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TWO SIDED a-DERIVATIONS
IN 3-PRIME NEAR-RINGS

M. SAMMAN, L. OUKHTITE, A. RAJI AND A. BOUA

ABSTRACT. The purpose of this paper is to investigate
two sided a-derivations satisfying certain differential identi-
ties on 3-prime near-rings. Some well-known results charac-
terizing commutativity of 3-prime near-rings by derivations
(semi-derivations) have been generalized. Furthermore, ex-
amples proving the necessity of the 3-primeness hypothesis
are given.

1. Introduction. In this paper, N will denote a zero-symmetric left
near-ring. For any z,y € N, the symbol [z, y] will denote the commu-
tator zy —yx, while the symbol x oy will stand for the anti-commutator
zy + yx. The symbol Z(N) will represent the multiplicative center of
N. Unless otherwise specified, we will use the term near-ring to mean
zero-symmetric left near-ring. According to [6], a near-ring N is said
to be 3-prime if xNy = {0} implies © = 0 or y = 0. N is said to be
2-torsion free if 2z = 0 implies z = 0. An additive mapping § : N — N
is said to be a derivation if

0(zy) = 2d(y) + 6(x)y for all z,y € N,
or equivalently, as noted in [14], that
0(zy) = 6(x)y + x6(y) for all z,y € N.

An additive mapping d : N — N is called an («, §)-derivation if there
exist functions «, 8 : N — N such that

d(zy) = d(x)a(y) + B(x)d(y) for all z,y € N.

Furthermore, an additive mapping d : N — N is called a two sided
a-derivation if d is an («, 1)-derivation as well as a (1, a)-derivation.

2010 AMS Mathematics subject classification. Primary 16N60, 16W25, 16Y30.

Keywords and phrases. 3-prime near-rings, two sided a-derivations, commuta-
tivity.

Received by the editors on December 19, 2013, and in revised form on October 19,
2014.

DOI:10.1216 /RMJ-2016-46-4-1379 Copyright ©2016 Rocky Mountain Mathematics Consortium

1379



1380 M. SAMMAN, L. OUKHTITE, A. RAJI AND A. BOUA

Moreover, if d commutes with «, then d is called a semi-derivation (see,
[8]). Clearly, every semi-derivation is a two sided a-derivation, but the
converse is not true. Indeed, in Example 2, since da # ad, then d is
not a semi-derivation; however, d is a two sided a-derivation.

In the case where o = 1, a two sided a-derivation is just a derivation,
but an example due to [1] proves that the converse is not true.

The recent literature contains numerous results on commutativity in
prime and semi-prime rings admitting suitably constrained derivations
and generalized derivations, and several authors have proved compa-
rable results on near-rings. In fact, the relationship between the com-
mutativity of a 3-prime near-ring N and the behavior of a derivation
on N was initiated in 1987 by Bell and Mason [6]. In [13], Hongan
generalizes some of their results by assuming that the commutativity
condition is imposed on an ideal rather than on the wall near-ring. More
recently, Bell et al. [5, 11] generalize several commutativity theorems
for the 3-prime near-ring by treating the case of generalized derivations
satisfying certain algebraic identities involving semigroup ideals. Some
of our results, which deal with conditions on two sided a-derivations,
extend earlier commutativity results involving similar conditions on
derivations and semi-derivations.

2. Two sided a-derivation associated with a homomorphism.
In the following lemmas, « is a function, not necessarily a homomor-
phism.

Lemma 2.1. Let d be a two sided a-derivation. Then, N satisfies the
following partial distributive law:

(d(z)aly) + zd(y))a(t) = d(x)a(yt) + zd(y)a(t) for allt,z,y € N.

Proof. By the definition of d, we have
d(zyt) = d(zy)a(t) + zyd(t)
= (d(z)a(y) + zd(y))a(t) + zyd(t) for all t,z,y € N.
On the other hand,

d(zyt) = d(z)a(yt) + zd(yt)
=d(z)a(yt) + zd(y)a(t) + zyd(t) for all t,x,y € N.
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From the two expressions of d(zyt), we find that
(d(z)a(y)+zd(y))a(t) = d(z)a(yt)+xd(y)a(t) for allt,z,y € N. O

Lemma 2.2. Let N be a near-ring. If N admits an additive mapping d,
then the following statements are equivalent:

(i) d is a (1, @)-derivation.
(i) d(zy) = afx) d(y) + d(x)y for all x,y € N.
Proof.
(i) = (ii). Since d is a (1, «a)-derivation, then, for all x,y € N, we
get

(@)(y+y) +a(@)dy +y)
(2)y + d(x)y + a(z) d(y) + a(z) d(y) for all z,y € N,

dz(y+y)) =d
d

and
d(z(y +y)) = d(zy) + d(zy)
=d(z)y + a(z)d(y) + d(z)y + a(x)d(y) for all x,y € N.
Comparing the two expressions of d(z(y + y)), we conclude that
d(z)y + a(z) d(y) = ax) d(y) + d(z)y for all z,y € N.

