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INVARIANT SUBSPACES AND KERNELS OF
TOEPLITZ OPERATORS ON THE BERGMAN SPACE

NAMITA DAS

ABSTRACT. In this paper we have shown that if φ ∈
(L2

h)
⊥ ∩ L∞, φ �= 0, then ker Tφ = ker T ∗

φ = sp {1} and

therefore finite-dimensional subspaces of L2
a. Further, if φ ∈

L∞(D), φ �= 0, then it is shown that the Toeplitz operator Tφ

cannot be of finite rank.

1. Introduction. Let L2(D, dA) denote the Hilbert space of
complex-valued, absolutely square-integrable, Lebesgue measurable
functions f on D with the inner product

〈f, g〉 =
∫
f(z)g(z)dA(z),

where D = {z ∈ C : |z| < 1} is the open unit disc in the complex plane
C and dA(z) is the area measure on D normalized so that the area of
the disc D is 1. In rectangular and polar coordinates,

dA(z) =
1

π
dx dy =

1

π
r dr dθ.

Let L∞(D, dA) denote the Banach space of Lebesgue measurable func-
tions f on D with

‖f‖∞ = ess sup {|f(z)| : z ∈ D} <∞.

Let L2
a(D) (the subscript “a” stands for analytic) be the subspace of

L2(D, dA) consisting of analytic functions. The space L2
a(D) is called

the Bergman space. Let H∞(D) be the space of bounded analytic
functions on D. Let L2

a = {f : f ∈ L2
a} and L2

h = L2
a⊕L2

a. Since point
evaluation at z ∈ D is a bounded linear functional on the Hilbert space
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L2
a(D), the Riesz representation theorem implies that there exists a

unique function Kz in L2
a(D) such that

f(z) =

∫
D

f(w)Kz(w) dA(w)

for all f in L2
a(D). Let K(z, w) be the function on D×D defined by

K(z, w) = Kz(w).

The function K(z, w) is thus the reproducing kernel for the Bergman
space L2

a(D) and is called the Bergman kernel. It can be shown that the
sequence of functions {en(z)} = {√n+ 1zn}n≥0 forms the standard

orthonormal basis for L2
a(D) and K(z, w) =

∑∞
n=1 en(z)en(w). The

Bergman kernel is independent of the choice of orthonormal basis
and K(z, w) = 1/(1 − zw)2. Since L2

a(D) is a closed subspace of
L2(D, dA) (see [15]); there exists an orthogonal projection P from
L2(D, dA) onto L2

a(D). For φ ∈ L∞(D), we define the Toeplitz
operator Tφ on L2

a(D) by Tφf = P (φf), f ∈ L2
a(D). The big Hankel

operator Hφ is a mapping from L2
a(D) into (L2

a(D))⊥ defined by
Hφf = (I − P )(φf), f ∈ L2

a(D). The little Hankel operator hφ is

a mapping from L2
a(D) into L2

a(D) defined by hφf = P (φf) where P

is the orthogonal projection from L2(D, dA) onto L2
a(D). There are

also many equivalent ways of defining little Hankel operators on the
Bergman space. For example, define Sφ : L2

a → L2
a as Sφf = P (J(φf))

where J : L2 → L2 is such that Jf(z) = f(z). Observe that, for
f ∈ L2

a(D), hφf = P (φf) = JPJ(φf) = JSφf . Thus, the operators
hφ and Sφ are unitarily equivalent. Hence, both the operators hφ and
Sφ are referred to as little Hankel operators in the literature. If P0

is the rank one projection from L2(D, dA) onto the constants, then
P − P0 ≤ I − P , where I is the identity operator. This is the reason
why we call hφ the little Hankel operator. The big Hankel operator is
defined in terms of the bigger projection I − P .

Let T denote the unit circle in C. Let L2(T) be the space of complex-
valued, absolutely square integrable, Lebesgue measurable functions on
T. LetH2(T) be the corresponding Hardy space of functions onT with
vanishing negative Fourier coefficients. For φ ∈ L∞(T), the space of
essentially bounded measurable functions on T, we define the Toeplitz
operator Lφ from H2(T) into H2(T) as Lφf = P̃ (φf), where P̃ is the
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orthogonal projection from L2(T) onto H2(T). It is shown in [3] that
there exists no compact Toeplitz operator on the Hardy space except
the zero Toeplitz operator. In the Bergman space setting, however,
there are lots of nontrivial compact Toeplitz operators [1], and there
are unbounded symbols that induce bounded (even compact) Toeplitz
operators. In this paper, we have shown that if φ ∈ (L2

h)
⊥∩L∞, φ �= 0,

then kerTφ = kerT ∗
φ = sp {1}, and there exists no finite rank nonzero

Toeplitz operator with bounded symbol on the Bergman space. Thus,
it follows that, if 0 �= φ ∈ (L2

h)
⊥ ∩ L∞ and Tφ has closed range, then

Tφ is Fredholm and of index zero but Tφ is not invertible.

The proof also extends to L2
a(Ω) where Ω is a bounded symmetric

domain in C. Luecking [11, 12] also showed that there exists no finite
rank Toeplitz operators on Bergman space in a setting where he took
the Fourier transform of the corresponding measure. Our method is
more elementary and explains the situation better. It was also pointed
out as a conjecture in [8].

2. Intermediate Hankel operators. Hankel operators play an
essential role in the theory of Toeplitz operators, and many problems
about Toeplitz operators can also be formulated in terms of Hankel
operators and vice versa. On the Hardy space of the disk there is
essentially only one type of Hankel operator. However, in the Bergman
space setting, there are two very different notions of Hankel operators,
the so-called big and little Hankel operators. Little Hankel operators
on the Bergman space behave more like Hankel operators on the
Hardy space. One can also define the intermediate (middle) Hankel
operators on the Bergman space. In the present paper, we show that
the information about the Fredholmness of Tφ can be obtained using
intermediate Hankel operators.

For p ≥ 0, let

Ep = span {|z|2kzn, k = 0, . . . , p; n = 0, 1, 2, . . .}.

