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NONOSCILLATORY SOLUTIONS TO FORCED
HIGHER-ORDER NONLINEAR NEUTRAL DYNAMIC
EQUATIONS ON TIME SCALES

XUN-HUAN DENG AND QI-RU WANG

ABSTRACT. By employing Kranoselskii’'s fixed point
theorem, we obtain sufficient conditions for the existence of
nonoscillatory solutions of the forced higher-order nonlinear
neutral dynamic equation

k
[2(t) + pOz(r @)Y + > pi () fi(2(ri())) = a(t)
1=1

on a time scale, where p;(t), fi(t) and ¢(t) may be oscilla-
tory. Then we establish sufficient and necessary conditions
for the existence of nonoscillatory solutions to the equation
[£(t) + p(®)z ()Y + F(t,z(6(t))) = q(t). Finally, we deal
with dynamic equation

k
m—1
[2(t) + p(Oz ()Y 2+ > pi(®) fi(a(mi (1) = q(t)
=1
with mixed V and A derivatives. In particular, some

interesting examples are included to illustrate the versatility
of our results.

1. Introduction. Following Hilger’s breakthrough result [8], a ra-
pidly expanding body of literature has sought to unify, extend and
generalize ideas from continuous and discrete calculus to arbitrary time-
scale calculus, where a time scale is simply any nonempty closed set of
real numbers R. Let T be a time scale which is unbounded above and
to € T a fixed point. For some basic facts on time scale calculus and
dynamic equations on time scales, one may consult the excellent texts
by Bohner and Peterson [2, 3].
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Throughout this work, we investigate the existence of nonoscillatory
solutions of the forced higher-order nonlinear neutral dynamic equation
with delay and advance terms given by

(1'1> [ (t )+p< t v'" + Zpl fz Z )) (t),

te [t07 )Ta

where 2 < m € N, t € T, p,pi,q € Cuto,o0)r,R), 7,77 €
C([to,00)T, T) with limy oo 7(¢) = limsoo 7i(t) = 400 and f; €
CR,R),i=1,2,...,k.

We obtain some sufficient conditions for the existence of nonoscil-
latory solutions of (1.1) without using nondecreasing condition on the
functions f;(z) with zf;(z) >0 (i = 1,2,...,k) for  # 0, any sign con-
ditions on the functions p;(t) (i = 1,2,...,k) and ¢(¢) via Kranoselskii’s
fixed point theorem and some new techniques.

After giving our results on the existence of bounded nonoscillatory
solution of (1.1) in subsection 3.1, we extend our results to

(1.2)  [z(t) +pOz(r)]Y" + F(t,2(5(8)) = q(t), t € [to,00)r,

where 6 € C([to, 00)T, T) with lim;—, 6(t) = 400 and F € C([tg, 00)r X
R,R). With some additional assumptions, we establish sufficient and
necessary conditions for the existence of nomnoscillatory solutions of
(1.2). Also, we discuss the existence of unbounded nonoscillatory
solutions of (1.1) and (1.2).

Finally, we consider the dynamic equation related to (1.1) with
mixed V and A derivatives

(13) o) +p()a(r( N A +2pl ) fi(a (7)) = q(t),

t € [to, )T.

By [2, Theorem 8.49(ii)] (see also the following Theorem 5.1), (1.3)
can be reduced to a similar form of (1.1).

Related to the above equations is the dynamic equation with A
derivatives

(14)  [e(®) +pO)z(r())]" + F(t,2(5()) =0, ¢ € [to,00)r.
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In 1992, by employing Kranoselskii’s fixed point theorem Chen [5] dealt
with the existence of nonoscillatory solutions to a special case of (1.4)
with T = R, and some related results are summarized in [6]. In 2007,
Zhu and Wang [15] presented some conditions for the existence of
nonoscillatory solutions of (1.4) for m = 1. In [13, 14], Zhu discussed
the existence of unbounded nonoscillatory solutions of (1.4) for m = 2
and 2 < m € N, respectively. Zhang et al. [11] used the contraction
principle to obtain sufficient conditions for existence of nonoscillatory
solutions of higher-order dynamic equations. Recently, Gao and Wang
[7] discussed the existence of nonoscillatory solutions of second-order
nonlinear neutral dynamic equations of the form

[r () (x(t) + p)a(r (1)) + f(t,2(5(2)) = 0

on a time scale T under the condition f:)o 1/r(s)As < oo. Zhu [12]
also used Kranoselskii’s fixed point theorem to study the existence
of bounded nonoscillatory solutions of higher-order dynamic equations
with A derivative.

This paper is organized as follows. Following this introduction, we
prove some basic lemmas in Section 2. Our main results are presented
in Section 3, and their applications are given in Section 4. In Section 5,
we summarize the basic knowledge on time scales used in this paper
just for the convenience of the reader.

2. Preliminaries. Let k be a nonnegative integer and s,t € T. We
define two sequences of functions hy(¢,s) and g(t,s) as follows (see

[1]):

- 1, k=0,
h(t, 5) = { f Ek,l (r,8)VT, k>1,
Gl k=0,
Ik f 9k— 1 )VT7 k > 17

where the definitions may refer to the following Section 5.
Similar to the A derivative, we have that:

0,k=0,

Ek(t,s) = (_l)kgk(sat)vﬁzt (t,s) = { hp—1(t,s), k=>1
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Ry 0,k=0,
ts) =4 2
T ( 8) { gkfl(p(t)vs)a k=1,

v 0,k =0,
“(t,5) = -
9 (t:5) { —Or-1(p(t),s), k>1,

where iALkv‘ (t,s) and g, *(t,s) denote for each fixed s the derivative of
hi(t,s) and Gi(t, s) with respect to ¢, respectively. The definition of
Gy (t,s) is similar. From the definition of T (t,s), it is easy to obtain
the following property of he (t,s).

Property 2.1. Using induction and the definition of the function
/ﬁk(t,s), it is easy to see that /ﬁk(t,s) > 0 holds for all ¥ € Ny and
s,t € T with t > s, and (—1)kﬁk(t,s) > 0 holds for all £ € Ny and
s,t € T with ¢ < s. In view of the fact that ﬁkvf(t,s) =0,k =0,
and Ekvt (t,s) = ﬁk,l(hs), k e N, ﬁn(t,s) is increasing in ¢ provided
that ¢ > s, and (—1)"ﬁn(t,s) is decreasing in ¢ provided that ¢ < s.
Moreover, En(t, s) < (t— s)k’lﬁl(t, s) holds for all s,t € T with t > s
and for all k,] € Ng with [ < k.

