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POSITIVE, NEGATIVE AND MIXED-TYPE
SOLUTIONS FOR PERIODIC VECTOR
DIFFERENTIAL EQUATIONS

XIAO HAN AND JINCHAO JI

ABSTRACT. This paper is devoted to the study of peri-
odic solutions of the first-order vector differential equations
z'(t) + f(t,z(t)) = 0. We first introduce the concepts of pos-
itive, negative and mixed-type solutions. Then, by using a
fixed point theorem in cones, we obtain some existence and
multiplicity results of such solutions. Furthermore, we also
present some examples to illustrate our main results.

1. Introduction. Consider the periodic boundary value problem
(PBVP)

(1.1) 2’ (t) + f(t,z(t)) =0, almost everywhere ¢ € [0, 7],
(12)  a(0) = o(T),
where ' > 0 and f : [0,7] x R® — R"™ is a Carathéodory function,

namely, f(t,z) satisfies the following Carathéodory conditions:

(C1) for all z € R™, f(-,z) is Lebesgue measurable;
(C2) for almost every ¢ € [0,T], f(t,-) is continuous.

By a solution of (1.1) we mean an absolutely continuous func-
tion z(t) = (x'(t), 22(t),...,2"(t))" satisfying (1.1) almost ev-
erywhere.  Furthermore, we say that a nonzero solution z(t) =
(xt(t),2%(t),...,2(t) " of (1.1) is a positive solution if x*(t) > 0 for
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i =1,2,...,n; a negative solution if 2(t) < 0 for i = 1,2,...,n; and
a mixed-type solution if there exist I * and I~ satisfying 1 Tul- =
{1,2,...,n} such that z'(t) > 0 for i € I't, 2%(t) <0 fori € I.

In recent years, the PBVPs for differential equations have been
extensively studied: refer to [8, 17, 18, 19, 20, 21] for the method of
upper and lower solutions coupled with monotone iterative techniques;
to [1, 3, 7, 22] for the method of the fixed point theorem; to [2,
4, 16] for the method of calculus of variations and optimization; to
[2, 5, 10, 11, 12, 13, 14, 15] for related results on partial differential
equations. Different from the above works, in this paper, we consider
the first-order vector differential equations (1.1) with the periodic
boundary value conditions (1.2). We first introduce the concepts of
positive, negative and mixed-type solutions. Then, by using a fixed
point theorem in cones, we obtain some existence and multiplicity
results of such solutions. The result can be viewed as an extension
of our previous work [9], where the existence and multiplicity results
on positive solutions are obtained.

The outline of this paper is as follows. In Section 2, we introduce
some notation and preliminary results. Section 3 presents some exis-
tence results of positive solutions, negative solutions and mixed-type
solutions. The multiplicity results are given in Section 4. Finally, we
give some concluding remarks in Section 5.

2. Notation and preliminary results. Throughout this paper, z°
denotes the ith component of z, |x| = max{|z’|,i = 1,2,...,n} denotes
the norm of x, Cr denotes the Banach space of all continuous functions
x :[0,T] = R™ endowed with the norm ||z| = sup{|z(¢)|,¢ € [0,T]},
L'[0,T] denotes the set of all integrable functions from [0,7] to R,
C(R™,R) denotes the set of all continuous functions from R™ to R.

The following hypotheses are assumed in this paper:
(H1) there exist ¢ € L'[0,T] and ¢ € C(R",R) such that

lf (¢ 2)| < @(t)(z), for almost every t € [0,T], = € R";
(H2) there exists M (t) = diag (m;(t)) such that

Ef(t,x) < EM(t)z, for almost every ¢t € [0,T], Ez > 0,
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where m; € L'[0,T] satisfies m;(t) > 0 for almost every ¢ € [0,7] and
fOT m;(7)dr #0, E = diag (0;), 0, = {-1,1},i=1,2,...,n.
We consider the first order linear PBVP

