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ZETA FUNCTIONS AND
IDEAL CLASSES OF QUATERNION ORDERS

JONATHAN W. SANDS

ABSTRACT. Inspired by Stark’s analytic proof of class
number finiteness of a ring of integers in an algebraic
number field, we give a new proof of the finiteness of the
number of classes of ideals in a maximal order of a totally
definite quaternion algebra over a totally real number field.
Our proof makes use of Epstein zeta function properties.
This approach leads to alternative proofs of Eichler’s mass
formula and even parity of the number of ramified primes in
the quaternion algebra.

1. Introduction. In [10], Stark gives an analytic proof of finiteness
of the number of ideal classes in the ring of integers of an algebraic
number field. Here, we observe that Stark’s method can be applied
to maximal orders in totally definite quaternion algebras over totally
real algebraic number fields, providing a new proof of the standard
result that the number of ideal classes is finite in this situation as
well. The key is Theorem 5.1, stating that a partial zeta function
for a quaternion algebra over a totally real field of degree m may be
expressed as a product of gamma factors, exponential factors and a
function obtained as the average over all v in an m — 1-dimensional
cube of Epstein zeta functions for quadratic forms parameterized by v.
This expression, based on Hecke’s method [7], may be of independent
interest. As another application, we note that it leads to proofs of
FEichler’s mass formula and the even parity of the number of ramified
primes in the quaternion algebra in Theorems 5.3 and 5.4. These results
are standard. Weil provides adelic proofs in [15]. Here we provide an
alternative approach using some classical analytic methods. Note that
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the Jordan-Zassenhaus theorem provides an algebraic proof of a more
general finiteness result, see [9, Chapter 26].

The approach used is first to decompose the zeta function of a
maximal quaternion order into a sum of partial zeta functions, one
for each ideal class. Theorem 5.1 expresses these partial zeta functions
in terms of Epstein zeta functions for quadratic forms attached to ideals
in the quaternion order. Using formulas for the Epstein zeta functions
involving incomplete gamma functions allows showing that their values
at real arguments greater than one are bounded away from zero. This
yields a positive lower bound on the value of each partial zeta function
at such an argument. A determinant computation shows that this lower
bound is independent of the ideal class. Then, since the sum over all
ideal classes is finite, there must be a finite number of ideal classes.
With this background, we are able to equate the zeta function with the
finite sum of partial zeta functions at negative values of the argument
as well. Eichler’s mass formula and the even parity of the number of
ramified primes follow from letting the argument approach zero.

2. Preliminaries on orders. In this section, we review the neces-
sary background, see [9, 13, 14], for details.

2.1. Orders over rings of algebraic integers. Let F' be an alge-
braic number field of degree m over Q, and denote its ring of integers
by O = Op. Also, let A be a finite-dimensional, simple F-algebra, and
let A be an O-order A in A. Then, A is left (and right) Noetherian as
a ring and as an O-module.

We may also view A as a (Q-algebra; it is finite-dimensional over Q.
Similarly, A is a finitely generated, free Z-module. The same applies
for any left ideal I of A.

The usual norm map N,/ p from A to F' is multiplicative, and the
trace Ty p is additive. For v € A, we have that ~ is integral over O,
and hence, Ny, and Ty restrict to maps from A to O.

2.2. Ideals in maximal orders. Hereon, we assume that A is a fixed
maximal O-order of the simple F-algebra A and that [ is a left ideal
of A with finite index (A : I). Then, I is a right ideal for a possibly
different maximal O-order Ar(I). The quotient A/I is a finite left
module over the Dedekind domain O = Op. By the structure theorem
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for such modules, A/I is isomorphic to (#;0/a;) for a finite set of non-
zero ideals {a;} of O. We conclude from the multiplicativity of ideal
norms in O that the cardinality

AT =A:D) =[]0 a)= <C’)Ha)

?

The norm of I to O is defined as Ny, p(I) = []; a;; thus,
(A:I)=(0:Nayr(I)).

The norm Np/q is multiplicative from ideals of O to ideals of Z and
can be interpreted in a similar way. A may also be viewed as a simple
Q-algebra; therefore, it is easy to see that A is also a maximal Z-order
in A. Thus, we have the following.

Proposition 2.1. With A and I as specified at the beginning of this
section,

(A:I)=(Z: Npjg(Nayrp(I))) = (Z : Najo(I)).

Two left ideals I and J of A are defined to be in the same ideal class
if I = Jv for some v in the multiplicative group A*. The ideal class
of J will be denoted [J]. The following basic facts will be used later.

