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COMPOSITION OPERATORS ON
WEIGHTED HARDY SPACES

WALEED AL-RAWASHDEH

ABSTRACT. Suppose ¢ is an analytic self-map of open
unit disk D and % is an analytic function on D. Then
a weighted composition operator induced by ¢ with weight

P is given by (Wy o f)(2) = ¥(2)f(¢(z)), for z € D and
f analytic on D. Necessary and sufficient conditions are
given for the boundedness and compactness of the weighted
composition operators Wy, . In terms of fixed points in the

closed unit disk D, conditions under which Wy, ., is compact
are given. Necessary conditions for the compactness of Cy
are given in terms of the angular derivative ¢’(¢) where ¢
is on the boundary of the unit disk. Moreover, we present
sufficient conditions for the membership of composition
operators in the Schatten p-class Sp(H®(51), H1(B82)), where
the inducing map has supremum norm strictly smaller
than 1.

1. Introduction. A Hilbert space H whose vectors are functions
analytic on the unit disk D is called a weighted Hardy space if the
monomials {1,z,22,...} form a nonzero orthogonal set of vectors and
the polynomials are dense in ‘H. The properties of a weighted Hardy
space depend on the weight sequence {5(n)}52,, which is defined by
Bn) = llz" 2

Let {8(n)}52, be a sequence of positive numbers such that 8(0) = 1.
Define the set HP(8), 1 < p < o0, to be the set of all formal power
series f(z) = Yoy anz" with z € D such that

”fH];{p(ﬁ) = Z |an|p(ﬂ(n))p < 00.
n=0
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If lim,, o0 (B(n +1))/(B(n)) = 1 or liminf, o B(n)"/™ = 1, then the
weighted Hardy space HP () consists of functions analytic on the unit
disk D. In this paper, we consider weighted Hardy spaces HP(3)
where {8(n)}52, is a sequence of positive numbers with 5(0) = 1 and
liminf,, . B(n)"/™ = 1.

In the case p = 2, the space H?(3) is a Hilbert space of functions
analytic on the unit disk D with the inner product given by

<f> g> - Z anbn(ﬂ(n))za
n=0
where f(z) = Yo" janz" and g(z) = >0, bp2" are in H%(3). Some
well-known special cases of this type of Hilbert space are the classical
Hardy, the Bergman and the Dirichlet spaces with weights 8(n) = 1
for all n, B(n) = (n+1)~"/2, and B(n) = (n+1)"/2, respectively. Thus
the terminology weighted Hardy space comes from the observation that,
if B(n) = 1, then H?(B) is the classical Hardy Hilbert space H?(D).
Note that, if {81(n)} and {B2(n)} are weight sequences with

Baln) < Bi(n) <~ Ba(n),

for some positive constant ¢, then H?(f;) = H?(32) with equivalent
norms.

If ¢ is an analytic map on the unit disk D and ¢ is an analytic
self-map of D, the weighted composition operator Wy, ,, is the operator
on HP(B) given by

Wy o )(2) = ¥(2) f(9(2)),

for f € HP(B) and z € D. If W, , is an operator on HP(f3), then it
will map the constant function f = 1 to v, so ¥ must belong to HP(3).
Moreover, the function f(z) = z belongs to HP(f), so if ¥» = 1 and
Wy, is bounded, then Wy, , maps f to ¢; hence, ¢ belongs to H?(3).

The Banach spaces HP(3), 1 < p < oo, are reflexive with norm
|-l zr»(5) and the dual space of HP(3) is H9(BP/9) where 1/p+1/q = 1.
So, if g(z) = 300 ; bp2™ in HI(BP/7), then

1901% 0 o7y = D 1bnl2(BY/ ()" =3 [bal 7 (n).
n=0 n=0
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Hence, if f € HP(B) and g € (HP(B))*, then
(f,9)8 =Y anbnB’(n),
n=0

where f(z) = > 07 g anz™ and g(z) = 37 o bp2".

Now, we define a class of functions that play an important role in
studying weighted composition operators on H?(3), 1 < p < co. For a
complex number w, define

For 1/p+1/q =1 and w € D, we observe that

— q
[ Kl = 1 Kuwll5a(gora)

o~ _w]™

- (8°/(n)"

q
(HP(8))*

(1) = < 0o,

the convergence of the series in (1) follows from the assumption
liminf, e B(n)Y/™ = 1 and root test. Moreover, if f(2) = > 00 a,2™,
then

0 anw™

f7 Kw = = Bp n)= f w).

(1K) = 32 G0 = (0)

Therefore, K, € (HP(B))* is a point evaluation kernel of HP(3)
whenever w € D. The next result follows from (1).