(2.1) 2 (t) + M(t)x(t) = h(t), ae. te][0,T],
(2.2) 2(0) = (T),
where h € L'[0,T] and M(t) is given in (H2).
Let
(2.3) U(t,s) = diag (u;(t, s)), (¢, s) €[0,7] % [0,T],

where u;(t,s) = (e~ Jomi(m) /(1 — e~ Jo mi() ANy =1,2,...,n. Tt
is obvious that w;(¢, s) is an absolutely continuous nonnegative function
on [0,T] x [0,T] and satisfies

(2.4)

oJd mi(m)ar

1
1 < . _elo milmdr .
o mi(mdr = u;(t, s) o JE mi(mydr t<s;
_ 1 e
u;(t,s) = P e P t=s;
—JF mi(r)dr
e 0 ui(t,s) < ——p—u— t>s.

1—e— fOT m;(T)dr — — 1—e— f(? m;(r)dr’

We can easily claim that the following lemma holds.
Lemma 2.1. Assume that m; € L'0,T] satisfies m;(t) > 0 for
almost every t € [0,T] and fOTmi(T) dr # 0, ¢ = 1,2,...,n. Let

M(t) = diag (m;(t)). Then, for any h € L'[0,T], PBVP (2.1), (2.2)
has a unique solution

t T
x(t) = / U(t,s)h(s)ds + A/ U(t, s)h(s) ds,
0 t
where A = diag (6;),0; = e~ JoE mi(r)dr

For the study of PBVP (1.1), (1.2) by utilizing the fixed point
theorem in cones, we consider the following auxiliary PBVP

(2.5)  2'(t) + M#)x(t) = M(£)2(t) — f(t,2(t)), ae. te[0,T],
(2.6)  x(0) =z(T),

where z € Cr.



1186 XIAO HAN AND JINCHAO JI

By Lemma 2.1, it is known that, for any z € Cp, PBVP (2.5), (2.6)
has a unique solution

t T
x,(t) = /o U(t,s)h.(s)ds + A/t U(t,s)h.(s)ds,
where h,(s) = M(s)z(s) — f(s,2(s)).
Let the operator T : Cr — Cr be defined by
t T
T(2)(t) = /O U(t, 5)h.(s) ds + A/t Ut s)ha(s)ds, te[0,T].

Clearly, if T has a fixed point z € Cp, then z(t) is a solution of PBVP
(1.1), (1.2).

Let I" ={i:0;, =1}, I ={i:0;, = —1}. Then ITUI™ =
{1,2,---,n}. Define a cone in Cr by

Kn={z€Cp:ai(t) >8]z, iel™
o(t) < =il i€l teo, T},
where ||z?|| = sup{|z’(¢)|,t € [0,T]}, i =1,2,...,n.

Lemma 2.2. T(Ka) C Ka.

Proof. For any t € [0,T] and z € Ka, let hi(t) = m;(t)zi(t) —
fi(t,2(t)). Then, when i € I't, by (H2) and (2.4), we have

t T
(T(2))(t) :/0 u;(t, s)hi(s) d8+5i/t u;(t, 8)hi(s)ds

1 Lo
< h d
< | s

elo mi(r)dr T
+9; / hi(s)ds
¢

1—e™ fOT m;(7)dr Z

1 T
= R (s)ds,

which implies

T
[CACHES - e
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Thus,

¢ T
(T(z))i(t):/ u;(t,s)h' (s )ds+5/ u;(t,s)h’ (s)ds
0
ml(‘r )dr
> / hi(s
1—e™ fo mi(r)d
0 R (s)ds
+ 1_e—f0 mqy(‘r)d‘r/t ( )
e Jo mi(r)ar T
= - / hi(s)ds
1—e" Jo mi(r)dr 0

(2.7) > 5ill(T(2)]l.
On the other hand, when ¢ € I, by (H2) and (2.4), we have

¢ T
(T(2))'(t) = /0 u;(t,s)h (s) ds + 5i/t u;(t,s)h’(s) ds

1 b
> h(s)d
> o | s
efOTm,;(T)d'r

T .
+9; - ) / h(s)ds
T Jt

176_1’0 m;(7)d

1 T
- ! / B (s) ds,
dr 0

1—e" fo m;(T)

which implies

T
@) > e [ B

1_eff0 m;(7)d

Thus,

¢ T
(T(2))i(t) = /()Ul(t s)hi()ds+5/ u;(t,s)h’ (s) ds

IN

ml(T )dr
e / B (s
1—e” fo mi(r)d
=8| (T ()"l
Therefore, T(Ka) C Ka follows from (2.7) and (2.8).