For p ≥ 0, the spaces Ep are closed subspaces of L2(D). For φ ∈
L∞(D), we define the intermediate Hankel operator H

Ep

φ : L2
a → Ep

by H
Ep

φ (f) = Pp(φf), f ∈ L2
a, where Pp is the orthogonal projection

from L2(D) onto Ep. Notice that L2
a ⊆ Ep ⊆ ((L2

a)0)
⊥ where
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(L2
a)0 = {g ∈ L2

a : g(0) = 0}. For n > m and j ∈ {0, . . . , p}, let

An,mj =

∏
1≤l≤p+1(n−m+ l + j)∏

1≤l≤p+1(n+ l)

1

j!(p− j)!(−1)p−j
∏

0≤l≤p
l �=j

(m− l).

It is not so difficult to check that

Pp(z
nzm)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if n < m;

znzm if n ≥ m, 0 ≤ m ≤ p;

An,m0 zn−m +An,m1 zn−m+1z+

· · ·+An,mp zn−m+pzp if n ≥ m, m > p.

Observe that the operator H
Ep

φ ≡ 0 if and only if φ ∈ E⊥
p and

(H
Ep

φ )∗f = P (φf) for all f ∈ Ep where P is the Bergman projection.

Further, notice that kerH
Ep

φ ⊂ L2
a is invariant under multiplication

by z and kerH
Ep

φ has finite codimension if H
Ep

φ is of finite rank. In
this section, we describe the interplay between the kernels of little
Hankel operators [15] and intermediate Hankel operators to establish
the results of the paper.

Lemma 1. Let φ ∈ L∞(D). Then kerhφ = {0} if and only if

kerh∗φ = {0}. That is, kerhφ = {0} if and only if Rangehφ = L2
a.

Proof. Notice that S∗
φ = Sφ+ where φ+(z) = φ(z). It is not

difficult to see that f ∈ kerSφ if and only if f+ ∈ kerSφ+ . Thus,

if kerSφ = {0}, then kerS∗
φ = {0}. Hence, RangeSφ = L2

a. Conversely,

if RangeSφ = L2
a, then kerS∗

φ = {0}, and hence kerSφ = {0}.
If f ∈ kerhφ, then hφf = 0. Hence, JSφf = 0, and therefore Sφf = 0.

This implies f+ ∈ kerSφ+ . Hence, Jf+ ∈ kerSφ+J = kerh∗φ as Sφ+J =

(JSφ)
∗ = h∗φ. Now suppose g ∈ L2

a and g ∈ kerh∗φ. This implies

Jg ∈ kerS∗
φ. Hence, (Jg)+ ∈ kerSφ. Therefore, (Jg)+ ∈ kerhφ. That

is, g ∈ kerhφ. Thus, if f ∈ L2
a, then f ∈ kerhφ if and only if f ∈ kerh∗φ.



TOEPLITZ OPERATOR SUBSPACES AND KERNELS 39

Hence, kerhφ = {0} if and only if kerh∗φ = {0}, and this is true if and

only if Rangehφ = L2
a.

Lemma 2. Suppose f ∈ L2
a is not a polynomial and H ∈ L2

a. Then

kerH∗Ep

fH
= {0} if and only if kerH

Ep

fH
= {0}. That is, kerH

Ep

fH
= {0}

if and only if RangeH
Ep

fH
= Ep.

Proof. Notice that

kerH∗Ep

fH
= {g ∈ Ep : P (fHg) = 0}
⊃ kerh∗

fH

= {g ∈ L2
a : P (fHg) = 0}.

If kerH∗Ep

fH
= {0}, then kerh∗

fH
= {0}. Hence, kerhfH = {0}. Since,

for h ∈ L2
a, H

Ep

fH
h = hfHh+PEp�(L2

a)
(fHh), we obtain kerH

Ep

fH
= {0}.

Now, suppose kerH
Ep

fH
= {0}. This implies kerhfH = {0}. Because,

if kerhfH �= {0}, then [6, 7, 9] there exists an inner function G ∈ L2
a

such that G ∈ kerhfH . That is, hfHG ≡ 0. This is so as kerhfH =

kerSfH is an invariant subspace of z. Observe that, for ψ ∈ L∞(D),

hψTz = hψz and (Tzhψ)
∗ = h∗ψTz = Sψ+JTz. Further, for g ∈ L2

a,

Sψ+JTzg = Sψ+(J(zg)) = P (J(ψ+zJg)) = P (ψzg) = h∗ψzg.

Similarly, one can show that (T
zk
hψ)

∗ = h∗
ψzk

for all k = 0, 1, . . . , p.

Thus, hfHG ≡ 0 implies (TzkhfHG)
∗ ≡ 0. Hence, h∗

fHGzk
≡ 0. This

implies hfHGzk ≡ 0 for all k = 0, 1, . . . , p. Hence, fHGzk ∈ (L2
a)

⊥.
That is, 〈fHGzk, zkg〉 = 0 for all g ∈ L2

a and k = 0, 1, . . . , p. Thus,

fHG ∈ E⊥
p . Hence kerH

Ep

fH
�= {0}. Thus, kerH

Ep

fH
= {0} implies

kerhfH = {0}. Hence, kerh∗
fH

= {0}. This implies kerH∗Ep

fH
= {0}.

Because, if kerH∗Ep

fH
�= {0}, then there exists 0 �= g ∈ Ep ∩ L∞ such

that fHg ∈ (L2
a)

⊥. That is, fHg ∈ (L2
a)

⊥. This implies hfHg ≡ 0,

and therefore kerhfH ⊇ gL2
a ∩ L2

a �= {0}, g ∈ Ep ∩ L∞ = H∞. Thus,

kerH
Ep

fH
= {0} if and only if kerH∗Ep

fH
= {0}.
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3. Common zero sets. If N is a subspace of L2
a(D), let Z(N) =

{z ∈ D : f(z) = 0 for all f ∈ N}, which is called the zero set of
functions in N . Here, if z1 is a zero of multiplicity at most n of all
functions in N , then z1 appears n times in the set Z(N), and they are
treated as distinct elements of Z(N).

