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RATIONAL CONVOLUTION ROOTS
OF ISOBARIC POLYNOMIALS

HUILAN LI, TRUEMAN MACHENRY AND AURA CONCI

ABSTRACT. In this paper, we exhibit two matrix repre-
sentations of the rational roots of generalized Fibonacci poly-
nomials (GFPs) under the convolution product, in terms of
determinants and permanents, respectively. The underlying
root formulas for GFPs and for weighted isobaric polynomi-
als (WIPs), which appeared in an earlier paper by MacHenry
and Tudose, make use of two types of operators. These op-
erators are derived from the generating functions for Stirling
numbers of the first and second kind. Hence, we call them
Stirling operators. In order to construct matrix representa-
tions of the roots of GFPs, we use Stirling operators of the
first kind. We give explicit examples to show how Stirling
operators of the second kind appear in low degree cases for
the WIP-roots. As a consequence of the matrix construction
we have matrix representations of multiplicative arithmetic
functions under the Dirichlet product into its divisible clo-
sure.

1. Introduction. In 1975, Carroll and Gioia [2] gave a direct con-
struction for an adjoining gth roots, ¢ € Q, to the group of multi-
plicative arithmetic functions (MF) under the Dirichlet product. In
2000, MacHenry [5] gave a somewhat more general proof of the same
result. In 2005, MacHenry and Tudose [6] constructed the injective
hull of generalized Fibonacci polynomials (GFPs) and extended this
construction to the injective hull of the WIP-module, that is, the Z-
module of all sequences of weighted isobaric polynomials (WIPs) with
the convolution product. Isobaric polynomials are the symmetric poly-
nomials over the elementary symmetric polynomial (ESP) basis; the
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isobaric ring is isomorphic to the ring of symmetric polynomials. In
2012, MacHenry and Wong [9] showed that GFPs, together with the
convolution product, give a faithful representation of the group of MF
under the Dirichlet product, which in turn induces the embedding of
the MF group into its injective hull, that is, adjoins a gth root to each
multiplicative arithmetic function for all non-zero rational numbers ¢
in Q.

In 2013, Li and MacHenry [4] gave two matrix representations of
WIPs in terms of Hessenberg matrices; they showed that the determi-
nant of one matrix is the permanent of the other, and the determinant
and permanent is an element in the WIP-module.

In this paper, we use Hessenberg matrices to give matrix represen-
tations of the gth, ¢ € Q, convolution roots of GFPs, both in terms of
determinants and in terms of permanents. The main result of this pa-
per is Theorem 4.1 in Section 4. We introduce B; = ¢(¢+1)--- (¢ +J)
and B_; = q(q—1)--- (¢ — j), the Stirling operators of first kind and
second kind, respectively. Then we obtain Corollary 4.3:

F! is the determinant of the following matrix:

Bty -1 0 0 - 0
Byt %%tl -1 0 .. 0
Bots %(2% — 1)ty %g—ftl -1 ... 0 ’
Sn,n Sn,n—1 Snn—2 Snp—3 " Sp1

i.e., the recursion coefficients are
1(. Bn_; .
Sni=—|j=—"——(n— —1) )t
n.j n(]anl (n—J)(j )) T

for j=1,...,n—1, and s,,, = Bot,. We call these representations
Hessenberg-Stirling representations.

In order to produce the convolution roots of GFPs and WIPs, we
use the Stirling operators of the first and second kind. Currently, we
know of no such applications using Stirling generating functions. We
would like to point out the unexpected usefulness of Stirling operators.
They provide a complete answer to the construction of rational roots
of the group of multiplicative arithmetic functions under the Dirichlet
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product [2], which is a concern in arithmetic number theory. We
describe how GFPs are used to produce an isomorphism from the
group generated by GFPs under the convolution product to the group
of multiplicative arithmetic functions under the Dirichlet product [3].
The usefulness of Stirling operators in this case suggests that adjoining
roots (and powers) to other algebraic structures may also be achieved
by using them. Also, Stirling operators may have wider applications,
say, to other groups.