Proposition 2.2. For a left ideal J of finite index in A and an element
v € A, we have:

(i) J = Jv if and only if v is a unit of Ar(J).
(ii) If 7 is a unit in A and Jy C A, then

Na/p(Jy) = Najp(J)Nasp(v).

Proof. In order to establish the first statement, suppose that « is a
unit of Ar(J) with inverse . Then Jy C J =J-1=J -5y C Jy;
thus, Jy = J. Conversely, suppose that Jy = J. Then, by tensoring
over O with F, we have Ay = A. Thus, v is a unit of A with inverse 7.
Note that it is a two-sided inverse, since A is left Noetherian, see [9,
Theorem 6.4]. Then, J=J-1=Jyn=Jn, which shows that n € Ag(J).

For the second statement, see [9, Theorems 24.2-24.5]. O
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We now consider the inverse of the left ideal I of A with finite index
(A:1)=|A/I| =c. Define I"!' = {a € A:Ia C A}. Note that c € I;
thus, eI~! C A.

Proposition 2.3.

(i) I7! is a right A-module, and cI~' is a right ideal of A of finite
index. Both are left Ag(I)-modules. They are free Z-modules of
rank equal to the dimension of A as a vector space over Q.

(ii) The O-module consisting of all finite sums of elements of the form
abwitha € I andb e I~ isI-I71=A.

(iii) (I71:A)=(A:1).

Proof. For the first two statements, see [9, Theorem 22.7 and the
discussion preceding it]. The third uses [9, Theorem 24.5], giving the
properties of the extension N} /Q of Ny ,q to Q-multiples of ideals. [J

2.3. Reduced traces and norms in quaternion algebras. Hereon,
we assume that A is the quaternion algebra over F:

a,b
(%)

where a and b are elements of F. This means that A is the algebra
with center F' and F-basis {1,i,j,k} in which i® = a, j2 = b, and
ji = —ij = —k; thus, k2 = —ab. We can multiply a and b by non-
zero squares in F' without changing the isomorphism class of A; thus,
we will also assume that a and b are elements of O = Op. Note
that the Z-rank of A or any ideal of finite index in A now equals
dimg(A) = 4[F : Q] = 4m.

Quaternion algebra A has a standard involution sending v = x +
yi+ zj +wk, with z,y, z,w in F to ¥ = x — yi — zj — wk. The reduced
trace of v is the additive function

trd(y) =y +75 =2z € F,
and the reduced norm is the multiplicative function
nrd(y) = 77 = 2% — ay® — bz* + abw? € F.

Basic relations are Ty, p(y) = 2trd(y) and Ny, p(y) = nrd(y)?. If
~v € A, then v is integral over O, and hence, trd(y) and nrd(v) lie in
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O C A. Thus, ¥ = trd(y) — v € A. Therefore, the standard involution
also maps A to itself.

Proposition 2.4. For an ideal J of A of finite index and an element
v € A% for which Jy C A, we have (A : Jvy) = (A : J)Ngg(nrd(y))?.

Proof. Multiplication by a positive integer allows v € A. The result
can then be seen to follow from an application of Propositions 2.1
and 2.2. ]

2.4. Units in maximal orders of totally definite quaternion
algebras. Hereon, we assume that F' is a totally real field and A is a
totally definite quaternion algebra over F'. This means that

a,b
(%)

where a and b are totally negative elements of F. In particular, A
is a division algebra. The zeta function of the quaternion algebra is
of greatest interest in this case. Now, every non-zero left ideal I of A
contains a non-zero principal left ideal. Since there are no zero-divisors,
such an ideal has the same Z-rank as A, namely, 4[F : Q] = 4m, and
hence, is of finite index. Thus, every non-zero left ideal is of finite
index.

Units A% of A map to the units of O = O via the reduced norm
map, with the kernel denoted A;. This leads to the exact sequence

AX AX O

EX VR

From this and the Dirichlet unit theorem for F, we conclude that
|[AX/O*| divides 2™|A; /{£1}|, if the latter is finite. This is indeed
the case in our totally definite quaternion algebra A, as explained
now. Just as O embeds discretely in F' ®g R, A embeds discretely
in AR 2 (A®prR)®g F = (A ®r R)™. Now, since a and b are

totally negative,
~ a’ b ~

1 —

the Hamiltonian quaternions. Consequently, if we denote the Hamilton-
ian quaternions of reduced norm 1 by HJ‘, then A]* embeds discretely
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in (H;)™. Next, H{ = SU,(C) is a compact group; thus, A} is fi-
nite. With this in mind, we see that A /{£1} is isomorphic to a finite
subgroup of Hy' /{£1} = SO5(R).