In this section, we relate the concept of common zero set and the rank
of a Toeplitz operator. We have shown that, if φ ∈ L∞(D) is such that
Tφ is a finite rank Toeplitz operator and CardZ(kerT ∗

φ) = Rank ofTφ,
then φ ≡ 0. With the following result, we begin to link the ideas of
subspaces and zero-sets.

Proposition 3. If N is a subspace of L2
a(D) of finite codimension

in L2
a(D), then

Z(N) = {z ∈ D : f(z) = 0 for all f ∈ N}
is a finite set.

Proof. Suppose Z(N) is an infinite set. Let {zj}∞j=1 be distinct points

of Z(N), and let f1, f2, f3, . . . , fn be functions in L2
a(D) such that

fi(z1) = · · · = fi(zi−1) = 0, fi(zi) = 1 for all i ≥ 2.

For example, we could take the functions (fi) to be polynomials. Then
f1, f2, . . . are linearly independent modulo N , i.e., if

α1f1 + α2f2 + · · ·+ αnfn ∈ N

where α1, α2, . . . , αn ∈ C, then α1 = α2 = · · · = αn = 0. This
contradicts the assumption that N has finite codimension in L2

a(D).
Since each zero of an analytic function has finite multiplicity, the result
is proved.

Let kz be the normalized reproducing kernel for the Bergman space
L2
a(D). When |z| → 1, kz → 0 weakly and the normalized reproducing

kernels kz , z ∈ D span L2
a(D) [15].

Theorem 4. If φ ∈ L∞(D) is such that Tφ is a finite rank Toeplitz
operator and CardZ(kerT ∗

φ) = Rank ofTφ, then φ ≡ 0.
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Proof. Suppose Tφ is of finite rank. Then RangeTφ is finite dimen-
sional and is a closed subspace of L2

a. Let n = dim RangeTφ. Thus,
kerT ∗

φ = (RangeTφ)
⊥ has finite codimension. Therefore, by Proposi-

tion 3, Z(kerT ∗
φ), the common zero set of kerT ∗

φ is a finite set. Without
loss of generality, we shall assume the elements of Z(kerT ∗

φ) are dis-
tinct. Suppose Z(kerT ∗

φ ) = {a1, a2, . . . , an}. Here a1, a2, . . . , an are

all distinct. Then kerT ∗
φ ⊂ {f ∈ L2

a : f(ai) = 0, i = 1, 2, . . . , n}. But

{f ∈ L2
a : f(ai) = 0, i = 1, 2, . . . , n} = {f ∈ L2

a : 〈f, kai〉 = 0, i =
1, 2, . . . , n} = {ka1 , ka2 , . . . , kan}⊥. Thus, sp {ka1 , ka2 , . . . , kan} ⊂
(kerT ∗

φ)
⊥ = RangeTφ. In the case of repeated zeros (if a is a zero

of order m, say) the derivatives of the corresponding reproducing ker-
nel up to order m − 1, i.e., ka, (∂/∂a)ka, . . . , (∂

m−1)/(∂am−1)ka are
included in the spanned set [9]. Now, since RangeTφ has dimension n
and ka1 , ka2 , . . . , kan are linearly independent, therefore RangeTφ =
sp {ka1 , ka2 , . . . , kan}. Thus, kerT ∗

φ = {ka1 , ka2 , . . . , kan}⊥ = {f ∈
L2
a : f(ai) = 0, i = 1, 2, . . . , n} is an invariant subspace of the Bergman

shift operator Tz defined on L2
a(D). Since Tφ is of finite rank implies

T ∗
φ is of finite rank, therefore one can show that kerTφ is also an in-

variant subspace of L2
a(D). Let P be the set of all polynomials in

L2
a(D) and M = kerTφ. Since RangeTφ has dimension n, therefore

Tφ1, Tφz, . . . , Tφz
n are linearly dependent. This implies that there ex-

ists a non-zero polynomial p of degree at most n such that Tφp = 0.
That is, φp ∈ (L2

a)
⊥. Using the facts that codimension of M is fi-

nite, and TzM ⊂ M , it follows that P ∩ M is a nontrivial ideal of
P . Since P is a principal ideal ring, there exists a q ∈ P such that
P ∩M = qP , see [10]. Thus, Tφqg = 0 for all polynomials g ∈ P . This
implies Tφqz

k = 0 for all k ≥ 0. That is, φq ∈ (zkL2
a)

⊥ for all k ≥ 0.
Hence, φq ∈ ∩k≥0(z

kL2
a)

⊥ = (∪k≥0z
kL2

a)
⊥. Therefore, it follows that

φq ⊥ zkzn for all k, n ≥ 0. Now, φq ∈ L∞ ⊂ L2 implies that φq = 0.
Thus, φ = 0, except at the zeros of q which is a polynomial of degree
at most n. Hence, φ ≡ 0 as φ ∈ L∞(D).

For z and w in D, let φz(w) = (z − w)/(1− zw). These are involutive
Mobius transformations on D. In fact,

(1) φz ◦ φz(w) ≡ w;

(2) φz(0) = z, φz(z) = 0;

(3) φz has a unique fixed point in D.
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Given z ∈ D and f any measurable function on D, we define a function
Uzf(w) = kz(w)f(φz(w)). Since |kz |2 is the real Jacobian determinant
of the mapping φz (see [15]), Uz is easily seen to be a unitary operator
on L2(D, dA) and L2

a(D). It is also easy to check that U∗
z = Uz; thus,

Uz is a self-adjoint unitary operator. If φ ∈ L∞(D, dA) and z ∈ D,
then UzTφ = Tφ◦φzUz. This is because PUz = UzP and, for f ∈ L2

a,
Tφ◦φzUzf = Tφ◦φz((f ◦ φz)kz) = P ((φ ◦ φz)(f ◦ φz)kz) = P (Uz(φf)) =
UzP (φf) = UzTφf . Let Aut (D) be the Lie group of all automorphisms
(biholomorphic mappings) of D and G0 the isotropy subgroup at 0; i.e.,
G0 = {Ψ ∈ Aut (D) : Ψ(0) = 0}. Notice also that φa(z), as a function
in a, is one-one and onto for any fixed z in D.