(2.8)

IN
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Lemma 2.3. Let n > 0, Q@ = {z € Cr : [z| < n}. Then
T: KaNQ— Ka is completely continuous.

Note that f is a Carathéodory function and satisfies (H1). The proof
is easily obtained by using the Arzela-Ascoli theorem and the Lebesgue
dominated convergence theorem. We omit it here.

In the following lemma, we recall the fixed point theorem in cones
(see [6]).

Lemma 2.4. Let K be a cone in a Banach space )j and Q1, Qo
two bouni@d open sets in X such that 0 € Q1 and Q1 C Qy. Let
T: KN\ Q) — K be a completely continuous operator such that
either:

(1) there exists zg € K\ {0} such that z—Tz # Azo, z € K NN,
A>0;Tz#pz, z€e KNOQy, u>1, or

(i) there exists zo € K \ {0} such that z — Tz # Az, z € KNIy,
A>0;Tz# pz, z€ KNOQy, > 1.

Then T has at least one fized point in K N (Qa\ Q1).

3. Existence of solutions. Let

fltr) (fl(t,x> Pl f"<t’x>>T.

x gl 7 g2 7T gn

For convenience, we introduce the following notations:

— t
fo =limsup ess sup M,
|z|—0  t€[0,T] T
t
f. = liminf ess inf it ’$)7
=0 lz]=0 t€0,7] T
— t
foo =limsup ess sup M,
|z] =00 t€[0,T] T
t
f =liminf ess inf A ’x).
= |z]—o00  t€[0,T x
From now on, we denote § = min{d;,7 = 1,2,...,n}, and z > 0

means ' >0 fori=1,2,...,n.
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Theorem 3.1. Let f be a Carathéodory function satisfying (H1), (H2).
If

(H3) f, >0, Foo <0; o1

(H4) f_>0, f, <O0.

Then PBVP (1.1), (1.2) has at least one mized-type solution x(t).
Moreover, %(t) > 0 fori € IT and x(t) <0 forie I~.

Proof. At first, assume that (H3) holds. Then there exist ¢ > 0,
r1 > 0, Rp > 0 (¢ and r; are small enough, Ry is large enough) such
that

i
t
Al Tx) > ¢, almost everywhere ¢ € [0, 77,
I'L
(3.1) O<|z|<m, i=12,...,n,
“t
I Tm) < —e, almost everywhere ¢ € [0, 7],
:Z:AZ
(3.2) || > Ro, ©1=1,2,...,n.

Let Oy = {z € Cr : ||z|| < r1}. We now prove that
(3.3) T(z) # pz, forall ze€ KanNoy, p>1.
To this aim, we note that, for any z € Ka N 09, there exists
iop € {1,2,...,n} such that ||z%| = ry. In addition, it is not difficult to
check that 0 < drp < |z(¢)| < rq for all t € [0,T]. By (3.1), we have

fo(t,2(1)

(3.4) =0

> ¢, almost everywhere ¢ € [0,T].

If ip € I*, (3.4) implies fi(¢,2(t)) > ez'(t) for almost every
t € [0, 7). Thus,

t T
(T(2))"(t) = / wig (£, $)h2 (s) ds + 0y, [ iy (8, 5)h2(s) ds
0 t
1
T 1l—e foT mig (1) dT

¢
></ e~ Jimio AT (1, (5)270 () — e57(s)) ds
0
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e fOT mi, (7)dr