Property 2.1 is also true for A derivatives. The corresponding result
can be found in [9].

Similar to [9, Lemma 1], we prove the following lemma on the change
of order in double (iterated) integrals.

Lemma 2.1. (Change of integration order). Assume thatt,s € T and
g < Cld(’]T X T,R). Then

(2.1) /: {/ntg(n,ﬁ)vf] Vi = /: [/Sp(g)g(n,f)vn} VE.

Proof. Set

e a0- [ t [ / tg(n,@vs} vi- [ t [ / p@gm,s)w] ve

for t € T. Applying [2, Theorem 8.50] (also see Theorem 5.2 (iv)) to
(2.2), we have

AV () = /st % [/ntg(n,f)vé} Y
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p(t) p(t)
+/t g(t,é)Vﬁ—/s g(n,t)Vn
t p(t) p(t)
= Y% t,E)VE — )V
/sg(n ) n+/t g(t,§)VE /s g(n,t)Vn

t p(t)
_ / 9(, )V + / olt, €)VE
p(t) t

=v(t)g(t,t) —v(t)g(t,t) =0
for all t € T. Hence, A(t) is a constant function. On the other hand,

we see that A(s) = 0 holds. Hence, A(t) =0 on T, and this shows that
(2.1) is true. O

As an immediate consequence, we can give the following generaliza-
tion of Lemma 2.1 for n-fold integrals.

Corollary 2.2. Assume thatn € N, s,t € T and f € Ciq(T x R, R).
Then
(2.3)

/ )V Vg - Vi = (~1)" / (5, (1) (1) V1.

2

Proof. We make use of Lemma 2.1 and the induction principle to
complete the proof. From Lemma 2.1, it is clear that (2.3) holds for
n = 2. Suppose now that (2.3) holds for some 2 < n € N. Integrating
(2.3) over [s,t)r and using Lemma 2.1, we obtain

(-1)" / / b (0, () F(E)VEV
t rp(€) |
= (-1 / / b (0, 9(€)) (€)Y VE
— (—1)"t1 “ R (), vV
(-1) / /p(g) (0. plE)) £ (€)VnVE

— (-1 / o (5. () (€ VIV,

which proves that (2.3) holds for (n 4 1). The proof is complete. O
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Lemma 2.3. Let n € Ny, h € Cy(T, [0,00)) and s € T. Then each of
the following is true:

i) [0 Vh(T)VT < oo implies that [, Gn(p(T), t)h(T)VT <
00 for all t 6 ']I‘

(i) [ Gulp(T), s)h(T)VT = oo implies that [ G,(p(7),t)h(T)VT =
oo forallt €T.

Proof. To complete the proof, we shall employ the induction princi-
ple. We need to show that

[ hnsprh(n)or and [ ot pr)(r) O

s t

diverge or converge together by the formula h,(t,s) = (—1)"Gn (s, t).
The proof is trivial for n = 0. Suppose that the claim holds for some
n € N. We shall show that it is also true for n + 1. Without loss of

generality, we may suppose that s > ¢. From the definition of ﬁn(t, s)
and Lemma 2.1, we have

/t R (8, o))V

_ / h ( )ﬁn@,p(n))h(n)vgw

/ / V() VEVD
[T [ e
= — / h /§ Ooﬁn(&p(n))h(n)vnvﬁ— /t S /§ OOTL,L(g, p(n))h(n)VnVE.

First, consider the case that (—1)" fTOO?Ln(T,p(n))h(n)Vn =
holds for all » € T. Clearly, this implies by the above formula that
(=)™ [7 hata (s, p(n))h(n) Vi) = 0o, and thus

(—1)nH / B (5 () () V' = o0

since s > t. Next by property 2.1, we just consider the case that
foo n))h(n)Vn < oo for all r € T. In view of the definition



HIGHER-ORDER NEUTRAL DYNAMIC EQUATIONS 481

of ﬁn(t, s) and Lemma 2.1, we get
@) [ T pl) )V
= [ st pl)hln) ¥

/ / )h(n)VnVE.

Using the fact that the last term on the rlght side of (2.4) is finite, we

see that [* R (p(7), $)(T)VT and [ hpia(t, p(7))h(T) VT diverge
or converge together. This proves that the claim holds for (n 4 1), and
the proof is complete. O

Lemma 2.4. Letn € Ny, h € C14(T,[0,00)) and s € T. Then

_1n /OO Bon (5, p(1) A7) VT = /m Gn(p(r), $)h(T)VT < 00

implies that each of the following is true:

j; t,p(T)h(T)VT = [ G;(p(7),t)VT is decreasing for
alltETandog/j\g
(i) Hmeoo(— fooh TNA(T)VT =lim; oo [ G5(p(7), 1) VT =
O for all 0 < _] n;

(iii) (=1)? [Zh (T)VT = [Zg;(p(r),t)VT < oo for all
teT and()gjgn—l.

Proof. The proof for n = 0 is trivial. Now, let n € N. To complete
the proof, it suffices to prove (i) and (ii) for j = n and (iii) for j = n—1
because the proof can be completed by repeating the emerging pattern.
Obviously, (2.5) implies

t—o0

(2.6) lim (—1)" /too hin (s, p(T))R(T)VT = 0.

By Property 2.1, we have

o~

0< (~1)" / "t p(r)) (1) < (1) / o, p(r )RV,
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which proves (ii) for j = n by (2.6). Next, we prove (iii) for j = n — 1.
Suppose, to the contrary, that

(=)t /OO Tln_l(s,p(T))h(T)VT = o0.

By Lemmas 2.1 and 2.2 (ii), we obtain
(-1 / (5, p())h(r) V'
= (-1 / / a6 o)) VEVT

= [ [ Rl pm)r) 9 rvE = o
s ¢

which contradicts (2.5). Therefore, (iii) is true for j = n—1. We finally

prove (i) for j = n; by the property of h,(t,s) and Property 2.1, we

have

o~

0o Vi 00
0" [Tt )n7] = 0" [t o )hn <0
t t
for all ¢ € T. The proof is complete. |

Lemmas 2.2 and 2.3 are analogous to [9, Lemma 2] or [10, Lemma
2.2] and [10, Lemma 2.3], respectively. We would like to point out
that the idea to prove Lemmas 2.4 and 2.5 comes from [4, Lemmas 2.1
and 2.2].

