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RIGIDITY OF HYPERSPACES

RODRIGO HERNANDEZ-GUTIERREZ, ALEJANDRO ILLANES
AND VERONICA MARTINEZ-DE-LA-VEGA

ABSTRACT. Given a metric continuum X, we consider
the following hyperspaces of X: 2%, Cp(X) and F,(X) (n €
N). Let F1(X) = {{z} : # € X}. A hyperspace K(X) of X
is said to be rigid, provided that for every homeomorphism
h: K(X) - K(X), we have h(F1(X)) = Fi(X). In this
paper, we study conditions under which a continuum X
has a rigid hyperspace Cr(X). Among others, we consider
families of continua, such as dendroids, Peano continua,
hereditarily indecomposable continua and smooth fans.

1. Introduction. A continuum is a nondegenerate compact con-
nected metric space. Given a continuum X, with metric d, we consider
the following hyperspaces of X.

2% = {A C X : Ais nonempty and closed in X},
C(X) = {A € 2% : A has at most n components},
Fo.(X) ={A € 2% : A has at most n points},

C(X) = C1(X).

All hyperspaces are considered with the Hausdorff metric H [19,
Remark 0.4] defined as

H(A, B) = max{max{d(a, B) : a € A}, max{d(b, A) : b € B}},
where d(a, B) = min{d(a,b) : b € B}.

The hyperspace F,(X) is known as the nth symmetric product of
X. The hyperspace F;(X) is an isometric copy of X embedded in each
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one of the hyperspaces. We extend the definition of C,,(X) by defining
Co(X) =10.

A hyperspace K(X) € {2%,C,(X),F,(X)} is said to be rigid
provided that, for each homeomorphism h : K(X) — K(X), we
have h(F1(X)) = F1(X). The continuum X is said to have unique
hyperspace K(X) provided that the following implication holds: if YV’
is a continuum such that K(X) is homeomorphic to K(Y), then X is
homeomorphic to Y.

Uniqueness of hyperspaces has been widely studied (see [3, 8, 9,
10, 11, 15] for recent references). The paper [16] provides a detailed
survey of what is known about this topic. In the study of hyperspaces, a
useful technique is to find a topological property that characterizes the
elements of F}(X) in the hyperspace K(X). When it is possible to find
such a characterization, the hyperspace K(X) is rigid. This technique
has been used in studying uniqueness of hyperspaces, so both topics
are closely related. Moreover, the topic of this paper leads us to new
results on unique hyperspaces.

In this paper, we study rigidity of the hyperspaces C,,(X). In [10],
rigidity of the symmetric products F,(X) is studied. In [8], rigidity
of hyperspaces C,,(X) for indecomposable continua such that all their
proper nondegenerate subcontinua are arcs is considered.

Among others, we consider families of continua, such as dendroids,
Peano continua, hereditarily indecomposable continua and smooth fans.

2. Definitions and conventions. A map is a continuous function.
Suppose that d is a metric for X. Given ¢ > 0, p € X and A € 2%,
let B(e,p) be the open e-ball around p in X, N(g,A) = {p € X:
there exists a € A such that d(p,a) < ¢} and BH (g, A) = {E € 2% :
H(A,FE) < €} (we write Bx(e,p) and Nx(e, A) when the space X
needs to be mentioned). A simple n-od is a finite graph G that is
the union of n arcs emanating from a single point, v, and otherwise
disjoint from one another. The point v is called the vertex of G.
Simple 3-ods are called simple triods. Given subsets Ai,...,A,, of
X, let (Ay,...,Apn) ={B€2X : BNA; #0foreachic {1,...,m}
and BC AjU...UA,}

We denote by S! the unit circle in the Euclidean plane. A free arc
in the continuum X is an arc « with end points @ and b such that
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a—{a,b} is open in X. A tail in a continuum X is an arc o with end
points a and b such that a — {a} is open in X. An end point in X is a
point p € X such that p is an end point of every arc containing it.

Given a continuum X, let

G(X) = {p€ X : p has a neighborhood M in X
such that M is a finite graph},
and P(X) = X — G(X).

The continuum X is said to be almost meshed [9] provided that the
set G(X) is dense in X.

Proceeding as in [4, Lemma 2.1] and using Lemma 1.48 of [19], the
following lemma can be proved.

Lemma 2.1. Let X be a continuum, and let A be a connected subset
of 2% such that AN Cp(X) #0. Let Ag ={A: A€ A}. Then

(a) Ag has at most n components,
(b) if A is closed in 2%, then Ay € C,(X),
(¢) for each A € A, each component of Ay intersects A.

The continuum X is said to be indecomposable, provided that X
cannot be put as the union of two of its proper subcontinua. And X
is called hereditarily indecomposable, provided that each one of its sub-
continua is indecomposable. The simplest indecomposable continuum
is the so-called Buckethandle continuum which is described in [20].
The reader is referred to [20] where more examples of indecomposable
and hereditarily indecomposable continua can be found.

A wire in a continuum X is a subset a of X such that « is
homeomorphic to one of the spaces (0,1), [0,1), [0,1] or S! and «
is a component of an open subset of X. By [19, Theorem 20.3], if a
wire a in X is compact, then o = X. So, if a wire is homeomorphic
to [0,1] or S, then X is an arc or a simple closed curve. Given a
continuum X, let

W(X) :U{aCX:a is a wire in X'}.
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The continuum X is said to be wired provided that W (X) is dense
in X.

Notice that, if « is a free arc of a continuum X and p, g are the end
points of «, then a—{p, ¢} is a wire in X. Thus, a continuum for which
the union of its free arcs is dense is a wired continuum. Therefore, the
class of wired continua includes finite graphs, dendrites with a closed set
of end points, almost meshed continua [9], compactifications of the ray
[0, 00), compactifications of the real line and indecomposable continua
whose nondegenerate proper subcontinua are arcs, which will be called
indecomposable arc continua (see Lemma 2.2).

Lemma 2.2. Let X be an indecomposable arc continuum. Then X is
a wired continuum.

Proof. Let p € X. Let U be an open subset of X such that
cx(U) # X. Let D be the component of U containing p. By [19,
Theorem 20.3], clx(D) N (X —U) # 0. Thus, D is not compact and
clx (D) is a proper nondegenerate subcontinuum of X. Hence, clx (D)
is an arc and D is a non compact connected subset of D. This implies
that D is homeomorphic to (0, 1) or [0,1). Hence, D is a wire. O

3. Wired continua. In this section, we present some technical
results that will be used later for proving that some hyperspaces are
rigid.

Given a point p in a continuum X, let dim,[X] denote the inductive
dimension of the continuum X at the point p [20, Definition 13.53].
An m-od in a continuum X is a subcontinuum B of X for which there
exists A € C(B) such that B — A has at least m components. By
[17, Theorem 70.1], a continuum X contains an m-od if and only if
C(X) contains an m-cell. Given A, B € 2% such that A C B, an order
arc from A to B is a continuous function « : [0,1] — C(X) such that
a(0) = A, a(l) = Band a(s) C at) if 0 < s <t < 1. It is known [19,
Theorem 1.25] that there exists an order arc from A to B if and only
if A C B and each component of B intersects A.

