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APPROXIMATION BY BÉZIER VARIANT
OF THE BASKAKOV-KANTOROVICH OPERATORS

IN THE CASE 0 < α < 1

XIAO-MING ZENG, VIJAY GUPTA AND OCTAVIAN AGRATINI

ABSTRACT. The present paper deals with the approxi-
mation of Bézier variants of Baskakov-Kantorovich operators
V ∗
n,α in the case 0 < α < 1. Pointwise approximation proper-

ties of the operators V ∗
n,α are studied. A convergence theorem

of this type approximation for locally bounded functions is
established. This convergence theorem subsumes the approx-
imation of functions of bounded variation as a special case.

1. Introduction. In 2003, Abel and others [1] introduced a Bézier
variant of the Baskakov-Kantorovich operators V ∗

n,α defined by

(1)
V ∗
n,α(f, x) = n

∞∑
k=0

Q
(α)
n,k(x)

∫
Ik

f(t) dt,

(n ∈ N, α ≥ 1, or 0 < α < 1),

where

Ik = [k/n, (k + 1)/n],

Q
(α)
n,k(x) = Jα

n,k(x)− Jα
n,k+1(x),

Jn,k(x) =
∞∑
j=k

bn,j(x),

and

bn,j(x) =

(
n+ j − 1

j

)
xj

(1 + x)n+j
,
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is the Baskakov basis function. For some basis properties of Jn,k, one
can refer to [11]. If we replace the term n

∫
Ik

f(t) dt with the term

f(k/n) in the definition (1), we obtain the Baskakov-Bézier operators
Bn,α defined by

Bn,α(f, x) =

∞∑
k=0

Q
(α)
n,k(x)f(k/n), (n ∈ N, α ≥ 1, or 0 < α < 1).

The operators Bn,α were first introduced by Zeng and others [11] in
2002. Some important properties of the operators of Baskakov type
have been studied by several authors (cf., [1, 3, 6 9, 11]).

The authors of [1] studied the rate of convergence of the operators
(1) for functions of bounded variation in the case α ≥ 1. Since the
other case is equally important, in the present paper we will study the
rate of convergence of the Baskakov-Kantorovich operators (1) in the
case 0 < α < 1. We consider the following class of the function ΦB:

ΦB = {f | f is integrable and is bounded on every finite subinterval

of [0, ∞), for some r ∈ N, f(t) = O(tr) as t → ∞}.

For f ∈ ΦB, x ∈ [0,∞) and η ≥ 0, set

ωx(f, η) = sup
t∈[x−η, x+η]∩[0,∞)

|f(t)− f(x)|.

The basic properties of ωx(f, η) have been presented in [11].

Let the kernel function Kn,α(x, t) be defined by

(2) Kn,α(x, t) = n

∞∑
k=0

Q
(α)
n,k(x)ϕn,k(t),

where ϕn,k(t) denotes the characteristic function of the interval Ik =
[k/n, (k + 1)/n] with respect to I = [0,∞). Then, by the Lebesgue-
Stieltjes integral representation, we have

(3) V ∗
n,α(f, x) =

∫ ∞

0

f(t)Kn,α(x, t) dt.

Now we state our main result as follows:
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Theorem 1. Let 0 < α < 1, and let f ∈ ΦB and f(x+), f(x−) exist
at a fixed point x ∈ (0,∞). Then, for

n >
144(x+ 1)

x
,

we have

(4)

∣∣∣∣V ∗
n,α(f, x) −

f(x+) + (2α − 1)f(x−)

2α

∣∣∣∣
≤ 4Cα + 4 + x

nx

n∑
k=1

ωx(gx, x/
√
k)

+
14α

√
1 + x

4α
√
nx

|f(x+)− f(x−)|+ O(n−l),

where Cα is a constant depending only on α, l > r and the auxiliary
function gx(t) is defined by

(5) gx(t) =

⎧⎨
⎩

f(t)− f(x+) x < t < ∞;

0 t = x;

f(t)− f(x−) 0 ≤ t < x.

Let f be defined on [0,∞), f(t) = O(tr), and let f be the bounded
variation on every finite subinterval of [0,∞). Then function f satisfies
the conditions of Theorem 1. Therefore, Theorem 1 subsumes the
approximation of functions of bounded variation as a special case.

