., is a subspace
fVm e,

7

Vv

) m—1,
m,t, V tJ ;
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ii) for the knot sequences ti and ti+!,
m m

V & CV REARE

m,tm

holds.

Case (ii) follows from the fact that N; < N;;1 and tJ, C tJF1 with
the HlultlphCltleb {nd}, and {ni T} such that {(t],nl)} 2, C

1 j+1
(@1 nd T} Since V. 4, and V41 are two closed subspaces,

there exists a subspace W 3, 80 that Viwirt = Vi @ W 4.

Hereafter, when there is no amblgulty, v Vo i+t and W, VVTH

J
m,ty, 7 T m,ty,

be denoted by V;,V;41 and W;, respectively.
By Lemma 3.3 and Corollary 3.4, it turns out that

NJ+1 1

j+1 ; _ J
dimVj4q = E ny o, dimV; = E n..
k=0

Hence,
1
Njt1—

N;—1
dimW; = E nj+1 E ny,
k=0

since dim W} = dim V41 —dim Vj. Also, it may be seen that a change
on the knot points can be made to have the same dimension for W;
and V.

Remark 3.5. Note that {V;};>0 does not satisfy concept (iv) of Def-
inition 2.1. For instance, consider the knot set t(21) ={0,0,1/2,1,1},

) = {0,0,1/4,1/2,1,1}, and assume that the function f is defined
on tgl) by

r—1/2 f0<z<1/2
(3.12) fley={1/2—z if1)2<z<]1,

0 otherwise.

By Lemma 3.3, it is clear that f € V.! ,; however, f(2-) does not belong

tl’



1472 MARYAM ESMAEILI AND ALI TAVAKOLI
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FIGURE 1. An illustration of knot vector on (a) level 1 or j = 0, (b) level 2
or j =1 and (c) level 3 or j = 2.

1
to V2,t§7 since

20— 1/2 if0<z<1/4,
(3.13) fr)=<1/2-2z if1/4<z<1/2,

0 otherwise,
that is not continuous in 1/2.

Now we are ready to determine the nature of the space W;. This is
the subject of next section.

4. Construction of MKBSW. In this section, we present the
construction of MKBSW. For this purpose, we introduce the following
subspace:

Spn git1 = {s € Vva,tZ‘,jl | S(L)(ti) =0,

L=0,1,...,nl =1, k=1,...,N; — 1},

in which s&) shows the Lth derivative of s. It is obvious that the zero
function belongs to S, ¢i+1 which implies S, ¢i+1 # 0. An illustration
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of the knot vector from j = 0 to j = 2 is shown in Figure 1.

Now, we can state the following theorem:

Theorem 4.1. Let m = 2,3,... and j € N. Then the mth order
differential operator D™ maps the space S, yi+1 one-to-one onto the
space Wj.

Proof. Firstly, we prove that, for s € Sy, ¢+1,
D™ms =M e W;.
To this end, we show that

(a) s™ev_ g+1and  (b) sm | v

i -
m,tm

Next, s(™) € V.. i+t is followed from a characterization of V, i+1 given

in Lemma 3.3 b)m In order to prove (b), we must show that for, each
BeV,

J
tm?

/1 B(x)s'"™ (z) dx = 0.
0

If1<k<N;—1,thenl gni <m-—1 yieldsogm—ni—l <m-2.
Now, define BY := {m —nj, — 1|1 <k < N; —1}. We can order the
elements of B/ as B/ = {b;}/_; such that

by <by <---<b,.

Let AJ :={t] |0 <k < Nj and m —n), —1 < b.} where c = 1,2,...,r.
Note that AJ # 0§, for each ¢, since at least 0,1 and {t, | 1 < k <
Nj —land m —nj — 1 = b.} belong to AJ. Moreover, A can be
denoted by Al =: {tg-};2, with

iy j
the <thg <-o- <ty

where £ denotes the cardinal number of AJ. Also, note that Ag C
A.iﬂ, Al = tJ, and K, = N; + 1. The most multiplicity of #,7" in
t/1 is m due to endpoints 0 and 1. Therefore, by Lemma 3.3, it
turns out that s € C™(R), which implies s(%)(0) = s()(1) = 0 for
L=0,1,...,m— 1. Furthermore, we have B € C*([0,1]). By (b + 1)
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times integration by parts, it follows that