+
1—e— fDT Mg (r)dr

T
o / o It Mio (N AT (. (5)290 (5) — 290 (s)) ds
t

[ o Jimig(r) dr
T 1—e Jo mig(r)dr

t
{ / el oA (my, (5) — ) ds
0

T
(3.5) —|—/ e_fsTm"O(T)dT(mio(s) —e) ds}.
t

Integration by parts yields

t
(3.6) / ofs mio (M AT (6 ds
0

T
—|—/ e_fsTmio(T)dTmio(s) ds
t

_ ef(; mio (7)dT _ ~ ftT mig (T) dT'

In addition,

t
(3.7) e Jimio(r)dr / o i (1) dr g
0

T
+e fgt m7‘,0(7) d'r/ e fST miO(T) dr ds

t

t T

_ / e~ ff miO(T) dr ds +e fOT mio(‘r) dr / e~ fS‘ miO(T) dr ds
0 t

S o K mi)ar

Combining (3.5), (3.6) and (3.7), we derive

() (1) < (1 T 1) EISED

efoT m, (T)dT _

Ifig € 17, (3.4) implies fi(¢, z(t)) < ez%(t) for almost every t € [0, 7.
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Thus,

t T

(T@»“G%=41%@JM?SMB+&Ot wiy (t, 8)h () ds
1

- 1—e fOT mio(‘r) dr

t
o / o= JEmig (1) dT(miO(S)ZiO(S) — g5l (s))ds
0

e fOT ™M (r)dr

1—e" fDT Mg (r)dr

T
x [ e B g )20 () - £ () ds
t
|}z

< |
- 1—e" fOT Mg (r)dr

¢
X { / efo mio (AT (. (5) — ) ds

0

T
—|—/t e /s mio (M) AT (1, (s) — €) ds}

el . )
>—(1— ———— ||z > —|]2"]
> ( efonm(T)dT_l)n | > =%

e fot my, (7)dr

Therefore, (3.3) is proved.
On the other hand, let ro = Ry/d, Q2 = {z € Cr : ||z|| < r2} and

20 = (28,22,...,28)" with 2§ = 04, i = 1,2,...,n. It is easy to see
that zo € Ka \ {0}. We now prove that
(3.8) z—T(z) # Az, forall ze€ KaNoQs, A>0.

Suppose on the contrary that there exists Z € Ka N 02 such that
zZ —T(Z) = Aoz for some A\g > 0. By z € Ka N 092, we know that
there exists ip € {1,2,...,n} such that ||Z|| = r,. In addition, it is
easy to check that |Z(t)| > drqa = Ry for all t € [0,T]. By (3.2), we have

Jo(t2(0) _

(39) <

—e, for almost every t € [0, 7).

If i € I, (3.9) implies fio(¢,2(t)) < —ez'(t) for almost every
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t € [0,T]. Taking into account that Z € Ka, it follows that zh(t) >
Siol[Z]| = 0ro = Ry > 0. Let £ = minge(o72(t). Then £ > Ry.

Thus,

Zo(t) =

t
/ g, (t, s)h2 (s) ds
0

T
+ di, / Uiy (2, s)h%‘)(s) ds+ Ao
t
1

1—e" fOT Mg (r)dr

t
[ a4 g ()350(5) — (5, 3(6))) ds
0

e~ foT mig (1) dT

1—e" fOT mig (r)ydr

t
1

1—e" fOT miq (1) dr

¢
></ e_fstm'io(T)dT(mio(s)—&—E)Zio(s) ds
0

e fOT Mg (r)dr
+

1—e" fOT Mg (r)dr

T
« / o= SImioc (AT (. () 4 £)zi0 (5) ds + Ao
t

ge— fof myg () dT

1—e" Jo mig(r)dr

t T
X (/ elo mio (M ATy, (s) ds+/ e_fsTm"O(T)dTmio(s)ds

0 t
29

1—e fOT mio(‘r) dr

+

T . A .
. / e a0 (1, ()57 (s) — 10 (s,2(5))) ds + Ag

)

t T
% (/ e f; mio(‘r)dr d8—|—67 foT m'io(T)dT/ e~ f; miO(T)dT ds)

0 t
+ Ao
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Then, by (3.6) and (3.7), we derive

) e€ (T,
F0 () > + Te fo mlo(T)dT _|_>\
PO = T o 0

(1 e

efOT mig (r)ydr _
Hence, £ > (1 + (ET)/(efonio(T)dT—l)){ + X > &, which is a
contradiction.