Lemma 1.1. For w € D, the norm ||Kyl|(grgy)- is an increasing
function of |w.

The following lemma is crucial when working with weighted compo-
sition operators.
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Lemma 1.2. Let Wy, be bounded on HP(f3), and let K,, be a point
evaluation kernel. Then

le’@Kw = ’L/J(w)K(p(w).

Proof. For any f € HP(8), we have

(fWhoBuw)g = Wy of Ku)p
= <’(/}f ° Y, Kw>,3

= ([ () Kp(u))s-
Since this holds for all f € HP(3), we get the desired result. O

The proof of the following lemma can be obtained by adapting the
proof of ([1, Theorem 2.17]).

Lemma 1.3. Let 1 < p < oo, and let B(n) be a weight sequence such
that >0, 8~%(n) = oo, where 1/p+1/q = 1. Then the normalized
reproducing kernel Ky /|| Kyl (zr ()« tends to zero weakly as |w| — 1.

This result will be helpful since a compact operator T" in a Banach space
‘H takes weakly convergent sequences to norm convergent sequences. In
particular, if {x,} — 0 weakly and T is compact, then ||Tz,||% — 0.

2. Boundedness of weighted composition operators. In this
section we are interested in studying the boundedness of weighted
composition operators acting on small weighted Hardy spaces. The
weighted Hardy space HP () is called a small weighted Hardy space if

the condition
=1
< o0,
Z ﬁT(’I’L)

n=0

holds for 1/p+1/r = 1. The functions in this space are analytic on the
open unit disk D and continuous on D.

Theorem 2.1. Let1 < g < p < 0o, and let ¢ be an analytic self-map of
D andy € H*®. Let 1(n) and B2(n) be any two weight sequences such
that B1(n) < Ba(n) for all n, B2(n) is bounded, and Y-, 87" (n) < oo
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where 1/p+1/r = 1. If, for all f € H?(f1), fop € H*®, then Wy, , is
bounded from HP(B1) into H?(Bz2).

Before proceeding with the proof of Theorem 2.1, we need the
following lemma which is a slight modification of ([8, Proposition 2]).

Lemma 2.2. Let 1 < p < oo. Suppose S(n) is a bounded sequence
such that B(n) < M for all n, and f € H*®. Then f € HP(S5) and

11205y < M1 f o

Proof. Suppose B(n) < M for all n. Let f(z) =) .-, a,z", then

oo

”fH;;[p([g) = Z |lan|?B"(n) < MP Z lan|”

n=0

= M| fllf» < MprHoo-
Moreover, we get H> C H? C H?(p). O
Proof of Theorem 2.1. Let f € HP(f) and fop € H™.

Since f2(n) is bounded, by Lemma 2.2, we get fop € H?(f3). From
Lemma 2.2, [[f 0 pl% ) < cllf o pllo. Since o(D) C D, we get

(2) I1f o @l frasy) < cllf o @lloe < el fllse-

Now, let f(z) = Y02 a,2z™ be in HP(3;) and for 1/p + 1/r = 1,
> 0 1/(Bi(n)) < oo, by Hélder’s inequality we get for all z € D

_ ianz" ianﬁl(n)ﬁf;)
n=0 n=0
< (Zlanpﬂf(n)>l/p<z i )W

< P BT (n)
<l wl)(nz_o )

Hence, for the constant ¢; = (300, 1/(87(n)))'/", we get
3) [flloe < call fllaesy)-
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Therefore, by using (2) and (3), we have

Wy fllmas) = [9(f 0 @)lla(sy) < [¥llocllf © @llEa(s)

1 1
< MYl ll 1L < e ool -

This proves Wy, is bounded. O

From the proof of Theorem 2.1, we get the following corollary if we
remove the boundedness condition of the weight sequence {82(n)} L.

Corollary 2.3. Let 1 < g < p < o0, and let ¢ be an analytic self-
map of D and v € H*®. Let $1(n) and Ba(n) be any two weight
sequences such that B1(n) < Ba(n) for all n, and Y, By (n) < oo

where 1/p+1/r = 1. If [f o ¢l a(s) < cllf o plloc for all f € HP(B1),
then Wy, , is bounded from HP(S31) into H1(f32).

Now, we find necessary conditions for boundedness of the weighted
composition in HP(S). Obviously, one of these necessary conditions is
that ¥ € HP(f).