Lemma 2.5. Let u(t) € CJ}([to,00)T, (0,00)). If u¥V" is of constant
sign on [tg,00)r and not identically zero on [t1,00)r for any t1 > to,
then there exist a t, > tg and integer 1, 0 <1 < m, with m+1 even for
uV" > 0, or m+1 odd for uV"™ <0 such that

(2.7) [ > 0 implies that na (t) >0 fort > t,,
k=0,1,2,...,01-1,

and

(2.8) I <m —1 implies that (—1)l+kuvk(t) >0

fort>t,, k=0Ll1+114+2,....,m—1.
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Proof. We shall consider only the case when m > 3 is odd and
uV" (t) > 0 on [tg, 00)r because the proofs of other cases are similar.

n

From the conditions that V" (t) > 0 on [tg, 00)r and is not identically
zero on [t1,00)r for any t; > ¢, we see that uV" ! (t) is increasing on
[t1,00)T for any ¢; > to. This implies that exactly one of the following
is true:

(a1) There exists a ty > to such that u¥"  (¢) > 0 for t € [t2, 00)r;
(b)) u¥™ () < 0 for t > t,.

It is easy to see that
m—2 m—2
uV" () —uV ()

- /t WV Vs > uV" (t)(t— ), tE [ta,00).

ta

If (a1) holds, then we have u¥" (t3) > 0 and limy_,oou¥V" () =
00. Analogously, we get

lim uvm%(t) = lim uvm%(t) =...= lim uV(t) = co.
t—o0 t—o0 t—oo

Thus, the conclusions of Lemma 2.4 hold.

If (by) holds, then uvm_Q(t) is strictly decreasing on [tg, 00)r and
exactly one of the following possibilities holds true:

(ag) There exists a t3 > to such that uvmﬁ(t) < 0 for t € [t3,00)T;
(bs) u¥" 7 (t) > 0 for t > t.

From (b1), we have u¥" " (t) < uV" "(t3) for t € [t3,00)p. By
integrating the both sides of the last inequality from t3 to ¢, we obtain

m—2

m—3 m—3
uV" () —uV (k) < uV (ts)(t —t3), t € [ts,00)T.

-3

If (a2) holds, then we get uvm”(tg) < 0 and limy_,o0 uV"
—o0. Similarly, we find

(t) =

. Vm74 o . Vm75 _ .
tli>Holo v (t) = tliglo v (t) =

. H v N _
ftlggou (t)itlggou(t)i o
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which contradicts the fact that u(¢) > 0 for ¢t € [tp, 00)r. Hence, (a2)
is impossible. From (bs), we see that v (t) is strictly increasing on
t € [to, 00) and exactly one of the following is valid:

(az) There exists a t4 > to such that uVm*g(t) > 0 for t € [tq,00)T;
(bs) u¥" " (t) < 0 for t > t,.

Therefore, we can repeat the above arguments and show that the
conclusions of Lemma 2.4 hold. The proof of Lemma 2.4 is complete.
|

Lemma 2.6. Let u(t) € CJ}([to, 00)T, (0,00)) be bounded on [ty, o0)r.
Suppose that u¥" is of constant sign on [tg,c0)r and not identically
zero on [t1,00)T for any t; > tog. Then there exist a t, > to and integer
1=0orl=1, withm+1 even for u¥" >0, orm=+1 odd for u¥" <0
such that

(2.9) ()R () >0 fort>t,, k=1,2,...,m—1,
and
(2.10) lim WV =0, k=1,2,...,m—1.

Proof. We shall discuss only the case when m > 2 is even and
u¥" (t) < 0 on [tg,00) because the proof of the other cases are similar.
By Lemma 2.4, there exist a t,, > ¢y and an odd 1,0 <[ < m, such that
(2.7) and (2.8) hold. We claim that [ = 1. Otherwise, [ > 3. According

to (2.7), we have u¥ (t) > 0 and uV~ (t) > 0 for t,, > to. Thus, we get
uV(t) > uY (ty), tE€ [tu,o0)r.
By integrating both sides of the last inequality from ¢, to ¢, we see
u(t) —u(ty) > u¥ (ty)(t —tu), tE€ [tu,o0)T.

In view of the fact that uV(t,) > 0, letting + — oo, we find that
lim;_ oo u(t) = 0o, which contradicts the boundedness of u(t). Hence,
(2.9) holds.

Next, we prove (2.10). From (2.9), we have uV (t) > 0 and uv’ (t) <0
for t,, > to. It follows that limy ,o, u¥ (t) := Ly > 0, and

uV(t) > L1, tE€ [ty,00)r.
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By integrating both sides of the last inequality from ¢, to ¢, we see
u(t) —u(ty) > Li(t —ty), € [ty,o0)T.

If Ly > 0, then letting ¢t — oo will lead to lim;—_, o u(t) = oo, which
is a contradiction with the boundedness of u(t). Therefore L; =0, i.e.,

. \V4 _
tlggou (t) =0.
Also, from (2.9), we have uV () < 0 and u¥ () > 0 for ¢, > to. It
follows that lim;_, o, uV’ (t) :== Lo <0 and

WV (t) < Ly, t€ [ty o0)r.
By integrating the both sides of the last inequality from ¢, to ¢, we see

u (t) —u¥ (ty) < La(t —ty), t € [ty,c0)T.

If Ly < 0, then letting t — oo will lead to lim; o u¥ (t) = —o0,
which contradicts the fact that vV (t) > 0 for ¢ € [t,, 00)p. Therefore,
LQ = O, i.e.,

: Vi
(2.11) tlggou (t)=0.
From (2.9), we have uV"(£) > 0 and u¥" (£) < 0 for t € [t,, 00)r. Hence,
we obtain lim;_, oo uV’ (t) := Ly > 0 and uV’ (t) > L3 for t € [ty,00)T.
By integrating both sides of the last inequality from ¢, to t, we get

uVi () —uV () > La(t — ty), t € [ty,00)T.

If L3 > 0, then letting ¢ — oo will give lim;_, uV’ (t) = oo, which
contradicts the fact that ¥’ (t) < 0 for ¢ € [t,,c0)y. Therefore, we
obtain L3 =0, i.e.,

3

(2.12) lim «V () = 0.

t—o00

The rest of the proof is similar to that of (2.11) and (2.12) so that
we omit it. The proof of Lemma 2.5 is completed. O

Let BCy4([to,0)T,R) be the Banach space of all bounded 1d-
continuous functions on [to, 00)r with the norm |[z|| = sup;c(y, o0, [2(1)]-
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The following is an analogue of the Arzeld-Ascoli theorem on time
scales.