Given a continuum X and n € N, let

Wh(X) ={A € C,(X) : each component of A is contained in a
wire of X };
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and

Z,(X) = {4 € W,,(X) : there is a neighborhood M of A in C,,(X)
such that the component C of M that contains A

is a 2n-cell}

A continuum X is said to be n-wired preserving provided that, for each
homeomorphism h : Cp,(X) = Cp(X), h(Wr (X)) = Wh(X).

Lemma 3.1. If X is a Peano continuum and n > 1, then

Wi (X) = {A € Co(X) : dima[Cp(X)] = 2n}.

Proof. By [18, Theorem 2.4], if X is either an arc or a simple closed
curve, then W, (X) = C,(X) = {4 € C(X) : dimy[C(X)] = 2n}.
Thus, we may assume that X is neither an arc nor a simple closed
curve. Let A € W,,(X) and let C' be a component of A. Then there
exists a wire W of X such that C' C W. If W is a compact wire, by
[19, Theorem 20.3], W = X and X is an arc or a simple closed curve,
which is contrary to our assumption. Thus, W is homeomorphic either
to (0,1) or [0,1) and W is a component of an open set U of X. Since
X is a Peano continuum, W is open in X. Let B be an arc such that
C Cintx(B) C B C W. Thus, each point of C' has a neighborhood
in X that is an arc. Therefore, each point of A has a neighborhood in
X that is an arc. By [9, Theorem 4], dim4[C,,(X)] is finite, and there
exists a finite graph D contained in X such that A C intx (D). Thus,
Cr(D) is a neighborhood of A in C,,(X). Since each point of A has a
neighborhood in X that is an arc, A does not have ramification points
of D, so by [18, Theorem 2.4] 2n = dim4[C),(D)] = dim4 [Cy, (X)].

Now, take A € C,(X) such that dim4[C,(X)] = 2n. By [9,
Theorem 4], there exists a finite graph D contained in X such that
A Cintx (D). Let R(D) be the set of ramification points of D. Notice
that dim4[C),(D)] = dimy4[C,,(X)] = 2n. Thus, AN R(D) = 0 by [18,
Theorem 2.4]. Let C' be a component of A. Then C is contained in an
edge J of D. Let W be the component of intx (D) N (X — R(D)) that
contains C. Then W is a connected subset of J. Since J is either an
arc or a simple closed curve, W is a wire. Therefore, A € W, (X). O
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Lemma 3.2. Let X be a continuum, and let

V={Ae€C,(X): there exists a neighborhood M of A in C,(X)
such that if C is the component of M containing A,
then dim[C] = 2n}.

Then

(a) Wh(X) CV,
(b) if X is a dendroid, then W, (X) = V.

Proof. By [18, Theorem 2.4], if X is either an arc or a simple closed
curve, then W, (X) = C,(X) = V, and we are done. Thus, suppose
that X is neither an arc nor a simple closed curve.

(a) Let A € W, (X). Let Ay,..., A, be the components of A, where
m < n. For each i € {1,...,m}, let U; be an open subset of X such
that the component W; of U; containing A; is homeomorphic either
to (0,1) or [0,1). Let Vi,...,V,, be open subsets of X such that
cx(Vh),...,clx(Vy,) are pairwise disjoint and, for each i € {1,...,m},
A; C V; C U;. Let Z; be the component of V; containing A;. Then Z;
is a nondegenerate connected subset of W;. Thus, Z; is homeomorphic
either to (0,1) or [0,1). Let M = (Vi,..., V) N Cp(X), and let D
be the component of M containing A. Then M is a neighborhood
of A in C,(X). We claim that D = (Z,...,Zy) N Cp(X). Let
C=(Z1,...,Zm)NCy(X). Note that A € C. For each i € {1,...,m},
fix a point z; € Z;. Let B € C. Foreachi € {1,...,m}, (BNZ;)U{z;} =
(BNcx(V;)) U{z} is a compact subset of Z;, so there exists an
arc L; C Z; such that (BN Z;) U {z} C L;,. Let a be an order
arc from B to L = Ly U---U L,,, and let 8 be an order arc from
{#1,...,2m} to L. Then ImaUIm 3 defines a path in C joining B and
{#1,...,2m}. This proves that C is a connected subset of M. Hence,
CCD. Let D=|J{FE: E € D}. Since A € D, by Lemma 2.1, D has
at most m components, and each one of them intersects A. For each
1 € {1,...,m}, let D; be the component of D containing A;. Since
DcM,DcViuU---UVy,,s0 A; ¢ D; C V;. Thus, D; C Z;. This
proves that D € C. Given E € D, E C D and each component of D
intersects E. Thus, E € (Zy,...,Zy) N Cp(X) = C. We have shown
that D = (Zy,...,Zn) N Cp(X).
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Let Ji,...,Jy, be subintervals of [0,1] such that clypj(J1),...,
cljo,1)(Jm) are pairwise disjoint and, for each i € {1,...,m}, there
exists a homeomorphism f; : Z; — J;. Let f : D — (Jy,...,Jm) N
Cr([0,1]) be given by f(B) = fi(BNZ1) U---U fr(BN Zy). Tt
is easy to show that f is a homeomorphism. Thus, dimp[C,(X)] =
dimz, ... 1,.ynCn (10,1 [Cn ([0, 1])]. By [18, Theorem 2.4], the dimension
of this set is equal to 2n. Hence, dim[D] = 2n. This ends the proof of
().

(b) Suppose that X is a dendroid. Let A € C,(X), and let M
be a neighborhood of A in C,(X) such that, if C is the component
of M containing A, then dim[C] = 2n. Let A;,...,A,, be the
components of A. Let ¢ > 0 be such that B (2¢,4) N C,(X) ¢ M
and the sets N(2e, Ay),...,N(2¢, A,,) are pairwise disjoint. For each
i € {1,...,m}, let D; be the component of clx(N(e, A;)) containing
A;. Let D =Dy U---UD,, € Cy(X). Notice that H(A4,D) < 2e.
Let a : [0,1] = C,(X) be an order arc from A to D. Then, for each
t€0,1], H(a(t),A) < H(D, A) < 2¢. This implies that D € C.

We claim that D does not contain simple triods. Suppose, to the
contrary, that there exists a simple triod T in D. Let v be the vertex
of T. For each i € {1,...,m}, D; is a dendroid. Then D; is a
limit of its subtrees. Thus, there exists a tree S; C D; such that,
if S =5U...US8,, then T C S and H(D,S) < 2. Using an
order arc from S to D, we conclude that S € C. Since X is arcwise
connected, we can join the different components of S by arcs and obtain
a finite graph G C X such that S C G. Since C,(G) is locally
connected, there exists a compact connected neighborhood A of S
in Cy,(G) such that N'C M. Thus, N C C. By [18, Theorem 2.4],
2n < dimg[C,(GQ)] = dimg[N] < dimg[C] < dim[C]. This contradicts
the choice of M and proves that D does not contain a simple triod.

