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GENERAL MIXED CHORD-INTEGRALS
OF STAR BODIES

YIBIN FENG AND WEIDONG WANG

ABSTRACT. Mixed chord-integrals of star bodies were
first defined by Lu [19]. In this paper, the concept of mixed
chord-integrals is extended to general mixed chord-integrals,
which is motivated by the recent work on general Lj-affine
isoperimetric inequalities by Haberl, et al. [16]. For this
new notion of general mixed chord-integrals, isoperimetric
and Aleksandrov-Fenchel type inequalities are established
which generalize inequalities obtained by Lu, and a cyclic
inequality is also obtained. Furthermore, we prove several
Brunn-Minkowski type inequalities for general mixed chord-
integrals.

1. Introduction and main results. Let S"~! denote the unit
sphere in Euclidean space R™, and let V(K) denote the n-dimensional
volume of a body K. For the standard unit ball B in R", we write
wy, = V(B) for its volume.

If K is a compact star-shaped (about the origin) set in R™, then its
radial function, px = p(K,-) : R™ \ {0} — [0,00), is defined by (see,
e.g., [8, 33])

p(K,u) =max{\>0: uec K}, uecsS" '

If px is positive and continuous, then K will be called a star body (about
the origin), and S™ denotes the set of star bodies in R™. We will use S”
and S to denote the subset of star bodies in S™ containing the origin
in their interiors and whose centroids lie at the origin, respectively.
Two star bodies, K and L, are said to be dilates of one another if
pr(u)/pr(u) is independent of u € S™~ 1.
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Lutwak [23] introduced the notion of mixed width-integrals of
convex bodies. Motivated by Lutwak’s ideas, the notion of mixed
chord-integrals of star bodies was recently defined by Lu (see [19]):
For Ki,...,K, € 87, the mixed chord-integral, C(Ky,...,K,), of
Ky,..., K, was defined by

(1.1) C(Ky,...,K,) = %/5»1,4 c(Ky,u) - e(Kp,u0)dS(u),

where dS(u) is the (n — 1)-dimensional volume element on S™~1

and ¢(K,u) denotes the half chord of K in the direction w, namely,

c(K,u) = p(K,u)/2 + p(K,—u)/2. Thus, the mixed chord-integral is

amap S x --- xS — R. It is positive, continuous and multilinear
—_———

n
with respect to radial Minkowski linear combinations, positively homo-

geneous and monotone under set inclusion. Star bodies K71, ..., K,, are
said to have a similar chord if there exist constants A1, ..., A, > 0 such
that A\ic(Ky,u) = -+ = A\yce(Kp,u) for all w € S*~1. Lu [19] estab-

lished the following isoperimetric and Aleksandrov-Fenchel inequalities
for mixed chord-integrals.

Theorem 1.A. If K,,...,K, € S}, then
C(Ky,....,Kp)" <V(Ky)---V(Ky),

with equality if and only if K1,..., K, are centered at the origin and
dilates of each other.

Theorem 1.B. IfK;,...,K, €S8} and 1 <m <n, then
C(Kl) R K’I’L)m S H C(Kla tee 7Kn—m7Kn—i+1) R Kn—i+1)7
i=1
with equality if and only if Kyy_ma1, ..., Ky are all of a similar chord.

We now propose the definition of general mixed chord-integrals of
star bodies, which generalizes the above definition of mixed chord-
integrals.
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For 7 € (—1, 1), the general mixed chord-integral, C(") (K, ..., K,),
of Ky,...,K, € 8§} is defined by

1
(1.2) C(T)(Kl,...,Kn)zﬁ/ V(K ) - D (K, ) dS (1),
Snfl

where ¢ (K,u) = fi(1)p(K,u) + f2(7)p(K,—u) and the functions
f1(7) and f3(7) are defined as follows:

 (1+7)? (1—7)?
U8 M=y POy
From (1.3), it immediately follows that
(1.4) fi()+ fo(m) =14
(1.5) Ji(=7) = fa(7), fa(=7) = fu(7).

By (1.3), if we let 7 = 0 in definition (1.2), then C(O (K7, ..., K,,)
is just Lu’s mixed chord-integral C'(Kjy, ..., K,,). Similarly, the general
mixed chord-integral, C(™(K;,..., K,) : S"x---xS? — R, is also pos-
itive, continuous and multilinear with respect to the radial Minkowski
linear combinations, positively homogeneous and monotone under set
inclusion. Star bodies K1,..., K, are said to have a similar general
chord if there exist constants Ay, ..., A, > 0 such that Alc(T)(K1, u) =
oo = A\ (K, ) for all w € S”~ 1. They are said to have a joint con-
stant general chord if the product ¢ (K1, u) - c(™ (K, u) is constant
for all u € S™1L.