Theorem 2.4. Let 1 < p < co. Let f(n) be a weight sequence such
that ", B7%(n) < oo where 1/p+1/q = 1. Let ¢ be an analytic
self-map of D, and let ¥ be any analytic function of D. If Wy , is
bounded in HP(B), then

(1) sup [(z |qZ'S” Y .

zeD q

Proof. Suppose Wy, , is bounded, then there is a constant M > 0
such that ||WQZ¢(K2)||(HP(5))* < M”KZH(Hp(ﬁ))*, for all z € D. Since

Wi (K2) = 9(2)Ky(z), we get for all z € D,

[N E o) sy« < MKz (v (8)) = |1/J(Z)|q 1K o)1 agoray

‘P
< MK ey = 00z \qz e oGO

Pq

qu qu‘ (87/4(n))4
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— 3 I s
:s|w<z>|q2'“”—swi <
Ly =M )

Hence, we conclude that if Wy, , is bounded, then

oo

= e
IO 2 Ty < -

n=0

The next theorem gives another necessary condition to the bound-
edness of Wy, , in H?(3), where the same hypothesis of Theorem 2.4
holds.

Theorem 2.5. Let 1 < p < oo. Let B(n) be a weight sequence such
that >~ o 87%(n) < co where 1/p +1/q = 1. Let ¢ be an analytic
self-map of D and v any analytic function of D. If Wy, is bounded
in HP(B), then
KIS
Ynmo B7(n)

Proof. For z € D, let f. = K./||K.||(arp)+- Since Wy, is
bounded,

S HWd’#PHng

HW;Z,LP(fZ)” < ”Wd),w”HP(g).
Then, by Lemma 1.2,

19 (2) Kopa) ll (v 8))
1Kl (22 )~

< |[Wy,ollmrs)

(2) 1K o) ll e )~

< Wy ol v ()
HKZH(HP(,B))* Py (B)

Now, for any z € D,

ngq

T Z‘Z' ZB
1/q
— K. o (ZB w)
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Moreover,

1
1Ko v ioy- = gy = el =2 1

Hence, from above argument we have for all z € D

[¥(2)|
/> neo B79(n)

By taking the supremum over all z € D, we get the desired result. [

< ||Ww,so

|7 (8)-

If condition (4) in Theorem 2.4 is satisfied, then there is a positive
constant M such that

— lp(2)[™
sup | (2)[? =M
B VAN D T
Now, let f € HP(f), then for all z € D

Wy (f)(2)] = [¢(2) f(p(2)] = [Y()|I{f, Kpz)) sl
< WKyl zre8))- 1f |22 (8)

SYOCARE
= ( 3 ) e
n=0
By taking the supremum over z € D, we get

W o fllse < MY fll o),

that is, Wy, ,(f) € H™. Therefore, that gives the sufficiency of the
following theorem.

Theorem 2.6. Suppose the hypothesis of the last theorem is satisfied.
Then Wy, » is bounded from HP(B) into H* if and only if

(e S 2@
WY Gy <

q

Proof. The sufficient condition can be seen from the previous argu-
ment. So we are going to prove that condition is necessary. Suppose
that Wy, : HP(8) — H® is bounded, then there exists a constant
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M > 0 such that Wy (K.)||(ar(g)) < MK (o) = M, for all
z € D. Since Wy (K.) = ¥(2)Ky(z), we get for all z € D

(=) \"q Ha
(W) K2 | (re ) = 19(2) (Z a( <M,

which completes the proof. O

3. Compactness of weighted composition operator. It is nat-
ural to consider next the compactness of weighted composition oper-
ators. Recall that a linear operator on a Banach space is compact if
the image of a bounded set under the operator has compact closure.
In this section we concentrate our attention on compactness, where
we consider the case when the weight sequence {8(n)}>2, of HP(B)
satisfied the condition

i L L 1+1 .
——F < 00, where —+4 — =1.
“ Bi(n) P oq

The next theorem gives a sufficient condition for the compactness of
the weighted composition operator Wy, .

Theorem 3.1. Let 1 < p < oo and 1/p+1/q = 1. Let B(n) be any
weight sequence such that ZZO:O B7n) < oo, let ¢ be any analytic
self-map of D and ¢ € H™. If

nq

|qZ|<pq | — 7

then Wy, , : HP(8) — H® is compact.

Iw(z \ﬁl

Proof. Suppose [¢(2)|73°7" ,(|¢(2)"1)/(8%(n)) tends to zero when-
ever |p(z)] — 1. Hence, for ¢ > 0, there exists » < 1 such that

lo(2)] > 7, and [(2)]7 32720 (I9(2)|") /(B (n)) < &
Now, let {f,} be a bounded sequence in H?(f) that converges to

zero on compact subsets of D. Then there exists a positive integer ng
such that, for n > ng, we have

I
n < .
Sup a2l <
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Hence, for n > ng, we have

Wyo(fa)llo < sup  [9(2)fn(@(2))| + sup  [$(2) fu(p(2))]

le(z)|<r lo(2)|>r
< sup [P(2)fule(2))[+ sup  [U(2)[[(fn: Kp(2)) sl
le(z)|<r lo(z)|>r
< Yllee sup | fn(w)
Jw|<r
+ sup [P Kol e | fullars)
lo(2)|>r

< [l o + 1402 (Z'*"q ) TR

<e+ ENYY fullzes)-

By taking e sufficiently small, we get the desired result. O

By using Lemma 2.1 and Theorem 3.1, we get the following suffi-
cient condition for the compactness of Wy, , acting between different
weighted Hardy spaces with different weight sequences.