Lemma 2.7. [15, Lemma 4]. Suppose that X C BCj4([to,o0)T,R)
is bounded and uniformly Cauchy. Further, suppose that X is equi-
continuous on [To, Tyt for any Ty € [Ty, 00)r. Then X is relatively
compact.

In the next section, we will employ Kranoselskii’s fixed point theorem
(see [5, 7, 12, 13, 14, 15] to establish the existence of nonoscillatory
solutions for (1.1). For the sake of convenience, we state this theorem
here as follows.

Lemma 2.8. (Kranoselskii’s fixed point theorem). Suppose that X is
a Banach space and Q is a bounded, convexr and closed subset of X.
Suppose further that there exist two operators U, S : Q@ — X such that
(i) Uz + Sy € Q for all x,y € Q;

(ii) U is a contraction mapping;

(iii) S is completely continuous.

Then U 4+ S has a fized point in Q.

3. Main results. This section is organized as follows. In subsection
3.1, we give sufficient conditions for the existence of bounded nonoscil-
latory solutions of (1.1); in subsection 3.2, we state necessary and suf-
ficient conditions for the existence of bounded nonoscillatory solutions
of (1.2) and (1.1); in subsection 3.3, we will discuss sufficient (and nec-
essary) conditions for the existence of bounded nonoscillatory solutions
of (1.3).

We state the following conditions, which are needed in the sequel:
(H1) there exists a constant p € (3,1) such that [p(t)] < 1 — p for all
t € [to,00)T ;

(H3) there exist constants py, ps € (—o0, —1) such that p; < p(t) < py
for all ¢ € [tg, c0)T ;

(Hs) there exists a constant p € (—1,0] such that p < p(¢) < 0 for all
te [to, OO)T ;

(Hy) there exists a constant p € (0,1) such that 0 < p(t) < p for all
t € [to,00)r ;



HIGHER-ORDER NEUTRAL DYNAMIC EQUATIONS 487

(Hs) there exists constants p1,pe € (1,+00) such that p; < p(t) < pa
for all ¢ € [tg, 00)T.

3.1. Sufficient conditions for (1.1). We state the following results
in this subsection, which investigate sufficient conditions for the exis-

tence of bounded nonoscillatory solutions of (1.1) with p(¢) in one of
the ranges (Hy)—(Hs).

Theorem 3.1. Assume that (H;) holds, and that

(3.1) /too Im—1(p(s),t0)|pi(s)|[Vs < o0, i=1,2,...,k
and

(32) | Gnaole) )la(0)1 s < .

Then (1.1) has a bounded nonoscillatory solution x(t) with

htrgérolf |z(t)] > 0.

Proof. For some d # 0, we choose dy, ¢; such that 0 < dy < (2p—1)|d|
and d;+(1—p)|d| < ¢1 < p|d|. Let ¢ = min{c; —dy—(1—p)|d|, p|d|—c1}.
By (3.1), (3.2) and Lemma 2.2, there exists a sufficiently large number
t1 > to such that

/:0 Qm—l(ﬂ(S),tl)(iMl pi(s)] + |q(8)>Vs <o

and T(t)aTi(t) Z t07 1T = 1,27...,k’ for t Z tl, where Ml =
maxg, <,<|q/{|fi(z)]: 1 <i <k}
Let
O = {x € BCyy([to,0)r,R) | dy < z(t) < |d|,t € [to, 00)T}.

It is easy to verify that ; is a bounded, convex and closed subset of
BCld([to, OO)T, R)

We define two operators Uy, Sy : Q1 — BC4([to, o0)r, R) as follows:

(Th)(#) = { —p(t)z(r (1)), t € [t1, 00)r,

(le)(tl), t e [to,tl}']r,
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€1 + 1)m ! ft Gm— 1 t)
k
(S1z)(t) = X <Zpl(s)fl(x(n(s))) - q(s))Vs, t € [t1,00)T,
(Slx)(ltz)la te [tO;tl]T~

Next, we show that U; and S; satisfy the conditions in Lemma 2.7.

(I) We will show that Uyx + S1y € Qq for any =,y € Q4. In fact, for
any z,y € )y and ¢t > t1, we have

(Urz)(t) + (S1y)(t) = e1 — |p(t)|z(7 (1))
- natots) (lez Gl + la)]) v

> = (=p)ldl = [ Gunsol) (me )+ 1a(6)] ) s
>c1— (1 =p)dl —[e1 —di — (1 =p)|d|] = du,
and

(Ur)(t) + (S19)(t) < ex + [p(8)]x(7(¢))
k

- N am_1<p<s>,t>(z (&)1 (3)))] + |q<s>|)v5

i=1
<ep+ (1-p)|d]

+/ Gm—1( (ZM1|pz )+ la( )I)Vs
t1

<ca+ (1 =p)ld+pld - e =d],

which implies that Uz + S1y € Q; for any z,y € Q.
(IT) We will show that U; is a contraction mapping. Indeed, for any

z,y €y, we get
[(Ur2)(t) — (Ury) @[] < [p@)[|2(7(t)) — y(7(t))

<A =pllz—yll, t>t,

and
[|[(Urz)(t) — (Uiy) ()] =0, to <t <ty
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Hence, U; is a contraction mapping.

(IT1) Finally, we show that S; is a completely continuous mapping.
According to Lemma 2.6, we need to show that .Sy is continuous and
51 is bounded, uniformly Cauchy and equi-continuous.

(i) Similar to the proof of (I), we see that dy < (S1z)(¢) < |d| for
t € [to,00)r. That is S10; C Q1 and S18; is bounded.

(ii) We claim that S is continuous. Let z,, € Oy and ||z, —z|| = 0
asn — 0o. Then xz € ; and |z, —2z| = 0asn — oo for all ¢ € [tg, 00)T.
For t > t1, we have

[|S12n — S12]|

S/:Ogml (Zm ien(r(6)) - fialr()) ) V.

Since

G (sz o (r6)) ~ flar(s)] )
< G (Zm o] + ol

< 2M G 1(p(s),t1) Z pi(s)

and
| fi(xn(1:(8))) — fi(z(m3(8)))| — 0 (n — o00), fori=1,2,...,k.

In view of (3.1) and applying the Lebesgue dominated convergence
theorem, we conclude that

lim ||S12, — S12|| =0,
n—oo

which implies that Sy is continuous on 2.