(4.1)

1
[ B dr = (1t [ B @) o
0
K1 1

_ b1+1 Z/ z+1Bb1+1) ) (m—by— 1)( )d

By Lemma 3.3 and the definition of AJ, we have B € Cb ([t 9171%1 1])

fori=1,2,..., k1 —1. Ontheotherhand,mfniflgbl fortj e A,
and thus, m —b; — 2 < nj — 1 implies

sE())=0, L=0,1,...,m—b —2 i=12... ¢k,

by the definition of S, ¢;+1. Thus, by — by times integration by parts
gives

tj
(4.2) / 91‘1+1 B(b1+1)(x)s(m—b1—1)(m) dx
tj

I

_ (71)b27b1 / 911+1 B(b2+1)(33)5(m7b271)($) da.
tj

Continuing this process bo—by,b3—bo, ... and b,.—b,_1 times integration
we have

1
(4.3) / B(x)s"™ (z) da
0
Ni o etd,
= ()" / B (2)stm 0 (2) da
i=1 /tor

In the case where b, = m — 2, by (4.3), we have:

1 Ni o ol
(4.4) /0 B)s™ (@) do = (~1)" /tj RO (38 () da
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If b, < m — 2, applying m — b, — 2 times integration by parts,
(4.5)

1 Nio i,
/ B(x)s'"™ (z) dx = (—1)b+ Z/'el“ Bl () sm=br =1 (1) dz:
i=1 7 tyr

0
Ni o otl,
=Y [ B @) ) di,
i—1 7%

which is the same as (4.4). In addition, B(™~1 is a piecewise constant
polynomial, i.e., ' .
B™ Y =¢ in [ty tégvﬂ],

for i =1,2,...,N; where ¢; is a real constant. Also, s vanishes at the
endpoints of [t},, té_r+l]. Then, for i =1,2,..., Nj, it follows that

th, thr
(4.6) / B ()¢ (2) dir = ¢, / T (@) de

i i
— I\ _ oI _
= Cz[s(teg) 3(t9;+1)] =0.
Consequently,
1
/ B(x)s"™ (z)dz =0
0
establishes (b).
Next, we show that D™ is an injection operator. Let s(™) = 0. Then
S|[ti+1’tif1] ell,,—, k=0,1,...,N; — 1.
We know that s(¥)(0) =0 for L = 0,1,...,m — 1. Thus,
S|[0’tg1'+1] =0.

Furthermore s € C™ '(R) that gives s (#*") = 0 for L = 0,1,...,
m — 1. Therefore,
S‘[t_i+l7t_;‘+l] =0.

Continuing this process for k = 2,3,..., N; — 1, we can conclude that
s = 0. Thus, D™ is an injective mapping.
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Now, as previously mentioned,

Nj+1-1

dlmV tJ+1 = E n]+1.

Also, the conditions
sB(ty=0, L=0,1,...,n), -1, k=1,2,...,N; — 1,

are independent, which yields

Nji1—1 N;—1

(4.7 dim S, = Z nJ'H Z ny..
k=0 k=0

On the other hand,

Nj1—-1 Nj—1

dimW; = Z nﬁ'1 Z ny,
k=0

which yields the mapping is onto. This completes the proof. O

Now, the fundamental question is: by Theorem 4.1, for any
belonging to W, there exists an s € S, i+1 such that D™s = 1.

m,

The question is then how to explicitly identi%ny the members of W;?
By the definition of S, ,;+1 and Corollary 3.4 (i), we have S, i+1 C

‘/227:;}1 Then, by Lemma 3.3 (ii), we have
s |[ti+l7tiill]€ Hom-1,
for k=0,1,...,Nj4+1 — 1. We assume that

S |[tj+1 i+ ]: Pk, S |[tj+1 I+ ]: Qk7 k :O,].,...,Nj —1.