Corollary 3.2. Let 1 < q < p < co. Let ¢ be an analytic self-map
of D and vp € H*®. Let B1(n) and P2(n) be weight sequences such that
Bi(n) < Ba(n), B2(n) is a bounded sequence, Y .- By < oo where
1/p+1/r=1, and

le

If, for oll f € HP(B1), fow € H™, then Wy, , : HP(1) — HI(B2) is
compact.

| ( \ﬂl

Proof. Assume that f3(n) is bounded, then by using Lemma 2.2,
we get H*® C H%(fy) for 1 < g < oo. Since ¢p € H*™ and, for all
f € HP(B1), fope H®, weget Yfope H* C HY(f). Then there
exists a constant ¢ > 0 such that

W, (F)lEa(s2) < ellWap,o(f) oo
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Now, by using Theorem 3.1 we get for any bounded sequence {f,} in
HP(f31) that converges uniformly to zero on compact subsets of D

Wy, (fr)llracss) < clWypo(fa)lloo — 0.
Hence, Wy, ,, is compact from HP(f;) into H%(/32). ]

4. Compact composition operators and fixed points. In this
section we discuss the relationship between compactness of C, on
HP(f3) and fixed points of the induced map in the unit disk. In the
next lemma, the authors of [7] proved that the necessary condition for
C, to be compact is ¢ has exactly one fixed point in the closed unit
disk.

Lemma 4.1. ([7, Theorem 1]). Suppose that ¢ is an analytic self-map
of the open unit disk D and the composition operator C, : HP (1) —
H1(B3) is bounded where 1 < ¢ < p < oo and B1(n) < f2(n) for all n.
Let 50 817 (n) < oo, where 1/p+1/r = 1. If C, is compact, then ¢
has exactly one fized point in the closed unit disk D.

To get the fixed point in the open unit disk, we add one more
condition, that is HP(f) is a disk-automorphism invariant. We say
HP(p) is disk-automorphism invariant if any disk-automorphism map
induces a bounded composition operator on H?(f).

Theorem 4.2. Suppose HP(B) is disk-automorphism invariant and
Yoo B77(n) < oo, where 1/p+1/r = 1. If Cy is compact on HP(f3),
then ¢ has exactly one fized point in D and ||¢|c < 1.

Theorem 4.2 can be seen as a special case of Theorem 4.3, take
p = q and B1(n) = P2(n) for all n. The Denjoy-Wolff point of ¢ can be
described as the unique fixed point of ¢ in D at which the modulus of
the angular derivative is less than or equal to 1.

Theorem 4.3. Suppose 1 < ¢ < p < 00, B1(n) and Ba(n) satisfy the
conditions in Lemma 4.1. Suppose, for any disk-automorphism 1, Cy
is bounded from HP(B1) into HY(B2). If C, : HP(B1) — HI(B2) is
compact, then ¢ has exactly one fized point in D and ||¢||ec < 1.



1064 AL-RAWASHDEH

Proof. Suppose that 1 < ¢ < p < o0, f1(n) < Ba(n) for all n,
and Y2 87" (n) < oo where 1/p+ 1/r = 1. Then the functions in
HP(B1) and H9(j3;) are continuous on D (see Section 2); therefore,
those functions can be evaluated on the boundary of D, 9D. Suppose
that Cy, is compact, then by Lemma 4.1, ¢ has exactly one fixed point
in D.

Now we are going to show the fixed point cannot be on the boundary
of D. Suppose that ¢ has a Denjoy-Wolff point A on dD. Let ¥ be a
disk-automorphism of D such that ¢(\) = A and (p(0)) = 0. Hence,
we get a new function ¢; = 1 o ¢ with two fixed points 0 and X in D,
ie, ¢1(0) = 0 and ¢1(A) = A. Now Cy,, = Cyop, = C,Cy. Since ¢
is disk-automorphism, by the hypothesis, Cy is bounded from HP(;)
into H(f2). But C, is compact; then Cy, is compact from HP ()
into H%(B3) and ¢; has two fixed points in D, which is a contradiction
to Lemma 4.1. Thus, ¢ has exactly one fixed point in D.