Analogously, we can prove the other implication. O

Theorem 2.3. Let N be a 3-prime near-ring and d a nonzero (1, a)-
derivation associated with a homomorphism «. Then the following
assertions are equivalent:

(i) d(N) € Z(N);
(ii) d([z,y]) =0 for all x,y € N;
(iii) N 4s a commutative ring.
Proof. Tt is obvious that (iil) implies both (i) and (ii).
(i) = (iii). Assume that d(z) € Z(N) for all z € N. Then

d(zy)a(t) = a(t)d(xy) for all t,z,y € N,
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and, using Lemma 2.1, we obtain

(21)  d@)alyt) +dm)alt) = alt) d(z)aly) + a(t)zd(y)

for all t,x,y € N. Replacing x by d(z) in (2.1), we get
d?(z)(a(yt) — a(t)a(y)) =0 for all t,x,y € N,

so that

(2.2) d?(x)N(a(yt) — a(t)a(y)) = {0} for all z,y,t € N.

Since N is 3-prime, then equation (2.2) implies that

(2.3) d?(x) =0 or a(yt)=a(t)a(y) forallt,zyec N.

(a) If d?(z) = 0 for all x € N, by definition of d, we have
(2.4) d(z)y + a(z)d(y) = d(x)a(y) + zd(y) for all x,y € N.
Replacing x by d(x) in equation (2.4), we get
a(d(z))d(y) =d(x)d(y) forall z,y € N,
which, because of d(y) € Z(N), implies that
(2.5) (a(d(x)) —d(z))d(y) =0 for all x,y € N.

Since N is 3-prime and d # 0, for all x € N, equation (2.5) implies
that a(d(x)) = d(z). In this case, substituting zy for x, we have

a(d(z)y + a(z)d(y)) = d(x)a(y) + zd(y) for all z,y € N,
that is,

d(z)a(y) + o®(x) d(y) = d(x)a(y) + xd(y) for all z,y € N.
Therefore,
(2.6) (o*(z) —x)d(y) =0 for all z,y € N,

in such a way that a? = Idy.

Now, replacing ¢ by «(t) in Lemma 2.1, we get

d(zy)t = (d(x)a(y) + zd(y))t = d(z)a(y)t + zd(y)t
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for all ¢,z,y € N. By virtue of d(xy)t = td(xy), the above expression
becomes

(2.7)  d(z)a(y)t + zd(y)t = td(x)a(y) + tzd(y) for all t,z,y € N.

Substituting x for ¢ and a(y) for y in equation (2.7), we get
d(x)yx = zd(x)y for all x,y € N,

which implies that

(2.8) d(z)Ny,z] = {0} for all z,y € N.

Since N is a 3-prime, then equation (2.8) implies that

(2.9) d(z)=0 or z€ Z(N) forall z € N.

Since d # 0, we choose g € N such that d(zg) # 0. Then, zo € Z(N).
Replacing y by a(y) and = by zg, respectively, in equation (2.7), we
arrive at

d(xzo)Nly,t] = {0} for all y,t € N.

By the 3-primeness of N and d(zg) # 0, the last expression gives
N C Z(N). By [6, Lemma 1.5], we conclude that N is a commutative
ring.

(b) Now assume that
a(yt) = a(t)aly) for all y,t € N;
in this case, a(yt) = a(t)a(y) = a(y)a(t). Letting z,y,z € N, we have
d(zyz) = d(zy)z + a(zy) d(2)
= (d(@)y + a(z) d(y))z + a(z)aly) d(2),
and

d(wyz) = d(w)yz + alx) d(y=)
— d(2)yz + al@) d(y)z + a(@)aly) d(2).

Combining the above expressions of d(zyz) we find that

(2.10) (d(z)y+a(z)d(y))z = d(z)yz+a(x)d(y)z for all x,y,z € N.
Since d(x) € Z(N) for all z € N, then equation (2.10) becomes
(2.11) d(z)yz+a(z) d(y)z = zd(x)y + za(x) d(y) for all x,y,z € N,
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which means that

d(z)yz = d(x)zy for all x,y,z € N,
and therefore,

d(x)Nly,z] = {0} forall z,y,z € N.