Proposition 5. If φ ∈ L∞(D), then Tφ is of finite rank if and only
if Tφ◦φz is of finite rank. In this case Rank of Tφ = Rank of Tφ◦φz .

Proof. Note that f ∈ kerTφ if and only if Uzf ∈ kerTφ◦φz . Further
since Uz is unitary, dim kerT ∗

φ = dim kerT ∗
φ◦φz

. Thus dim RangeTφ =
codim kerT ∗

φ = codim kerT ∗
φ◦φz

= dim RangeTφ◦φz .

For φ ∈ L∞(D), let φ̃(z) = 〈Tφkz , kz〉 be the Berezin transform of φ.
It is easy to check that H∗

φHφ = T|φ|2 − TφTφ (see [15]). The following
also holds.

Proposition 6. For φ ∈ L∞(D),

MO(φ)2(z) = |̃φ|2(z)− |φ̃(z)|2 ≤ ‖Hφkz‖2 + ‖Hφ̄kz‖2.

Proof. It is easy to observe that

‖Hφkz‖ = ‖(I − P )(φkz)‖ = ‖(I − P )Uz(φ ◦ φz)‖
= ‖Uz(I − P )(φ ◦ φz)‖ = ‖(I − P )(φ ◦ φz)‖
= ‖φ ◦ φz − P (φ ◦ φz)‖.

Similarly, we have

‖Hφkz‖ = ‖φ ◦ φz − P (φ ◦ φz)‖
= ‖φ ◦ φz − P (φ ◦ φz)‖.
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Since φ̃(z) = P (φ ◦ φz)(0) and Pg(z) = g(0) for any g ∈ L2
a and all

z ∈ D, we have

MO (φ)2(z) = |̃φ|2(z)− |φ̃(z)|2
= ‖φ ◦ φz − P (φ ◦ φz)(0)‖2
= ‖φ ◦ φz − P (φ ◦ φz)‖2 + ‖P (φ ◦ φz)− P (φ ◦ φz)(0)‖2

= ‖Hφkz‖2 + ‖P (φ ◦ φz)− P (φ ◦ φz)(0)‖2

= ‖Hφkz‖2 + ‖P (φ ◦ φz − P (φ ◦ φz))‖2

≤ ‖Hφkz‖2 + ‖φ ◦ φz − P (φ ◦ φz)‖2
= ‖Hφkz‖2 + ‖Hφ̄kz‖2.

Proposition 7. If T ∈ L(L2
a(D)) and 〈Tkz, kz〉 = 0 for all z ∈ D,

then T ≡ 0.

Proof. Define σ(T )(z) = 〈Tkz, kz〉 for all z ∈ D. If σ(T ) = 0
identically, then also 〈TKz,Kz〉 = K(z, z)σ(T )(z) = 0 identically
where Kz = K(·, z) is the nonnormalized reproducing kernel. Thus,
the function F (x, y) = 〈TKx,Ky〉, which is holomorphic in x and
y, vanishes on the “anti-diagonal” x = y. Passing to the variables
u, v defined by x = u + iv and y = u − iv, we get a holomorphic
function G(u, v) of u, v, which vanishes when u, v are real. Thus,
F (x, y) = G(u, v) ≡ 0. Thus, even 〈TKx,Ky〉 = 0 for any x, y. Since
linear combinations of Kx, x ∈ D are dense in L(L2

a), it follows that
T ≡ 0.

Notice that if, for all z ∈ D, P (φ ◦ φz) = P (φ ◦ φz)(0) = 0, then
UzTφkz = UzTφUz1 = Tφ◦φz1 = 0. Hence, Tφkz = 0 for all z ∈ D, and
therefore, 〈Tφkz, kz〉 = 0 for all z ∈ D. By Proposition 7, Tφ ≡ 0, and
thus φ ≡ 0.

Lemma 8. For any z and w in D, there exists a unitary U ∈ G0

such that φw ◦ φz = Uφφz(w).

Proof. Let U = φw ◦ φz ◦ φφz(w). Then U(0) = φw ◦ φz(φz(w)) =
φw(w) = 0; thus, U ∈ G0.
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4. Kernel of Toeplitz operators. In this section we describe the
kernel of a Toeplitz operator on the Bergman space. We have shown
that if Tφ is a nonzero Toeplitz operator and if constants belong to both
kerTφ and kerT ∗

φ , then these kernels contain only constants and are
not invariant subspaces of the Bergman shift operator Tz. To establish
this, we need to study the properties of Hankel operators defined on
the harmonic Bergman space L2

h as follows.

For ψ ∈ L∞(D), define B
ψ

: L2
h → (L2

h)
⊥ as B

ψ
f = (I − Q)(ψf)

where Q is the orthogonal projection from L2 onto L2
h. The operator

B
ψ

is well defined, and it is easy to see that

Q(znzk) =

{
(n− k + 1)/(n+ 1)zn−k if k ≤ n;

(k − n+ 1)/(k + 1)zk−n if k ≥ n.

Further, one can verify that Bzn(z
k) ⊥ Bzn(z

j) if j �= k and if
φ =

∑∞
k=s0

akz
k, as0 �= 0 (that is, a0 = · · · = as0−1 = 0) then

Bφ(z
n) =

∑∞
k=s0

akBzn(z
k). It is shown in [14] that if Ψ and Ω are

two functions in L2
a such that Ψ(0) = 0 = Ω(0), then the operators BΨ

and BΩ are not of finite rank in L2
h. In fact, the set {BΨ(z

n)}pn=1 is
linearly independent for all p > 0, and the set {BΩ(z

k)}pk=1 is linearly

independent for all p > 0. If g ∈ L2
h and g = Ψ +Ω, where Ψ and Ω

are from L2
a, then BΩ = Bg |L2

a
is of finite rank if and only if Ω ≡ 0

and similarly Bg|L2
a
= BΨ is of finite rank if and only if Ψ ≡ 0. Notice

that for f ∈ L2
a, BfL

2
h = BfL

2
a, and we shall also write Bf̄ |L2

a
= Bf .