Finally, we are going to prove ||¢|lc < 1. Suppose that [|¢]e = 1.
Then there exist o, 3 € [0,27] such that ¢(e’®) = e’. Let ¢ be
a rotation map such that (z) = £z where ¢ = €@ ). Now,
o p(e’®) = (e?) = e = e, that is, 1 o ¢ has a fixed point e*®
on dD. Since 1 is a rotation and C, is compact, we get Cyop, = C,Cy
is compact from HP(f;) into H9(f2) with a fixed point on 9D, which
contradicts the first part of the proof. Hence, [|¢|oo < 1. O

The next theorem gives a necessary condition for the compactness
of the weighted composition operator Wy, ,, where we assume that 9 is
bounded away from zero on the unit circle, that is, liminf,_,;- |¢(r()| >
0 for any ¢ on the unit circle. As we will see, such 1 forces ¢ to have
a fixed point in the unit disk.

Theorem 4.4. Let 1 < p < oo, and let 5(n) be a weight sequence such
that 0" o B~ (n) = oo where 1/p+1/q = 1. Let ¢ be an analytic
self-map of D and ¥ a function bounded away from zero on the unit
circle. If Wy, is compact on HP(3), then the map ¢ must have its
Denjoy-Wolff point in the open unit disk.

Proof. Suppose that ¢ has no fixed points in D. Then, by Wolff’s
lemma, there is a unique fixed point { of ¢ on the unit circle with
l©'(¢)] < 1. By the Julia-Carathéodory theorem, for all » > 0,
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we have (1 —|o(r¢)|)/(1—|r¢]) < 1. Then, for » € (0,1), we have
lo(r¢)| > |r¢|. Now consider the normalized kernel function f,(z) =
(Krc(2))/ 1Kl (v (8))- By using Lemmas 1.1 and 1.2, we get

1K ool

lez,cp(fT)H(Hp(B))* = W)(rC)l HKT‘C”

> [(rd)l,

where the last inequality can be seen by using Lemma 1.1 and |p(r¢)| >
|r¢|. From Lemma 1.3, we have the normalized kernel function f,
converges weakly to zero as r tends to 1. Since W;Z,so is compact
Wy o (fr)ll(ae(s))~ — 0 as r tends to 1, which contradicts the hy-
pothesis that ¢ is bounded away from zero on the unit circle. Hence,
o must have its Denjoy-Wolff point in the open unit disk. ]

5. Compact composition operators and angular derivatives.
In this section we give necessary conditions, in terms of the angular
derivative ¢'(¢) where ¢ € 9D, for C,, to be compact in the weighted
Hardy spaces HP(3). Recall that any analytic map ¢ : D — D with
no fixed point in D has a unique boundary fixed point (in the sense
of radial limit), called the Denjoy-Wolff point, at which the modulus
of the angular derivative is less than or equal to 1 (Wolff’s lemma). If
 is not the identity nor an elliptic automorphism of D, then its nth
iterates ¢, = p o p--- o ¢ (n times) converges uniformly on compact
subsets of D to an interior fixed point of ¢ (if there is one) or to its
Denjoy-Wolff boundary point (Denjoy-Wolff theorem). The first two
theorems, in this section, are generalizations of the ideas presented in
[2].

Notice that Wolff’s lemma can be seen as a direct analogue of the
Schwarz lemma, where the role of the fixed point at the origin is taken
over to a boundary point of D. Moreover, a map with no interior fixed
point has a Denjoy-Wolff boundary fixed point which acts very much
like an interior fixed point for the map.

Theorem 5.1. Let 1 < g < p < o0, let f1(n) and Ba(n) be weight
sequences such that B1(n) < Ba(n) for alln, and let Y -, 87" (n) < oo
where 1/p+1/r = 1. If v is an analytic self-map of D with |¢'(¢)| > 1
for some ( € OD satisfying |¢(¢)| = 1, then C, is not compact from
Hp(ﬂl) nto Hq(ﬁg)
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Proof. Suppose ¢(¢) = n, for some n € 0D. Let ¥(z) = (Tp(z).

Then ¥(¢) = (Tjp(¢) = ¢ and ¥’ (¢) = (¢’ (¢) (in a radial limit sense).
By the Julia-Carathéodory theorem, we have

lim '(r¢) = ¢'(¢) = d(¢)Cn = ¥'(C) = (T d(¢)Cn = d(C)
=" (Ol = ¢'(O) = WOl = ¢ (O] > L.