This paper is organized as follows. In Section 2, we review basic facts
about isobaric polynomials. In Section 3, we review the Hessenberg rep-
resentations of WIPs. In Section 4, we construct matrix representations
of roots of GFPs using Stirling operators. In Section 5, we review the
isomorphism from the group generated by GFPs to the group of mul-
tiplicative arithmetic functions. We thus have matrix representations
of elements in the divisible closure of MF under the Dirichlet product.

2. Isobaric polynomials. An isobaric polynomial in k variables
{t1,...,tr} of degree n is of the form

Pk,n — Z Cattlx1tg2 .. .tzk’
akFn

where Cy, € Z and o = (1, a9, ...,ax) - n means that (191,2%2 ...
k“*) is a partition of n with

k
Zjaj =n.
j=1

An isobaric polynomial may be thought of as a symmetric polynomial
written on the elementary symmetric polynomial (ESP) basis.

A sequence of weighted isobaric polynomials of weight w = (w1, wa,
., Wj,...) with w; € Z is defined by

_ |O‘| Zaiwi a1 yan ag
Pw7k7n—z (al,'--,ak |O[| tl t2 tk )

abn

where |a| = a3 + ag + - - - + ai. The union of elements of all sequences
of weighted isobaric polynomials is the set of all isobaric polynomials.
The index set {n} for these polynomials is the set of integers, positive,
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negative and zero, i.e., n € Z, in particular, P, ;0 = wk,k = 1, and
Pyro=1,k=0[3]

Note that the monomials are indexed by partitions (1¢t,2%2 ...,
k*) with parts no larger than k. Moreover, the elements in a sequence
of weighted isobaric polynomials occur in linear recursions

Pw,k,n = tlpw,k,n—l + tQPw,k,n—Q +- tij,k',n—j +-- tkPw,k,n—ka
with respect to the recursion parameters [t1, ..., %]

Two important sequences are the generalized Fibonacci polynomials

(GFPs)
« e (0% e}
ka = E (al,'|”|’oék> t11t22 ...tkk’

abn

where the weight vector is w = (1,1,...,1...) with Fy o = 1 and the
generalized Lucas polynomials (GLPs)

n
Grn = E o —— R R
k,n (al,...,ak |a] L2 ko

abn

where the weight vector is w = (1,2,...,4,...) and Gy = k.

Remark 2.1. GFPs are complete symmetric polynomials written on
the ESP basis, and GLPs are power sum symmetric polynomials written
on the ESP basis; each of these sequences of polynomials is a basis for
the ring of symmetric polynomials.

Remark 2.2. WIPs, in general, have special significance in the ring
of symmetric polynomials. In order to see how this comes about, it is
convenient to consider the notation [t1,...,tx] used above to indicate
recursion parameters. More generally, we also use [t1, ..., ;] to indicate
the monic polynomial C(X) = X* —¢; X*=! —... — ¢, that is,

(b1, ote] = XF —t, XF -y

When we consider ¢;s as variables, we often refer to C(X) as the generic
core, and, when we evaluate ¢;s over the ring of integers, the term
numerical core will be used.

Remark 2.3. It is trivial to verify that, when k = 2, GFPs are general-
izations of the classical “generalized Fibonacci polynomials,” and GLPs
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are generalizations of the classical “generalized Lucas polynomials” [1];
when t; = t5 = 1, GFPs and GLPs become the classical Fibonacci and
Lucas sequences. It is surprising that these older terms persist in the
current literature in competition with the true generalizations.

Next, we consider the companion matriz of [ti,...,tx] = X* —
t1 XF-1 — ... —t;, namely, the k x k-matrix:

0 1 0 O

te te—1 -+ T2 11

We use Ay, to construct the next infinite matrix by appending the orbit
of the row vectors generated by letting Ay act on the right of the last
row vector in Ay, and repeating the process on the successive last row
vectors. Noting that Ay is non-singular exactly when ¢, # 0 and adding
this as an assumption, we can perform the analogous operation on the
first row vector of Ay, extending the rows northward, yielding a doubly
infinite matrix with & columns. We call this the infinite companion
matriz and denote it by AR°, or simply as A* when the k is clear. Since
it is completely determined by the polynomial C(X) = [t1,...,tk], we
call C(X) the core polynomial.