(iii) Next, we show that S1€; is uniformly Cauchy. In fact, for any
€ > 0, take to > t; such that

/t:O/g\m ! (ZMM% )+ la(s )|>Vs§5/2.
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Then, for any x € Q; and t,r € [t3, 00)T, we have

|[S12)(t) = S12)(r)]|

- /toog’“ (i o)1 fi(@(ri(s))] + lals >|)v8
i /:097"1 (élpz I fi(a(m >>>|+|q<s>|)vs

SQ/ Gm—1( (ZMﬂpz )|+ la( )|>Vs§5.
ta

Therefore, S1€; is uniformly Cauchy.

We also have another method to prove 51 is uniformly Cauchy.
To do so, we only check that SY (¢) is bounded. Here we leave it to the
readers.

(iv) We show that S1Q; is equicontinuous on [tg, o]t for any to €
[to, 00)T. Without loss of generality, we assume that to > t;. For any
€ > 0, choose

s/ [ (ot (ZMm )+ la(s)] )9

Then, for any x € Qy, when ¢,r € [to, o] with |t — r| < §, by Lemmas
2.1 and 2.3, we have

[1(S12)(t) = (S12) ()]

B / OO ﬁml(p(s)’t)(;Pi(S)fi(x(n(S))) - q<s>)vs
_/ngm1(p(5)”)<ém(8)ﬂ($(n( D) —al >)vs
} / oo hm1“7ﬂ<s>>(ipxsm(m(n(s))) - q<s>)v5
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/too|:/p:) hn—2(8, pls (zk:pl )fi(z(7i(s))) — CI(S))V@]VS

k

_/roo[p;h’”ep (sz ) fila(Ti( )Q(5)>V9]Vs
{/ im—2(0, p(s (Xk:pz ) fi(z(7i(s))) — q(s))vs}va

k

/ [/ im0, pls (sz ) fi(@(7i(s)) = q(s))Vs}va‘
/t {/9 Gm—2(p(), <§;pi(5)fi($(ﬁ(5)))—q(S)>V5}V9
/roo[/eoogm ? (zk:pz )fi(x(7i(s))) — q(s))%}va‘

R :,j
<|/ [ | Bnatotonto) (L milo)sitatr mq(s))vﬁ vg‘
o0 k
=|t—r| ) Im—2(p(s),t0) sz(s)fi(x(ﬂ(s))) —q(s)|Vs

<5 [ Gnalo (ZMlm )+ a9 )V < 2
to

This indicates that S1€; is equicontinuous on [to,ts]r for any to €
[to,00)T. Hence, by Lemma 2.6, S1€; is a completely continuous
mapping.

It follows from Lemma 2.7 that there exists an x € ; such that
(Uy + S1)x = x, which is the desired bounded solution of (1.1) with
tlggo inf |z(¢)| > 0. The proof of Theorem 3.1 is complete. O

Theorem 3.2. Assume that (Hs), (3.1) and (3.2) hold, and T has the
inverse function =1 € C(T,T). Then (1.1) has a bounded nonoscilla-
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tory solution x(t) with litm inf |2(t)] > 0.
— 00

Proof. We choose positive constants 0 < a < b and 5 > 0 such that
—ap; < B < —=b(p2 +1). Let ¢ = min{(ﬁﬂ;%m, —b(p2 +1) — B}. By
(3.1), (3.2) and Lemma 2.2, there exists a sufficiently large number
t1 > tg such that

e (ZMQm )+ 1a(o)] ) s < c.

T1(t)

and 771(t), Ti(77(t) > to, i = 1,2,...,k for t > t;, where My =
max {|fi(z)|: 1 <i < k}.

a<z<b

Let
={z € BCjy([to,o0)1,R) | a < x(t) < bt € [tg,00)T}

It is easy to verify that €25 is a bounded, convex and closed subset of
Bcld([to, OO)T, R)

We define two operators Us and Sy : Qo — BC4([to, 00)T,R) as
follows:

__ B _ ozt
Wa)t) = {0 ) te Flv“})%
(Uaz)(t1), t € |to, t1)T,
ym—1
(Tl 1(t)) f‘r L(¢) gm 1([)(8) T_l(t))

(Sa)(t) = ( Z pi(s) fi(x(7:(s))) — q(s)) Vs, t€ [ty,00)T,

(Sax)(), 1 € [fo, 1l

Next, we show that U and S, satisfy the conditions in Lemma 2.7.

We will show that Usx 4+ Say € Qg for any z,y € Q9. In fact, for
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any x,y € €y and t > t1, we have

(Ua)(t) + (S2y)(t)

B 1
) )
oo k
S gm-1(p(s),7 (t))(;M2|pi(S)|+|q(5)|)Vg
>—é+£>—ﬁ+w:a
T p p2T 1 P1P2
and
(U2z)(t) + (S29)(t)
c__ B z(r1(t))
- op(rTi®)  p(r(1)
_¥/°° Im—1(p(s) Tl(t))<zk:M| i(s)| + 1 (s)|>v5
pT0) Jragy > Melpi(s)| +Ig
< B_b_ e Brb-bm+l-B8_,

P2 P2 P2 P2

Thus, we have proved that Usz 4+ Say € Qs for any z,y € 9. It is easy
to verify [|(Sex)(2)]] < —p% and S35 is uniformly bounded.

It is clear that the mapping Us is a contraction mapping.

Then we show that S is equicontinuous on [tg,t2]r for any
ty € [to, 00)r. Without loss of generality, we assume that to > t;. For
any = € g, we have ||(S2x)(t) — (S22)(r)|| = 0 for t,r € [to,t1]r. Since
m and 77 1(¢) are continuous on [t1,2]T, so they are uniformly
continuous on [t1,ts]r. For any € > 0, choose § > 0 such that when
t,r € [to, t1]r with |t —r| < J, we have

9
2ks’

= ~ i) - ) <

P p<71<r>>’ RN
where

o k
k=1 —l—/ ﬁmi(p(s),to)(ZMﬂpi(sﬂ + |q(s)|>Vs, i=1,2.
i=1

to
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For any x € (5, we have
|(U2z)(t) — (S2)(r)|
k

=o)Lt ~ o)) s

=1

k

— iy [ Bt O Ln ) (o) — ) ) 95

[p(f—ll(t)) a p(T_ll(T))] /T i o Gm1(p(s), 7 (1))

k
« (prs)ﬁ(x(n(s))) - q<s>)v$|

m{/m( )ﬁm 1(p(s), 77 (#))