Thus, Bf : L2
a → (L2

h)
⊥ is defined as Bfh = (I −Q)(fh) for all h ∈ L2

a

and kerBf = {h ∈ L2
a : fh ∈ L2

h}.
From [2], it follows that if f is not constant, kerBf = sp {1}. If

f ≡ constant , then kerBf = L2
a, hence Bf ≡ 0. Now B∗

f
maps (L2

h)
⊥

into L2
a and B∗

f
k = P (fk) for all k ∈ (L2

h)
⊥. It therefore follows that,

for f ∈ L2
a,

RangeB∗
f
=

{ {0} if f ≡ constant;

(sp {1})⊥ if f �= constant.

Theorem 9. If φ ∈ L∞(D) is such that Tφ1 = T ∗
φ1 = 0, then either

φ ≡ 0 or kerT ∗
φ = sp {1} = kerTφ. That is, either φ ≡ 0 or Tφ is not

of finite rank.
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Proof. Given that Tφ1 = T ∗
φ1 = 0, hence φ ∈ (L2

h)
⊥. If ψ ∈ L∞(D),

then it is not difficult to verify that S
ψ

≡ 0 if and only if ψ ∈ (L2
a)

⊥.

Thus S
φ

≡ 0 and S
φ
f = 0 for all f ∈ L2

a. Hence, (φf) ∈ (L2
a)

⊥ for

all f ∈ L2
a and kerT ∗

φ = {f ∈ L2
a : (φf) ∈ (L2

a)
⊥} = {f ∈ L2

a : (φf) ∈
(L2

h)
⊥}. Thus,

kerT ∗
φ = {f ∈ L2

a : φf ∈ (L2
h)

⊥}
= {f ∈ L2

a : 〈φf, g〉 = 0 for all g ∈ L2
h}

= {f ∈ L2
a : 〈φ, fg〉 = 0 for all g ∈ L2

h}
= {f ∈ L2

a : 〈φ, (I −Q)(fg)〉 = 0 for all g ∈ L2
h}

= {f ∈ L2
a : 〈φ,Bfg〉 = 0 for all g ∈ L2

h}.

Case 1. Let f ∈ L2
a(D) be a polynomial of degree k ≥ 1 and

H(z) = zk+1 ∈ L2
a. Then fH ∈ E⊥

p for all p ≥ 0 and H
Ep

fH
≡ 0.

Since fzk /∈ E⊥
p and kerH

Ep

f
is an invariant subspace of z, hence

kerH
Ep

f
= zk+1L2

a. Therefore, H∗Ep

fH
≡ 0 and kerH∗Ep

f
= zk+1Ep for

all p ≥ 0.

Now kerB∗
f
= {g ∈ (L2

h)
⊥ : P (fg) = 0} = {g ∈ (L2

h)
⊥ : fg ∈ (L2

a)
⊥}

and kerH∗Ep

f
= {g ∈ Ep : fg ∈ (L2

a)
⊥}. Hence, kerB∗

f

⋂
Ep =

kerH∗Ep

f

⋂
(L2

h)
⊥, and therefore,

kerB∗
f
=

⋃
p≥0

(
kerB∗

f

⋂
Ep

)
=

⋃
p≥0

(
kerH∗Ep

f

⋂
(L2

h)
⊥
)

=

( ⋃
p≥0

kerH∗Ep

f

)⋂
(L2

h)
⊥ =

( ⋃
p≥0

zk+1Ep

)⋂
(L2

h)
⊥

= {0}.

Thus, if φ ∈ (L2
h)

⊥ and φ �= 0, then B∗
f
φ �= 0.

Case 2. If f ∈ L2
a(D) is a constant, then Bf ≡ 0 and hence B∗

f
≡ 0

and therefore B∗
f
φ = 0 if φ �= 0.
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Case 3. If f ∈ L2
a(D) is not a polynomial, then fg /∈ E⊥

p for any

g ∈ L2
a, g �= 0, p ≥ 0. Hence, kerH

Ep

f
= {0} and therefore, by

Lemma 2, we obtain kerH∗Ep

f
= {0} for all p ≥ 0. This implies

kerB∗
f
= (

⋃
p≥0 kerH

∗Ep

f
)
⋂
(L2

h)
⊥ = {0} and B∗

f
φ �= 0 if φ ∈ (L2

h)
⊥

and φ �= 0.

Thus, from the above three cases, it follows that

kerT ∗
φ = {f ∈ L2

a : 〈φ,Bfg〉 = 0 for all g ∈ L2
h}

= {f ∈ L2
a : B∗

f
φ = 0}

=

{
L2
a if φ ≡ 0;

sp {1} if φ �= 0.

Hence, either φ ≡ 0 or Tφ is not of finite rank.

Notice that if φ ∈ (L2
h)

⊥
0 , then Pφ ≡ (Pφ)(0) ≡ b, a constant. We

have the following corollary.

Corollary 10. If φ ∈ (L2
h)

⊥
0 ∩ L∞, then either φ ≡ (Pφ)(0) or

kerTφ−(Pφ)(0) = kerT ∗
φ−(Pφ)(0) = sp {1}. That is, either φ ≡ (Pφ)(0)

or Tφ−(Pφ)(0) is not of finite rank.

Proof. Notice that φ− (Pφ)(0) and φ− (Pφ)(0) belong to (L2
h)

⊥. By
Theorem 9, we have

kerTφ−(Pφ)(0) = kerT ∗
φ−(Pφ)(0) =

{
L2
a if φ ≡ (Pφ)(0);

sp {1} if φ �= (Pφ)(0).

If H is a Hilbert space, let L(H) be the C∗ algebra of all bounded
linear operators from H into itself. The operator T ∈ L(H) is said to
be Fredholm if and only if T has closed range, dimensions of kernel T
and kernel T ∗ are finite. The Fredholm index of T is denoted by J(T ),
and is defined by J(T ) = dim kerT − dim kerT ∗.
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In the case where T is invertible, it is obvious that it is Fred-
holm and its index is zero. But there are Fredholm operators of
index zero that are not invertible. Let L2

Cn(T) denote the Hilbert
space of Cn-valued, norm square integrable, measurable functions
on the unit circle T and H2

Cn(T) the corresponding Hardy space
of functions in L2

Cn(T) with vanishing negative Fourier coefficients.
If φ ∈ L∞

Mn
(T) = L∞(T) ⊗ Mn (where Mn is the algebra of

n × n matrices with complex entries), then Bφ denotes the Toeplitz
operator defined on H2

Cn(T) by Bφf = Q(φf) for f in H2
Cn(T)

where Q is the orthogonal projection of L2
Cn(T) onto H2

Cn(T).