Proposition 2.5. There exists a constant C,, dependent only upon m
such that, if A is a maximal Op-order in the quaternion division

algebra
a,b
A==

where a and b are totally negative elements of a totally real field F with
[F': Q] =m, then

A><

——|<cC
X m-
Orp

Proof. We may in fact take C,, = 2™Tm?2. Since |A*/O*| di-
vides 2™|A7 /{£1}|, it suffices to show that |A}/{£1}| < 32m?2. Now,
Ay /{£1} is isomorphic to a finite subgroup of SO3(R). Finite sub-
groups of SO3(R) are either cyclic of order n, dihedral of order 2n or
isomorphic to the symmetry group of a Platonic solid. Suppose that ~
in A" has order n. Since v € A, F[v] is a field extension of F' of rela-
tive degree 1 or 2. Thus, 7 is an nth root of unity in a field of degree
2[F : Q] = 2m; thus,

This yields n < 8m?. Thus, if A /{£1} is cyclic or dihedral, its order is
at most 2n, which is bounded by 16m?2; otherwise, its order is bounded
by |As| = 60. The larger of these two is 16m? unless F' = Q, in which
case we cannot have an element of order n = 5 by considerations similar
to those above. The largest possible group in this case is then Sy of
order 24. Therefore, A /{#1} has order at most 24m? < 32m? in all
cases. O
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2.5. Quadratic forms. For our purposes, a key property of the
reduced norm is that it defines a quadratic form from which other
quadratic forms may be obtained. Our assumption that

a,b
=)

with two totally negative elements a and b in the totally real field F'
implies that the quadratic form is positive-definite. Indeed, set g(vy) =
nrd(y) for v € A, and observe that, for 0 # v = x + yi + zj + wk with
2,9, z,w in F, we have q(7) = 22 — ay? — bz? + abw?, which is totally
positive because z2,y?, w? and 22 are all either totally positive or zero,
but not all zero. Thus, for each embedding o; of F in R, o;(¢q(7)) is
a positive-definite quadratic form on the vector space A over Q, with
values in R. Further, a linear combination of quadratic forms is again
a quadratic form, and we note that, if ¢1,ts,...¢, are positive real
numbers, then

n
> tioi(a(v))
i=1
is a positive-definite quadratic form on A over Q.

2.6. Completions. For each non-zero prime ideal p of O, let F,
denote the completion of F' at p. The completion of the totally definite
quaternion algebra A at p is A, = A®p F,. The prime p is defined as
the split in A if A, is isomorphic to the matrix ring M»(F}); otherwise,
p is ramified in A. Similarly, let O, denote the completion of O = O
at p, and let A, 2 A ®p O, denote the corresponding completion of
A. Tt turns out that the prime p is ramified in the maximal order A
if and only if A, is not isomorphic to the ring M>(O,) of two-by-two
matrices with entries in O,. Equivalently, A, is the unique maximal
Oyp-order in the unique quaternion division algebra over the complete
local field F},. There are finitely many ramified primes, and the square
of their product Dy is the discriminant of A. This discriminant does
not depend upon the choice of the amaximal O-order in A; thus, it is
also called the discriminant of A, see [9, Section 25].

3. Zeta functions. We now describe the zeta-functions of quater-
nion orders, Epstein zeta-functions of quadratic forms and a relation
between the two. For the basic theory of zeta-functions of orders, see
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[2, 13, 14]. For a comprehensive treatment in the case of F' = Q,
see [4]. For a primer on Epstein zeta-functions, see [12]. As usual in
this setting, s will denote a complex variable and R(s) its real part.
Recall that we are now assuming A = (a,b)/F for totally negative el-
ements a and b in F', although the definition of the zeta-function of A
can be made more generally.

3.1. Zeta functions of maximal orders in quaternion division
algebras. For the fixed maximal Op-order A in A, the zeta function

of A is defined as
Ca(s) =D _(A:1)7*,
I

where I runs through all left A-ideals of finite index. This sum
converges absolutely and defines (s as an analytic function for the real
part of s satisfying R(s) > 1. A proof of the convergence is given in
[2, Chapter VII], for example, but, because it is essential to our main
result, this section includes a sketch of this fact in our case of interest.