Using that each arc in a dendroid is contained in a maximal one
with respect to the inclusion (this follows from [21, Theorem 3.3]), it
is possible to prove that a dendroid without simple triods is an arc.
Thus, Di,...,D,, are arcs. For each i € {1,...,m}, let W; be the
component of N(e, A;) containing A;. Then W; is a nondegenerate
connected subset of D;. Thus, W; is a wire. Hence, A € W,,(X). This
completes the proof of (b). O

Lemmas 3.1 and 3.2 give topological characterizations of W, (X)
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for the cases when X is a Peano continuum or a dendroid. As a
consequence, we have the following theorem.

Theorem 3.3. Continua that are in one of the following classes are
n-wired preserving continua for every n € N.

(a) Peano continua,
(b) dendroids.

The following example shows that arcwise connectedness is not
enough to conclude that a continuum is 1-wired preserving.

Example 3.4. Let X be the Warzaw circle.

We will see that X is not a 1-wired preserving continuum. Let L be
the limit arc of X. By [17, Theorem 7.4], C(X) is homeomorphic to
Cone (X)) (the topological cone over X). Let h : C(X) — Cone (X) be
a homeomorphism. Let M be a subcontinuum of X such that L C M,
and let N be an arc in X such that LN N = . It is easy to see
that L and M have neighborhoods £ and M, respectively, in C(X)
such that £ and M are 2-cells and L (respectively, M) belongs to the
manifold interior of £ (respectively, M). Clearly, for any two points p, ¢
in Cone (X) that have neighborhoods with these characteristics (2-cells
having the point in its manifold interior) there exists a homeomorphism
h : Cone (X) — Cone (X) such that h(p) = ¢q. Hence, there exists a
homeomorphism ¢ : C(X) — C(X) such that g(M) = N. However,
M ¢ Wi(X) and L € W;(X). This proves that X is not a 1-wired
preserving continuum. O

We finish this section by generalizing results that have been used in
studying uniqueness of hyperspaces in other papers (see [9] for the more
recent development). Here we consider components of neighborhoods
instead of neighborhoods, in this way, we can use our results for more
general continua.

Theorem 3.5. Let X be a continuum. Then

(a) Wa(X) N (Cn(X) — Cpoa(X)) C Zn(X),
(b) if n >3, then Wa(X) N (Co(X) — Cr_1(X)) = Zn(X).
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Proof. (a) In the case that n = 1 and X is either an arc or a simple
closed curve, C(X) is a 2-cell, so W, (X) = C(X) = Z,(X). Thus,
we assume that n > 1 or X is neither an arc nor a simple closed
curve. Take A € W, (X)N(Cp(X) — Cr—1(X)). Let Aq,..., A, be the
components of A. For each i € {1,...,n}, let W, be an open subset of
X such that A; C W;, and the component C; of W; containing A; is
homeomorphic either to (0,1) or [0,1). For each i € {1,...,n}, let V;
be an open subset of X such that A; C V; C clx(V;) C W; and the sets
cdx(V1),...,clx(Vy,) are pairwise disjoint. Let D; be the component of
clx (V;) containing A;. Then D; is a nondegenerate subcontinuum of C;.
Hence, D; is an arc. Let M =(clx(V1),...,clx(V,))NCp(X) and C =
(D1,...,Dp)NCy(X). Then M is a neighborhood of A in C,,(X) and C
is compact and connected. In fact, the map ¢ : C(D1) x...xC(D,) —
C given by ¢(By,...,B,) = B1U...UB, is a homeomorphism. Hence,
C is a 2n-cell [17, Example 5.1]. We claim that C is a component of
M. Since C is connected, we can take the component D of M that
contains A. Then C C D. Let E = |J{F : F € D}. By Lemma 2.1,
E € C,(X). Notice that A C E C ¢elx(V1)U---Uelx(V,,). This implies
that E has exactly n components, in fact, the components of E are
By = Enclx(V1),...,En = ENclx (V). Since Ay C Br,..., A, C B,
and DiU---UD, € CCD, we have £y = D1,...,E, = D,,. Hence,
for each G € D, G C E and, by Lemma 2.1, each E; intersects G, so
G e Mand GNelx(Vy) C Dy,...,GNeclx(Vy) C Dy, This implies
that G € C. We have shown that C = D. Therefore, A € Z,,(X).

(b) Let A € Z,(X), and let M be a neighborhood of A in C,,(X)
such that the component C of M that contains A is a 2n-cell. Let
Ay, ..., Ay be the components of A. For each i € {1,...,m}, let W;
be an open subset of X such that A; ¢ W;, (W,,...,W,,) C M and
the component C; of W; containing A; is homeomorphic either to (0, 1)
or [0,1) (or [0,1] or ST in the case that X is either an arc or a simple
closed curve). Let e > 0 be such that B (3¢, A)NC,,(X) C M, the sets
N(3e,A1),...,N(3¢e, Ay,) are pairwise disjoint and N (3¢, A;) C W; for
eachi € {1,...,m}.

We need to show that m = n. Suppose to the contrary that m < n.
In the case that m < n — 1, if X is neither an arc nor a simple closed
curve, since A; # C1, there exist subarcs A,,_1,...,A,_1 of C7 such
that Ay,..., A,_1 are pairwise disjoint. Let B = A;U---UA,,_1. Then
BeMand BeC(C. If A= X and X is either an arc or a simple closed
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curve, then it is easy to find pairwise disjoint subarcs A1, ..., A,,_1 such
that the set B = A, U---UA,,_1 € M and B € C. In the case that
m =mn — 1, define B = A. In any case, changing A for B if necessary,
we can assume that A has exactly n—1 components (and then A # X).

Foreachi € {1,...,n—1}, let D; be the component of ¢l x (N (2¢, 4;))
that contains A4;. Since D; C C;, D; isan arc. Let £ = (D1,...,Dp_1)N
Cp(X). For each i € {1,...,n — 1}, let ¢; : C(D1) x ... x C(D;_1) %
C2(DZ) X C(Di+1) XL XO(Dn_l) — & be given by SOi(Ely ey En—l) =
EyU---UE,_1. Since C5([0,1]) is a 4-cell [14, Lemma 2.2], C([0,1])
is a 2-cell and ; is an embedding, Imy; is a 2n-cell. Notice that £ =
ImpU. . .UImpy,_1 and Ime;NIme; = (D1, ..., Dp_1)NC,_1(X), if
i#j. Let & =(D1,...,Dp—1) N Cr_1(X). Then & is a 2(n — 1)-cell.