Since d # 0, the last equation gives N C Z(N), and thus, N is a
commutative ring by [6, Lemma 1.5].

(ii) = (iii). We are assuming that
(2.12) d([z,y]) =0 for all x,y € N.

Substituting xy for y in equation (2.12) and using [z, zy] = x|z, y], we
arrive at

(2.13) d(x)ry = d(x)yxz for all z,y € N.

Replacing y by yz in equation (2.13), one can easily verify that
d(x)ylz,z] = 0 for all z,y,z € N, in such a way that

(2.14) d(z)Nz,z] = {0} forall z,z € N.

Once again, using the 3-primeness, equation (2.14) shows that
[,2) =0 or d(z)=0forall z,z € N.

It follows that, for each fixed x € N, we have

(2.15) x € Z(N) or d(z)=0.

Letting xg € Z(N) and using Lemma 2.2, we have

d(zoy) = d(zo)a(y) + zod(y)
= d(yzo)
= a(y) d(zo) + d(y)zo,
and thus
d(zo)a(y) = a(y) d(zg) for all y € N.

In the case where d(xg) = 0, the last result is satisfied. Then, we get
the following conclusion:

(2.16) d(x)a(y) = a(y)d(z) for all x,y € N.



TWO SIDED (-DERIVATIONS IN 3-PRIME NEAR-RINGS 1385

According to equation (2.12), we have d(zy) = d(yz) for all z,y € N,
which, because of Lemma 2.2, yields

(2.17) a(x)d(y) + d(z)y = d(y)a(z) + yd(z) for all x,y € N.
It now follows from equations (2.16) and (2.17) that
d(xz)y = yd(x) for all z,y € N,

which implies that d(N) C Z(N), and case (i) gives the required
result. O

As an application of Theorem 2.3, we obtian the following corollaries.

Corollary 2.4. Let N be a 2-torsion free 3-prime near-ring and d a
nonzero derivation.

(i) [6, Theorem 2]. If d(N) C Z(N), then N is a commutative
ring.

(ii) [2, Theorem 4.1]. If d[z,y] = O for all x,y € N, then N is a
commutative ring.

Corollary 2.5. Let N be a 2-torsion free 3-prime near-ring and d a
nonzero semi-derivation.

(i) [9, Theorem 1]. If d(N) C Z(N), then N is a commutative
ring.

(ii) [9, Theorem 2]. If d([z,y]) = O for all x,y € N, then N is a
commutative ring.

The following example shows the necessity of the 3-primeness in the
previous theorems.

Example 2.6. Let S be a 2-torsion free near-ring. Let us define N
and d,a, F': N — N by:

N = T,y €S p,

o8 O©
o O O
ow O
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o8 © oy ©
SO O oo o
o O ow o
SO O "oy o
SO oo o
oR O oo o

It is clear that N is not a 3-prime near-ring and d is a nonzero two
sided a-derivation satisfying:

(i) d(N) € Z(N),
(ii) d([A,B]) =0for all A,B € N,

but, since the addition in IV is not commutative, then N cannot be a
commutative ring.

3. Two sided a-derivation associated with a function. In
this section, we treat the general case where « is a function and not
necessarily a homomorphism.

Theorem 3.1. Let N be a 3-prime near-ring. If N admits a two sided
a-deriation d such that d([z,y]) = [x,y] for all x,y € N, then N is a
commutative ring or d = —a + Id.
Proof. Suppose that
(3.1) d([z,y]) = [z,y] for all z,y € N.
Substituting xy for y in equation (3.1), one can easily verify that
(3.2) d(z)[z,y] + a(z)[z,y] = z[z,y] for all z,y € N.
Replacing x by [z,1] in equation (3.2), we obtain
(3.3) a(lz, t]) [z, tly = o[z, t])y[z,t] for all t,z,y € N.
Substituting yz for y in (3.3), we get
o[z, t]))yz[z, t] = a([z, t])y[z, ]z for all t,x,y,z € N,
and therefore, a([z, t])y[[x,t], z] = 0, which can be rewritten as

(3.4) o[z, t])N [[x,1],z] = {0} forallt,x,z € N.
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In view of the 3-primeness of N, equation (3.4) yields
(3.5) af[z,t]) =0 or [z,t]e Z(N) forallt,x € N.

If [x,t] € Z(N) for all z,¢t € N, then replacing ¢ by xt and using the
3-primeness of N, we find that [z,t] = 0 for all z,¢t € N. According
to [6, Lemma 1.5], we obtain the conclusion that N is a commutative
ring.