If we take K1 ==K, ;=K and K;,_;4; =---= K, =B in

definition (1.2), then the general chord-integral of order i, Ci(T) (K), of
K € 87 is defined by

(1.6) C(K) = % /S <MK, u)" dS(u).

Taking K; = --- = K, = K in (1.2), we write C7)(K) for
C)(K,---,K), and call it the general chord-integral of K € S”.

The asymmetric (dual) Brunn-Minkowski theory has as its starting
point the theory of valuations in connection with isoperimetric and
analytic inequalities (see [1, 6, 13, 14, 15, 16, 20, 21, 22, 27, 28,
29, 30, 31, 34, 36, 37, 38, 39, 40]).
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As our main results, we first establish extended versions of Theo-
rem 1.A and Theorem 1.B, given by Theorem 1.1 and Theorem 1.2.

Theorem 1.1. If 7 € (-1,1) and K, ..., K, € S§?, then
(1.7) COKy, - K,)" < V(K- V(K,),

with equality if and only if K1,..., K, are centered at the origin and
dilates of each other.

Theorem 1.2. If 7 € (-1,1) and Ky,...,K,, € 87, 1 <m < n, then

(1.8)
C(T)(Klv ey Kn)m S H C(T)(Kh ey KTL—ma Kn—i+1a ey Kn—i-i—l)a
i=1
with equality if and only if Ky_m+1, ..., K, are all of similar general

chord.

Moreover, we will prove the following cyclic inequality.

Theorem 1.3. If 7 € (—1,1) and K,L € 87, then, fori < j <k,
(1.9) C(K, LFiC7 (K, LY~ > C\7 (K, L),

with equality if and only if K and L have a similar general chord.

Here, C’i(T)(K7 L) = C")(K,n — i; L,i) in which K appears n — i
times and L appears i times.

The proofs of Theorems 1.1-1.3 will be given in Section 4 of this
paper. In Section 3, we establish some properties of general chord-
integrals of order ¢. Moreover, several Brunn-Minkowski type inequal-
ities for general chord-integrals of order ¢ are obtained in Section 5.

2. Preliminaries. If £ C R™ is non-empty, the polar set E* of E
is defined by (see [8])
E*={xeR":x-y<1, forally € E}.

For K € S, an extension of the well-known Blaschke-Santalé
inequality takes the following form (see [24]).
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Theorem 2.A. If K € 87, then
(2.1) V(K)V(K*) <w?,
with equality if and only if K is an ellipsoid.

If Ky,...,K, €8} and Ay, ..., Ay, € R, then the radial Minkowski
linear combination is defined by (see [25])

(22) p()\lKll te I)\mev ) = Alp(Kla ) + -+ )\mp(Km,a )

For K,L € 8" and A\, u > 0 (both nonzero), the radial Blaschke
linear combination, A - K+ - L, of K and L is defined by (see [25]):

(2.3)  pA-KHp- L)t = Ap(K, )"+ pp(L, )"

For more information on binary operations between convex or star
bodies, we refer to the articles [9, 10, 11]. For K € S, the intersection
body of K, I K, is the star body symmetric with respect to origin whose
radial function on S™"~! is given by (see [25]):

1
n—1

2a)  pK) = [ p ) a a(),

Sn—lnyt
where dA,_2(u) is (n —2)-dimensional spherical Lebesgue measure. For
uwe S, K Nut denotes the intersection of K with the subspace u=*
that passes through the origin and is orthogonal to wu.

From equations (2.2), (2.3) and (2.4), it follows that, if K,L € S”
and A, g > 0 (both nonzero), then

(2.5) I\-K¥p-L) = NKFpulL.

The polar coordinate formula for volume of a body K in R™ is

(2.6) V(K) = 1 /S UK,y as(u).

n

3. General chord-integrals of order i. In this section, we es-
tablish some properties and inequalities for general chord-integrals of
order 1.
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From definition (1.2) and the multilinearity of general mixed chord-
integrals, we see that the general chord-integral of A K1+ -+ A, Ko
is a homogeneous polynomial of degree n in A1, ..., Ap,.

Theorem 3.1. For 7 € (-1,1) and Ky,...,K,, € S, let K =
MK+ AN K. Then

(3.1) COE) =" 3 Ay X, O, K.