Let F be the component of clc, (x)(B¥ (e, A) N C,(X)) N C such
that A € F. Let F = |J{G : G € F}. Since A € F, F has at
most n — 1 components (Lemma 1) and F N N(2¢, 4;) # 0 for each
1 €{1,...,n—1}. This implies that F' has exactly n — 1 components
and they are F; = FNN(2¢,Ay),...,Fh_1 = FNN(2e,A,—1). Thus,
F, ¢ Dy,...,F,1 C D,_1. Given G € F, H(G,A) < 2¢. This
implies that G N N(2¢, A;) # 0 for each i € {1,...,n — 1}. Since
GCFCDyU---UD,_; and by Lemma 2.1 (c), GN D; # ( for each
1€{l,...,n— 1}, so we conclude that G € £.

We have shown that F C £. Since F is a neighborhood of A in the
2n-cell C, there exists a 2n-cell K such that A € int¢(K) € K C F.
Let § > 0 be such that 6 < ¢ and BH(5,4A) N C,(X)NC C K.
Since A; C Cy and A # X, there exists an arc oy in C; such that
diameter(a;) < 6 and oy N A; is a one-point set. Then £ = {AU{z} :
x € a1} is a connected subset of M containing A. Thus, £ C C and
L c BH(5,A)nC,(X). Hence, £ C K. Fix a point p; € a; — A. Then
AU {p1} € Impy — &. This proves that £ N I'mp; — & is nonempty.
Similarly, K N Imps — & is nonempty (here, we are using that n > 3).
Since K C £ = Imp1 U--- U Imp,_1 and Imp; N Ime; = &, if i # j,
we have that IC N Imp; — & and K N Imyps — & are separated by
K N Ey. This contradicts [12, Theorem IV 4] since K is a 2n-cell and
dim[KC N &y] < 2n — 2. Therefore, m = n. This completes the proof of
the theorem. |
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Theorem 3.6. Let X be a continuum, and let n > 3. Then

Wi(X) ={A e Wh(X) — Z,(X) : A has a basis B of neighborhoods
of A in Cp(X) such that for each U € B, if C is the
component of U that contains A, then CN Z,(X)

is connected}.

Proof. By Theorem 3.5, Z,(X) = W, (X) N (Cp(X) — Cr—1(X)).

(C). Let A € Wi(X). If A = X, then X is either an arc
or a simple closed curve. Thus, W,(X) = C,(X) and Z,(X) =
Cn(X) — Cr—1(X). Hence, A € W, (X) — Z,(X) and since A = X
is homeomorphic to [0,1] or S!, it is easy to show that, for each
e > 0, BH(s,A) N C,(X) is a connected neighborhood of A with
the property that B (s, A) N C,(X) N Z,(X) is connected. So, we
may assume that A # X. Then A is connected and there exists an
open set W of X such that the component C' of W containing A
is homeomorphic to one of the spaces (0,1) or [0,1). By Theorem
3.5 (b), A € W, (X) — Z,(X). Let € > 0 be such that N(e, A) C W.
Let B = {BH(5,A)NC,(X) : 0 < § < ¢}. Then B is a basis of
neighborhoods of A in Cy,(X). Let § > 0 be such that § < ¢, and let
U = BH(5,A) N C,(X). Let D be the component of & that contains
A. Let T =|J{F : E € D}. By Lemma 1, T is a connected subset of
X. Since ACT C N(g,A), T C C. Hence, T is a connected subset of
C N N(d,A). Hence, T is homeomorphic to an interval in the real line.

Given K, L € DN Z,(X), we have K UL C T. Let J be an
arc such that K UL ¢ J € T. Then J C C N N(6,A). Since
H(A,K)<d,H(A,L) <dand J C N(d,A), every element @ € Cp,(X)
such that K € Q C J (or L C @ C J) has the property that
H(Q,A) < 6. In particular, H(J,A) < 6. Let n > 0 be such that
n < &6— H(J,A). Then BH(n,J)NC,(X) C BH(5,A) N Cpn(X). Let
¢ :[0,1] = J be a homeomorphism. Then there exists £ > 0 such that
it W e Cn(]0,1]) — Cr—1([0,1]) and A([0,1] — W) < &, then (W) €
BH(n,J)NC,(X), where X is the Lebesgue measure in [0, 1]. It is easy
to show that R = {R € C,([0,1]) — Cr,—1([0,1]) : A([0,1] — R) < &}
is pathwise connected. Now, we can describe a path joining K and L
in DN Z,(X). Recall that Z,(X) = W,(X) N (Cr(X) — Cpo_1(X)).
Since K and L have exactly n components, o~ !(K) and ¢~ !(L) have
exactly n components. Then we can give paths aj,as : [0,1] —
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Cn([0,1]) — Cr—1([0,1]) such that a;(0) = K, as(0) = L, for each
i€ {1,2}, \[0,1] — o;(1) <& and if 0 < s <t < 1, then a;(s) C ay(t).
Let ag : [0,1] — Cr([0,1]) — C,—1([0,1]) be a path in R joining a4 (1)
and as(1). Then, combining the paths ¢ o a1, ¢ o @y and ¢ o a3, we
obtain a path joining K and L in DN Z,(X).

(D). Now, take A € W,,(X) — Z,,(X) such that there exists a basis
B of neighborhoods of A in C,(X) such that, for each U € B, if C is
the component of U that contains A, then C N Z,(X) is connected.
In order to prove that A € W;(X), we only need to show that
A is connected. Suppose to the contrary that A has at least two
components. Let A = A; U--- U A,,, where the sets Ai,..., A,
are the different components of A. Since A ¢ Z,(X), by Theorem
7 (), 1 < m < n. Since A € W,(X), for each i € {1,...,m}
there exists an open subset U; of X such that A; C U; and the
component C; of U; containing A; is homeomorphic to (0,1) or [0, 1).
Since A is not connected, A # X. So we may assume that U, # X
and then U; is homeomorphic either to (0,1) or [0,1). Let § > 0
be such that, for each ¢ € {1,...,m}, N(§,A;) C U; and the sets
cx(N(d,A1)),...,cdx(N(, Ap,)) are pairwise disjoint. Let U € B be
such that U c BH(§, A) N C,,(X), and let C be the component of U
that contains A. Then C N Z,,(X) is connected.

Let ¢ > 0 be such that B (¢,4) N C,(X) C U and ¢ < 6. Since
Ay C Cq, Ay is an arc or a one-point set. Then there exists a path
a :[0,1] = Cp(X) such that «(0) = Ay, «(t) has exactly n —m + 1
components, a(t) C C; and H(A;,a(t)) < € for each ¢ > 0. Thus,
the function 8 : [0,1] = C,(X) given by 8(t) = a(t) U A2 U --- U A,
is continuous and H(A,B(t)) < e for each ¢t € [0,1]. Hence, 8(1) €
C — C,—1(X). By Theorem 3.5 (b), 5(1) e CN Z,(X). Let B = p(1).
In a similar way, it is possible to construct an element D € C N Z,(X)
of the form D = A UD;UA3U...U A,,, where D; C Cy and D;
has exactly n — m + 1 components. Let K = {F € C N Z,(X) :
Enclx(N(d,4;)) is connected for each i € {2,...,m}} and L ={F €
CNZ,(X): ENnclx(N(d, A1)) has at most n — m components}.