2k 72k41 2k+1°"2k+42

We consider the particular case that, for any t,;, E=1,2,...,N; -1,
+1 1 j

there exists a tj such that <t =t +t,,)/2 <t Now,

noting that n% = nk and Nj;11 = 2N;, we have:

s =0, L=0,1,...,n0p -1, k=1,2,...,N; — 1.
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Then, by Lemmas 3.2 and 3.3 (i) for £ = 0,1,..., N; — 1, there exist
two sets {ag; 12 "2 and {8y }on "2 7! such that

2m—nop—1

(4.8) Po(x)= Y api(z =t e — a0

i=0
and
2m7n2;€+271 ) .
(4.9) Qe(w) = Y Brilthii, —2)* e — 15,
i=0
hold. Then, we have
N;j—1
Z (4m — nag — Nok42)
k=0

unknowns which should be identified. In order to form the correspond-
ing equations, we first note that

s(_L)(tiﬂ) = siL) Y for L=0,1,...,2m —ny — 1,
and k£ =1,2,...,N;;1 — 1. Thus, we have the following equations:
L)/,j L),j
(410) P50 = Q17 (B),
L=01,....2m—ngey1 —1, k=0,1,...,N; -1,

o o
(4.11) QP (#1,) = P& (8 L,),

L=01,...2m—nosn—1, k=01, .. N;—2
On the other hand, for £ =0,1,...,N; — 2,
) = P 1) =0, L=0,1,... nyn — 1.
Then, the second relation of (4.10) reduces as:
V() = RO

L =nogyo,nopr2+1,...,2m —nopia — 1,
k=0,1,...,N; — 2.
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Consequently, we obtain a system with

N;—1
Z (4m — nax, — Nak2)
k=0
unknowns and
N;j—1 N;—2
Z (2m — nog41) + Z (2m — 2ngg42)
k=0 k=0
equations. Since
N;—1 N;—2

N;—2

Z (nak + nakt2) =no + 2 Z Nok+2 + NN, = 2m +2 Z N2k+2,

k=0 k=0

k=0

then there exist Ei\’;al nop+1 degrees of freedom. We can form more
explicitly the system of equations. For this, we note the following simple

proposition:

Proposition 4.2. Let g(x) = ax + ¢ and h(x) = bx + d be two linear
functions in which a and b are equal to 1 or —1 and ¢ and d are arbitrary
real numbers. Setting f = g™h™ for m,n € ZT, the Lth derivative of

f satisfies the following:

—1

(112)  fO(x) = <L!>§aib“ (7)(," ) e,

where g9 =0 and h1 =0 if ¢ < 0.

Now, by Proposition 4.2, for £ =0,1,...,N; — 1, we have:

(4.13)

(n) TR GS, pg(2m =i =1\ [
PP =L > Y (-1 . L4 avk,ip(T),
i=0  q=0

S om—i—1\( i
3 il
SOELDY §:<—1>q( )(L
i=0 q=0 q

where

pla) = (@ — 5P gl — et

2k+1

)m,iq(a:x
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and
a(2) = (thity — 2" @ — g0, )
We define the index sets of the wavelet by
TV = {(k,1)] 0< k < Nj — 1,0 < i < 2m — gy, — 1}
and
T = {(k, i) 0< k < Nj —1,0 < i < 2m — ngpy — 1}

Now by (4.10) and (4.13), we can write:
P om— 2m —i—1
(4.14)  (rg,)*m Et Z ( _; )Oék,i
Skt1
2m—i—1
-3 - e G

for 0 < L < 2m—n2k+1—1 0 < k < Nj —1, where & =
min{2m — gy — 1L}, 7 — (654 — )/ (5 — £71) and

2m—nop42—1 i
4.15
CD YR PRI

i=2m—L—1
X () (134> B + (FD) P ag1a) =0,
for nog+o < L <2m—nopyo—1,0 < k < N;j —2, where {Oé]ﬁi}(k’i)ejj(l)
and {ﬁkﬂ-}( kiyeg® ATe unknown values. We know that the maximum
value of ngy is m and ngg4y <m—1for k =0,1,...,N; —1. Then
Nok+1 — 1 < 2m —ngp — 1.

On one hand, by Theorem 4.1, for any ¢y € W, there exists an
s € Sm’tg;rl. Conversely, the coefficients oy ; and B ; are handled to
form the function s. Therefore, the existence of the solution for the
system comprised by (4.14) and (4.15) is guaranteed.