Although the ideal theory of A requires consideration of other
maximal orders of A, consider the reduced norms of ideals of A, which
lie in the Dedekind domain O. (The reduced norm of an ideal is
generated by the reduced norms of its elements.) This allows us to
show that {5 has an Euler product expansion, the product being over
non-zero prime ideals p of O. The zeta function of Ay, (s, (s), is defined
in the same way as for A: as the sum of the index of each non-zero left
ideal raised to the —s power. For each non-zero ideal m of O, let an,
denote the number of left ideals of A whose reduced norm is m. Using
completions and the fact that left ideals of A, are principal for each
prime p allows for aym = anayn whenever n and m are relatively prime.
This is sufficient to give

als) = ] ¢a, (5)-
p

By direct comparison of Euler factors, a formula involving the Dedekind
zeta function (r(s) of F is obtained:

(3.1) Ca(8) = Cr(28)Cp(25 — 1) H (1—(0:p)'2).

p|Da
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By standard comparison with a power of the Riemann zeta function,
the Euler product for the right hand side of this equation converges
absolutely for R(s) > 1, and hence, the same applies for [, Ca, (s).
This, in turn, implies that the sum (a(s) = >, (A : I)~® converges
absolutely to an analytic function for R(s) > 1, see [13, Chapter III]
or [14, Chapter 17] for details.

3.2. Epstein zeta functions. Let (Q be a positive-definite quadratic
form on rational k-space QF. An element of QF will be represented by
a column vector v, and v! stands for its transpose. There is a unique
positive-definite symmetric matrix P such that Q(v) = v!Pv for all
v € QF. Thus, P is the matrix of Q.

The Epstein zeta function of () is of the complex variable s, defined

Zols) =5 3 Q)™

0AVELE

Epstein introduced these zeta functions as generalizations of the Rie-
mann zeta function [5, 6]. They can be used to express Dedekind zeta
functions of number fields, and prove some of their properties, as seen
in [12]. We will show in Theorem 5.1 that they can similarly be used
to express zeta functions of quaternion orders.

We list the following properties, of which the first two are of primary
interest.

Proposition 3.1.

(i) The sum Zg(s) = (1/2) 3 g 1yezr Q(V) ™" converges absolutely to
an analytic function for N(s) > k/2.

(ii) Let I'(s) denote the gamma function and G(s,x) the incomplete
gamma function,

G(s,x):/ y e dy,
1

for x > 0 and all complex s. This yields the expansion

e —-1/2
Br(s) = 1T (s) Zls) = A — o
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1 G((k/2) — s,mviP~1v)

+ 5 Z ‘ <G(577TQ(V)) + det(P)1/2 )
0#£veZE

(iii) Zg(s) > m*[(det(P)~1/2)/(2s — k) — 1/2s]/T'(s) for real s > k/2.

(iv) Zg(s) has a meromorphic continuation to the complex plane.

(V) Zg(0) = —1/2, and the only pole of Zg is at s = k/2. It is a
simple pole with residue (7*/?T(k/2))/2+/det(P).

(vi) Zg(s) satisfies the functional equation ®p(s) = det(P)™*/2®p 1

(k/2) — s.

Proof. See [12, Chapter 1]. The last four statements are direct
consequences of the incomplete gamma function expansion. O

3.3. Partial zeta functions. The zeta function of a left ideal class [J]
in A is defined as

(3.2) CaL(s) = Z (A:I)7"

Ie€lJ]

By comparison with (4 (s), this also converges absolutely for $(s) > 1.
Indeed, the absolute convergence of the sum for (4 (s) implies that

(3.3) Cals) = Ca(s)
(7]

for (s) > 1. Note that this sum is over all non-zero ideal classes [J],
and this equality will be used to prove that the number of ideal classes
is finite.

Now, for each I € [J], we have I = Jv for some v € J~!. In
fact, Jy1 = Jv if and only if 73 = wuyy for some u € Agr(J)*, by
Proposition 2.2. Let wy = [Ar(J)*/O%|, so wy < Cp, = 2™5m?2, by
Proposition 2.5. Then, if we let J =1 /O denote a set of representatives
for the nonzero elements of J~! under the equivalence relation for which
the equivalence class of a nonzero v € J ! is YO, there is a ws-to-one
mapping from J~!1/O* onto [J] defined by v — Jv, as Ag(J)*~ is a
union of wy equivalence classes yO* = O*~. We find that

1 —S
Ca(s) = —— (AT,
T yer1jox

again converging absolutely for R(s) > 1.



IDEAL CLASSES OF QUATERNION ORDERS 1287

Then, using Proposition 2.4, this becomes

(A:J)s
wy

(3.4) Cay(s) = > Npjglord(y)) ™,

yeJ—1/OX*
converging absolutely for $(s) > 1.

Now, we let {o1,...,0.,} denote the set of embeddings of F' in R.
Then, we can express

Nr /gl (nrd(y H o;(nrd(y

Recall that each o;(nrd(7y)) is positive, as seen in subsection 2.5.