In H2
Cn(T), for n = 2, let φ be defined by

φ =

(
χm 0
0 χ−m

)
where χm(eiθ) = eimθ and χ−m(eiθ) = e−imθ.

Then detφ = 1 and dim kerBφ = m for m ∈ Z+ as kerBφ contains(
0
1

)
,

(
0
χ

)
, . . . ,

(
0

χm−1

)
.

Thus, Bφ is Fredholm [5] and of index zero but Bφ is not invertible.
But for n = 1, Coburn [4] proved the following. He showed that for
φ in L∞(T), the subspace kerBφ and kerB∗

φ cannot both be different
from zero. As a corollary to this result, he then showed that if φ is
in L∞(T) such that Bφ is a Fredholm operator and of index zero then
Bφ is invertible. Thus, for n = 1, on the Hardy space a nontrivial
Toeplitz operator cannot have both a nontrivial kernel and a nontrivial
cokernel. But the situation in the Bergman space is rather different.
The following examples give some insight into it.

(i) Let φ(z) = log 2 − 1/(1 + |z|2). Notice that φ ∈ C(D), and
σe(Tφ) = log 2 − 1/2. Therefore, Tφ is Fredholm, and since φ is real
valued, J(Tφ) = 0. It is not so difficult to verify that 1 ∈ kerTφ,
and thus Tφ is not invertible. Now, since Tφ = T ∗

φ = Tφ, therefore

kerTφ �= {0} and kerTφ �= {0}.
There are also functions φ in h∞(D) such that the corresponding

Toeplitz operator Tφ has nontrivial kernel.
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(ii) Let z ∈ D,Kz is the corresponding Bergman reproducing kernel
and φz(w) = (z − w)/(1− zw) for w in D. Then kerT ∗

φz
= span (Kz).

Note that

Kz(w) = K(z, w) =
1

(1− zw)2
.

It is easy to see that φz(z) = 0 and φz(w) �= 0 for z �= w. Hence,
〈φz ,Kw〉 = 0 if and only if z = w. Thus, for all g ∈ L2

a(D), 〈φzg,Kw〉 =
0 if and only if z = w. Thus, Kz ⊥ φzg for every g ∈ L2

a(D).
Hence, Kz ∈ (RangeTφz)

⊥ = kerT ∗
φz
. For the inclusion to follow the

other way, we first note that ‖zn‖2 = 1/(n+ 1) and P (|w|2mwn) =
(n+ 1)/(n+m+ 1)wn. Now let f(w) =

∑∞
n=0 anw

n and f ∈ kerT ∗
φz
.

Then 〈T ∗
φz
f, g〉 = 0 for every g ∈ L2

a(D). Therefore, it follows that

〈f, φzg〉 = 0 for every g ∈ L2
a(D). Let h(w) = 1/(1− zw). It is easy to

see that hL2
a = L2

a. Thus, we have P ((z − w)f(w)) = 0. Therefore,

z

∞∑
n=0

anw
n =

∞∑
n=1

n

n+ 1
anw

n−1

and an = (n+ 1)zna0. Thus,

f(z) =

∞∑
n=0

a0(n+ 1)(zw)n =
a0

(1− zw)2
= a0Kz(w).

But there exist Fredholm Toeplitz operators Tφ ∈ L(L2
a(D)), φ ∈

L∞(D) such that kerTφ = kerT ∗
φ = {0}.

(iii) Let φ(z) = |z|n, where n is a nonnegative integer. Then, by [13],
Tφ is Fredholm, hence it has closed range. The operator Tφ is self
adjoint. Further, one can check that kerTφ = kerT ∗

φ = {0}. For this,
we need to show that Tφ is one-to-one. Suppose that Tφf = 0, f ∈
L2
a(D). Then 〈Tφf, f〉 = 0, and hence 〈φf, f〉 = 0. Using the fact that

φ > 0, this will imply that φ|f |2 = 0, and hence, f = 0. Therefore, Tφ
is invertible.

There are also functions φ in h∞(D) such that the corresponding
Toeplitz operator Tφ has trivial kernel and trivial cokernel.

(iv) Let φ(z) = z + z. Then kerTφ = {0}. To verify this suppose
f ∈ kerTφ. Then φf ∈ (L2

a)
⊥ and 〈φf, g〉 = 0 for all g ∈ L2

a. Thus, f is
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orthogonal to zg+zg for all g ∈ L2
a. Now let f =

∑
Cmz

m and g = zk.
The function f is orthogonal to zzk + zk+1. But 〈f, zzk〉 = 〈fz, zk〉 =
(Ck−1)/(k + 1) and 〈f, zk+1〉 = (Ck+1)/(k + 2). Therefore, we see that
(Ck−1)/(k + 1) + (Ck+1)/(k + 2) = 0 for all k ≥ 1. In particular,
since the function f is orthogonal to z + z, hence f is orthogonal
to z. Therefore, C1 = 0 and Ck+1 = −(k + 2)/(k + 1)Ck−1. Thus,
|Ck+1| > |Ck−1|. It is to note that Ck = 0 for all k = 2n+ 1, n ≥ 0. If
C0 �= 0, then Ck �= 0 for k = 2n and for all n ≥ 0. But f belongs to L2

a

implies
∑

(C2
n)/(n+ 1) <∞. Hence, f = 0.

(v) Let φ(z) = |z|2n. Then φ ∈ (L2
h)

⊥
0 ∩L∞ and P (|z|2n) = 1/(n+ 1).