Js1=1  gn=1
As a direct consequence of Theorem 3.1, we have:

Theorem 3.2. Fort € (—1,1) and K € S}, let K, = K¥uB (u>0).
Then, for j =0,1,...,n,

(3.2) K =3 (” ~ ) O (K.

; i
=0
Lemma 3.3. If 7 € (—1,1) and K € 87, then
(3.3) C(K) < V(K),

with equality if and only if K is centered at the origin.

Proof. From Minkowski’s inequality (see [17]), we have

1/n
() 1/n _ l C(T) 0" "
C(K) B /SH (K, u)"dS( )}

- o
= %/ (f1(T)p(K,u) + f2(7)p(K, —u))" dS(u):|
LT Jsn-1
1 n 1/n
n /S — (Aln)p(K, u)) dS(u)}

KL

n

=2 [ straras) "

IA

n



MIXED CHORD-INTEGRALS OF STAR BODIES 1505

that is,

) < 1 [ plids () = V().

From the equality condition of Minkowski’s inequality, we see that
equality holds in (3.3) if and only if K and —K are dilates of one
another, i.e., K is centered at the origin. O

Theorem 3.4. If 7 € (—1,1) and K € 87, then, for 0 <i <n,
(3.4) C(K)C7 () <
for i > n, inequality (3.4) is reversed, with equality in each inequality

if and only if K is an ellipsoid centered at the origin.

Proof. From Lemma 3.3 and Jensen’s inequality (see [17]), we get
for i > 0 and i # n,

{1@(”(10] R [lc“)(K)} " [1V<K >] "

Wn Wn, T W

(3.5) Ci(T) (K)l/("—i) < W:L/"(n_i)V(K)l/",
By (3.5), we have
(3.6) O (F*) W (n=i) < ifnn=idy (f*yi/n,

Combining equations (3.5) and (3.6), it follows from the extended
Blaschke-Santald inequality (see Theorem 2.A) that

1/(n—i)

(3.7) [eAgEsteatie < w2/,

If 0 < i < n in inequality (3.7), then we have
Ci7 () (K) < Wi
if i > n in inequality (3.7), then the above inequality is reversed.

According to the equality conditions of inequality (2.1), inequality
(3.3) and Jensen’s inequality, we see that equality holds in every
inequality if and only if K is an ellipsoid centered at the origin. ]
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4. Proofs of Theorems 1.1-1.3.

Proof of Theorem 1.1. By Holder’s inequality (see [17]), we have

1 n
CNKy,... K,)" = (n/ ANKu) - (K, ) dS(u))
Sn—1
1
(4.1) < (/ (K, u)”dS(u)> X -
n Jgn-1
! () n
x [ = AT (Kp,u)"dS(u) |,
n Jgn-1
with equality if and only if K3, --- , K, have similar general chord. An

application of Minkowski’s inequality (see [17]) thus yields
CNKy, ..., Ky)

IN

X

1/n
(K, u)"dS(u))

o
3
|

1/n
[ 0@+ et ras)

1/n
/Sn—l (fl (T)p(Knv u) + fQ(T)p(Kn7 U))”dS(u))

X
TN N N/ N/

/Sn_l P(Kl,u)"dS(u)>1/n L

X
Sl—= 3|~ 3= 3|~ 3l 3|~

1/n
o p(Kn,u)”dS(u))

1)1/n . ‘/'(‘Kvn)l/n7

I
=
=
19,)

with equality in the second inequality if and only if 7 = 0. Conse-
quently,
CONKy, - Kp)" < V(Ky) - V(Ky).

According to the equality conditions of the above inequalities, we
see that equality holds in (1.7) if and only if K, ..., K, are dilates of
each other and centered at the origin. ]
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Lemma 4.1 ([26]). If fo, f1,..., fm are (strictly) positive continuous

functions defined on S"™' and A1,..., A\, are positive constants, the
sum of whose reciprocals is unity, then
(4.2)
m 1/

[ s smwase < IT| [ pooswase]

S'n.fl 1 Sn— 1
with equality if and only if there exist positive constants aq, ...,
such that aq f (u) = - = ap fAm (u) for allu € S™1.

Proof of Theorem 1.2. In Lemma 4.1, we take
Ai=m (1 <i<m);
fo= DK ) N (Knom),u (fo=1if m=mn);
fi=c Ky i1,u) (1<i<m).