Let R™ denote the positive real numbers and Z* the positive in-
tegers. For any complex number s with R(s) > 0, any real number
c € RT and any integer g € Z*, we have a standard relation

r o d
(3.5) (95) _ / yrse— vy
c9® 0 Yy
in which we set ¢ =1 and ¢ = o;(nrd(y)). Thus, for each i,
T :/ e )y Wi
oi(nrd(y))*  Jr+ " i’

and hence, upon multiplying these factors together for i = 1...m, and
using Tonelli’s theorem:

A C / (g -+ )P Sa outumdayys WL dym
Npjq(nrd(y))s (RH+)m Y1 Ym

Applying Dirichlet’s unit theorem, let e1,...,6,,—1 be fundamental
units of O. Following Hecke [7], we change to the variables x € R™~!
and u € R* where x has components x1,...,Z,,_1 and

m—1
yi =u [ [ loi(e;)** = umi(x),
j=1

for each 7. Then

y;
8£Cj

dyi _ Y

ou  u’

= 2log|oi(ej)|y; and
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Thus, in the Jacobian matrix, we can factor out y; from the ith row
for each i, factor out a 2 from the jth column for 1 < j < m —1 and
factor out 1/u from the last column. In the remaining matrix, adding
all of the rows to the last row produces a new matrix whose (i, j) entry
is log |oi(g;)| for 1 <4, j < m — 1, and whose last row has every entry
equal to log | £ 1] = 0 except for a final entry of 14 ---+1 = m. Thus,
the Jacobian determinant is (2™ 'm [/~ vi/u)RF, where Rp is the
regulator of F'.

Since
= [Np/q(g)l =1/ =1,

Hﬂi(ﬁj)

the result of this change of variables is:

L(s)™

2m71
Npjq(nrd(y))®

m

Rp
. / / ume~ A U{,(Drd('y))n(x)u dj dx.
Rm-1 JRE

u

By equation (3.5) with g = m, we can perform the integral over u and
arrive at

L(s)™

_— :Qm'_lmR F ms
Nrq(urd(7))? rL(ms)

. (i o (ﬂrd(v))n(X)> .

Replacing s by 2s and summing over v € J~1/O*, we see from this
and equation (3.4) that
(3.6)

D(25)™Ca 1 (s) = 2m=ImRp T'(2ms)

wy  (A:J)s 2
N L. <§;ai(nrd(7))ﬁ(x)> ™

the sum converging absolutely for R(s) > 1.
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We may write the absolutely convergent integral here as

B7 > / Zal (nrd(y ))2msdx

Aezm—1
—2ms

- Z / (Zal (nrd(y TZX—I—)\)) dx,
[—1/2,1/2]™

)\emel

1/2,1/2]m=142A (

by changing variables via simple translations.

Since

m—
H |2zJ

clearly 7;(x + \) = 7i(x)7:(\) for A € Z™"! with components
)\1"')\m—1- NOW,

(1) -

where e\ = j€;\j is a unit of O. Since the set {e¢;} consists of
fundamental units of O, the elements + ¢, run through O* as A runs
through Z™~!. The integral in equation (3.6) thus becomes

—2ms
3.8 / < o (nrd(y 5 )1i(x ) dx
CUIED N SN 03 mi(x)

Aezm—1

Y (St ) e

EEOX

m —2ms
! nmdr ()
EEX(Q:X/ 1/2,1/2]m—1 <Zz_;

since nrd(ye) = nrd(y)nrd(e) = nrd(y) &2 for € € O.
Replacing the integral in equation (3.6) by this expression results in

(3.9)

2m2mRp I'(2
E(28)" G (5) = 2 2,
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Z / 1/2,1/2]m~ 1(§:Ui(md(7€))ﬁ(x)) 72msdx

yEJ ™ 1/(9X i=1
eecO*

2m=2mRr T'(2ms)
wy (A:J)s

3 (éaﬂnrd(v))n(x))?mdx?

yeJ T

again with absolute convergence of the sum for R(s) > 1.

For fixed x, consider the function of v that appears in equation (3.9):

1) = Y i) ().

By subsection 2.5, gx is a quadratic form on the Q-space A and is
positive-definite since each t; = 7;(x) > 0.

We are interested in the restriction of g5 to certain finitely-generated
Z-submodules £ of A of rank 4m. These are necessarily isomorphic
to Z*™ as Z-modules and will be called full Z-lattices in A, or sim-
ply lattices. Important examples of lattices are A, J and J!, by
Proposition 2.3. Given a lattice £, we choose a Z-module isomorphism
¢ : Z*™ — L. It will be seen that our results do not depend upon the
choice of isomorphism.