Now, we find a solution for the system given by (4.14) and (4.15)
with a free selection of {ag;}g,; for kK = 0,1,...,N; — 1 and i =
0,1,...,n2k+1—1. For k* 2071,...7Nj—1 and i* = 0,1,...,n2k+1—1,
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we define the set Ag- ;« as

Ap i = {0k k= Oi i Fo<k<N; —1,0<i<najs1—1

in which 0 is the Kronecker delta defined by

ij = {1 Z D ]:’
0 i#j.
Let us fix £* and ¢*. By defining
T ={(k,i) |0 <k < N; — 1,0 <d <mggyr — 1},
and setting {ak,i}(k,i)ejj* := Ay~ 4+, a full system in terms of
{ak,ito<k<N;—1nap 1 <i<2m—na—1 and {Bk,i}(kvi)ejj@)

is obtained from which a unique solution is derived. We represent this
Ags s " 4 {gre
(ki)eg® Al B ™ Y, eg®:

for each selection of k* and ", a solutlon is determmed

solution by the sets {c; Hence,

The set {sh%= i I i*)egr may be thought of as a set of polynomials

Age i )

specified by substituting {akk* *}(k Heg® and {B (2 in

(k,1)€T;
the relations (4.8) and (4.9), respectively. Now, we Wlll show that the
set of {sAk Frxiv)e Ty is independent. For this, assume that there
exists an {Ak*7i*}(k*,i*)ejj* such that

(4.16) S@)= D Ageies™ () =0,
(k*,i*)eT;

By (4.8) and (4.9), the polynomials of degree 2m — 1, PA” -

Apr i+
k

and

can be considered such that

) Apx i
SN | e = Pt
(2% 5tk 11l
Apx 4% Apx i
SR +1 +1 = ’ k=0,1,...,N; — 1.
gt = @ e

Setting 6 := tg:}rl, for k=0,1,...,N; — 1, we have

lim S(z)=0

z—0~
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which yields

im > Ap o PU=0, k=0,1,...,N; 1.
z—0— ’
(k*i*)ed;

2m— nak— 1

lim Z Ap= = Z aAk* i _t3+1)2m i— 1(t;2i1 $)7 —0,

a:—>9_
* *)ej*

for k=0,1,...,N; — 1. Thus,

(4.17) ST Apeals =0, k=0,1,...,N; -1
(k*,i*) €C7*
Since 0420 " = bk =00+, relation (4.17) implies that Ao = 0 for

k=0,1,...,N; — 1.
On the other hand, by differentiation of (4.16), we have

ds(z) ds™.i* ()
4.1 - LT,
(1.18) > e S g
(k* i) ey

Now, similar to the above operation, for [ds+*i (z)]/dz, (4.18) clearly
gives A1 = 0, for £ = 0,1,...,N; — 1, if nopy1 > 1. Apply-
ing the consecutive derivatives and continuing this process for i =
2,3,...,n2k+1 — 1, implies that

Ak:*,i* - 07 (k*aZ*) S \7_7*7

Apr i

hence, {s Yeminye T is linearly independent. Thus, we proved the

next theorem:

Theorem 4.3. Let j>0 be an integer number. For any {(k*,i*)} - i+ DeTr
there exist two sets {ak,i }(k,i)ejj* and {ﬁk,i* *}(k,i)ejj* such that
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{5} e imyeg; 5 defined by

2m—nor—1 m
Ak* i* k,j ]+1 j+1
Z Z Fii(z) 6 <a <ty

w(k*vi*)aj (CL’) = 2m n2k+2 1 m
Ao ix /w j+1 J+1
Z Zﬁ Giq (X)) typpy <@ <ty

for k =0,1,...,N; — 1, constitutes a basis for the wavelet space W,
where

Ffd(@) = (—1)me <2m _qi . 1) ( 1 q)

(o = 5P (i, — e,

and

Gt = o (™ (L)

j+1 —i—g— +1 -
(ték+2 )i (g t%k+1)l+q ™.