<Zp () = 4(5) ) Vs

[ Bt ) (;pxsm(w(n(s))) ~al9)vs|
|7 s [ o
< (ipi(s)ﬁ(w(n(s))) ~al9)) v
o L
| [ ueatioto e)(gm(svi(x(n(s))) ~ ) vl ve\
= [Wi@) - p<f11<r>>}
le%z (Epwm |+M)DVS

+

+®771()—7’ (r) /to Gm—2( (ZMZ‘Z) )+ la( )|)V5
<t+i=¢

22
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which implies that S2Qs is equicontinuous on [tg,ts]r for any to €
[to, o0)1. The remainder of the proof is similar to that of Theorem 3.1.
The proof is complete. |

Theorem 3.3. Assume that (Hs), (3.1) and (3.2) hold. Then (1.1) has
a bounded nonoscillatory solution z(t) with litm inf |z(¢)| > 0.
—00

Proof. By (3.1), (3.2) and Lemma 2.2, there exists a sufficiently large
number t; > tg such that

[ o (ZMgm )+ la(o)] )95 < 52
t1

and 7(t), ©(t) > to, ¢ = 1,2,...,k for ¢ > t;, where M3 =
< rl<i :

4
Q3 = {x € BCia([to, o)1, R) | —— < () < 3 te [to,OO)’H‘}.
It is easy to verify that (3 is a bounded, convex and closed subset of
BCld([tQ, OO)T,R).

We define two operators Us and S3 : Q5 — BCi4([to, o)1, R) as
follows:

(Usz)(t) = (U12)(t), te [t07 o0)T,

L+p+ (=D [ Gm—1(p(s),1)
(Ssz)(t) = X (Zp,(s)fz(x(n(s))) — q(s))Vs, t € [t1,00)T,
(5337)(;;)17 te [t07t1]’]l‘-

The rest of the proof is similar to that of Theorem 3.1 so that we omit
it. The proof is complete. (|

Theorem 3.4. Assume that (Hy), (3.1) and (3.2) hold. Then (1.1)
has a bounded nonoscillatory solution x(t) with liminf,_, |2(¢)] > 0.
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Proof. By (3.1), (3.2) and Lemma 2.2, there exists a sufficiently large
number ¢; > to such that

o) k
/t aml(ms),tl)(Zani(sn + |q<s)>v8 <1-p,

and 7(t), () > tg, i =1,2,...,k for t > t;, where

My = max {|fi(z)|:1<i<k}.

1—p<x<3
Let
Q4 = {z € BCl4([to,0)1,R) | 1 —p < x(t) <3, t € [to,00)T}-

It is easy to verify that €4 is a bounded, convex and closed subset of
Bcld([to, OO)T, R)

We define two operators Uy and Sy : Q4 — BCiq([to, o), R) as
follows:

(Usz)(t) = (Uhz)(t), t € [to,00)T,

(Su)(1)
2+ p+ (1) [7 Gm—1(p(s), 1)
) (prs)fi(x(n(s)» . q<s>)Vs, € [t1,00)m,
=1
(S4!L‘)(t1)7 te [t07t1]’]1‘~

The rest of the proof is similar to that of Theorem 3.1 so that we omit
it. The proof is complete. O

Theorem 3.5. Assume that (Hs), (3.1) and (3.2) hold, and T has the
inverse function 7=t € C(T,T). Then (1.1) has a bounded nonoscilla-
tory solution x(t) with liminf;_, . |z(t)| > 0.

Proof. We choose a positive constant S > 0 such that 1 < 8 < p;.

Let
c:min{(p1 B),ﬂ—l}
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By (3.1), (3.2) and Lemma 2.2, there exists a sufficiently large number
t1 > to such that

oo k
[ dnealolon ) (3 M)+ la(o)] ) 7 <
) i=1

and 7 (t), 7i(77 (1) > to, 1 i <k, ¢ > 1, where

M5:max{|fi(x)|:@12;6)§x§(p12;_ﬁ), 1§z‘§k}.
2 1
Let
Qs = {x € BCq4([to, o0)1, R) (7’12;25) < a(t)
< (17127;—1@,156 [t07OO)']1'}.

It is easy to verify that Q5 is a bounded, convex and closed subset of
BCia([to, 00)t, R).

We define two operators Us and S5 : Q5 — BCiq([to, o), R) as
follows:

B _ (@)
(Usz)(t) = { ) ey L o)
(Usz)(tr), t € [to, ta]r,

(S52)(t) = (S22)(1).

The rest of the proof is similar to that of Theorem 3.2 so that we
omit it. The proof is complete. |

Remark 3.6. Theorems 3.1-3.5 extend, unify and improve essentially
some known results in [5, 6, 7, 11, 13, 14, 15] because we do not
assume that f; is Lipschitzian or nondecreasing with zf;(z) > 0 for
x # 0, and allow p(t) and p;(t) to be oscillatory.

3.2. Necessary and sufficient conditions for (1.2). In this sub-
section, we will extend the results given for (1.1) to (1.2). We estab-
lish sufficient and necessary conditions for the existence of bounded
nonoscillatory solutions of (1.2) by some new techniques. For this pur-
pose, we need the following additional hypothesis:
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(Hg) F(t,u) is nondecreasing in u with wF(¢,u) > 0 for all u # 0 and
te [to, OO)T.

Theorem 3.7. Assume that (Hg) and (3.2) hold, and that p(t) satisfies
one of the conditions (H1) — (Hs). Then (1.2) has a bounded nonoscil-
latory solution x(t) with liminf;_, . |z(t)| > 0 if and only if there exists
some constant K # 0 such that

(3.3) / " G1(0(5), t0)| (5, )| Vs < oo,

provided that, for the conditions (Hz) and (Hs), the function T has the
inverse T~ € C(T,T).

Proof. Necessity. Assume that (1.2) has a bounded nonoscillatory
solution z(t) on [tg,00)r with lims_, inf |z(t)] > 0. Without loss of
generality, we assume that there exist a constant K > 0 and some
t1 > to such that z(t) > K, z(7(t)) > K and z(§(t)) > K for
te [t1, OO)']I‘. Set

Q) = 0" [ Gnrlpl9)0a() V5
By (3.2) and Lemma 2.3, it is easy to certify that Q(¢) is bounded and
Q" (1) = glt). Let
y(t) = x(t) + p(t)a(r(t), =2(t) =y(t) — Q).

We see that y(t) and z(t) are bounded because x(t), p(t) and Q(t) are
bounded. From (1.2), for all ¢ € [t1, 00)T, we have

2V (t) = —F(t,z(8(t))) < —F(t,K) < 0.