Extending scalars to Q, we obtain a quadratic form gy j-1 = gx0¢ ;-1
on Q*™. Rewriting equation (3.9) in light of these observations, we have

2" 2mR
(3.10) F(Qs)m(A,[J](s):TF (2ms)(A : J)~*
> / ax(7) 72 dx
’YEJ_l [_1/2)1/2]m_1
m—2
_ 2" mBr T(2ms)(A : J)~*
wy
Z/ Qg1 (V) T2 dx
v JIm1/2,1/2im
m—2
_ 2" mBr T(2ms)(A : J)~*

wy
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. /[_1/2 1/2]m—1 Z qx,J,l(V)—zmst,

vezZAm

the interchange of limit and summation being justified by the monotone
convergence theorem for real s with s > 1, and hence, for complex s
with R(s) > 1.

Now we note the appearance of an Epstein zeta function in equa-
tion (3.10). In order to normalize it, again let D denote the discrimi-
nant of A so that Dp is an ideal in O. Let dr denote the discriminant
of F' such that dg is an integer. Put

(O : Dy)t/4m
dF,A = f?

and define the normalized quadratic form

A )t/
(3.11) Qx,r1 (v) = (ﬁ Qx,Jfl(V)-

We show in the next section (Corollary 4.4) that the symmetric
matrix Py j-1 of the positive-definite quadratic form () ;-: has deter-
minant 1. This fact is needed to establish a lower bound, independent
of the ideal class, for values of partial zeta functions (Corollary 5.2).
This independence leads to the main Theorem 5.3 on the finiteness of
the number of ideal classes.

4. Computations with determinants and discriminants. In
this section, we compute det(Px ;-1) = 1. One may choose to accept
this result for now and return later to this section. We begin by consi-
dering the matrix p, » of gx,r = gz © ¢ for a particular order R C A
which is most amenable to computation. In general, we let p, o denote
the matrix representing gx,r = ¢, © ¢..

Let R = O @ Oi @ Of @ Ok, and let {f1,..., fm} be an integral
basis of O. Thena {fla .. 'afmaflia ceey mi7f1ja o '7fm.ja flky' . '7f77Lk}
is a free basis for R as a Z-module. We use this ordered basis to define
the Z-module isomorphism ¢5 : Z*™ — R in the standard way.

Since each v = x + yi + zj + wk, with z,y, z,w in O has reduced
norm
Cam 2 2 2 2
nrdg/p(y) =97 = 2° — ay” — bz” + abw® € F,
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we have

(4.1)
oi(nrd(v)) 7:(x) = Z oi(x? — ay? — bz® + abw?) T(x)

i=1

+zal —ay?) (%)

oi(=bz%) Ti(x) + Z oi(abw?) 7i(x)
i=1

'Pnﬁs

ﬁ
Il
—

ax(7)

E'qs

.
Il

'MS i

+

1

3

Now, for v = ¢r(v1,...,+vam), we have = v1f1 + -+ + Uy fom,
Y = Umyrf1 + -+ Vo fm, 2 = Vogrfi + - + U3 frm and w =
V3m+1f1++ -+ Vam . Thus, we find that gx, g = ¢x0¢r is represented
by a matrix p, g consisting of four m-by-m blocks on the diagonal:

S o (f)ory)me(x >) ;

k=1

or(fi)or(fj)or(—

M:

(= n)
( " o () (f)on( )

k=1

3
S

and

(iak<fi>ak<fj>ak<abm<x>)m_.

k=1

The determinant of px % is the product of these determinants. Each of
these matrices may be factored using M = (o,(f;)):,; and its transpose
M, along with diagonal matrices C(x, f) having diagonal entries
ok (f)(x), for certain fixed f € F. The respective factorizations are
MC(x,1)M*, MC(x,—a)M*, MC(x,—b)M*" and MC(x,ab)M*. The
determinant of M M? is the discriminant dr of the field F, by definition.
The determinant of C(x, f) is

[TonH) TTm(x) = Neyalh)
k k
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since

m—1
m(x) = ] low(e;)*™
j=1
and, for each j, we have

[Toxt)
k

Multiplying the factors together yields the next result.

= [Nrjoles)l = [£1] = 1.

Lemma 4.1. det(pxr) = dpNp/g(ab)?.

Now, we relate this to det(px, j-1).