It is easy to show that C N Z,(X) = KU L, K and £ are closed in
CNZ,(X), BeKand D e L. By the connectedness of C N Z,(X),
there exists an element £ € KNL. Thus, F has most n—1 components.
This contradicts the fact that the elements of Z,(X) have exactly n
components (Theorem 3.5 (b)). This contradictions proves that A is



RIGIDITY OF HYPERSPACES 225

connected and completes the proof of the theorem. O

4. Peano continua. Let X be a continuum with metric d. A closed
subset A of X is said to be a Z-set in X provided that, for each £ > 0,
there is a map f : X — X — A such that d(z, f(z)) < ¢ for each z € X.

Theorem 4.1. Let X be a Peano continuum that is not almost meshed
and n € N. Then Cy,(X) is not rigid.

Proof. Let P denote the set of points x € X such that no neighbor-
hood of z in X is a finite graph, and let C,(X,P) = {A € Cp(X) :
ANP # (}. Note that P is closed in X. By [9, Theorem 16], C,, (X, P)
is homeomorphic to the Hilbert cube. By hypothesis, there exist an
open set U C P and a point p € U. Choose a nondegenerate subcon-
tinuum 7" of X such that pe T C U.

Let A = bdc, (x)(Cn(X, P)) and B = {{p},T}. Notice that A and
B are disjoint closed subsets of C,, (X, P). By [9, Claim 1, Theorem 20]
A is a Z-set of Cy,(X, P) and, since B is a finite subset of the Hilbert
cube Cp(X, P), it is a Z-set of C,(X,P) as well. Then AUB is a
Z-set of C,(X,P) [17, Exercise 9.4]. Consider the homeomorphism
h: AUB — AU B that is the identity restricted to A and satisfies
h({p}) = T.

By Anderson’s homogeneity theorem (see [17, 11.9.1]), there exists
a homeomorphism g : C,, (X, P) — C, (X, P) that extends h. Thus, we
can extend g to a homeomorphism f : C,,(X) — C,,(X) by defining f
as the identity on C,(X) — C(X, P). Since f({p}) =T, C,(X) is not
rigid. O

Lemma 4.2. Let X be a Peano continuum with no tails. Then

(a) if p € a—{a,b} for some free arc a with end points a and b, « C X
and h: C(X) — C(X) is a homeomorphism, then h({p}) € F1(X),
(b) if X is almost meshed, then C(X) is rigid.

Proof. (a) If X is a simple closed curve, then C(X) is a 2-cell such
that its manifold boundary is F;(X). This implies that h(Fy (X)) =
F1(X). Hence, we may assume that X is not a simple closed curve.
Since X does not contain tails, we have that X is not an arc. Let
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A=h{p}). Let U = (o —{a,b})NC(X). Then U is an open subset of
C(X) containing {p}. By [17, Example 5.1], there is a homeomorphism
from U to the space C = [0,1) x [0,1) that takes {p} to the point
(0,0). Hence, A has a neighborhood M in C(X) such that M is a
2-cell and A belongs to the manifold boundary of M. In particular,
dimA[C(X)] = 2.

By Lemma 3.1, A € W;(X). Thus, there exists an open subset U
of X such that the component B of U containing A is homeomorphic
either to (0,1) or [0,1). By local connectedness of X, B is open in X.
If there exists a homeomorphism f : [0,1) — B, then f([0, ]) is an arc
such that f([0,%)) = B — f([3,1]) is open in X. Thus f([0, 1]) is a tail
in X, contrary to the hypothesis. This proves that B is homeomorphic
to (0,1). Since A C B, A is either an arc or a one-point set. If A
is an arc, by [17, Example 5.1], A is in the manifold interior of a 2-
cell D C C(X). We may assume that D C M. This contradicts the
invariance of domain theorem and proves that A is not an arc. Hence,
A € F(X) and (a) is proved.

(b) is immediate from (a) and the fact that in meshed continua the
set of points p satisfying the conditions described in (a) is dense in
X. |

Corollary 4.3. Let X be an almost meshed Peano continuum. Then
C(X) is rigid if and only if X contains no tails.

Proof. Let a, a and b be as in the definition of a tail. We may
assume that @ # X. Then a is a cut point of X, s0 F = X — (a—{a})
is a subcontinuum of X. Let A be the solid triangle in the Euclidean
plane R? with vertices (0,0), (0,1) and (1,1). Given two different
points p,q € R2, let pq denote the convex segment joining them. By
[17, Example 5.1], there exists a homeomorphism f : C(a) — A such
that f({A € C(a) : a € A}) = (0,0)(0,1) and f({{z} : = € a}) =
(0,0)(1,1). Let k : A — A be a homeomorphism such that k|(0,0)(0, 1)
is the identity map and k(3,3) = (3,1). Let h : C(X) = C(X) be
given by

, it ANE #0,
)= { FUR(F(A)), i A € Cla).

Clearly, h is a homeomorphism and h(F; (X)) € Fi(X). O
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Theorem 4.4. If X is an almost meshed Peano continuum with no
tails, then Cp(X) is rigid for every n # 2.

Proof. By Lemma 4.2 (b), we consider only the case n > 3. Let
h : Cp(X) — Cn(X) be a homeomorphism. By Theorem 3.3 (a),
h(Wp (X)) = Wy(X). This implies that h(Z,(X)) = Z,(X). By
Theorem 3.6, h(W; (X)) = Wi(X). Proceeding as in the proof of
Lemma 4.2 (a), it is possible to prove that if p € X is such that
p € a — {a,b} for some free arc « C X with endpoints a and b,
then h({p}) € Fi(X). Since X is almost meshed, we conclude that
h(F1(X)) = F1(X) and C,(X) is rigid. O

Question 4.5. Is C5([0,1]) rigid?
Question 4.6. Let X be a finite graph and n > 3. Is Cp(X) rigid?

Question 4.7. Let X be an almost meshed Peano continua such that
X contains a tail, and let n > 3. Can Cp(X) be rigid?

Lemma 4.8. Ifn >3 and h: C ([0 1]) = C,([0,1]) is a homeomor-
phism, then h(Cy,—1([0,1])) = C,,—1([0,1]).

Proof. By definition, W, ([0,1]) = Cn([O 1]). Then h(Z,([0,1])) =
Z,((0,1]). By Theorem 3.5, h(Cy([0,1]) = Cn-1([0,1])) = Ca([0,1]) —
Cn-1([0,1]). Hence, h(Cr-1([0,1])) = Cn— 1([ D). 0
As a consequence of Lemma 4.8, we have the following.

Theorem 4.9. C3([0,1]) is rigid if and only if C,([0,1]) is rigid for
each n > 3.

Theorem 4.10. If X contains a free arc, then Cy(X) is not rigid.