Then it follows that
/ SOV (Ky ) -+ D (K, ) dS (1)
Snfl

1/m

< H |:/ (T) Kl U) (T) (an'mmU)C(T)(Kn7i+1au)mds(u)
Sn— 1
By definition (1.2), this yields
C(T)(Kh e KM < HC(T)(Kl, o K K1y K1),
i=1

From the equality condition of inequality (4.2), we see that equality
holds in (1.8) if and only if K,,—y,41, ..., K, are all of a similar general
chord. ]

Proof of Theorem 1.3. From Holder’s inequality (see [17]), it follows
that:

C(K, L)(k*j)/(k*i)cl(;)(](’ L)=i)/ (k=)
. | | (k=) (k)
- ( / c<7>(K,u)”1c<f>(L,u)ldS(u))
n Jgn-1
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n

1 . .
>1 / e (K, u) el (L, updS (u) = O (K, L),
Snfl

1 (G=1)/ (k=1)
X < / (K u)" R, u)de(u)>
Sn—l

n
ie.,
o (K, Lo (K, LY > O (), L)

From the equality condition of Holder’s inequality, we see that
equality holds in (1.9) if and only if K and L have a similar general
chord. ]

If i =0, j =iand £k = n in inequality (1.9), then we have the
following fact.

Corollary 4.2. If 7 € (=1,1) and K, L € 87, then, for 0 <i <n,
(4.3) CO(K, D" < CO(K)"ic™(L),
for i < 0 ori > n, inequality (4.3) is reversed, with equality in every

inequality if and only if i = n or, when i #n, K and L have a similar
general chord.

If we take + = 1 and ¢ = —1 in Corollary 4.2, then we get the
following versions of the dual Minkowski inequalities for general mixed
chord-integrals.

Corollary 4.3. If 7 € (—1,1) and K,L € §7, then
CIT)(K7 L)n < C(T)(K)H—IC(T)(L)’
with equality if and only if K and L have a similar general chord.
Corollary 4.4. If 7 € (-1,1) and K, L € S, then
COE, L = COE) O @),

with equality if and only if K and L have a similar general chord.
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5. Brunn-Minkowski type inequalities. This section is dedi-
cated to the study of Brunn-Minkowski inequalities for general chord-
integrals of order i. Log-concavity properties of geometric function-
als have long played an important role in analysis and geometry (see
[2, 4, 32, 35, 41, 42] for some recent results). We first establish the
following Brunn-Minkowski type inequality for general chord-integrals
of order i with respect to the radial Minkowski addition.

Theorem 5.1. If 7 € (—=1,1) and K,L € 87, then, fori <n —1,
(5.1)  C(KFL)YOD < o ()Y =D 4 o (L)Y (D
and, fori>mn,

(52)  C(KEFL)YOD > o (k)Y D 4 o7 (L) (D),

with equality in each inequality if and only if K and L have a similar
general chord.

Proof. We first prove inequality (5.1). For ¢ < n — 1, it follows from
Minkowski’s inequality (see [17]) that

COKIL)Y O = 1
¢ n

_ ) 1/(n—1)
/ NKTL, u)”"dS(u))
Snfl

— <1 /Snil(c(r)(K, u) + (™) (L,u))nids(u)y/(n—i)

n
1 } 1/(n—i)
< < / (K, u)”’dS(u))
n Jgn—1
1 4 1/(n—i)
+ (/ C(T)(L,u)"_ldS(u)>
n Jegn-1

_ CfT)(K)l/(nfi) + Ci(T)(L)l/(nfi).
This gives inequality (5.1). Similarly, Minkowski’s inequality yields
inequality (5.2).

From the equality conditions of Minkowski’s inequality, we see that
equality holds in inequalities (5.1) and (5.2) if and only if K and L
have a similar general chord. O
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Theorem 5.2. If K,L € 8 and 7 € (—1,1), i,j € R, then, for
1<n—-1<j3<n,
(5.3)
() i 1/(j—4) () 1/(j—1) () 1/(j—%)
(CZ.(T)(I(K—i—L))> < (C’i(T)(IK)) N (CZ.(T)(IL)) ;
C;(I(K+L)) C;(IK) ;7 (IL)

forj>n>i>n—1,
(5.4) o o o
<C§T)(I(K—T—L))>1/(jl) N (CET)(IK)>1/(]Z) . <C§T)(IL))1/(J1)
(1) ¥ = (1) (1) ’
Cj (I(K+L)) Cj (IK) Cj (IL)

with equality in each inequality if and only if IK and IL have a similar
general chord.