If g € I7, (3.9) yields f(t,z(t)) > —ez'(t) for almost every
t € [0,T]. In addition, 7 € Ka implies 2°°(t) < =6, [[z°|| < —dry =
—Ry < 0. Let £ = max;c[o,712"(t). Then { < —Ry. Thus,

t T
Zio ()= / wig (¢, s)h?(s) ds + d;, wig (¢, s)h?(s) ds — No
0

t
B 1
- 1_e fOT mig (1) dT
t
[ B i (5125 6) — £, 761 s
0

e~ jOT mg, (7)dr

| o [T g dr
T . . .
[ e O g (570 5) = (s, 7(6)) s~ Do
t
1
Tl e fOT my (7)dr

t
o / e~ JEmin (M AT (1. (5) 4 £)Fi0(s) ds
0

e fOT my, (7)dr

1—e" fOT mig () dT
T . .
" / o= JEmio AT (0 () 4 £)2%0 (s) ds — Ao
t

Ce™ J§ mig (r) dr

- 1—e— fOT ™My (r)dr

t T
X (/ edo mio (M AT, () ds—i—/ e ) mio(")d"mio(s)ds)

0 t
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29

1—e" foT miq (7) dr

t T
> (/ e—f;m,;o(‘r)dT dS—Fe_foniU(T)dT/ e_f:miO(T)dT dS)

0 t
_/\O

+

€€ T
< T = Jo mi(r)dr -\
7£+1ie—fonio(T)dT e 0

eT
=14+ ——"—"—"")— X
( efoT mig(7)dr _ 1)5 0
Hence, £ < (1 + (ET)/(efoT mio (AT _1))¢ — Ny < &, which is a
contradiction. Therefore, (3.8) is proved.

By Lemma 2.3, T : Ko N (Q2\ Q1) — Ka is completely continuous.
According to Lemma 2.4, there exists 2 € Ka N (Q2 \ €;) such
that T(z)(t) = x(t), ||z|| > rn > 0, 2'(t) > &]z] > 0, i € IT;
2 (t) < =4;||«t]] <0, i € I~. Therefore, z(t) is a mixed-type solution
of PBVP (1.1), (1.2).

Next, assume that (H4) holds. Then there exist e; > 0, r3 > 0,
R; > 0 (g1 and r3 are small enough, R; is large enough) such that

it
L’.) < —&1, almost everywhere ¢ € [0, 7],
xl
(3.10) O<|z|<rs, i=1,2,---,n,
it
I ?x) >e¢e1, almost everywhere ¢t € [0, 77,
xl
(3.11) lz >Ry, i=1,2,...,n.

Let Q3 = {z € Cr : ||z|| < r3}. Then, for any z € Ka N 03, there
exists igp € {1,2,...,n} such that ||2%]| = r3. By (3.10), similar to the
proof of (3.8), we have

(3.12) z—T(z) # Azg, forall z€ KanNoQs, A>0.

Let 74 = Ry1/6 and Q4 = {z € Cp : ||z|| < r4}. Then, for any
z € Ka N 08y, there exists ig € {1,2,--- ,n} such that |[z| = ry.
Thus, if ig € IT, zo(t) > &,]/z°| > Ry and if ig € I~, 2%(t) <
—8;,||2%|| < —Ri. Hence, |2(t)| > R;i. In view of (3.11), similar to the
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proof of (3.3), we can obtain

T(z) # pz, forallue KanNoQy, p>1.

By Lemma 2.4, T has a fixed point z € KaN(Q4\Q3), [|z|| > 73 >0,
2H(t) > &2t >0, € IT; 2%(t) < —&]|2f|| <0, i € I~. Therefore,
x(t) is a mixed-type solution of PBVP (1.1), (1.2). O

Remark 3.1.