2. Some lemmas. In order to prove Theorem 1, we need the
following lemmas.

Lemma 1 [1, Lemma 4]. For each fixed x ∈ (0,∞), let Tn,m(x) =
V ∗
n,1((t− x)m, x). Then

V ∗
n,1(1, x) = 1,

V ∗
n,1(t− x, x) =

1

2n
, V ∗

n,1

(
(t− x)2, x

)
=

1 + 3nx(1 + x)

3n2
,
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and

(6) Tn,m(x) = O
(
n−�(m+1)/2�

)
, (n → ∞).

Lemma 2. Let the kernel function Kn,α(x, t), 0 < α < 1 be defined
as in (2). Then

(i) for 0 < y < x, we have

(7)

∫ y

0

Kn,α(x, t) dt ≤ (1 + x)2

n(x− y)2
;

(ii) for z < x < ∞, we have

(8)

∫ ∞

z

Kn,α(x, t) dt ≤ Cα

n(z − x)2
,

where Cα is a constant depending only on α.

Proof. Choose an integer k′ ∈ [0,∞) such that y ∈ [k′/n, (k′ +1)/n).
Then y = (k′/n) + (ε/n) and, with some ε ∈ [0, 1), we have

∫ y

0

Kn,α(x, t) dt =

k′−1∑
k=0

Q
(α)
n,k(x) + εQ

(α)
n,k′(x)

= 1− (1− ε)Jα
n,k′(x) − εJα

n,k′+1(x)

≤ 1− (1− ε)Jn,k′(x) − εJn,k′+1(x)

=

k′−1∑
k=0

Qn,k(x) + εQn,k′(x)

=

∫ y

0

Kn,1(x, t) dt

≤ 1

(x− y)2
Tn,2(x) ≤ (1 + x)2

n(x− y)2
.

This completes the proof of (7).
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Next, if z ∈ [k′′/n, (k′′ + 1)/n), then

∫ ∞

z

Kn,α(x, t) dt = nQ
(α)
n,k′′(x)

(
k′′ + 1

n
− z

)

+
∞∑

k=k′′+1

Q
(α)
n,k(x)

≤
∞∑

k=k′′
Q

(α)
n,k(x)

=

( ∞∑
k=k′′

bn,k(x)

)α

.

Now, by applying (6) and the method that was presented in [10, Lemma
7], we obtain inequality (8).

Lemma 3. Let 0 < α ≤ 1. If x belongs to interval Ik′ for some
nonnegative integer k′, then for

n >
144(x+ 1)

x
,

we have

(9)

∣∣∣∣
( ∞∑

k=k′+1

bn,k(x)

)α

− 1

2α

∣∣∣∣ ≤ 12α

4α

√
x+ 1√
nx

.

Proof. By the mean value theorem, we have

(10)

∣∣∣∣
( ∞∑

k=k′+1

bn,k(x)

)α

− 1

2α

∣∣∣∣ = α(ξn,k′ (x))α−1

∣∣∣∣
∞∑

k=k′+1

bn,k(x)− 1

2

∣∣∣∣,

where ξn,k′ (x) lies between 1/2 and
∑∞

k=k′+1 bn,k(x). Using [11,
Lemma 5],

(11)

∣∣∣∣
∞∑

k=k′+1

bn,k(x)− 1

2

∣∣∣∣ ≤ 3
√
x+ 1√
nx
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holds. From (11), we get
∑∞

k=k′+1 bn,k > 1/4 for n > [144(x + 1)]/x.
Thus, ξn,k′(x) > 1/4, for n > [144(x+ 1)]/x. We have shown inequality
(9) from (10) and (11).

Lemma 4. Let 0 < α ≤ 1. If x belongs to interval Ik′ for some
nonnegative integer k′, then for n > [144(x+ 1)]/x,

(12) Q
(α)
n,k′(x) ≤ 2α

4α

√
x+ 1√
nx

holds.

Proof. By using the bound given in [12], for any k, we have

(13) bn,k(x) ≤
√
x+ 1√
2enx

.

On the other hand, by the mean value theorem, we have

(14)
Q

(α)
n,k′(x) = α(ζn,k′ (x))α−1[Jn.k′(x)− Jn,k′+1(x)]

= α(ζn,k′ (x))α−1bn,k′(x),

where Jn,k′+1(x) < ζn,k′(x) < Jn,k′(x). From (11), we get

(15) ζn,k′ (x) > Jn,k′+1(x) =

∞∑
j=k′+1

bn,j(x) >
1

4
,

for n > [144(x+ 1)]/x. Combining (13), (14) and (15), we obtain
inequality (12). Lemma 4 is proved.