Therefore, by Wolff’s lemma, ¢ has either an interior fixed point or
Denjoy-Wolff point on 0D with angular derivative less than or equal to
1, which cannot be (. Denote the other fixed point by a. Hence, v has
two fixed points in D, namely, ¢ and a. So by Lemma 4.1, Cy, cannot
be compact. Thus, C, cannot be compact from H?(3;) into H?(fs2),
as desired. |

For Theorem 5.1 we need to require that the functions in the space
have derivatives which extend continuously to D. So it will be helpful
to present the following observations regarding the reproducing kernel
functions for evaluation of the first derivative in H?(f). Recall that
the point evaluation function of H?(f) at w is given by

oo —
(w)"
)= 2 o)
n=0
We know that, for each point w € D and a positive integer m, the

evaluation of the mth derivative of functions in H? () at w is a bounded
linear functional and £ (w) = (f, K{™) 4, where

K = k(= 3 D

do™ = (n—=m)! Br(n)
Form=1and 1/p+1/q=1,
Dm0 = KD 1 e
-3 ey

Clkeilp

—Z e <%
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the convergence of the series follows from the assumption liminf, .
B(n)/™ = 1 and root test. Hence, K&l)(z) is a bounded point
evaluation of f' € HP(B) whenever w € D. Moreover, it is clear that

C:;Kq(,}l) = go’(w)KS(L) since, for f € HP(B),
(f,CLEMY s = (Cu(f), K§) g = (fop, KD)s
= (fou) (w) = (W){f, K\ )s

= (L, WKL, )s

Theorem 5.2. Let 1 < p < 0o, and let 5(n) be a weight sequence such
that 3. (n?)/(8%(n)) < oo, where 1/p+1/q = 1. Suppose that ¢ is
an analytic self-map of D with |¢'({)| = 1 for some ¢ € D satisfying
lo(Q)] = 1. Then C,, is not compact on HP ().

Proof. Suppose ¢(¢) = n, for some n € ID. Let ¢(z) = (To(2).
Then ¢(¢) = ¢ and ¢'(¢) = [¥'(Q)] = |¢'(¢)] = 1. Hence, CK; =
Ky = K¢, and C(K) = (K, = KY. Thus, 1is an
eigenvalue of C, with multiplicity at least 2. Now if C, is compact,
and hence Cy is compact, then dim Ker (Cy, — 1) = dim Ker (C}) > 2.
By Wolff’s lemma, either 1 has no interior fixed point and ( is a unique
Denjoy-Wolff point of ¢, or ¥ has an interior fixed point a € D.

Let f € Ker (Cy — 1). Then f(3,,) = f, where 9, is the nth iterate
of ¢. If ¢ € OD is a Denjoy-Wolff point, then by the continuity of f
on D, we have for all z € D f(z) = f(¥n(2)) — f(C), that is, f is
constant. If a € D is an interior fixed point, since 1 is not an elliptic
automorphism of D, we get for all z € D, f(z) = f(¥n(z)) — f(a).
Thus, in both cases, f is a constant. Hence, Cy cannot be compact,
and therefore C', cannot be compact either. |

The essential norm of an operator, denoted by ||.||¢, is its distance
in the operator norm from the ideal of compact operators. So, for any
weighted composition operator Wy, , : H?(81) — H9(f2), we define

[Woelle = inf W, — K]

where K = K(HP(81), H1(32) is the set of compact operators acting
from HP (1) into H9(f2). The following lemma is a slight modification
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of [1, Proposition 3.13], which gives the lower bound of the essential
norm of weighted composition operator.

Lemma 5.3. Let 1 < p < co. Let B(n) be a weight sequence such
that 0 B~ %(n) = oo, where 1/p+1/q = 1. Let K,, be the point
evaluation of HP(B). Then

Ko .
HW¢74P||E 2 limsup ‘w(w)Hl @( )H(H”(B)) .
Jw]—1 1K | 20 ()~

In Theorem 5.2, where 3(n) is a weight sequence satisfying ZZOZO
(n?)/(B9(n)) < oo, we give a condition under which C, is not compact.
For the case Y o (1/8%(n)) = oo, where 1/p+1/q = 1, we have the
following theorem.

Theorem 5.4. Let 1 < p < 0o, and let 5(n) be a weight sequence such
that " o B~%(n) = co where 1/p+1/q = 1. Let ¢ be an analytic self-
map of D. Suppose C, is bounded on HP(j3). If there exists ( € 9D
with |¢'(¢)| < 1, then ||Cylle > 1.