In order to prove Theorem 5.2, the following lemmas are required.
An extension of Beckenbach’s inequality (see [3]) was obtained by
Dresher [5] through the means of moment-space techniques.

Lemma 5.3 (The Beckenbach-Dresher inequality). Ifp >1>r >0,
f,9 >0, and ¢ is a distribution function, then
(5.5)

(M) 1/(p—r) - (f]E fpdqb>1/(p_T) . (ngpd¢)1/(p—r)
Jelf +9)rdo ~\Jg frde J97dd ’

with equality if and only if the functions f and g are positively propor-
tional.

Here E is a bounded measurable subset in R™.

Moreover, the inverse Beckenbach-Dresher inequality was obtained
by Li and Zhao [18].

Lemma 5.4 (The inverse Beckenbach-Dresher inequality). If r <0 <
p<1, f,g >0, and ¢ is a distribution function, then
(5.6)
1 —r 1 —r 1 —r
<fE(f+g)pd¢) /(p—7) . <fEfpd¢> /(p )Jr <fE9pd¢) /(p )7
Je(f +g)rdo Js frdo Jg97do
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with equality if and only if the functions f and g are positively propor-
tional.

Proof of Theorem 5.2. From equations (1.2) and (2.5), it follows
that, for p >1>r >0,

O (I(KTL) = / (LKLY, w)PdS (u)
n Jogn-1

(5.7) _! / OV (TKTIL, w)dS(u)
n Jogn-1

1
== / (IK,u) + 7 (IL, u)PdS (u).
n Sn—1
Similarly,
o 1
(5.8) O (I(KiL) =t / (¢ (IK,u) + (1L, u))"dS(u).
Sn 1

Combining equations (5.7) and (5.8), we obtain, using Lemma 5.3,

(0‘* SI(K )>) (=)
O (I(K+L))
Jona (DIEK, ) + D (IL,w))PdS (u)\ /P~
(fsw (DT K u) + e (IL u))’“dS(u))

fsn D (ITK, u)PdS(u /=)
Jgn—r ™ IKquSu

(s L D(IL,w)PdS (u) \ Ve
Jgno1 €D (IL,u) dS (u)

_ (0,S?p<IK>>1/<P-” s (Cff_)p(IL))”(”"")

-\ (1K) c”) (IL) '

Suppose p =n —i and r = n — j. It follows from 0 < r < 1 < p that
1<n—-1<j<n. Takingp=n—iand r =n—j in (5.9), this yields
the desired inequality (5.3). Using the same method, and Lemma 5.4
instead, we obtain inequality (5.4).

From the equality conditions of inequalities (5.5) and (5.6), we
see that equality holds in inequalities (5.3) and (5.4) if and only if
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) (IK,u) and ¢(7)(IL,u) are positively proportional, that is, IK and
IL have a similar general chord. (|

If j = nin (5.3), then C”(I(K+L)) = C{V(IK) = C{(IL) = wy
is a constant, and we obtain the following result.

Corollary 5.5. If 7 € (=1,1) and K, L € 87, then, fori <n—1,

CO(I(K L)Y =D < 7 (1E)Y0=D 4 o7 (L)Y (D),

with equality if and only if IK and IL have similar general chords.

An inequality of Giannopoulos et al. [12] states that, if K is a convex
body and L is an n-ball in R", then, for kK =0,...,n—1,
Wik +L) | Will) | Wi(L)
Wi (K+ L) = Wi (K) Wi (L)
However, inequality (5.10) does not hold for an arbitrary pair of

nonempty compact convex sets K and L. Also, (5.10) only holds if
k=n—-2ork=n-11[T7].

(5.10)

In the following, we will prove two analogous inequalities for general
chord-integrals of order 1.

Theorem 5.6. If 7 € (—1,1), and K, L is an arbitrary pair of star
bodies in R™, then, fork=n—2 ork=n—1,
O KHL) _ GPE) | 6O()

CYL(KTL) — o) (k) o) (L)

(5.11)

Proof. Let k =n —2, and let B= (B,...,B) be an (n — 2)-tuple of
the unit ball B. It follows from Theorem 1.2 that, for all ¢,s > 0,

C(KFsB,LFtB,B)? — C\),(KFsB)C\"),(LFtB) < 0.

