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ON PERMUTATION BINOMIALS
MOHAMED AYAD, KACEM BELGHABA AND OMAR KIHEL

ABSTRACT. Let F,; be the finite field of characteristic
p containing ¢ = p” elements. Let f(x) = az™ + 2™ be a
binomial with coefficients in Fq and d = ged (n — m,q — 1).
In this paper, we prove that there does not exist any
permutation binomial such that d satisfies certain congruence
conditions, and we do some computations to list all non
permutation binomials for n — m = 3 and ¢ < 100.

1. Introduction. Let I, be the finite field of characteristic p con-
taining ¢ = p” elements. A polynomial f(z) € Fy is called a permuta-
tion polynomial of [, if the induced map f : F; — F, is one to one.
The study of permutation polynomials goes back to Hermite [3] for F,,
and Dickson [2] for F,. Lidl and Mullen [4] formulated a list of open
problems. Permutation monomials are completely understood; how-
ever, permutation binomials are not well understood. For some partial
results on the subject, see [5, 8, 10, 11].

We fix some notation which will be used through this paper. The
letter p always denotes a prime number and I, the finite field containing

q = p” elements. For any polynomial g(z) € F,[z], we denote by g(x)
the unique polynomial of degree at most ¢ — 1, with coefficients in F,
such that g(z) = g(z) (mod (27 — x)). When we refer to a binomial
f(z) over F,, we always mean a polynomial f(z) € F,[x] of the form
f(z) = ax™ + ™ with the nonrestrictive condition ged(m,n) =1 (see
[9, Example 2.1]), n > m and a # 0. Let d = ged(n —m,q—1). It
is well known that, if d = 1, then f(z) is not a permutation of F,,.
The idea of examining d for the existence of permutation polynomials
is not new. For recent references on permutation binomials and a
general class of polynomials of the form " f(x(@=1/!) one can see
([1, 6, 7, 12, 13, 14]). In this paper, we prove that there does not
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exist any permutation binomial such that d satisfies certain congruence
conditions. We do some computations to list all non permutation
binomials of degree smaller than g for n —m = 3 and ¢ < 100.

2. Non existence of permutation binomials of certain shapes.
An old and yet very useful result in the theory of permutation polyno-
mials, is the following theorem proved by Hermite for the prime fields
and Dickson in the general case.

Theorem 2.1. Let p be a prime number, ¢ = p" and g(x) € F,lz].
Then g(x) is a permutation polynomial if and only if

(i) g(x) =0 has a unique solution in Fy.

(ii) For everyl e {l,...,q —2},degg!(z) < q—2.

We deduce from Theorem 2.1 the following corollary.

Corollary 2.2. Let f(z) = az™ 4+ 2™ € Fylx], such that a # 0 and
ged(m,n) = 1. Let d = ged(n —m,q —1). Suppose d > 2. Then f(x)
is a permutation polynomial of Fy if and only if:

(i) f(xz) =0 has a unique solution in Fy.
(ii) For everyl € {1,...,q — 2} such that d | I, we have deg f'(x) <
q—2.

Proof. From Theorem 2.1, we have only to prove that if [ €
{1,...,¢ — 2} and d t I, then deg f!(xz) < ¢ — 2. Let k be an integer,
and let k be the integer in {1,...,q — 1} such that k =k (mod ¢ — 1).
Then, modulo z? — x, we have

1 if k=0
.

ok if k#£0.

It follows that if k¥ > 0, then ¥ = 29=! (mod 27 — ) if and only if
k=0 (mod g — 1). Suppose that there exists [ € {1,...,q — 2} with
d {1 such that deg f!(z) = ¢ — 1. We deduce from

l l
(2.1) (az™ +2™) = Z <l> al pritm=3i) — Z <l> j p(n=m)j+im

=0 M i=0 M
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that there exists an integer j € {0,...,{} such that

n—m)j+im — ,.q—1

a x (mod z? — x).

Hence, (n —m)j +1m >0 and (n —m)j +Im =0 (mod ¢ — 1). Since
d=ged(n—m,q—1),thend | (n—m) and d | ¢—1. But ged(n,m) =1
implies that ged(d,m) = 1. Then d | I which is a contradiction. O

One of the main results in this paper is the following theorem.

Theorem 2.3. Let f(x) be a binomial such that d > 1. Ifp =1
(mod d?), then f(x) is not a permutation polynomial of F,,.

For the proof of Theorem 2.3, we need the following lemma.