Theorem 4.3 can be stated in a simpler form: Let 7 > 0 andm > 1 be
integer numbers, and let {nk},ivio be given as before. Forh=1,2,...,N

such that
N;—1
N =" nop,
k=0

there exist two sets {a ;}iy b and {Br s Y such that {yp}i_,, de-
fined by

(4 19)
Nj—1m—1
h
- Y Y b g+ PG i)
k=0 =0

constitutes a basis for the wavelet space W;, where

(4.20) Fri(a) = (@ — 5" 1t — 2,
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and

(4.21) Gi,i(z) = (téz}rg —z)™ YNz — téz}rl)l

4.1. Minimal support. The MKBSW defined by Theorem 4.3 can
be constructed with minimal support. In fact, in order to have the
wavelet 1, with minimal support, we solve the following optimization
problem:

max p — ¢
s.t. System (4.14),
System (4.15),

p 1
/ |wh|+/ ] = 0,
0 q

0<p<qg<l

(4.22)

This problem yields the coefficients p, g, aﬁ,i and B,’;’i fork=0,...,29—
1 and ¢ = 0,...,m — 1. The interval [p,¢] would be the minimal
support of . Many methods exist for solving this optimization
problem. For instance, an efficient heuristic method is the Particle
Swarm Optimization (PSO) that can be rapidly converged ([5]).

Taking the optimization problem (4.22) into account, an algorithm
for deriving the wavelet basis functions can be given as follows:

Algorithm 1. Construction of Multiple Knot B-Spline Wave-
let.

(1) INPUT: multiple knots, level j and order of B-spline
m.

(2) OUTPUT: The wavelet basis functions .

(3) Solve 4.22;

(4) Compute v, by (4.19).

4.2. Description and discussion. Theorem 4.3 presents new mul-
tiple knot B-spline wavelets on the interval [0, 1] that contain the fol-
lowing properties:
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(i) Let the degree of B-spline m, the level j and the knot set t%)
be fixed. Every selection of {Ak*,i*}(k*’i*)ejj* gives a new wavelet
basis for W;. For instance, we can take Ap« ;« = {ak,i}(k,i)ejj* with
Ok = Cki0k k+0; 4+ in which {ck;}x; are arbitrary real numbers.

(ii) The free selection of multiplicities for the knot points makes it
the flexible and efficient wavelet in many applications.

(iii) The form of the basis functions is explicit and, in addition,
their derivatives of any order would be easily available. Moreover, the
structure of the wavelet is based upon polynomials; therefore, it is
conceptually simple and easy to implement.

(iv) Although the basis functions of the space W}O’l] are not re-

finable, in the case of linear knots k277, they can be represented as
follows:

29 —1m—1
g =200 DN TN ), (2 k) + BE R, (2 k)
k=0 i=0
where
1/};1,1' = (29" (1 =2 x0,1/2) (),
and

72n,,1' =(2-2)""1(2- *1)iX[1/2,1)(')-

Agx

. Agw o
(v) As the level j increases, the nonzero values of a;. ;""" and 8, %

will decrease, see Section 5.

(vi) Boundary adapted and boundary symmetric are two important
features of the basis functions of a wavelet space that are noteworthy.
These are important, for example when we are solving a boundary
value problem. We recall a system of functions F := {f1, fa,..., fm},
fi : [07 1] — R,

(a) boundary adapted, if

fi(0) £0 fori=1,2,...,k
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and
fitl) #£0 fori=M,M—-1....M—k+1;

(b) boundary symmetric, if
fi(0) = far—ipa (1) fori=1,2,..., M.

For more details, see [15]. The number of wavelet basis functions
which are nonzero on the endpoints 0 and 1 are at least n; and
Noj+1_1, respectively. Furthermore, the wavelet bases generally are not
boundary symmetric. Neither are they boundary adapted except when
the multiplicities of the mid knots are equal. In addition, in general,
the bases also do not have any axis of symmetry. Moreover, in Figures
2, 3 and 4, in which the multiplicities of the middle knots are fixed and
equal to n, it appears that there exist n bases which the other bases
are a translation thereof, i.e., we have 29 — 1 translation from any n
basis functions.

5. Numerical examples. In this section, some numerical examples
are presented to show the graph of the basis constructed in the preced-
ing section. To this end, the different levels of j with different orders
of B-splines m along with a variety of knot set {t%)} are considered.