(—=1)*~ 5( oak-1y oo =81y S g
( 1)k S( 1,1(k=1)y "~ —5(71,1) 5(71)
(=) 1S 1e-ny -+ —=Swo1 S
P=l (= 1)’“ 5(1 -0y =Say S
(1)~ 5(2 -y =Seny S
(—1)k- 5(3 we-ny o =Say S
(=1~ 5(4 w0y =Sy Sy

=((=1)* 78 (10-1)-

As pointed out in a number of previous papers, e.g., [3], the matrix
A7° has the following remarkable properties:
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e the k x k contiguous blocks of A>° are the successive powers in
the free abelian group generated by the companion matrix Ay.

e The rows of A give a vector representation of the successive
powers of the zeros of the core polynomial. Essentially, this is
a consequence of the Hamilton-Cayley theorem.

e The right hand column of A is merely the GFPs.

e The traces of the k x k contiguous blocks give the GLPs in
succession.

e The k columns of A are linearly recursive with respect to the
coefficients of the core polynomial as recursion parameters.

e The columns of A> are sequences of weighted isobaric polyno-
mials with weights +(0,...,0,1,1,...,1,...).

e The elements of A°® are Schur-hook polynomials S(,, 1~y of arm-
length n — 1 and leg length r, in particular, F , = S(,).

e The sequences of WIPs form a free Z-module. The columns of
A form a basis of this module.

Moreover, there is a second matrix that is induced by the core
polynomial [3]. Consider the derivative of the core polynomial

C(X)=kXF 1 -t XF2 - 1y,

from which we manufacture the vector (—tg—1,...,—t1,k). Again,
letting the companion matrix Ay act on this vector on the right and
appending the resulting orbit as additional row vectors, we get a k X k-
matrix, which we call the different matriz, denoted by D. From D,
we construct an infinite matrix D> as we do for A*. We call D>
the infinite different matriz. It, too, has some useful and remarkable
properties [3]:

e the determinant det D = A, the discriminant of the core
polynomial.

e The right hand column of D is the sequence GLPs.

e There is a bijection £ from A to D> which takes the element
a;j in A* to d;; in D°°, which has the properties of a
logarithm on elements, and which implies that £(Fy ) = G n-

e The columns of D*° are linear recursions with recursion pa-
rameters {t1,...,%;}.

Next, we would like to point out how the sequences discussed here
are important. In a series of papers [3, 4, 6, 7, 8, 9] it has been shown
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that subgroups of the ring of arithmetic functions, namely, the Dirichlet
group of multiplicative arithmetic functions, and the additive group of
additive arithmetical functions have faithful representations using the
GFP and the GLP sequences; they also show up in the character theory
of symmetric groups and Pdlya’s theory of counting [3, 11]. In the
following section, we will recall the matrix representations of the GFP,
the GLP and, in general, the WIP sequences [4], which give an explicit
algorithm for computing these sequences and are useful for calculation.

First, however, it is convenient to introduce the convolution product
of weighted isobaric polynomials.

Definition 2.4 ([3]). Let P, , and P,j, be weighted isobaric
polynomials of isobaric degree m. Define the convolution product of
Pw,k,n and Pv,k,n by

n
Pw,k:,n * Pv,k:,n = E Pw,k,ijJc,nfj-

Note that the product is also a weighted isobaric polynomial of
isobaric degree n. In the case where we have two integer evaluations
of P, kn and P, j n, we denote them as, respectively, P’ and P”, and
their numerical convolution product is

/ 2:
w,k,n 'ukn w,k,j Ukn —j°

It is with respect to this product and the ordinary addition of polyno-
mials that the logarithm operator L is defined, see [3].