Lemma 2.4. Let f(z) be a binomial such that d > 1. Letl €
{1,...,q — 2} be such that d | I. Then the following assertions are
equivalent:

(2.) deg f1(x) < q - 2
(i)
l ! .
(2.3) )3 (j)a =0
(n=m)j+Iim=0 (mod g—1)
(i)
" I A
ga-n/a) _
24 §<jo+A<q—1>/d)( ) =0

where jo is the smallest nonnegative integer > 0 satisfying

. —Im g—1\ _—-lm n—m qg—1
joz(nm)<m0d g )_ p] / y] <m0dd )

and vy s the largest integer A such that
Jot+Alg—1)/d <l
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Proof. From equation (2.1), deg f!(z) < q — 2 if and only if

(2.5) z; (;) =0

(n—m)j+Ilm=0 (mod g—1)

The condition (n —m)j +Ilm =0 (mod q — 1) is equivalent to

(n—m). I qg—1
d J+dm_0 modid ,

which is equivalent to

(2.6) j= (—lm) (mod q;1>’

n—m

where jo is the smallest nonnegative integer satisfying (2.6). Then
j =jo (mod (¢ —1)/d). Hence, equation (2.5) is equivalent to

(jo + )f(adl)> <(a)q%1>/\ =0,

where ~; is the largest integer A such that jo + A( q%dl) <l O

2

A=0

Lemma 2.5 (Lucas). Let A and B be two positive integers such that
A=ao+ap+--+asp’

and
B=by+bip+-- +bsp’

with 0 < a; <p and 0 < b; < p for everyi € {1,...,s}. Then

() -1(;)

=0

Proof of Theorem 2. We will show that equation (2.4) does not hold
for [ = %. Let M be the unique integer such that 0 < M <
and M = =17 (mod %). Let jo be the integer in equation (2.4).
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Then

l q—1

Jo dM+ 0
1 1

=1 M—i—)\oqd

d2
—1

The above integer jo is the smallest nonnegative integer that can be
written under the form jo = qd;gl(—M + Aod), for a certain integer
Ao. Obviously, —M + A\gd < d, otherwise —M + (A9 — 1)d > 0, which
contradicts the minimality of jo. Suppose that —M + Agd = 0, then
d| M. Since M = m(252)"1 + u% for a certain u € Z and

n—m\ " qg—1 qg—1
T I S

then d | m; hence, d | n, which is a contradiction to ged(m,n) = 1.
Therefore,

—1
0<—M+Xd<d and jO:qTMO,

with 0 < My = —M + Aod < d. Then jy, > 0 and +; in equation (4)

verifies L 1
. q— q—

+ <[|]=-—.
Jo TN q = d

Hence, v, = 0.

Equation (2.4) is equivalent to (qj%ol) = 0. On the other hand,

g—1 p—-1 p—1 p—1 .4
4 - 4 + d p+ + d p
and
-1 ~1 1 -1
Jozqu M():pd2 M0+p7M0p+"'+p7Mop Y
with 1 1 1
p— p p—
M, d=—— —1.
RN a =7
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Then, Lemma 2.5 implies that

gy (Y
(jO>E<M0pd_1> #Z0 (mod p).

Hence, f(z) is not a permutation polynomial of F,. |

Corollary 2.6. Let f(x) be a binomial. If p=1 (mod (n—m)?), then
f(x) is not a permutation polynomial of Fy.

Proof. We have d = ged(n —m,g—1) =n—m. lf n —m = 1,
then f(x) is not a permutation polynomial by the observation made in
the introduction of this paper. If n — m > 2, the result follows from
Theorem 2. ]

Corollary 2.7. Let f(z) be a binomial. If p = 1 (mod 4) and
ged(n — m,q — 1) = 2, then f(x) is not a permutation polynomial of
F,.

Proof. The hypothesis of Theorem 2.3 is verified with d = ged(n —
m,q—1)=2. a

Theorem 2.8. Let f(x) be a binomial such that d > 1. Suppose that

there ezists an integer § > % such that n = 0 (mod 20) and ¢ = 1

(mod 28). Then f(zx) is not a permutation polynomial of F,.

Proof. We will prove that equation (2.3) does not hold for

qg—1
l=—F-<gqg-—2.
25 =1
Since
n

26

then one of the values of j is [. Then

(n=m)l+im=nl=—(¢g—1)=0 (mod g —1),

_q—l__ qg—1
= 25 —]0+)\<d )

iy g—1 . g—1 .
l=jo+A y) > jo+ A 55 = jo + Al,

We have
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which implies that A = 0 and | = jy. Hence, equation (2.3) reduces
to (é) = 0, which is a contradiction. Then f(x) is not a permutation
polynomial of F,. ]

Theorem 2.9. Let f(x) = az™ + 2™ be a binomial. Suppose that n
is even, p # 2, n = m (mod 9) and ged(n — m,q — 1) = 3. Then the
following assertions hold:

(i) If p=—1 (mod 3), then f(x) is not a permutation polynomial of
F,.

(ii) If p =1 (mod 3) and for every primitive cubic root of unit ¢ in
F,, the polynomial g(z) = Caz™ ™ + 1 has no root in F,, then
f(x) is not a permutation polynomial of Fy.