3. Proof of Theorem 1. For any f ∈ ΦB, if f(x+) and f(x−)
exist at x, then by decomposition (cf., [11, page 1449]:

(16)

f(t) =
1

2α
f(x+) +

(
1− 1

2α

)
f(x−)

+ gx(t) +
f(x+)− f(x−)

2α
sgnα,x(t)

+ ηx(t)

[
f(x)− 1

2α
f(x+)−

(
1− 1

2α

)
f(x−)

]
,
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where gx(t) is defined in (5) and

sgnα,x(t) =

⎧⎨
⎩

2α − 1 t > x,

0 t = x,

−1 t < x,

ηx(t) =

{
1 t = x

0 t �= x.

Obviously,

(17) V ∗
n,α(ηx, x) = 0.

Hence, it follows that

(18)

∣∣∣∣V ∗
n,α(f, x)−

1

2α
f(x+)−

(
1− 1

2α

)
f(x−)

∣∣∣∣
≤ |V ∗

n,α(gx, x)|+
∣∣∣∣f(x+)− f(x−)

2α
V ∗
n,α(sgnx,α, x)

∣∣∣∣.
We need to estimate |V ∗

n,α(sgnx,α, x)| and |V ∗
n,α(gx, x)|.

Let x ∈ Ik′ for some k′. Direct computation gives

V ∗
n,α(sgnx,α, x) = (2α − 1)

∞∑
k=k′+1

Q
(α)
n,k(x)−

k′−1∑
k=0

Q
(α)
n,k(x)

+ nQ
(α)
n,k′(x)

(
2α

(
k′ + 1

n
− x

)
− 1

n

)

= 2α
∞∑

k=k′+1

Q
(α)
n,k(x) − 1 + 2α(k′ + 1− nx)Q

(α)
n,k′(x).

Note that 0 < k′ + 1− nx < 1. By Lemmas 3 and 4, we have

(19)

|V ∗
n,α(sgnx,α, x)| ≤ 2α

∣∣∣∣
∞∑

k=k′+1

Q
(α)
n,k(x)−

1

2α

∣∣∣∣+ 2αQ
(α)
n,k′(x)

= 2α
∣∣∣∣
( ∞∑

k=k′+1

bn,k(x)

)α

− 1

2α

∣∣∣∣+ 2αQ
(α)
n,k′(x)

≤ 12α

2α

√
1 + x√
nx

+
2α

2α

√
1 + x√
nx

=
14α

2α

√
1 + x√
nx

.
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Next we estimate |V ∗
n,α(gx, x)|. Using the Bojanic-Cheng decomposi-

tion [2, 4, 5], we write

(20)

V ∗
n,α(gx, x) =

∫
[0,∞)

gx(t)Kn,α(x, t) dt

=
4∑

j=1

∫
Aj

gx(t)Kn,α(x, t) dt,

where

A1 := [0, x− x/
√
n], A2 := (x− x/

√
n, x+ x/

√
n],

A3 := (x+ x/
√
n, 2x], A4 := (2x, ∞).

Firstly, note that gx(x) = 0; thus,

(21)

∣∣∣∣
∫
A2

gx(t)Kn,α(x, t) dt

∣∣∣∣ ≤ ωx(gx, x/
√
n) ≤ 1

n

n∑
k=1

ωx(gx, x/
√
k).

To estimate ∣∣∣∣
∫
A1

gx(t)Kn,α(x, t) dt

∣∣∣∣,
note that ωx(gx, η) is monotone increasing with respect to η; thus, it
follows that

∣∣∣∣
∫ x−x/

√
n

0

gx(t)Kn,α(x, t) dt

∣∣∣∣ ≤
∫ x−x/

√
n

0

ωx(gx, x− t)Kn,α(x, t) dt.

Integrating by parts with y = x− x/
√
n, we have

(22)

∫ x−x/
√
n

0

ωx(gx, x− t)Hn,α(x, t) dt

≤ ωx(gx, x− y)

∫ y

0

Kn,α(x, t) dt

+

∫ y

0

(∫ t

0

Kn,α(x, u) du

)
d (−ωx(gx, x− t)) .
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From (22) and Lemma 2, it follows that

(23)

∣∣∣∣
∫
A1

gx(t) dtλn,α(x, t)

∣∣∣∣
≤ ωx

(
gx, x/

√
n
) 3nx+ 1

2n2(x− y)2

+
3nx+ 1

2n2

∫ y

0

1

(x− t)2
d(−ωx(gx, x− t)).