3. Permanent and determinant representations. A formula
was given for elements of the divisible closure of the WIP-module [6],
i.e., each element in WIP-module was given a gth root for all ¢ € Q,
where these roots are unique up to sign. Two interesting representa-
tions of the elements of WIP-module were given in terms of determi-
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nants and permanents of the following Hessenberg matrices [4]:

tq 1 0 e 0
to tq 1 ce 0
Hiwprnmy = | : : SO
tn—l tn—? tn—3 U 1
wntn Wn—ltn—l wn—Qtn—Q e wltl
and
tq -1 0 e 0
to tq -1 ce 0
H_(wrm)y =] ;
tn_1 L2 tn—3 e =1
Wntn Wn-1lpn—1 wWp—2lpn—2 -+ wily

The principal results are:

perm Hy (g jny = Pokn = det H_( g n)-

For example, we look at the following matrix when n = 4,

t1 1 0 0

ta t1 1 0

ts  ts 1 1|
W4t4 ngtg w2t2 wltl

whose permanent is easily seen to be

wltzll —+ (2&)1 —+ w2)t?t2 —+ CUth —+ (w1 —+ W3)t1t3 —+ W4t4 = Pw7474.

Moreover, it is easy to see that there is a nesting of the Hessenberg
matrices from the lower right hand corner to the upper left. We call
these representations Hessenberg representations. It turns out that we
can use these to go further and give two useful representations of the
gth convolution roots of generalized Fibonacci polynomials in terms of
Hessenberg matrices.

4. Convolution roots. MacHenry and Tudose [6, Theorems 5.1,
5.7] gave a general expression for the gth, ¢ € Q, convolution roots of

GFPs and a more general expression for the gth convolution roots of
WIPs.
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The formula for gth roots of polynomials in the GFP is given by

|af
Z| |a| 1( ok t?‘ltg@...tz‘k.

abn

For n = 3 and n = 4, we have the following determinantal representa-
tions:

qty -1 0
Fly=det | qt2 3(g+ 1ty -1
gts 329+ Dtz 5(g+2)ta
and
qty -1 0 0
ta  (g+ 1)t -1 0
F,34:det qt2 2(q )1 . ’
’ gtz 3(2¢+ta 3(¢+2)t -1

1
3
gts 1(Bq+1ts 1(20+2)t2 Lg+3)t

where Bj is the polynomial generating function for Stirling numbers
of the first kind evaluated at ¢g. (B_;, the analogue, is determined by
the polynomial generating function for Stirling numbers of the second

kind), namely,

Bj=q(q+1)---(¢+j) and B_j=q(g—1)---(q—Jj)
We call B; and B_; Stirling operators of the first kind and second kind,
respectively.

The main theorem of this paper is a generalization to arbitrary n of
the two matrices which appear above. The first five such roots, starting
with F}!, for an arbitrary g, are as follows:

(4.1)
Flg,o =1,
Fk‘il = qtlv
1
Fily= QQ(Q + Dt + qta,
1
Fis=gala+ 1+ 2)t5 + q(q + Dtats + qts,

1 1
Fly = gala+1)(g+2)(a+3)1 + galg + 1)(g + 2)tit2
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—_

+ —q(q + 1)t2 + q(q + 1)tits + qta,

[\

1
F,gs:

giaa+ D@ +2)(g+3)a+ 41

1 1
+gala+ D@ +2)(a+ B)tits + 5a(g +1)(g+ 23

1
+ 5a(a + D(g+ 2)tits +a(g + Diats + g(g + Dtata + gts

and, in the Stirling operator notation, these translate into:

(42) Fl,=1,
F | = Boti,

1
Fl,= 5Bltf + Bota,

1 1

‘F]g73 = §B2t? + 52Blt1t2 + Bots,

q 1 4 1 9 1 9 1

Fk,4 = IB3t1 + 53B2t1t2 + aBth + EQBltltS + Boty,
1 1 1 1

Rl = 53475? + I4331f§>tg + §3B2t1t§ + §3Bgt§t3

1 1

+ 5231t2t3 + 5231t1t4 + Bots.

A rule of thumb for writing the ¢th convolution roots is as follows:
first, write the polynomial F;, as a function of ¢;, j = 1,...,k. Then,
observing the exponent sum ||, monomial-by-monomial, enter the
fraction 1/|a|! and the Stirling operators B|,|—1. There will usually
be some cancellations among the fractions for the most economical
expression.

For example,
Fl3 =13+ 2t1ty + ts,

and
1

Flg,3 = 3!