Proof. Let a be a free arc in X with end points a and b. Fix a point
p € a—{a,b} and let € > 0 be such that B(e,p) C o —{a,b}. Let M =
Ca(a). By [14, Lemma 2.2], M is a 4-cell. Let U = BH (¢, {p})NC(X).
Then U is an open subset of Co(X) such that & C M. From the
construction in [14, Lemma 2.2], it can be seen that Fj(«) is an arc
in the manifold boundary OM of M. Since intopm(Fi(a)) = 0, there
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exists a homeomorphism g : M — M such that g({p}) ¢ Fi(a), and ¢
is the identity in M —U. Let h: C3(X) — C3(X) be given by

L[ g(A), ifAeM,
h(A)—{i it A€ Co(X) — U

Clearly, g is a homeomorphism and h({p}) ¢ F1(X). Therefore,
C3(X) is not rigid. O

Next, we summarize the results of this section.

Remark 4.11. Let X be a Peano continuum. Then

(a) if X is not almost meshed, then C,,(X) is not rigid for all n € N,

(b) Co(X) is not rigid,

(c) if X is almost meshed and contains no tails, then C,,(X) is rigid
for each n # 2,

(d) if X is almost meshed, then X contains no tails if and only if C'(X)
is rigid,

(e) C5([0,1]) is rigid if and only if Cy, ([0, 1]) is rigid for each n > 3,

(f) it is not known if C5([0, 1]) is rigid.

5. Smooth fans. Given a dendroid X and points p,q € X, we
denote the unique arc joining p and ¢ in X by pq if p # ¢ and pg = {p}
if p=g¢q. A fan is a dendroid X with exactly one ramification point
v, called the wverter of X. The fan X, with vertex v, is said to be
smooth, provided that for each sequence {z;}$2, converging to a point
r € X, we have limvx; = vz. It is known that the class of smooth
fans coincides with the class of subcontinua of the Cantor fan that are
not arcs [6, Corollary 4]. Given a smooth fan X, let E be the set
of end points of X. The Lelek fan (see [5]) is the unique smooth fan
such that F is dense in X. Eberhart and Nadler, in [7, Corollary 3.3],
proved that a smooth fan X has unique hyperspace C'(X) in the class
of smooth fans. That is, if X and Y are smooth fans and C(X) is
homeomorphic to C(Y'), then X is homeomorphic to Y. This result
was extended by Acosta who proved that a smooth fan X has unique
hyperspace C'(X) in the class of fans [1, Theorem 5.4]. The second-
named author showed Acosta’s result cannot be generalized to fans by
constructing a fan X such that X does not have unique hyperspace
C(X) in the class of fans [13]. As a consequence of Corollary 4.3, we
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have that if Y is a simple n-od, then the hyperspace C(X) is not rigid
(although it has unique hyperspace C,,(X) for each n € N).

This subsection is devoted to characterizing smooth fans X for which
C(X) is rigid.

The following discussion is partially contained in [7, Sections 2, 3].

Throughout this section, X denotes a smooth fan with vertex v, set
of end points E and Ey = cl(E) — E.

Notice that Ey can be the empty set, as in the case when X is
homeomorphic to the cone over the Cantor set, and it is also possible
that Ey is dense X, as in the case of the Lelek fan. We assume that X
is contained in the cone over the Cantor set, where the Cantor set is
the usual middle third set constructed in [0, 1] x {0} in the plane and
its vertex is the point v = (0,1). Consider the projection on the second
coordinate w : X — [0,1]. Then w(v) = 1. Let

= {v} Uch(U{vx (x € EO}).
Notice that X is a subcontinuum of X.
Define ¢ : E — [0, 1] as ¥(e) = min (X Nwve). Notice that ¢ is not
necessarily continuous.

Let V={A € C(X):v € A}. Foreache € E, let L(e) = {A €
C(X): A Cwve—{v}}. Notice that

C(X)=VU (U{L(e) ee E}).

Lemma 5.1. Let h: C(X) — C(X) be a homeomorphism. Then there
exists a bijection hy : E — E (not necessarily continuous) such that
(a) h(V) =

(b) for each e 6 E, h(L(e)) = L(ho(e)),

(©) h({v}) = {v},

(d) for each e € E, h(F1(ve)) C Fi(vho(e)) U{zho(e) : © € vho(e)}
and h(ve) = vho( ).

Proof. (a) If F is finite with m elements, then ¥V = {A € C(X) :
dimy C(X) = m} and, if E is infinite, V = {4 € C(X) : dimy C(X) =
oo}. This implies that h(V) = V.
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(b) The existence of hg and (b) follow from the fact that the
components of C'(X) — V are the elements of the set {L(e) : e € E}.

(c) Notice that VN (({clgx)(L(e)) : e € E}) = {{v}}. This
implies that h({v}) = {v}.

(d) By [17, Example 5.1], for each e € E, £(e) is homeomorphic to
(0,1) x[0,1), and its manifold boundary is 9L(e) = Fi(ve—{v})U{ze :
x € ve — {v}}. Moreover, clg(x)(0L(e)) is an arc with end points {v}
and ve and clo(x)(0L(e)) — {{v},ve} = O0L(e). Thus, we conclude
that h(Fi(ve)) C Fi(vho(e)) U {xho(e) : € wvho(e)}, and since
h({v}) = {v}, h(ve) = vhg(e). O

Lemma 20 limits the options for the image h({z}), for x € wve,
when h : C(X) — C(X) is a homeomorphism. Since we are trying
to determine when C(X) is rigid, we are interested in determining
what conditions X must satisfy in order that singletons are mapped to
singletons. The following results will help us to do this.

Lemma 5.2. Let h: C(X) = C(X) be a homeomorphism. If x € Ey,
then:

(a) h({z}) € Fi(X),
(b) h(Fy(vz)) C Fi(X),
(¢) h(F1(Xo)) C F1(X).

Proof. Let e € E be such that = € ve. Suppose contrary to (a) that
h({z}) ¢ F1(X). By Lemma 5.1 (d), h({z}) = zho(e), where hg is as
in Lemma 5.1 and z € vhg(e) — {ho(e)}. Let {en}2°_; be a sequence
in E such that lime,, = z. We may assume that limho(e,) = u
for some w € X. By the smoothness of X, limvho(ey,) = vu.
By continuity of h, limh({e,,}) = h({z}) = zho(e). By Lemma
5.1 (b), for each m € N, h({e;n}) C vho(en), so zho(e) C vu. Since
ho(e) € E, we conclude that u = hg(e). Using smoothness of X again,
we have limve,, = vz, limh(ve,) = h(ve) and (Lemma 5.1 (d))
lim h(ve,,) = limvhg(e,) = vu = vho(e) = h(ve). Thus, vz = ve.
Hence, x = e € E, contrary to the hypothesis. This completes the
proof of (a).

(b) By Lemma 5.1 (d), h(Fi(vz)) is an arc contained in the set
A = Fy(vho(e)) U{zhg(e) : © € vho(e)}. Notice that A is an arc with
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end points {v} and vho(e). Since {v} and {x} are the end points of the
arc Fy(vx), we have h({v}) and h({z}) are the end points of the arc
h(Fy(vz)). By (a) and Lemma 5.1 (c), h({v}) and h({z}) are in the
subarc F (vhg(e)) of A. Hence, h(Fi(vx)) C Fi(vho(e)) C F1(X).