Lemma 4.2. Suppose that L1 C Lo are Z-modules of rank m in A.
Then, det(px,c,) = (L2 : £1)? det(pa c,)-

Proof. Each matrix px ¢, is defined by choosing a Z-module isomor-
phism ¢, : Z*™ — L;. Let ¢ be the inclusion map of £; in L£o. Then
T = (15;1[:2 010 ¢xr, is a Z-module map from Z*™ to Z™, repre-
sented by a matrix C, and (Lq : £1) = |Lo/u(L1)| = |24™ /T (Z*™)| =
|ZAm /| CZA™ | = | det(C)|. Then,

(42)  ax, (V) = ax(t0 02, (V) = ax (02, (T (v))) = ax (02, (CV))
= (Cv)tpx,£2 (CV) = Vt(Ctpx,»C2C)V>

showing that px z, = (C'px.z,C). The result follows upon taking
determinants. O

Next, we can compute the determinant of interest. The first expres-
sion we give in the next proposition would be sufficient for our purposes,
but the second is more natural.

Proposition 4.3.

det( ) - d%NF/Q(ab)Q - d%(o : DA)
P2 ) = AT TR R)E T (A J)220m
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Proof. From Lemmas 4.1 and 4.2, with £; = R C A and £y =
J 1 DA, we get

_ d%NF/Q(CLb)Q _ d%NF/Q(ab)Q

det(px“]fl) = (J-T:R)? - (J71:A)2Z2(A:R)Z

Then, Proposition 2.3 gives (J=1 : A) = (A : J), establishing the first
equality.

For the second, consider the discriminants D and Dj of R and A,
respectively. These are ideals of O. We have from [9, Chapter 4] or
[14, Chapter 12],

(4.3) (16a%b?) = D = [A : R]*Da,
where A/R = @;0/q; as an O-module and [A : R] =[], a;. Hence,

B ’ [A(:Qm

‘:(0:[/\;72]).

(8 R) = /Rl = | DS =‘ 0

[]o
i

This equality and equation (4.3) lead to

(4.4)
16™ Np/q(ab)® = Np/g(16ab®) = (O : (16a°6%)) = (O : [A : R]*Dy)
= (0:[A:R])*(O:Dy)=(A:R)*(O: Dy).

Setting Np/g(ab)? = (A : R)*(O : Dp)/2*™ in the first expression for
det(px,j-1) yields the second. O

Corollary 4.4. det(Px j-1) = 1.

Proof. Since
A g)t/zm
C?x,J*1 = % x,J-15

3

we have that Qy ;-1 is represented by the 4m x 4m matrix

(A . J)1/2m

Py g1 =
’ dr A

Px,g-1-
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It follows that dpa = (d5(O : Dy))Y/4™ /2, and

(4.5)
A:J 1/2m A:J 1/2m
det(Px,Jfl):det <(dF)A px,Jl) = ((dF)A> det(px J- )
(A:J)? (A J)224m
= det(px j-1) =g det(px.j-1)=1.
d%{?}\ ( ,J ) dz}l?(o . DA) ( J )
The last equality holds by Proposition 4.3. ]

5. Main results. We now arrive at the following key result, directly
relating a partial zeta function to Epstein zeta functions.

Theorem 5.1.
(1) For R(s) > 1

2m=2mRp T'(2ms)

(5.1) ['(25)™Ca,11)(s) =

wy d2ms
Y Qe
—1/2,0/2m 0 S
2" 'mRp T'(2ms)
Cowy AR

| /[vl/Z 1/2]m—1 ZQX,J—l (2ms) dx.

(ii) The function (p5(s) extends to a meromorphic function on
the complex plane with its only poles at s = 1 and at negative integer
multiples of 1/2m.

(iii) The extended function Cy [y(s) has a zero of order m — 1 at

s =0 and
fim CA [J( ) _ _227n—3RF

s—0 gm—l wy
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Proof.

(i) These equalities directly follow from (3.10), together with the
definition of Qy ;-1 in (3.11), and the definition of Zg_ .

(ii) From part (i),
(5.2)
2"~ ImRp  T'(2ms)
Carn(s) = — / A4 _,(2ms) dx,
A[J]( ) wy d%’AF(QS)m (1/2.1/2m 1 Qu,s 1( )

and ZQerl (2ms) is meromorphic on the complex plane with a single
pole at s = 1, by Proposition 3.1. For each s # 1, it is a continuous
function of x, so when integrated with respect to x over the compact
region, it yields a meromorphic function with a single pole at s = 1.
Since I'(s) is also meromorphic on the complex plane with no zeroes and
poles only at s = 0 and negative integers, the expression for (y (7 (s)
represents it as a meromorphic function with the stated properties.

(iii) Using the functional equation for the Gamma function in equa-
tion (5.2) gives

(5.3) Ca(s) 2™ 'mRp I'(2ms+1)/(2ms)
' sl wysm el dEne(T(2s + 1) /2s)™

| /[_1/2 1/2]m—1 ZQX,J*I (2ms) dx

2™ 'mRp T(2ms+1) 2m1
o wy dERT(2s+1)™ m

| /[_1/2 1/2]m—1 ZQX,J*I (2ms) dx.