1
Bgt:{) + §2Blt1t2 + Bots.
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Theorem 4.1. F} s the determinant of

qty —1 0 0

qta T(q+1)ty -1 0
gtn-1 75 ((n—2)q+1)tn—2 727((n—3)g+2)tn_3 - -1

gtn  ((n=D)g+Dtn1  F(0=2)g42)tn—2 - F(g+(n-1))t

and the permanent of

qty —1 0 0

qta S(q+1)ty 1 0
qtn—1 ﬁ((n—2)q+1)tn72 nil ((n—=3)g+2)tn—3 - 1

qtn £ ((n=1)g+Dtn—1  £(n=2)g+2)tn-2 - £(g+(n—1))t1

Proof. Note that the determinants and permanents are nested, that
is, F]g,j is the j x j principal minor in the upper left hand corner of
the matrices. This allows us to use induction in the proof. We shall
carry out computations for the determinant case. The proof for the
permanent case is similar. O

Lemma 4.2. The F}!, satisfies the recursive formula:
g _ q q q q q
Fyp=snaFy 1 Tsn2F, otsnsky, s+ Fspn1Fy+snnly

where the recursion parameters are s, ; = (1/n)(jg +n — j)t;.

Proof. The nesting of the matrices, and hence of the determinants
and permanents, implies the recursion. Let M, be the determinant of

qt1 —1 0 0
qt2 3(g+1)ta -1 0
Gtno1 7 (n=2)g+Dtn—2 =17 ((n=3)q+2)tn_3 - ]
atn £ ((n=Dg+)tn_1  F((n—2)g+2)tn—2 - F(q+(n—1))t:

My =1 and m, ; the (4, j)th entry in the matrix. In order to prove the
recursive formula is equivalent to proving

M, = mn,nMn—l + mn,n—an—Z +-+ mn,2M1 + mn,lMO-
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We compute the cofactor expansion along the last column from bottom
to top, and we obtain:

mii -1 0 s 0
ma 1 ma 2 -1 e 0
My, = my, nMp_1 + det
Mp_21 Mp_22 Mp_23 °°° -1
Mn 1 Mn,2 Mn,3 e Mpn—1

= mn,nMn—l + mn,n—an—Q

mi1 -1 0 R 0
ma1 ma.2 —1 e 0
+ det
Mp—3,1 Mp_32 Mp_33 -°* -1
mn,1 Mn,2 mn,3 T Mp,n—2

= mn,nMnfl + mn,nfan72 +- mn,2M1 + mn,lMo'
Let s5,j = My n—jt+1. We then have
Mn = Sn’an,1 + Sn,2Mn72 + -+ Sn,nflMl + Sn7nM0~

Putting F)! . = M,_;, we assume inductively that M,_; = I/
7=0,1,...,n—1. We have

Mn = Sn,lFlg’n,1 + Sn,QF]g’n,Q + -+ Sn,n—lF]gJ + Sn,nF}g’O'
Now, we only need to show that M, = F} .

Recall that o = (a1, ag, ..., ar) F n means a; +2a0+- -+ kag =n
and |a] = a; +as + - + .

In order to prove

|l ar o g

al—n
= Z T talt S
< aglag!-

is the determinant or permanent of the matrices in Theorem 4.1,
we only need to show that F}! = satisfies the recursive formula in
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Lemma 4.2, which is equivalent to showing that

k
B|a\ 1 Zl (ig+n— Bjaj-2 .
arlas!- —n al!a2!~~(ai—1)!-~-ak!
k
Zl (ig +n — Dol 2
n al!a2!~~~(ai71)!~~ak!

i=1
_ (g+n—-1)Bjg—2 (29 +n —2)Bjaj—2
Cn(ag — Dlag!---ag!  nagl(ag — 1)!---ag!
(kq+n—k)Blaf 2

nOél!O(g! ce (ak - 1)'
Blaj-2
=2 Jai(g+n—1)+ 020 +n—2) +
nalag! - - ap!
+ ap(kg+n — k)]
Bjo)—2

= ——————Jo1qg+nag — a1 + 2a0q + nag —2a + - - -
nallag! . --ak!