Figure 2 shows (- j+) 3 with m = 6 and the knot multiplicity of
{no = 6,711 = 3,712 = 4,%3 = 2,714 = 5,n5 = 3,7’L6 = 5,717 = 2,718 =
6}, while Figures 3 and 4 show )+ ;+)4 with m = 6 and the knot
multiplicity of

{ng =6,n1 =5,n2 =3,n3 =2,n4 =4,n5 = 1,n6 = 2,
717:3,718 :5an9 = 1;”10:377111 :37

nig = 5,n13 = 4,n14 = 2,015 = 4,n16 = 6}.

As expected, the lengths of the supports of 9 ;4 for (k,i) € Jf
are shorter than those of 1 ;) 3 for (k,i) € J5. Also, Figures 5,
6 and 7 show the wavelet basis functions of 1y ;) o for (k,i) € J5
on the spaces V', V. and V7., respectively. Figure 8 shows the
14 1vq v4
bases {w(k7i)72}(k7i)e‘72* on the space V43t2 for the different selections
Ty
of Ape i = {aki}kiyesy, 1-€, Ak = CpixOp g+ 0iix With {cp v} =
{~1,0.1,2,1,5,-3,2,2.5,0.75,4,9, —0.2}. Finally, Figure 9 shows
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- o Ao~
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FIGURE 2. $,),3, 0 <k <3,0<4<nogs1 — 1 and m =6.

Y(k,5),; With m = 3, j = 2, first knots 0.4 and 0.87 the knot multiplicity
of {np=3,nm =Lne=1,ng=1,ng=2,n5=1,ng=1ny=1ng=
2,n9 = 1,n10 = 1,n11 = 1,n12 = 3}, respectively. No symmetry
is observed in Figures 2, 3, 4 and 8. Figures 5, 6 and 7 show the
wavelet basis functions that are boundary adapted, but they do not
have boundary nor axis symmetry. Note that, for any f € L%([0,1]),

we have B
F=Y0im@in+ D> (Frtbix) sk,
k

Jjzjo k

where @; 1 and zzj,k are dual scaling functions and dual wavelets,
respectively. Hence, when the wavelets v; ; are of small magnitude,
the corresponding dual wavelet Jj,k should be of large s magnitude to
approximate f well.
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FIGURE 3. Some basis functions of Vikyiya, 0 <k <7,0<4 < nogpr — 1
and m = 6.

6. Adaptive approximation. We know that wavelet compression
allows us to obtain a sparse representation of a function f which is
smooth, except at some isolated singularities, in the sense that most
of the wavelet coefficients are small and hence can be neglected, see
[3]. The level j usually should be large enough to lay the functions
such as f in the multi-resolution space V;. However, this is generally
not the case for the multi-resolution space generated by MKBS basis
functions, since it can contain the basis functions that are not smooth
in the singularities points. Hence, a better approximation of f is
expected when we use MKBS basis functions. In addition, f can be
approximated by keeping only a small number of wavelet coefficients
over the other wavelets and significantly reduce the complexity of the
description of f without affecting its accuracy.

In this section, we present two examples whose functions are
smooth, except at some isolated singularities, and are approximated
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FIGURE 4. The rest basis functions of ¢x,:),4, 0 <k < 7,0 <4 < mngpy1—1
and m = 6.

FIGURE 5. %(0,0),2, ¥(1,0),2> ¥(2,0),2> ¥(3,0),2 in the space V41,2-

by MKBSW and some other wavelets. The functions of both exam-
ples are approximated at the level j = 9. For each example, a table is
given that shows a comparison of errors (€) and the number of zeros of
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FIGURE 6. (44, 0 <k <3,0<4i<1in the space V{s.

detail coefficients in percent between MKBSW and the other wavelets
up to level j = 9. In the first column of the tables, dbN denotes the
Daubechies family wavelets, where N is the order, and db the “sur-
name” of the wavelet. Also, coif and bior show the coiflet wavelets
and biorthogonal spline wavelets, respectively. The error is taken by
[I-ll2-

Example 1. For the first example, we consider the function f : [0,1] —
R, defined by