Proof. Suppose |¢'(¢)] < 1 for some ( € OD. By the Julia-
Carathéodory theorem, for all > 0, we have (1 — |p(r()|)/(1 — |r¢]) <
1. Then, by an argument similar to one in Theorem 4.4, we have for
r € (0,1), |o(r¢)| > r. Now, by using Lemma 1.1 and Lemma 5.3 we
have

K
Gl > timsup 1ozl 5 ¢
r—1 ||KTC |
where the last inequality can be seen by using Lemma 1.1 and |¢(r¢)| >
r. Hence, we get the desired result. O

By using Theorem 5.4 and the fact C, is compact if and only if
Cylle =0, we get the following corollary.
©

Corollary 5.5. Let 1 < p < oo, and let f(n) be a weight sequence
such that Y.~ 87%(n) = co where 1/p+1/q = 1. If C, is compact
on HP(B), then |¢©'(¢)] > 1 for all ¢ € 0D whenever ¢'(() exists.
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Recall that, in the case > ° ) 879(n) < oo, we needed HP(S3) to be
disk-automorphism invariant to prove that compactness of C, on H?(3)
implies ||¢]l < 1, and ¢ has exactly one fixed point in the open unit
disk (see Corollary 4.3). In the other case > -, 37%(n) = co we have
the following corollary which can be proved using Corollary 5.5 and
Wolff’s lemma.

Corollary 5.6. Let 1 < p < oo, let ¢ be an analytic self-map of D
and let B(n) be a weight sequence such that Y~ o B~%(n) = co where
1/p+1/q=1. If Cy, is compact on HP(S3), then ¢ has a unique fized
point in the open unit disk D.

Proof. Assume that ¢ has no fixed point in D, then by using Wolff’s
lemma there is a unique fixed point ¢ in D with |¢’(¢)] < 1. By
using Corollary 5.5 we get C', cannot be compact, which is our desired
contradiction. The uniqueness of the interior fixed point is obvious,
since the compactness of C,, implies that ¢ is not the identity map. [

In Corollary 5.5 if we replace the condition on the weight sequence
by a weaker hypothesis > 2 (n%)/(3%(n)) = oo for some non-negative
integer j and 1/p+ 1/q¢ = 1 we get Theorem 1 in [6]. Moreover, in
Corollary 5.6, if we replace the condition on the weight sequence by
the hypothesis Y>> (n%)/(8(n)) = oo for some non-negative integer
jand 1/p+1/q =1, we get Corollary 2 in [6].

6. Schatten p-class S,(H*(51), H4(p2)). A positive operator T on
H1(B) is in the trace class if

oo
Z Ten,en)g < 00,

for some orthonormal basis {e,, } of H4(3). More generally, if 0 < p <
oo and T is a compact operator on HY(3), then we say that T belongs
to the Schatten p—class S, if (T*T)?/2 is in the trace class. Also, the
Sp norm of 7' is given by

1/p
ITls, = [er(@ Ty "

For more information, one can consult Schatten [4] and Ringrose [3].
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In this section, we present sufficient conditions for the membership
of Schatten p-class of composition operators C',, where these operators
C, are induced by some special type of function, namely, the functions
that have supremum norm strictly smaller than 1. Why are we
interested in these functions? We know that in the case of Hardy and
Bergman spaces, as well, if ||¢]|o < 1, then C, is compact. It would
be interesting to know for which weighted Hardy spaces this result
holds. Shapiro [5] gave a weighted Hardy space for which this result
is not true. Moreover, in the same paper, Shapiro proved a striking
compactness theorem, namely, if the sequence §(n) is such that the
functions in H2(3) are continuous on the close unit disk D and H?(f3)
is disk-automorphism invariant space, then the compactness of C, on
H?(B) implies that |||/ < 1; for the general cases, see Theorems 4.2
and 4.3. In this section, we generalize the ideas presented in [8]. If we
take p = s = 2 and B1(n) = P2(n), we get the results in [8].

Theorem 6.1. Let 1 < s, ¢ < oo. Let B1(n) and B2(n) be weight
sequences such that Ba(n) < Bi1(n) for all n. Suppose that every
analytic self-map of D with supremum mnorm strictly smaller than 1
induces a bounded composition operator from H*(31) into H4(Bs2). If
@ is an analytic self-map of D and ||¢llec < 1, then C, belongs to

Sp(H*(B1), HY(Bz2)), for p > 0.

Proof. Let ||¢lloo < 1, from the hypothesis C, : H*(f81) — H(52)
be bounded. Let r1 be such that ||¢|le < r1 < 1. Define 9(z) = r2.
Then ||¢|lec = 71 < 1, and therefore Cy : H®*(81) — HI(fB2) is
bounded. Let h = 1/(r1)¢. Then ||h]lcc = 1/(r1)||¢]loc < 1. Therefore,
Cy : H*(B1) — H9(B2) is bounded. Since C, = Cyon = CpCly, it is
enough to show Cy in S,(H*(51), H1(52)).