Thus, by Lemma 2.5, we know that there exists £, > t; such that
(—l)m*jﬂzw (t) > 0 for t > tg and 1 < j < m. Therefore, for t > to,
we obtain

/toO Im—1(p(s),t)F (s, K)Vs

<- / T G (p(), 027" (5)Vs

= — lim (=)D ()G, (s, 1)
S$— 00
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+(=1)? /too Gm-2(p(5),)=¥" (5)Vs

< (-1 /too Gna(p(s),)=""" (5)Vs

= — lim (—1)" DY ()G, o (s, 1)
5—00

+(=1)° /too Gm-3(p(s),1)2""" () Vs

< (-1)° /t“ Gm-s(p(s),1)2""" () Vs

<V [T = )R < o

By Lemma 2.2, we see that (3.3) holds.

The proof of sufficiency is similar to that of Theorem 3.1 or Theo-
rem 3.2. So we omit it. The proof is complete. (|

Combining Theorem 3.6 with Theorems 3.1-3.5, we can immediately
give sufficient and necessary conditions for the existence of bounded
nonoscillatory solutions of (1.1) under the following additional hypoth-
esis:

(Hz) pi(t) > 0 for ¢ € [tg,00)r and f; is nondecreasing with z f;(xz) > 0
for all x # 0.

Corollary 3.8. Assume that (Hy) and (3.2) hold and that p(t) satisfies
one of the conditions (Hy1)—(Hs). Then (1.1) has a bounded nonoscil-
latory solution x(t) with liminf, .o |x(t)| > 0 if only if (3.1) holds,
provided that for the conditions (Hz) and (Hs), the function T has the
inverse 7~ € C(T,T).

Remark 3.9. An open problem is presented. Can we get unbounded
nonoscillatory solutions of (1.1) or (1.2) provided that, for the condi-
tions (Hz) and (Hs), the function 7 has the inverse 7! € C(T,T),
if integration of (3.1), (3.2), (3.3) are +o0? The answer is affirma-
tive, and we need some additional assumptions. In [13], Zhu dis-
cussed the existence of unbounded nonoscillatory solutions of (1.4)
for 2 < m € N. Recall the proofs of Theorems 3.1-3.6 and Corol-
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lary 3.1; similar to [13] we only choose a suitable Banach space
Q= {z € Ci([to,00)T,R) | d1 < x(t) < ¢(t), t € [to,00)T}, Where
dy > 0is a constant and ¢(t) € C([tg, o0)T, R) with lim; o p(t) = +o0.
The proofs are similar.

3.3. Sufficient conditions for (1.3). Related to (1.1) is the dynamic
equation (1.3) with mixed nabla and delta derivatives

[2(-) + p()z(r(NV" A R) +§:m ) filz(7i(1)) = q(2).

By [2, Theorem 8.49(ii)] (see also the following Theorem 5.5), for t € T*
with p(o(t)) = t, the dynamic equation (1.3) can be reduced to the form

k
() +p()a(r (DI (o(1) + Zpi(t)fi(x(n(t))) =q(),
(3.4) [2() +p()a(r())V" (¢ +sz z(1i(p()))) = q(p(t))-

Thus, the results of Theorems 3.1-3.5 and Corollary 3.1 can be carried
over (3.4) and then over (1.3).

4. Examples. Let us consider the following two examples to better
understand our results.

Example 4.1. Consider higher-order dynamic equations of the form

m 1
4.1 +p(t Y 2(ri(t) = ——
(41) [=(t) §j o () = ot
where ¢ € [tg,00)T, 2<meN, a>m, a;, a; >m, i =1,2,...,k, are
real numbers, 7(t), 7;(t) € [to,o0)T, i = 1,2,..., k, with lim;_,o 7(¢) =

lim 00 7i(t) = 400, i =1,2,...,k, and f € C(R,R). For convenience,

take p(t) = r to be a constant satisfying the hypotheses (H;)—(Hj).
We first consider the case T = R. In this case, p(t) = ¢, the

nabla derivative is a usual derivative, p(s) > to, by Proposition 2.1
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and (—=1)¥hy(t, s) = Gr(s,t), we have Gi(p(s),to) > 0, s € [to, 00)T,

— s)k o a;
/g\k(t,S) — (t o ) ’ /t gm_l(p(s),to)MVs < 00,

and

> 1
/t(, gm_l(p(s),to)mVS < 0.

Therefore, (4.1) satisfies the conditions of Theorems 3.1-3.5 and equa-

tion (4.1) has a bounded non-oscillatory solution z(t) with lim inf; o, X
|z(t)] > 0.

Next, we consider the case T = N. In this case, p(t) = t — 1, the
nabla derivative is the backward difference, p(s) > to; by Property 2.1
and <_1)khk(ta S) = /g\k?<5?t)7 we have §k(p(8),to) >0,s¢€ [thOO)T7

g
autts) =
(t—s)fr=@t—s)t—s+1)(t—s+2)--(t—s+k—1),

and

~3 7@\ 5§ < 00
[, Bttt v <
> 1
/to gm_l(p(s),to)mVS < 0.

Hence, (4.1) satisfies the conditions of Theorems 3.1-3.5 and equation
(4.1) has a bounded nonoscillatory solution x(t) with lim inf; o |2(t)| >
0.

Likewise, for general time scales T, it is not difficult for us to
check that (4.1) also satisfies the conditions of Theorems 3.1-3.5
and equation (4.1) has a bounded nonoscillatory solution x(t) with
liminf;, o |z(t)] > 0.

In particular, z(t) = ¢ (a constant) is a solution of equation (4.1), if
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and
k k
> aifi(@(ri(t) =Y aifi(c) = 1.
i=1 i=1

Example 4.2. Consider the higher-order dynamic equations of the
form

v b a;|T\T; ﬁ’x Ti
(4.2) [x(t)+<r+t+4)x(t_1)} +Z;(;|(t()—(t))| ((tz)

o) + g;(t)
(

where t € [tg,o0)r, 2<meN,neN, a>m,a; >0,8>0,a; >m
(i=1,2,...,k) are real numbers, 7;(t) € [tp,00)T, i = 1,2,...,k, with
limy o0 7i(t) = 400 (i = 1,2,...,k), and g(t), g:(t) € C(T,(0,00)r),
fi(z) = |z|f2x € C(R,R), i = 1,2,...,k, o(t) is the forward jump
operator. For convenience, take r to be a constant such that p(t) =
r 4+ 2/(t + 4) satisfies the hypotheses (Hy)—(Hs).