∫ y

0

1

(x− t)2
d(−ωx(gx, x− t)) = −ωx(gx, x− y)

(x− y)2
+

ωx(gx, x)

x2

+

∫ y

0

ωx(gx, x− t)
2

(x− t)3
dt.

We have, from (23),

∣∣∣∣
∫ x−x/

√
n

0

gx(t)dtKn,α(x, t)

∣∣∣∣ ≤ 3nx+ 1

2n2x2
ωx(gx, x)

+
3nx+ 1

2n2

∫ x−x/
√
n

0

ωx(gx, x− t)
2

(x− t)3
dt.

Using the substitution t = x− x/
√
u for the last integral, we get

∫ x−x/
√
n

0

ωx(gx, x− t)
2

(x− t)3
dt =

1

x2

∫ n

1

ωx(gx, x/x
√
u) du

≤ 1

x2

n∑
k=1

ωx(gx, x/
√
k).

Consequently,
(24)∣∣∣∣

∫
A1

gx(t)Kn,α(x, t) dt

∣∣∣∣ ≤ 3nx+ 1

2n2x2

(
ωx(gx, x) +

n∑
k=1

ωx(gx, x/
√
k)

)

≤ 3nx+ 1

n2x2

n∑
k=1

ωx(gx, x/
√
k).

Using a similar method to estimate∣∣∣∣
∫
A3

gx(t)Kn,α(x, t) dt

∣∣∣∣,
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we get

(25)

∣∣∣∣
∫
A3

gx(t)Kn,α(x, t) dt

∣∣∣∣ ≤ Cα
3α+ 1

nx

n∑
k=1

ωx(gx, x/
√
k),

where Cα is the constant in Lemma 2.

Finally, we estimate

∣∣∣∣
∫
A4

gx(t)Kn,α(x, t) dt

∣∣∣∣.

Since f(t) = O(tr), there exists a constant M > 0 such that |f(t)| ≤
Mtr. Thus, we have

∣∣∣∣
∫
A4

gx(t)Kn,α(x, t) dt

∣∣∣∣ ≤ Mn

∞∑
k=[2nx]

Q
(α)
n,k(x)

∫ (k+1)/n

k/n

trdt

= M

∞∑
k=[2nx]

Q
(α)
n,k(x)

(k + 1)r+1 − kr+1

(r + 1)nr
.

By binomial expansion,

(k + 1)r+1 − kr+1 =

r∑
i=0

(r + 1)!

i!(r + 1− i)!
ki.

If we take

Mr =
M

r + 1

r∑
i=0

(r + 1)!

i!(r + 1− i)!
,

then it follows that

M

∞∑
k=[2nx]

Q
(α)
n,k(x)

(k + 1)r+1 − kr+1

(r + 1)nr
≤ Mr

∞∑
k=[2nx]

Q
(α)
n,k(x)(k/n)

r .

Now, by the results of Lemma 3 and [7, equation (11)], we obtain

(26)

∣∣∣∣
∫
A4

gx(t)Kn,α(x, t) dt

∣∣∣∣ ≤ M(f, α, r, x)

nl
,
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where M(f, α, r, x) is a constant depending only on f, α, r, x. The-
orem 1 now follows from (18) (21) and (24) (26), along with some
simple computations.
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variant of the Baskakov-Kantorovich operators for bounded variation functions,
Demo. Math. 36 (2003), 124 136.

2. R. Bojanic and F. Cheng, Rate of convergence of Bernstein polynomials of
functions with derivative of bounded variation, J. Math. Anal. Appl. 141 (1989),
136 151.

3. F.L. Cao and C.M. Ding, Lp approximation by multivariate Baskakov-
Kantorovich operators, J. Math. Anal. Appl. 348 (2008), 856 861.

4. F. Cheng, On the rate of convergence of Bernstein polynomials of functions
of bounded variation, J. Approx. Theor. 39 (1983), 259 274.

5. , On the rate of convergence of Szász-Mirakyan operator for functions
of bounded variation, J. Approx. Theor. 40 (1984), 226 241.

6. S. Guo, Q. Qi and G. Liu, The central approximation theorems for Baskakov-
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