Now, by using the orthonormal basis {2"/(||2" ||z (s,))} of H*(51),
we get

ICull5, = TP
o= ||Zn||H5(ﬁl) Ha(gy)
Z || an Hr?zn‘lgfq(ﬁz)

#(B1)
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e > Ba(n)\”
np 7 WH*(Ba) _ rnp( 2 ) .
o e M Er
Since 71 < 1 and fa(n)/B1(n) < 1 for all n, we get ||Cy||s, < oo, that
is, Cy € Sp(H?®(61),H(B2)). Since C}, is bounded, we get the desired
result. ]

As a special case of Theorem 6.1, we have the next corollary, which
will be useful for the rest of this section.

Corollary 6.2. Let 1 < q < oo. Let B(n) be a weight sequence.
Suppose that every analytic self-map of D with supremum norm strictly
smaller than 1 induces a bounded composition operator on HY(B). If
@ is an analytic self-map of D and ||¢||ec < 1, then C, belongs to the
Schatten p-class of H1(B), for p > 0.

Recall that the sufficient condition for H>* C HP?(f) is the bound-
edness of the weight sequence {3(n)} (see Lemma 2.2). In the next
theorem, by looking only at the maps ¢ with [|¢|| < 1, we show
that the boundedness of the weight sequence {S(n)} is the sufficient
condition for C,, to belong to the Schatten p—class of H%(}3).

Theorem 6.3. Let 1 < g < oco. Let B(n) be a bounded sequence.
Then, for any analytic self-map ¢ of D with ||¢lls < 1, Cy, belongs to

Sp(H(B3)), for p > 0.

Proof. By using Corollary 6.2, it is enough to show that C, is
bounded on H4(B3). Let f be in H9(3). Since |[¢]loo < 1, p(D) C D.
Hence, f is continuous on ¢(D) C D, that is, C,(f) = fop € H™.
Since f is bounded, by Lemma 2.2, we get f o @ € H?(3). Hence, by
the closed graph theorem, C,, is bounded on HY(f3), as desired. O

When the weight sequence is unbounded, the question arising from
the above theorem is: if ||| < 1 and ¢ € H?(B), is C,, in the Schatten
p—class of H1(3)? We do not know the answer to this question, but
if we put more restriction on the space H?(f) and on the function
©, namely, we assume that H9(/3) contains all analytic functions in a
neighborhood of the closed unit disk and ¢ analytic in a neighborhood
of the closed unit disk, we have the next theorem.
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Theorem 6.4. Let 1 < g < oco. Let 3(n) be a weight sequence. Suppose
H4(B) contains all functions analytic in a neighborhood of D, and let
¢ be analytic in a neighborhood of D with |¢|| < 1. Then Cy, belongs
to Sp(HY(B)), for p > 0.

Proof. By using Corollary 6.2, we only need to show C, is bounded
on H?(3) for any analytic function ¢ in a neighborhood of D with
l¢lloo < 1. For that ¢, we can find a disk Dy such that D C Dy, such
that ¢ analytic on Dy and (D7) C D. Hence, for any f € H9(S),
f o is analytic on Dy, that is, f o ¢ analytic in the neighborhood of
the closed disk D. Then, from the hypothesis, fo is in H9(3). Hence,
by the closed graph theorem, we get C, is bounded on H?(f), which
completes the proof. O

REFERENCES

1. C.C. Cowen and B.D. MacCluer, Composition operators on spaces of analytic
functions, CRC press, Boca Raton, 1995.

2. B.D. MacCluer, X. Zeng and N. Zorboska, Composition operators on small
weighted Hardy spaces, Illinois J. Math. 40 (1996), 662—667.

3. J.R. Ringrose, Compact non-self-adjoint operators, Van Nostrand-Reinhold,
New York, 1971.

4. R. Schatten, Norm ideals of completely continuous operators, Springer-Verlag,
Berlin, 1960.

5. J.H. Shapiro, Composition operators on spaces of boundary-regular holomor-
phic functions, Proc. Amer. Math. Soc. 100 (1987), 49-57.

6. B. Yousefi, Composition operators on weighted Hardy spaces, Kyungpook
Math. J. 44 (2004), 319-324.

7. B. Yousefi and M. Ahmadian, Hypercylic and compact composition operators
on Banach spaces of formal power series, Inter. Math. Forum 27 (2008), 1347-1353.

8. N. Zorboska, Composition operators induced by functions with supremum
strictly smaller than 1, Proc. Amer. Math. Soc. 106 (1989), 679-684.

9. N. Zorboska, Compact composition operators on some weighted Hardy spaces,
J. Oper. Theor. 22 (1989), 233-241.

DEPARTMENT OF MATHEMATICAL SCIENCES, MONTANA TECH OF THE UNIVERSITY
OF MONTANA, BuTTE, MT 59701
Email address: walrawashdeh@mtech.edu