+ hakq + nay, — kay)
= —[(061 +2a9 + -+ -+ kak)q+n(a1 +og -+ ak)
naylag! - - ap!
— (a1 + 209 + -+ + kay)]

B B2 _ Blaj—2(g+la[-1)

T oddaol - j(ng +njal —n) = Tl - ol
1.:Q09: (67’2 a0 (6778
Biaj-1

Oéllag! s ak!

It is of interest to see the matrix which represents the convolution
roots in a form which explicitly displays the Stirling operators Bj,
which we now do in:
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Corollary 4.3. qu’n 1s the determinant of the following matrix:

Boty ~1 0 0 - 0
Bots 3B -1 0 - 0
Bots 3281 — 1)ty 582t —1 0
Sn,n Sn,n—1 Sn,n—2 Snn-3 - Sn,1

where the recursion coefficients are

1 B,_; N
Snj = (.7 B (n—j)(Jj )) j
forj=1,...,n—1, and s, , = Boty. O

We call these the Hessenberg-Stirling representations. The Stirling
part is due to the role that the Stirling operators play in the construc-
tion of the roots of the GFPs.

The root formula for the WIPs is a generalization of the root formula
for the GFP and is a bit more complicated.

Theorem 4.4 ([6]).

« «
wkn ZLknw tl"'tkkv

akFn
where
. - la]—1 1 <a|1>B D (W o)
w,k,na = E _— . s ai,ilw Y
§=0 (Hi‘tlai)! J Il ! ¥

and Dj(w®) = Dj(wi™ ---wp*) is the total derivative of the expression
7 times.

The total differential operator D; is inductively defined by D
Dl(Djfl) with

D1(w‘f‘1---w,3’“)zzai(w1 Zaz Cw®Th ),
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For example, D (wjw3) = 6wiwd + 1203wy + 2ws.

Here, we give some low-dimensional examples for the gth roots of
weighted isobaric polynomials:

q —
Pw,k,O - 17
q —
Pw,kJ - qwltla

1
Pg,ka = [qu1 + gq(q — Dwilt] + quata,

1
Pl s = lawn +alg = Dt + 5a(g = 1)(g = 2)w]t]
+ [g(w1 + w2) + q(g — Dwiws]tats + qusts,
and, in the Stirling operator notation, these translate into:

a
F,ro=1

w

P .1 = Bowity,
1
ch,k,2 = [Bow1 + §B—1Wﬂt% + Bowata,

1
PS5 = [Bow + B_iwf + gB_wa’]t?
+ [Bo(wi 4+ we) + B_jwiws]tits + Bowsts.

Remark 4.5. A more precise notation for the roots is P*9, with the
emphasis that this root is to be taken with respect to the convolution
product, that is, to retrieve the original function after having taken the
gth root, one must take the convolution product 1/¢ times. We shall
use the shorter form P? with the meaning P9 = P*9.

In the next section, we describe how GFPs are used to produce
an isomorphism from the WIP-module for the group of multiplicative
arithmetic functions [3].

5. Multiplicative arithmetic functions. The ring (UFD) of arith-
metic functions consists of the functions « : Z — Q. The Dirichlet
product of two arithmetic functions « and f is given by

ax () = S a(@s ().

d

where d | n [10].
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The multiplicative arithmetic functions (MF) are those functions «
such that
a(mn) = a(m)a(n),

whenever (m,n) = 1. This is equivalent to saying that a multiplicative
function is completely determined by its values at the primes. We shall
say that such functions are determined locally, so that we are interested

in the products
n

axBph) = a@)BE").

=0

If we consider the group generated by GFPs under the convolution
product as multiplication, then we also obtain an abelian group. And,
if we consider all of the evaluations of the variables ¢; over the integers,
we produce a group that is locally isomorphic to the MF group! [3, 8].
It was shown that this induces a mapping from the divisible closure of
the group generated by GFPs to the divisible closure of MF, and this
mapping is a local isomorphism [6].

Thus, the matrix representations of F}! = carry over to matrix repre-
sentations of the divisible closure of MF.

ENDNOTES

1. There are analogous results for the additive group GLPs and the
group of additive arithmetic functions.
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