Assume that there exist x,¢ € N such that [z,t] ¢ Z(N). In
particular, [z,t] # 0 and «a([z,t]) = 0, so that

(3.6) d([z,t]zy) = [z, t]zy for all z,y € N.
On the other hand,
d([z,t)zy) = d([z,t]2)aly) + [z, 1]2d(y)
(3.7) = [z, t]za(y) + [z, t]zd(y) for all z,y € N.
Now, combining equation (3.6) with equation (3.7), we conclude that
(3.8) [z, t]za(y) + [z, t]zd(y) = [z, t]zy for all z,y € N.
Substituting [u, v] for y in equation (3.8), we obtain
[z, t]za([u,v]) =0 for all u,v,z € N,
so that,
(3.9) [z, t]Na([u,v]) = {0} for all u,v € N.
By the 3-primeness of N, equation (3.9) shows that
a([u,v]) =0 for all u,v € N.

Computing d([u,v]zy) as in equations (3.6) and (3.7), we obtain

[u,v]z(a(y) + d(y) —y) =0 for all u,v,z,y € N,
which implies that
(3.10) [u,v]N(a(y) + d(y) —y) = {0} for all u,v,y € N.
By the 3-primeness of N, equation (3.10) shows that
(3.11) [u,v] =0 or a(y)+d(y)—y=0 forall u,v,ye N.

According to [6, Lemma 1.5], equation (3.11) assures that N is a
commutative ring or d = —a + Id. |



1388 M. SAMMAN, L. OUKHTITE, A. RAJI AND A. BOUA

As an application of Theorem 3.1, we obtain the following corollaries.

Corollary 3.2. [10, Theorem 1]. If R is a prime ring admitting a
derivation d satisfying d([z,y]) = [z,y] for all x,y € R, then R is
commutative.

Corollary 3.3. [8, Theorem 2.2]. Let N be a 3-prime near-ring. If
N admits a nonzero derivation d such that d([z,y]) = [z,y] for all
z,y € N, then N is a commutative ring.

Corollary 3.4. Let N be a 3-prime near-ring. If N admits a nonzero
semi-derivation d such that d([x,y]) = [z,y] for all x,y € N, then N
is a commutative ring or d = —«a + Id.

Theorem 3.5. Let N be a 2-torsion free 3-prime near-ring. There
is no nonzero two sided a-derivation d such that d(xz oy) = 0 for all
z,y €N.

Proof. Assume that N admits a nonzero two sided a-derivation d,
such that
(3.12) d(xoy)=0 forall z,y € N.

Replacing y by zy in equation (3.12), because of x o xy = z(x 0o y), we
get d(z)(x o y) = 0, which means that

(3.13) d(z)xy = d(z)y(—z) for all z,y € N.

Substituting yz for y and —z for x in (3.13), we obtain d(—x)y(zz —
zx) =0 for all z,y,z € N, and therefore,

(3.14) d(—z)N(zz — zx) = {0} forall z,z € N.
In light of the 3-primeness of N, equation (3.14) yields
(3.15) d(x)=0 or ze€ Z(N) forallxze N.

Let x € Z(N); since N is 2-torsion free, then equation (3.12) forces
d(zy) = 0 so that

(3.16) d(x)y + a(x)d(y) =0 forally e N.
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Substituting y o z for y in equation (3.16), we get
(3.17) d(z)(yoz)=0 forally,ze N.

Replacing z by 2t and y by —y in equation (3.17), one can easily see
that

(3.18) d(x)Ny,t] = {0} for all t,y € N.

By the 3-primeness of N, equation (3.18) shows that either d(z) = 0
or N is a commutative ring by [6, Lemma 1.5]. But, in the latter case,
our hypothesis reduces to d(zy) = 0 for all 2,y € N and, replacing
y by yz in this equation, we get d(z)Nz = {0} for all z,z € N,
which yields d = 0. Hence, in both cases, we conclude that d = 0,
a contradiction. ]

Remark 3.6. Ashraf and Ali [2, Corollary 4.1] showed that a 2-torsion
free prime near-ring N must be commutative if it admits a derivation d
where d satisfies d(x o y) = 0 for all z,y € N. However, this result
is not true. Indeed, the existence of a derivation satisfying the above
condition does not assure the commutativity of N. Our aim in the
following corollary is to give the corrected result.

Corollary 3.7. Let N be a 2-torsion free prime near-ring. If there
exists a derivation d of N satisfying d(x oy) =0 for all z,y € N, then
d=0.

Corollary 3.8. Let N be a 2-torsion free 3-prime near-ring. Then
there erists no nonzero semi-derivation d of N satisfying d(x oy) =0
forall x,y € N.