(i) When E = diag(1,1,...,1), Theorem 3.1 gives the existence
result of positive solutions for PBVP (1.1), (1.2).

(i) When E = diag(—1,—1,...,—1), Theorem 3.1 gives the exis-
tence result of negative solutions for PBVP (1.1), (1.2).

Example 3.1. Consider the two-dimensional PBVP of the following
form

(3.13) o+ (t+1)sine +zy —z(z* +¢y*) =0, 0
(3.14) y +arctany — (2 +1)y® —2?y =0, 0<t
B.15)  2(0) ==z(1), y(0)=y(1).

In this example, T'= 1, and

Ftz.y) = (t+1)sinz + 2y — x(2? + y?)
6y = arctany — (t2 + 1)y — 2%y ‘

By choosing

wo-(551 ) e-(1 )

we can easily verify that (H1) and (H2) hold. In addition, by a direct
calculation, we get f, = (1, DT >0, fo, = (—00,—00) . Theorem 3.1
shows the PBVP (3.13), (3.14), (3.15) has at least one mixed-type
solution (z(t),y(t))". Moreover, x(t) > 0, y(t) < 0.

4. Multiplicity of solutions.

Theorem 4.1. Let f be a Carathéodory function which satisfies (H1),
(H2). If
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(H5) fo <0, f. <0; and
(H6) there exists p > 0 such that

t, T
inf ess infM
dp<|z|<p tel0,T] T

Then PBVP (1.1), (1.2) has at least two mized-type solutions x1(t)
and x5(t). Moreover, % (t) and z4(t) > 0 fori € I* and z%(t) and
x(t) <0 forieI-.

> 0.

Proof. By (H5) and the proof of Theorem 3.1, we know that there
exist r5 > 0, r¢ > 0 (r5 is small enough, and 7 is large enough,
r5 < p < 1g) such that

z—T(z) # Azg, forall z€ KaNoQs, A>0,
z—T(2) # \zg, forall z€ KaNdQg, A>0,
where Qs = {z € Cp : ||z|| <75} and Qg = {x € Cr : ||z|| < re}.
By (H6), there exists € > 0 (¢ is small enough) such that
fi(t,x)
%
(4.1) dp<lz|<p, i=1,2,...,n.

> e, almost everywhere ¢ € [0, 77,

Let Q7 = {z € Cr : ||z|| < p}. Then, for any z € Ka N 0907,
there exists ig € {1,2,...,n} such that ||2%]| = p. Thus, if ip € I,
Zio(t) > §;,]|2% > dpand ifig € I, 2% (¢) < —&;,]|2%|| < —Jp. Hence,
dp < |z(t)] < p. In view of (4.1), by using a similar method as used in
the proof of Theorem 3.1, we have

T(z) # pz, forall z€ KaNoQy, p>1.

It is obvious that Q5 C Q7 C €4, and by Lemma 2.4, we conclude that T’
has at least two fixed points 71 € KaN(Q7\Q5) and 22 € KaN(Q6\ Q7).
Moreover, 15 < ||z1|| < p, p < ||z2|| < 16, 24 (2), 25(t) > 0,7 € IT;
xi(t), 25(t) < 0,4 € I~. Therefore, z1(t) and x5(t) are mixed-type
solutions of PBVP (1.1), (1.2). O

Similar to the proof of Theorem 4.1, we have the following theorem.

Theorem 4.2. Let f be a Carathéodory function which satisfies (H1),
(H2). If
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(H7) f,>0,f >0; and
(H8) there exists p > 0 such that

f(t,x)

sup ess sup ———= < 0.
sp<|z|<p telo,T] T

Then PBVP (1.1), (1.2) has at least two mized-type solutions x1(t)
and xo(t). Moreover, x4 (t), x4(t) > 0 for i € I'; xi(t), 25(t) < 0 for
1€ ™.

Remark 4.1.

(i) When E = diag(1,1,...,1), Theorems 4.1 and 4.2 give the
multiplicity results of positive solutions for PBVP (1.1) and

(1.2).