6.1
(6-1) 507 —22° + 2+ 3.1875 x € [1/2,1].

fa) = {x7—3m5+15x2 z€[0,1/2),

Figure 9 shows the function f that contains a singularity in z = 1/2.
Function f is only continuous at this point and there is no more
smoothness. Hence, the multiple knot function with multiplicity n =7
is considered. Moreover, we use hard global thresholding thr = 0.001.
A comparison of the errors and the number of zeros in Table 1 is given.
As expected, the MKBSW has a lower error and more zeros for the
detail coefficients. The number of zeros in percent is few for Haar
and db2 while it is prolific for MKBSW and the other wavelets. Note
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FIGURE 7. 94,5, 0 <k < 3,0 <4 <2 in the space V43:2.

that, by Lemma 3.3 (ii), function f belongs to the space Vg,¢9 in which

t) = {k2*9}%9:0 with nf, = nl, = 9,n)s = 7, and nj, = 1 for the
other nodal points. Hence, a good approximation solution is expected
even in the presence of thresholding. Furthermore, if there are more
singularity points in Figure 9, we may expect more difference in errors

between MKBSWs and the other wavelets.
Example 2. Consider the function f : [0,1] — R, defined by

£C27 X X
f(x):{?, 1/2z+5 €1[0,1/2),

6.2
(6.2) =322 + 42 +17/4 =z €[1/2,1].

Figure 10 shows the function f and its approximated function by
MKBSW. It contains a singularity at © = 1/2. Note that the function
f lies in the space Vs by Lemma 3.3 (ii) where V549 in which

t] = {k279)27, with ) = nly = 9, ns = 7 and nJ, = 1 for the other
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FIGURE 8. The basis functions of ¢4, 0 < k < 3,0 < ¢ < 2, with
Apr = = a;:f;f* ={-1,0.1,2,1,5,-3,2,2.5,-0.75,4,9, —0.2} in the space

3
Vio.

TABLE 1. A comparison of errors and number of zeros in percent.

Number of
Method € Zeros
MKBSW | 0.00004 91.01
Haar 0.0013 3.26
db2 0.0050 0.00
db3 0.0023 84.21
db4 0.0016 83.83
dbb 0.0018 81.80
coif2 0.0020 79.17
bior2.2 0.0032 72.41

nodal points. Function f is only continuous at this point, and there
is no higher degree of continuity. Hence, the multiple knot function
with multiplicity n = 2 is considered. Moreover, we use hard global
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FIGURE 9. 90,0y, %(1,0)s- - - » ¥(12,0)-

Original signal

FIGURE 10. The function f defined by (6.1).
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FIGURE 11. The original function f (left) defined by (6.2) and an approxi-

mation of it (right).

TABLE 2. A comparison of errors and number of zeros in percent.

Method

€

Number of
Z€eros

MKBSW
Haar
db2
db3
db4
dbb
coif2
bior2.2

1.0012e — 015
1.4465e — 013
7.7619e — 012
5.2660e — 010
2.3856e — 011
4.9877e — 008
3.45382e — 009
2.0332¢ — 013

99.61
1.72
0.00

83.85

78.03

73.47

70.58
0.00

thresholding thr = 10~7. A comparison of the errors and number of
zeros is given in Table 2. In Table 2, we observe that MKBSW has less
error and more zeros over the other wavelets.

7. Conclusions and future work. In this paper, a new multiple
knot B-spline wavelet was introduced. In fact, this paper generalizes
the construction of multiple knot B-spline wavelet that was introduced
by Chui and Quak [2]. The MKBSW of Chui and Quak has been
constructed based on the knot vectors that are multiple only on the
endpoints, while the MKBSWs introduced in the present paper are
constructed based on the knot vectors that are multiple not only
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in the endpoints but also in the middle knots. This work fulfills
the construction of multiple knot B-spline wavelets on the interval.
Multiple knot B-spline wavelets are only semi-orthogonal wavelets and
thus, for future work, the bi-orthogonal wavelets {1;(“)’ i} kiiye gy may
be built such that

({/’v(k,i),ja Yt ir),j1) = Ok ke Oiir 0 g

This is the subject of our upcoming work [14].
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