In [8, Theorem 2.4], it is proved that a 3-prime near-ring N must be
a commutative ring if it admits a derivation d such that d(zoy) = zoy
for all x,y € N, but this result is less precise. The following result
treats the above condition in a more general situation.

Theorem 3.9. Let N be a 2-torsion free 3-prime near-ring admitting
a two sided a-derivation d. If d(x oy) = x oy for all x,y € N, then
d=—a+ Id.
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Proof. We assume that
(3.19) d(zoy)=wzoy forall z,y € N.
Replacing y by zy in equation (3.19), it is obvious to see that
(3.20) d(z)(zoy) +alx)(zroy) =xz(roy) forall z,ye N.
Substituting x o t for x in equation (3.20), we obtain
(3.21) afzot)((zot)oy)=0 forallt,z,ye N,

which can be rewritten as a(z ot)(x ot)y + a(z o t)y(z ot) = 0 for all
t,x,y € N. Accordingly,

a0 t)(z o t)y = —alz o t)y(z o 1)
(3.22) =a(xot)y(—(xot)) forallt,z,y e N.

Putting yz instead of y in equation (3.22), we find that

ol o t)( o t)yz = alw o t)y(—(w o 1))
=a(zot)yz(—(xot)) forallt,z,y,z€ N.

Consequently,

a(zot)y[—(zot),z] =0 forall¢,z,y,2 € N,
so that
(3.23) a(zot)N[—(xot),z] = {0} forallt,x,z€ N.
In light of the 3-primeness of N, equation (3.23) shows that
(3.24) alzot)=0 or —(xot)e Z(N)

Suppose that there exist z,¢t € N such that —(x ot) € Z(N), and set
—(x ot) = u. From equation (3.19), it follows that d(uo k) = uok
which, because of d(u) = u, yields

a(w)d(k) + d(u)k + a(u)d(k) = ku  for all k € N.

In view of

d(u)k + a(u)d(k) = a(uw)d(k) + d(u)k,
we then conclude that a(u)d(k) = 0 for all k € N, so that
(3.25) a(u)Nd(k) =0 for all k € N.
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If d = 0, then our hypothesis reduces to z oy = 0 for all z,y € N
which leads to N = {0}, a contradiction. Thus, equation (3.25) forces
a(u) = 0. Therefore, equation (3.24) reduces to

(3.26) alzot)=0 or a(—(rot))=0 forallz,te N.

If there exist x,t € N such that a(—(z ot)) = 0, then once again
setting u = —(z o t), we get

d(ukv) = d(u)kv + a(u)d(kv) = ukv for all k,v € N.
On the other hand,
d(ukv) = d(uk)a(v) + ukd(v) = uka(v) + ukd(v),
and, comparing the last two expressions, we get
uka(v) + ukd(v) = ukv for all k,v € N,
which implies that
ulN(a(v) +d(v) —v) = {0} forallve N.
By the 3-primeness of N, we conclude that
zot=0 or a()+dv)—v=0 forallveN.

Similarly, if there exist x,t € N such that a(z ot) = 0, then using
similar techniques as above, we find that

zot=0 or a)+dwv)—v=0 forallveN.

Now, if we assume that z ot = 0 for all z,t € N, then t2 = 0 for all
t € N, and hence,

0= (xot)=tat forall z,t € N,
that is, tNt = {0} for all ¢t € N, which forces N = {0}, a contradiction.
Consequently, equation (3.26) shows that d = —a + Id. |

Using Theorem 3.9, the corrected version of [8, Theorem 2.4] should
be as follows.

Corollary 3.10. Let N be a 2-torsion free 3-prime near-ring. There
is no derivation d of N such that d(xoy) =z oy for allz,y € N.
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Corollary 3.11. Let N be a 2-torsion free 3-prime near-ring admitting
a semi-derivation d. If d(xzoy) = xoy for allz,y € N, thend = —a+1d.

The following example shows the necessity of the 3-primeness in the
previous theorems.

Example 3.12. Let S be a 2-torsion free near-ring. Let us define N,
dand a: N — N by:

0 0 =z
N = 0 0 y r,y €S
0 0 O
0 0 =z 0 0 =z
dlo 0 y]=10 0 0],
0 0 O 0 0 0
0 0 =z 0 0 y
al0 0 y|=10 0 y
0 0 0 0 0 O

It is clear that N is a non 3-prime near-ring and d is a nonzero two
sided a-derivation such that:

(i) d([4, B]) = [A, BJ;
(ii) d(Ao B) = 0;
(iii) d(Ao B) = Ao B;

for all A, B € N, but neither d = —a+ Id nor N is a commutative ring
because the addition is not commutative.
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