(i) When F = diag(—1,-1,...,—1), Theorems 4.1 and 4.2 give
the multiplicity results of negative solutions for PBVP (1.1)
and (1.2).

Example 4.1. Consider the following two-dimensional PBVP

1
(4.2) x/+1<t2+1>x_z¢me—mx:0,
1
4.3 "'+ — y arctan(1 + 22 + 92
( v y
(1) VR e Ve y =,
(4.4) z(0) = z(1), y(0)=y(1),
where 0 <t < 1. In this example, T' = 1, and
feomg) — (1 F D2 =2 TN |
Ly arctan(l + 2% + 2) — (t+ 1) /22 + g2 e VI y

By choosing
142
_( 1 +1) 0 (1 0
M(t) - < 0 % ) E = 0 —1 )

we can easily verify that (H1) and (H2) hold. A direct calculation yields
fo=(1/4,1/8)" >0, f _=(1/4,1/4)7 > 0. Let 6 =e~'/*, p=1. By
means of the Matlab, we can compute that max{(f (¢, z,v))/(z,y) | t €
[0,7],0p < |(x,9) "] < p} < (—0.1876,—0.0938) T < 0. Theorem 4.2
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shows that PBVP (4.2), (4.3), (4.4) has at least two mixed-type
solutions, (x1(t),y1(t))" and (w2(t),y2(t)) . Moreover, xy(t), xo(t) >
0; y1(t), ya(t) < 0.

5. Conclusions. This paper has presented some existence and mul-
tiplicity results of positive, negative and mixed-type solutions for PBVP
(1.1), (1.2) in vector form under some proper conditions. In special case
n = 1, the existence and multiplicity conditions can be weakened as
follows.

As regards the existence and multiplicity results of positive solutions,
we only require

_ t
fo =limsup ess sup f(t.2) ,x)’
z—=0+  t€[0,T) T
f(t,z)

f.=liminf ess inf———,
=0 20+ te0,1]  x

_ t
foo =limsup ess sup M,
z—+oo  te[0,T T
f(t,z)

f_=liminf ess inf
- r—+o0 te€[0,T] x

and the multiplicity conditions (H6) and (HS8), respectively, can be
replaced by

(H6)" there exists p > 0 such that

inf  essinf f(¢,z) > 0;
d0p<z<p t€[0,T]

(H8)" there exists p > 0 such that

sup ess sup f(t,z) < 0.
dp<z<p te0,T]

As regards the existence and multiplicity results of negative solu-
tions, we only require

= /(t,2)

o = limsup ess sup ———,
z—0—  ¢€[0,T) T
f(t,x)

f. =liminf essinf—"—=,
=0 z—0—  t€[0,T] T
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_ t
foo =limsup ess sup Jit.2) ,x)7
Tz——co  te[0,T) T
t
f_ =liminf ess infM7
—o0 z——00 te[0,T) €T

and the multiplicity conditions (H6) and (HS8), respectively, can be
replaced by

(H6)” there exists p > 0 such that

sup  esssup f(t,x) <O0.
—p<lz<=4p t€[0,T)

(H8)" there exists p > 0 such that

7p§1;1£76p fes[so%ff(t,x) > 0.

In addition, we can also use the methods in this paper to deal with
the PBVP of the following form

(5.1) —2'(t) + f(t,z(t)) =0, almost everywhere t € [0,T],
(52)  2(0) = #(T),

where f : [0,7] x R* — R" is a Carathéodory function satisfying
(H1) and (H2). For PBVP (5.1), (5.2), the function w;(t,s) in (2.3) is
replaced by

ef: m;(7)dr

(ts)= —————
uz( S) efoT m;(T)dr _ 1

, 1=1,2,...,n.
Letting 6; = e~ Jo"ma(m) 47 we can also prove that Theorems 3.1, 4.1
and 4.2 are valid for PBVP (5.1), (5.2).

Finally, we also remark that, if the function f(t, z) is periodic with
respect to t, the existence and multiplicity of positive, negative and
mixed-type solutions can also be discussed by using our method.
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