Now we check that equation (4.2) satisfies hypothesis (Hy). In fact,
a;
pi(t) = :
NCORNCETI)
i=1,2,...,k, foralltée [ty,o0)r,

>0,

and
xfi(x) >0, forx+#0,i=1,2,...k,
which implies that hypothesis (Hy) is satisfied.
On one hand, on time scale [tg, c0)T, we have
P (p(1)"
m— s),t Vs
J, et o o

o /g\m—l(p(s)vtO) (p(t>)n
</t0 (p(D) +10)>  (p(t) + to) ™™

which implies that (3.2) holds.

Vs < o0,



HIGHER-ORDER NEUTRAL DYNAMIC EQUATIONS 503

On the other hand, on time scale [tg, 00)T, we obtain

Vs

[, Gt

a5 - g1 (p(3), to)
= / (p(s) — to)™

Vs < o0,

which implies that (3.1) holds.

It is clear that the function 7(¢) = ¢ — 1 has inverse function
771(t) = t+1. According to Corollary 3.1, equation (4.2) has a bounded
nonoscillatory solution x(¢) with liminf; . |z(¢)| > 0.

Besides, we also obtain the same result by using Remark 3.9. We
only check that the equation

2 V' & e () Pa(n(t)
{x(t) + (T + t+4>$(t - 1)} + ; (o(t) — to)™
(p(1))"

(o(t) + o)t

has a bounded nonoscillatory solution z(¢) with liminf;_, . |z(¢)| > 0.
In fact, it is true.

5. Appendix.

5.1. Preliminaries on time scales. For convenience, we recall some
concepts related to time scales. More details can be found in [2, 3].

Definition 5.1. A time scale is an arbitrary nonempty closed subset
of the set R of real numbers with the topology and ordering inherited
from R. Let T be a time scale; for ¢t € T, the forward jump operator is
defined by o(t) := inf{s € T : s > t}, the backward jump operator
by p(t) := sup{s € T : s < t}, and the graininess function by
u(t) := o(t) — t, where inf @ := supT and sup® := inf T. If o(t) > ¢,
t is said to be right-scattered; otherwise, it is right-dense. If p(t) < t,
t is said to be left-scattered; otherwise, it is left-dense. The sets T*
and T, are defined as follows. If T has a left-scattered maximum m or
right-scattered minimum m, then T* = T — {m} and T, = T — {m};
otherwise, T* =T and T,, = T.
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Definition 5.2. For a function f : T — R and ¢t € T" (¢t € Ty), we
define the delta-derivative f(t) or the nabla-derivative fV (¢) of f(t)
to be the number (provided it exists) with the property that, given any
e > 0, there is a neighborhood U of ¢ (i.e., U = (t — ,t +0) N T for
some ) such that

o) = F(s)] = FAW)[o(t) - s]| < elo(t) —s| forallseU

IF(p(1) = £(5)] = FT(@)lp(t) — 5]| < elp(t) — 5| for all s € U,

We say that f is delta-differentiable (or in short, differentiable) on T*,
provided fA(t) exists for all t € T and f is nabla-differentiable (or in
short, differentiable) on T, provided fV (¢) exists for all t € T,.

It is easily seen that, if f is continuous at ¢ € T and t is right-
scattered or left-scattered, then f is delta-differentiable or nabla-
differentiable at ¢ with

A

o = LED 10,

oo O - FW) 1)~ Fe(0)
FO==""0 =

Moreover, if ¢ is right-dense or left-dense, then f is differential at ¢ if
and only if the limit
t _
1o JO = 1(9)
s—t t—s
exists as a finite number. In this case

fA(t):limM or fv(t):limM.

s—t t—s s—t t—s

In addition, if f& >0 or fV >0, then f is nondecreasing. Two useful
formulas are

FO@) = F(&) + p(t)f2(t),  where f7(t) := f(o(t))

and

Fo@t) = f(8) —v()fY (1), where f7(t) == f(p(1)).
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We will make use of the following product and quotient rules for the
derivative of the product fg and the quotient f/g (where gg° # 0 or
gg” # 0) of two differentiable functions f and g:

(5.1) (f9)2 = f2g+ f79% = fg° + [2¢°
(f)A _ fg—fe®
g 99°
and
(5.2) (fo)¥ =Yg+ 9" = fg¥ + f¥g”
(f)V _ Y9—tg¥
g g9°

Definition 5.3. Let f : T — R be a function, f is called right-dense
continuous (rd-continuous) if it is continuous at right-dense points
in T and its left-sided limits exist (finite) at left-dense points in T.
A function FF : T — R is called an antiderivative of f provided
FA(t) = f(t) holds for all t € T*. By the antiderivative, the Cauchy
integral of f is defined as

b
/ f(s)As = F(b) — F(a),

and

/ " f(5)As = lim / f(9)As

t—o0

Definition 5.4. Let f : T — R be a function, f is called left-dense
continuous (ld-continuous) if it is continuous at left-dense points in
T, and its right-sided limits exist (finite) at right-dense points in T.
A function ' : T — R is called an antiderivative of f, provided
FY(t) = f(t) holds for all t € T,. By the antiderivative, the
Cauchy integral of f is defined as f; f(s)Vs = F(b) — F(a), and

[ £(5)Vs = limy o0 [} f(s)Vs.

Let C,q(T,R) denote the set of all rd-continuous functions and
C14(T,R) denote the set of all 1d-continuous functions mapping T to R.
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It is shown in [2] that every rd-continuous (or ld-continuous) function
has an antiderivative.

Two integration by parts formulas are

b b
63 [ sostoa=1r0el | - [ 20 oar

and

b b
Gy [ st ove=lrose) | - [ T oo

Theorem 5.5. Assume that f : T — R is nabla differentiable on T,.
Then f is delta differentiable at t and

(5:5) I OEFMCIG)

fort € T* such that p(a(t)) = t. If, in addition, fV is continuous on
T,, then f is delta differentiable at t and (5.5) holds for any t € T*.

Theorem 5.6. If f, > and fV are continuous, then

(@) [fy F(t,9)As]A = [7 fA( 5)As + f(o(t),1);
(i) [f) ft,5)As]Y = [1fY(t,5)As + f(p(t), p(t));
(i) [f, f(t,5)Vs]® = [) fA(t5)Vs + f(o(t),0(b);
(@) [ f(t,8)Vs]Y = [ fY(t.5)Vs + f(p(t), ).
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