(c) Is immediate from (b). O

Lemma 5.3. Let eg € E be such that E is locally compact at eg. Then
there exist an open subset W of X and t; € (0,1) such that
eg € W,

(a)

(b) W N E is compact,

(¢) WNXg=0, and

(d) ifee WNE, then m(e) < t1 < Y(e).

Proof. Let d be the Euclidean metric for R?2. Let U be an open
set of X such that eg € U and clx(U) N E is compact. We claim
that ey ¢ Xo. Suppose to the contrary that there exist a sequence
{zm}5°_1 in X and a sequence {z,, }5°_; in Fy such that limz,, = eg
and x,, € vz, for each m € N. By the compactness of X, we may
suppose that lim z,, = z for some z € X. Given m € N, there exists
em € E such that d(en,, zm) < % Then lim e, = z. By the smoothness
of z, limwve,, = limvz,, = vz. Since z,, € vz, for each m € N, we
have eg € vz. Since eg € E, we obtain that ey = z. Thus, there exists
m € Nsuch that z,, € U. Since z,, € clx(E)—E, z,, = limw, for some
sequence {w,}>2, in ENU. Hence, {w,}32, is a sequence in clx (U)NE
whose limit is not in ¢lx(U) N E. This shows that c¢lx(U) N E is not
compact, a contradiction. Hence, eg ¢ Xy. Therefore, there exists an
open set V of X such that eg C V and clx(V) C U — Xy. Thus,
clx (V)N E is compact.

Since v ¢ E, it follows that E is totally disconnected. Thus,
cx (V)NE is compact and totally disconnected and then clx (V)NE is
0-dimensional. By the way we are considering the cone over the Cantor
set in R?, we can assume that there exists an open set Y C [0,1]
and numbers sg,s1 € (0,1) such that V = X N ({(0,1)(y,0) : y €
Y} N([0,1] X (sg,51)), where (0,1)(y,0) is the convex segment joining
the points (0,1) and (y,0). Since ey € V, 59 < 7(eg) < s1. Given
e € VN E, there exists y € Y such that e € (0,1)(y,0). Let p be the
point in (0,1)(y,0) such that w(p) = s1. Then (ep — {p}) C V. This
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implies that (ep—{p}) N Xy = 0. Notice that if w € X, then vw C Xp.
Hence, 1(e) > s;.

Since clx (V) N E is 0-dimensional, there exists an open and closed
subset R of clx(V) N E such that e € Rand R C VN E. Let W
be an open subset of X such that R=W Nelx(V)NE and W C V.
Notice that eg € W, WNE = R is compact, W N Xy = 0. Let
t; € (max{m(e) :e € WNE},sp). Clearly, t; satisfies (d). O

Theorem 5.4. The following are equivalent:

(a) C(X) is rigid,
(b) X = X07
(¢) E has no points of local compactness.

Proof. (b) = (a) is immediate from Lemma 5.2 (c¢) applied to h and
ht.

(¢) = (b). Suppose that X # X,. Take v € X — Xy, and let e € E
be such that x € ve. If e € X, since v € Xy and X is a subcontinuum
of X, then z € ev C Xy, a contradiction. Thus, e ¢ Xy. Let U be
an open subset of X such that e € U and clx(U) N Xy = . We now
prove that ¢lx(U) N E is a compact neighborhood of e in E. Since X
is compact, it is enough to prove that, for any sequence {e,,}5_; in
clx (U)NE that converges to a point z € clx(U), it follows that z € E.
Since Ey C Xy, z ¢ Eo. Since z € clx(E) and z ¢ Ey, we have that
z € E. Thus, E is locally compact at e.

(a) = (c). Suppose that E has a point eg of local compactness.
Let W be an open subset of X and ¢; € (0,1) satisfying properties
(a)-(d) of Lemma 5.3. For each e € ENW, let z. € ve be such
that 7(z.) = t;. Notice that the map e — z. is continuous. Let
Z=Hexe CX:e€c WNE}. Let g: WNE)x[0,1] = Z be given
by g(e,s) = s-e+(1—s)-x.. Clearly, g is a continuous one-to-one onto
map. Since W N E is compact, g is a homeomorphism. In particular,
we have that Z and Zy = {z. € X : e € W N E} are compact subsets
of X.

We claim that Z is the boundary of Z (in X). Since, for each
ec WNE,m(e) <ty <1, Zy Cbdx(Z). Now,let z € ZNclx (X —Z),
and let {z,,}5°_; be a sequence of X —Z such that lim z,,, = z. For each
m € N, let e,, € FE be such that z,, € ve,,, and let e € W N E be such
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that = € ex.. We may suppose that lim e,,, = x¢ for some xy € X. Since
x € Z, w(x) < t1, so x # v. By the smoothness of X, limve,, = vxg,
so x € vxg N (ve — {v}). This implies that vzg C ve. If 2y # e, then
xo € Eg and 29 € Xo. By Lemma 5.3 (d), t1 < ¥(e) = min7(Xo Nve).
Thus, t1 < m(xg). Since x € vxg, m(xo) < w(zr). This contradicts the
fact that x € Z and proves that o = e. Hence, zg € W. Since W
is open, there exists M € N such that, for each m > M, e,, € W.
Given m > M, since e,, € WNE and z,, € (X — Z) Nve,,, we have
that 7(z,,) > t1. Hence, m(x) > t;1. Since z € Z, we conclude that
m(x) = t1. Thus, ¢ = . € Zy. This completes the proof that Zy =
bdx (Z).

Define
L= U{C(e:re) CcC(X):ee WNE}.

Since L={Ae€ C(X): AC Z}, Lis closed in C(X).

Using the geometric model for C([0,1]) [17, Example 5.1], it is
possible to define a homeomorphism f : C([0, 1]) — C([0, 1]) such that:
f(A) = Afor each A € C([0,1]), 0 € A and f({1}) = [3,1].

Let ho : £ — L be given by ha(A) = (go (idwng x f) o g™ 1) (A).

It is easy to show that h¢ is a homeomorphism with the following
properties:

(1) if Ae £ and z. € A for some e € ENW, then h¢o(A) = A,
(2) if ee ENW, then hc({e}) ¢ F1(X).

We extend he to a homeomorphism h : C(X) — C(X) given by
| he(A), AL,
MA){ A i ANdy(X —2) £0.

By (1) and the equality Zp = bdx(Z), h is a well-defined continuous
function. It is easy to check that h is one-to-one and surjective. By
(2), we conclude that C(X) is not rigid. O

Theorem 5.5. If C(X) is rigid, then Cp,(X) is rigid for each n # 2.
Proof. Let n > 3, and let h: C\,(X) — C,,(X) be a homeomorphism.