Hence |z|2n − (1/n+ 1) ∈ (L2
h)

⊥. One can easily verify that 1 ∈
kerT|z|2n−(1/(n+1)) as

P

(
|z|2n − 1

n+ 1

)
= P (|z|2n)− 1

n+ 1
=

1

n+ 1
− 1

n+ 1
= 0.

From Corollary 10, it follows that kerT|z|2n−(1/(n+1)) = sp {1}.
From Theorem 9, it follows that if 0 �= φ ∈ (L2

h)
⊥ ∩ L∞ and Tφ

has closed range then Tφ is Fredholm and of index zero but Tφ is
not invertible as Tφ1 = 0. Further, we have shown that unlike the
intermediate Hankel operators the kernel of a Toeplitz operator may
not be an invariant subspace of L2

a(D).

If φ ∈ L2
h(D) ∩ L∞(D) = h∞(D), the space of bounded harmonic

functions on D, then it is not difficult to see that Tφ is not of finite
rank: let φ(z) =

∑∞
m=0 amz

m +
∑∞

m=1 a−mz
m. Then

〈Tφen, en+k〉 =
⎧⎨⎩

√
n+1
n+k+1ak if k ≥ 0;√
n+k+1
n+1 ak if k < 0.

Since {en} converges to 0 weakly and Tφ is compact, hence limn→∞
‖Tφen‖ = 0. Thus, limn→∞〈Tφen, en+k〉 = 0 for every integer k. Hence,
ak = 0 for all k ∈ Z and therefore φ ≡ 0. We shall show below that if
φ ∈ L∞(D) and φ �= 0, then Tφ cannot be of finite rank.

Theorem 11. If φ ∈ L∞(D) and Tφ is a finite rank Toeplitz operator
then φ ≡ 0.
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Proof. We shall first show that if Tφ is a finite rank Toeplitz operator
and φ �= 0 then for all z ∈ D, either

(∗) P (φ ◦ φz) �= P (φ ◦ φz)(0)
or

(∗∗) P (φ ◦ φz) �= P (φ ◦ φz)(0).
Suppose Tφ is of rank one. By Proposition 5, Tφ◦φz is of rank one for
all z ∈ D. Let for z ∈ D,

(1) Tφ◦φzf = 〈f, gz〉hz .
Hence

(2) T ∗
φ◦φz

f = 〈f, hz〉gz.
Suppose for w ∈ D, P (φ ◦ φw) = P (φ ◦ φw)(0) and P (φ ◦ φw) =
P (φ ◦ φw)(0). Then it follows that

(3) gw(0)hw = gw(0)hw(0)

and

(4) hw(0)gw = hw(0)gw(0).

If gw(0) = 0, then hw(0) = 0; otherwise, gw = 0, and therefore Tφ ≡ 0
and hence φ ≡ 0.

If hw(0) = 0, then gw(0) = 0; otherwise, hw = 0. Therefore,
Tφ ≡ 0, and hence φ ≡ 0. Suppose now that gw(0) = hw(0) = 0,

but gw �= 0 and hw �= 0. Now Tφ◦φw1 = 〈1, gw〉hw = gw(0)hw = 0

and T ∗
φ◦φw

1 = 〈1, hw〉gw = hw(0)gw = 0. Hence, 1 ∈ kerTφ◦φw and
1 ∈ kerT ∗

φ◦φw
. Thus, by Theorem 9, either φ ◦ φw ≡ 0 or Tφ◦φw is not

of finite rank. If φ ◦ φw ≡ 0, then φ ≡ 0 and if Tφ◦φw is not of finite
rank, then by Proposition 5, Tφ is not of finite rank.

On the other hand, suppose gw(0) �= 0, hw(0) �= 0. Then, from (3)
and (4), it follows that gw = gw(0) �= 0 and hw = hw(0) �= 0. Hence,

kerTφ◦φw = {f ∈ L2
a : 〈f, gw〉 = 0}

= {f ∈ L2
a : 〈f, gw(0)〉 = 0}

= {f ∈ L2
a : gw(0)f(0) = 0}

= {f ∈ L2
a : f(0) = 0}.



TOEPLITZ OPERATOR SUBSPACES AND KERNELS 51

Thus, Card (Z(kerTφ◦φw)) = 1 = Rank ofT ∗
φ◦φw

. Therefore, by
Theorem 4, Tφ◦φw ≡ 0, which implies φ◦φw ≡ 0; since (φw ◦φw)(z) = z
for all z ∈ D, hence φ ≡ 0. Then, we obtain that if Tφ is a nonzero
Toeplitz operator of rank 1, then either (∗) or (∗∗) holds.
Suppose Tφ is a Toeplitz operator of rank n > 1. Then, by Proposi-

tion 5, Tφ◦φz is of rank n for all z ∈ D. Suppose there exist w ∈ D such
that P (φ◦φw) = P (φ◦φw)(0) and P (φ◦φw) = P (φ◦φw)(0). Suppose
Tφ◦φw1 = 〈Tφ◦φw1, 1〉 = 0. This implies T

φ◦φw

1 = 〈T
φ◦φw

1,1〉 = 0.

Thus, by Theorem 9, either φ ◦ φw ≡ 0 or Tφ◦φw is not of finite rank.
Hence, either φ ≡ 0 or Tφ is not of finite rank.

Now suppose there exists w ∈ D such that P (φ ◦ φw) = P (φ ◦
φw)(0) = c �= 0 and P (φ ◦ φw) = P (φ ◦ φw)(0) = c �= 0. That is,
Tφ◦φw1 = 〈Tφ◦φw1, 1〉 = c �= 0 and T ∗

φ◦φw
1 = 〈T ∗

φ◦φw
1, 1〉 = c �= 0. Let

ψw = φ ◦ φw − c. Then Tψw1 = 0 = T ∗
ψw

1. Thus, by Theorem 9, either
ψw ≡ 0 or Tψw is not of finite rank. Hence, either φ ≡ c or Tφ−c is not
of finite rank. Further, it follows from Theorem 9 that

kerT ∗
ψw

= kerTψw =

{
sp {1} if ψw �= 0;

L2
a if ψw ≡ 0.