Proof. Suppose that f(z) is a permutation polynomial, then equa-

tion (2.3) holds for [ = %1. From the equality

qg—1 q—1 n 4+ 2m
= -1

) T G a—1)

and the hypothesis n is even, we deduce that one of the values of j in

equation (2.3) is j = %1. Hence,

qg—1 . q—1
i - A=
6 Jo 3 )

which implies that A = 0 and jy = %. We have

(n—m

Hence, equation (2.3) reduces to

(j.l()) (a)” + (a)' = 0.

Then

hence,
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q—1
Let € = —(,2,). Clearly, € is a cubic root of unity. If (i) holds, the
6
unique cubic root of unity in I, is 1, then € = 1 and (a)q%1 = 1. Since

1 _
% and n3m

are relatively prime, then, there exists z and y in Z such that

n—m q—1
—— =1
3 V3

T

It follows that

n—

) @) = @5 = )

a(

n—my1(n—m)
a = (a) xz(T)}

w2 ( n—m

5). Then

Letc=a

Hence, f(0) = f(—1/¢) = 0, which implies that f is not one-to-one,
which is a contradiction.

Suppose that (ii) holds. We have (ot)q%1 =e¢. Then €3 =1, ie., € is
a root of unity in IF,. Using the above Bezout identity, we obtain

a= (a)z( —3 ) . (a)y(T)

e x(nfwn)
€Y (ey (a)""= )) ’

— y(+a(25™) ((a)mz(%)yl_m
=€’ ((a)ﬁ(%))"_m .

Let ¢ = a® "o, Then a = ¢¥(¢)"~™. Hence, na(—1/c)"™ +1 = 0,
where n = e V. If n = 1, then f(0) = f(—1/¢) = 0, which is a
contradiction to f is one-to-one. If n = ( is a primitive cubic root of
unity, then g(—1/c) = 0, where g(z) = (az™ ™ + 1, which is exactly
the hypothesis in (ii). O
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Remark 2.10. The conditions on p and n in Theorem 2.9 can be
stated as follows:

(i) p=2or5 (mod9) and n =2 or 4 (mod 6).
(iil) p=4o0r 7 (mod 9) and n =1 or 2 (mod 3).

Theorem 2.11. Let k and d be positive integers such that d > 2,
1<k<d-1,d|q—1and d®> < q—1. Then, for any a € F,, the
polynomial f(z) = ax™* % + 2™ does not permute F, if m satisfies one
of the following conditions.

(i) m=k(g—1)/d.
(i) m=u+ k(g —1)/d with

qg—1 g—1
— d<u< =—-1
d == d

and

<q1d u) #0  (mod p).

d

Proof. Suppose that f(z) permutes F, for some a € F; and some
m satisfying (i) or (ii). Then a is a root of (2.4) for I = d. The
integer j = jo + A(¢ — 1)/d appearing in this equation fulfills the
conditions 0 < j < d and j+m = 0 (mod (¢ — 1)/d). If X > 1,
then j > (¢ — 1)/d > d, which is excluded. It follows that A = 0,

jo = —m (mod (¢ — 1)/d) and equation (3) reduces to (j”f)) =0
(mod p). In case (i), we obtain jo = 0, and then (g) = 0 (mod p),
a contradiction. In the second case we have jy = q%dl — u and the

integer ( q;ld_u) is nonzero modulo p by assumption. Therefore, we
d
also get a contradiction in this case. O

Example 2.12. Let d = 3 and ¢ = p". The conditions relating d
and ¢ in this theorem read ¢ = 1 (mod 3) and ¢ — 1 > 9. Suppose
that 3 1 (¢ — 1)/3, and let m = k(¢ — 1)/3 with k& € {1,2} or
m = 2(q—1)/3—c, with ¢ = 1,2, 3. Then for any a € F}, the polynomial
f(z) = az™*3 4 2™ does not permute F,.

Here is the complete list of all binomials of degree smaller than ¢
obtained in this way for n — m = 3 and ¢ < 100.

q=13, f(z)=az"+z*, azx' + 28, ax® + 2°, az® + 25, azx'® +27.
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q=52, f(z)=az'4a®, ax¥+2'0, az'® 123, axl’ 4z, ax'd 4ol
q=31, f(z)=az"2'0, az® 122, az®+42'7, ar? 48, ax? a0,
q=43, f(z)=ar'™a, az3+228, az®+22°, ax?*+220, ax30+2%7.
q=72, f(z)=az""42'%, az® 2%, ar??+12, ar¥+a, ar¥t 1o,
q=61, f(z)=ar®42?°, az*®*+2%°, ax**+2°7, ax*t +238, ax??+2%.
q=67, f(z)=ar®+2??, az'"+2", axtt a2, ax?® 4212, azt®+213.
q="T19, f(z)=ar® 4225, az®®+2°2, ax®?+21, ax®3+250, az®+2°!.
q=97, f(z)=ax®+23%, az®"+2%, ax®* 4291, axb®+252, a206 293,
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