Now, letting s approach zero and using Zg_,, (0) = —1/2 from Propo-
sition 3.1 gives the result. O

Our main result is obtained by taking s to be a real value greater
than 1. We will use s = 2 to be explicit.

Corollary 5.2. (a (1(2) > (Rp/2%m?)(x*/6d% 4)™.
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Proof. Setting s = 2 in Theorem 5.1 and dividing by T'(4)™ = 6™
yield

melmRF
2T pg) / Zo. ., (4m)dx,
w, (6dg )™ [—1/2,1/2]m1 Qg1

Since det(Px j-1) = 1 as shown in Corollary 4.4, Proposition 3.1 (iii)
with s = k = 4m gives

,/T4m 1 1 71_4m 1
5.5 Z, dm) > T ) T T (4 R0
(5.5) Q.1 (4m) T'(4m) (Sm —4m 8m> I'(4m) 8m

(5.4)  Ca(2) =

Using this in equation (5.4), along with w; < 2"+5m? from Proposi-
tion 2.5, gives the result. ([l

We are now positioned to give our proof of the finiteness of the
number of ideal classes.

Theorem 5.3. In a mazimal Op-order A of a quaternion algebra A
that is ramified at all infinite places over a totally real field F, the
number of left ideal classes [J] is finite.

Proof. From equation (3.3) with s = 2, we have that

(5.6) Ca(2) = Z Ca,r1(2),
[J]

a sum over all classes of non-zero left ideals of A. Now, Corollary 5.2
gives

Ca,(7(2) 2 C(F,A),
with a constant C(F,A) > 0, independent of [J]. Since (5 (2) is finite,

the sum has a finite number of terms, giving the desired result. ]

By considering the equation

Cals) = Ca(s)
(7]

as s approaches zero, we can now prove the Eichler mass formula ([3])
and the even parity of the number of ramified primes in A over F.
The latter is typically obtained as a consequence of Hilbert reciprocity
for number fields, proved in [11, Section 10, Theorem B]. Analytic
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proofs of these results appear in the literature; however, we wish to
emphasize the use of s approaching zero rather than s approaching 1,
and the ability to determine the behavior at s = 0 directly from explicit
formulas rather than using functional equations.

Theorem 5.4.
(i) Eichler’s mass formula.
1 h
Z 1 F|CF 1| H (O :p)—1).
wy
(7] p|Da
In particular, (p(—1) is rational.

(ii) A special case of Hilbert reciprocity. The number of primes
of F' that ramify in A is even.

Proof. Equation (3.3) states that

(5.7) Ca(s) = Z Ca,r1(8)
(]

for R(s) > 1. Now that the sum on the right is finite, we can
conclude that this equation holds for the meromorphic continuation
of these functions as well. Dividing by s™~! and taking the limit
as s approaches zero on both sides of this equation with the use of
equation (3.1) and Theorem 5.1, we obtain

(5.8) (lho C:,,E 1)><F(1) [Ta-(©:p)=1lim ifn(sf

p|Da

CA J] 2m—3 1
D
[J]

The first limit is given by the general “analytic class number for-
mula” in terms of the class number hr and number of roots of unity
wr in F:

2 —h
lim 28 _ gmet gy P28 gy ZheBe

s—0 gm—1 s—>0( s)m—l - wWp
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For the totally real field F', we have wrp = 2. After substituting and
canceling in equation (5.8), this yields

69 hece(-D) JL0- @) =23
C/

pIDa
Taking absolute values now yields (i).

For (ii), we simply consider signs. In equation (5.9), the number
of negative terms in the product equals the number of finite primes
dividing Dx, which is the number of finite primes of F' that ramify in A.
Also, it follows from the analytic continuation formula for {r that the
sign of (p(—1) is (—1)™, a product of m negative terms. Now, m is the
number of infinite primes of F' that ramify in A, since F is totally real
of degree m and all infinite primes ramify by assumption. Since the
right side of equation (5.9) is positive, we see that the total number of
finite and infinite ramified primes is even. O

Remark 5.5. The Birch-Tate conjecture specifies the exact value of
Cr(—1) for totally real F in terms of the algebraic K-group K»(Op) and
a quantity wy(F') which can be most simply described as the maximum
number of roots of unity in an abelian Galois extension of F' whose
Galois group over F' has exponent 2. The conjecture that

m [ K2 (OF )|

CF(fl) = (71) ’U)Q(F)

holds for F' abelian over Q, and holds up to powers of 2 as consequences
of [8, 16].
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