Since general mixed chord-integrals are multilinear with respect to the
radial Minkowski linear combination, we obtain

n—1

52 [C (D)= wn O, (L) |+ 25t [wn €O (K, 1, B) -2 (K) Dy (1)

+ 12O (5)? = wn O, (5)| + g(s.1) <0,
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where g(s,t) is a linear function of s and ¢. From Theorem 1.2, we
know that

(5.12) O\ (K)? — w, Gy (K) < 0

and

(5.13) ¢ (L)? - w,cy (L) < 0.
Together with (5.12), it follows that either

(5.14) w,C7(K,L,B) — 'V (K)C'™ (L) <0,
or

n—

(6515)  [nCO (K, L.B) - 2, ()0 (L)

< [C}ﬁl(K)? — wnc}ij(K)} [c,<;>1(L)2 — wnc,@z(L)} .

Using Theorem 1.2 again, we obtain for s,t > 0,
(5.16) ) (sKFtL)? — w,C\"), (sKFtL) < 0.
Using the multilinearity of general mixed chord-integrals we obtain
from (5.16):
(517) 52 [C\(1)? — wnC\To()
+2st [C,S?l(K)cgi’l(L) — W, C(K, L, B)}
+ 2 [C()? — wa Oy (k)| < 0.

By equations (5.12) and (5.14), we know that, if (5.17) holds, then the
discriminant of the above quadratic form (5.17) is non-positive. Thus,
equation (5.15) always holds. Now using equation (5.15), it follows
from the arithmetic geometric means inequality that

wnC (K, L, B) = O (K)C7 (L)

1/2

IN

1/2{

om0y (K) = O (2] [wn 0 (E) = O (L]

[wnC (1) = €7, (K77

n—1
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1V T .
5 (7.)1 [ "Cr(z—)2( )—C'r(L—)l(L)2:|
Cnfl(L)
() ()
Wn, Cn— (L) T Cn— (K) T
=St + S5 ey
Cnfl(K) Cnfl(L)
- o (K)CT (L),
that is,
o\ (L o\ (K
(18) 200, 1,8) < =W o) ) B oo )
nfl(K) Cnfl(L

By the multilinearity of general mixed chord-integrals and inequality
(5.18), we infer

Oy (KTL) = O, (K) + Oy (L) + 207)(K, L, B)

C«(T) (L)
< O (K) + Oy (L) + —r=2 08, (K)
O\ (K)
O (K) r
+ Oy (L)
Cnfl(L)
Oy (K) | CD5(E)T (e .
= oo T oo } (e + em).
Cnfl(K) Cnfl(L
that is,
CUy(EFL) _ CDy(K) | Cly(I)
C\V(KFL) T o (k) (L)

For the case k = n — 1, note that since C\”) (KFL) = C{7(K) =
C,(LT)(L) = wp,, Theorem 5.6 reduces to the inequality

CD(KTL) < C7\(K) + 7, (L),

which holds for every pair of star bodies. |
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Theorem 5.7. Let K be a star body and L an n-ball in R™ and
T € (=1,1). Then, for allk=0,...,n—1,

Ol KFL) ) | 6O()

C("’)

(5.19) s s
w1l (K+L) G (K)  Cl(D)

Proof. Let L =tB for t > 0 and define, for every £k =0,1,...,n,
fr(s) = (K ¥sB).
From the multilinearity of general mixed chord-integrals, it follows that
fu(s+e) = CV(KT¥sBYeB)
= O\ (KT sB) + e(n — k)C\7 (K FsB) + 0(?)
= fr(s) +e(n — k) frp1(s) + O(e?).

Therefore,

fi(8) = (n = k) frsa(s).
Apply Theorem 1.2 to get, for k =0,1,...,n — 2,

{7 (KTsB)? < O\ (KFsB)C\, (K TsB),

- Fro1(8)? < fu(8) foa(s).
Define

_ Jx(s) _ _—
(5.20) File) = 2505 (k=0.1..n =)

It follows that

Ji(8) fra1(s) — fk(s)flé—i-l(s)

Jrt1(s)?
_ fer1(8)? + (n =k = D)(fe41(5)* = fi(s) frr2(s) _ ..
B Trt1(s)? 7

(5.21) F(s) =

thus,

(5.22) Fi(t) < Fi(0) +t.
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Since

o) _cwB) _
(5.23) 5 =5 =t
Ck+1 (L) Ck+1 (tB)

it follows from equations (5.20), (5.22) and (5.23) that, for k =
0,1,....,n—2,

' xFn) P | 6L
Ol(c:-)l(KJrL) Cl(czr)l(K) 0121)1@)

When k = n — 1, inequality (5.19) always holds as an equality. O
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