By Theorem 3.3, h(W,, (X)) = W, (X). Then h(Z,(X)) = Z,(X), and
by Theorem 3.6, h(W;1(X)) = Wi(X). Notice that Wy (X) = {4 €
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C(X):v¢ A}. Letv, V, E and for each e € E, L(e) be defined as at the
beginning of this section. By [7, Theorem 3.1 (3)] V is homeomorphic
to the Hilbert cube. Let A =cl¢,x)(W1(X)). Then h(A) = A and
h(A-Wi (X)) = A-—Wi(X). Clearly, A = {A € C(X) : there
exists e € F such that A C L(e)} and A— W;(X) = VN A. Hence,
h(YVNA) =VnA By |[7, Theorem 3.1 (2)], VN Ais a Z-set of V.
By [17, 11.9.1], the homeomorphism AV NA: VNA— VN A can be
extended to a homeomorphism g : V — V. Let f : VUA — VUUA be

given by
[ g(4), itAeV,
F(4) = { h(A), if Ac A

Then f is a homeomorphism. Notice that VU A = C(X). Since
C(X) is rigid, f(F1(X)) = F1(X). Given p € X — {v}, {p} € Wi (X).
Thus, h({p}) = f{p}) € Fi(X). Since X — {v} is dense in X, we
conclude that h(Fl( ) C Fi(X). Similarly, h=}(Fy (X)) € Fi(X).
Hence, h(F1(X)) = F1(X). Therefore, C,,(X) is rigid. O

Corollary 5.6. The following are equivalent:

(a) C(X) is rigid,

( ) X = X07

(¢c) E has no points of local compactness,
(d) Cn(X) is rigid for every n # 2.

Related to Question 4.5 and Corollary 5.6, we can pose the following
problem.

Problem 5.7. Letting Z be a continuum, is it true that if C'(2) is
rigid, then C3(Z) is rigid?

Example 5.8. Another smooth fan Y for which C(Y) is rigid.

Recall that the Lelek fan is characterized as the unique smooth fan
X such that the set of end points of X is dense in X. Given p €
X —(E(X)U{v}),p € Ey C Xo. Thus, X = clx(X — (BE(X)U{v})) C
Xo. By Theorem 23, C'(X) is rigid. Another smooth fan Y with this
property can be constructed as follows. Let Z be the cone over the
Cantor set C. Suppose X C Z and v is the vertex of X and Z. Let
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g : C x[0,1] = Z be the natural quotient map such that g(c,1) = v
for each c € C. Let Q@ = C x [0,2]. Let P = (C x [1,2]) Ug~(X), and
let Y be the quotient space that results from P by identifying the set
C x {2} to a point. It is easy to check that Y is a smooth fan, Y is not
homeomorphic to the Lelek fan and C(Y) is rigid. O

Question 5.9. Supposing that Co(X) is rigid, does it follow that C'(X)
s Tigid?

6. Hereditarily indecomposable continua.

Theorem 6.1. If X is hereditarily indecomposable, then 2% and
Cn(X) are rigid for each n € N.

Proof. This theorem was proved in Claim 4 of Theorem 4.4 of
[15]. O

Acknowledgments. The authors wish to thank Alicia Santiago-
Santos for useful discussions on the topic of this paper.

REFERENCES

1. G. Acosta, On smooth fans and unique hyperspace, Houston J. Math. 30
(2004), 99-115.

2. J.G. Anaya, Making holes in hyperspaces, Topol. Appl. 154 (2007), 2000
2008.

3. J.G. Anaya, E. Castaneda-Alvarado and A. Illanes, Continua with unique
symmetric product, Comm. Math. Univ. Carolin. 54 (2013), 292-295.

4. J.J. Charatonik and A. Illanes, Local connectedness in hyperspaces, Rocky
Mountain J. Math. 36 (2006), 811-856.

5. W.J. Charatonik, The Lelek fan is unique, Houston J. Math. 15 (1989), 27—
34.

6. C. Eberhart, A note on smooth fans, Coll. Math. 20 (1969), 89-90.

7. C. Eberhart and S.B. Nadler, Jr., Hyperspaces of cones and fans, Proc. Amer.
Math. Soc. 77 (1979), 279-288.

8. R. Herndndez-Gutiérrez, A. Illanes and V. Martinez-de-la-Vega, Uniqueness
of hyperspaces of indecomposable arc continua, Glas. Mat. Ser. I1I 49 (2014), 421—
432.

9. R. Herndndez-Gutiérrez, A. Illanes and V. Martinez-de-la-Vega, Uniqueness
of hyperspaces for Peano continua, Rocky Mountain J. Math. 43 (2013), 1583-1624.



236 HERNANDEZ-GUTIERREZ, ET AL.

10. R. Herndndez-Gutiérrez and V. Martinez-de-la-Vega, Rigidity of symmetric
products, Topology Appl. 160 (2013), 1577-1587.

11. D. Herrera-Carrasco, F. Macias-Romero, A. Illanes and F. Vazquez-Judrez,
Finite graphs have unique hyperspace HSy(X), Topology Proc. 44 (2014), 75-95.

12. W. Hurewickz and H. Wallman, Dimension theory, Princeton University
Press, Princeton, NJ, 1974.

13. A. Illanes, Fans are not C-determined, Colloq. Math. 81 (1999), 299-308.

14. , The hyperspace C2(X) for a finite graph X 1is unique, Glas. Mat.
Ser. 37 (2002), 347-363.

15. , Hereditarily indecomposable Hausdorff continua have unique hyper-
spaces 2% and Cy (X), Publ. Inst. Math. (Beograd) (N.S.) 89 (103) (2011), 49-56.

16. . Uniqueness of hyperspaces, Questions Answers Gen. Topol. 30
(2012), 21-44.

17. A. Illanes and S.B. Nadler, Jr., Hyperspaces: Fundamentals and recent
advances, Mono. Text. Pure Appl. Math. 216, Marcel Dekker, Inc., New York,
1999.

18. V. Martinez-de-la-Vega, Dimension of the n-fold hyperspaces of graphs,
Houston J. Math. 32, (2006), 783-799.

19. S.B. Nadler, Jr., Hyperspaces of sets: A text with research questions, Mono.
Text. Pure Appl. Math. 49, Marcel Dekker, Inc., New York, 1978.

20. , Continuum theory: An introduction, Mono. Text. Pure Appl. Math.
158, Marcel Dekker, Inc., New York, 1992.

21. , The fized point property for continua, Aport. Matem.: Text. 30,
Sociedad Matemética Mexicana, México, 2005.

CENTRO DE CIENCIAS MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE
MExico, A.P. 61-3, XANGARI, MORELIA, MICHOACAN, 58089, MEXICO
Email address: rod@matmor.unam.mx

INSTITUTO DE MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO,
CIRCUITO EXTERIOR, CD. UNIVERSITARIA, MEXICO, 04510, D.F.
Email address: illanes@matem.unam.mx

INSTITUTO DE MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO,
CIRCUITO EXTERIOR, CD. UNIVERSITARIA, MEXICO, 04510, D.F.
Email address: vmvm@matem.unam.mx