Thus, either φ ≡ c or kerT ∗
ψw

= sp {1}. If φ ≡ c, then Tφ is not of finite

rank. If kerT ∗
ψw

= sp {1}, then RangeTψw = (sp {1})⊥ = zL2
a. That

is, RangeTφ◦φw−c = zL2
a. Let φ̂ = φ ◦ φw.

Suppose φ̂− c �= 0. Then kerT
φ̂−c = kerT ∗

φ̂−c = (zL2
a)

⊥ = sp {1} and
RangeT ∗

φ̂−c = RangeT
φ̂−c = zL2

a. Thus, RangeT ∗
φ̂−c and RangeT

φ̂−c
are infinite-dimensional vector spaces. Suppose f ∈ kerT

φ̂
. Then

T
φ̂
f = 0. That is, T

φ̂−cf = −cf . Hence, f ∈ RangeT
φ̂−c ⊆ zL2

a. On

the other hand, since T
φ̂
1 = c �= 0 and T ∗

φ̂
1 = c �= 0, hence 1 /∈ kerT

φ̂

and 1 /∈ kerT ∗
φ̂
. Now f ∈ kerT

φ̂
if and only if φ̂f ∈ (L2

a)
⊥. This

is true if and only if f ∈ (φ̂L2
a)

⊥. Further, g ∈ kerT ∗
φ̂
if and only if

φ̂g ∈ (L2
a)

⊥. This is valid if and only if g ∈ (φ̂L2
a)

⊥. Since φ̂ ∈ (L2
h)

⊥
0 ,

hence f ∈ (φ̂L2
a)

⊥ if and only if f ∈ (φ̂L2
a)

⊥. Thus, f ∈ kerT
φ̂
if and

only if f ∈ kerT ∗
φ̂
. That is, kerT

φ̂
= kerT ∗

φ̂
. This can also be seen as

follows.
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For f ∈ L2
a, define Cf : (L

2
a)0 → (L2

h)
⊥
0 as Cf g = (I −Q0)(fg) where

Q0 is the orthogonal projection from L2 onto (L2
h)0. The operator Cf

is well defined. It can be verified that

kerCf =

{
(L2

a)0 if f ≡ constant;

{0} if f �= constant.

Further, proceeding as before, one can show that

kerC∗
f
=

( ⋃
p≥0

kerH∗Ep

f

)⋂
(L2

h)
⊥
0

and

kerC∗
f
=

{ {0} if f �= constant;

((L2
h)0)

⊥ if f ≡ constant.

Now, since 0 �= φ̂ ∈ ((L2
h)0)

⊥ and f ∈ kerT
φ̂
imply f = zh for some

h ∈ L2
a, we obtain

kerT
φ̂
= {f ∈ L2

a : φ̂f ∈ (L2
a)

⊥}
= {f ∈ L2

a : φ̂f ∈ (L2
h)

⊥}
= {f ∈ L2

a : 〈φ̂f, g〉 = 0 for all g ∈ L2
h}

= {f ∈ L2
a : 〈φ̂, fg〉 = 0 for all g ∈ L2

h}
= {f ∈ L2

a : 〈φ̂, (I −Q0)(fg)〉 = 0 for all g ∈ L2
h}

= {f ∈ L2
a : 〈φ̂, Cfg〉 = 0 for all g ∈ L2

h}
= {f ∈ L2

a : 〈C∗
f
φ̂, g〉 = 0 for all g ∈ L2

h}
= {f ∈ L2

a : C∗
f
φ̂ = 0} = {0}.

Similarly, one can show that kerT ∗
φ̂
= {0}. Thus, kerT

φ̂
= kerT ∗

φ̂
=

{0}, and therefore RangeT
φ̂
= RangeT ∗

φ̂
= L2

a, and hence T
φ̂
is not of

finite rank. This implies Tφ is not of finite rank.

Thus, we have shown that, if Tφ is a finite rank Toeplitz operator and
φ �= 0, then for all z ∈ D either (∗) or (∗∗) holds. Now
‖Hφkz‖2 + ‖Hφkz‖2

= ‖φ ◦ φz − P (φ ◦ φz)‖2 + ‖φ ◦ φz − P (φ ◦ φz)‖2
< ‖φ ◦ φz − P (φ ◦ φz)(0)‖2 + ‖φ ◦ φz − P (φ ◦ φz)(0)‖2

= 2(|̃φ|2(z)− |φ̃(z)|2)
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because of (∗) and (∗∗). Let cz = (‖Hφkz‖2 + ‖Hφkz‖2)/(|̃φ|2(z) −
|φ̃(z)|2). Note that 1 ≤ cz < 2 for all z ∈ D. It follows from
Proposition 6 and from the argument given above.

Now Tφ of finite rank implies T ∗
φTφ = T|φ|2 − H∗

φHφ is of finite

rank. Thus, 0 ≤ 〈T ∗
φTφkz, kz〉 = |̃φ|2(z) − ‖Hφkz‖2 → 0 as |z| → 1−.

Similarly, since TφT
∗
φ is of finite rank, 0 ≤ |̃φ|2(z) − ‖Hφkz‖2 → 0

as |z| → 1−. Thus, 0 ≤ 2|̃φ|2(z) − (‖Hφkz‖2 + ‖Hφkz‖2) → 0

as |z| → 1−. Hence, it follows that 0 ≤ 2|̃φ|2(z) − cz(|̃φ|2(z) −
|φ̃(z)|2) = 2|̃φ|2(z) − (‖Hφkz‖2 + ‖Hφkz‖2) → 0 as |z| → 1−. So

0 ≤ (2 − cz)|̃φ|2(z) + cz |φ̃(z)|2 → 0 as |z| → 1− where 1 ≤ cz < 2.

Since Tφ is of finite rank, |φ̃(z)| → 0 as |z| → 1−. Thus, |̃φ|2(z) → 0
as |z| → 1−. Similarly, since Tφ◦φz is of finite rank, we can show that

˜|φ ◦ φz |2(z) → 0 as |z| → 1−. Thus,∫
D

|(φ ◦ φz)(w)|2|kz(w)|2dA(w) −→ 0

as |z| → 1−. Hence,
∫
D |φ(w)|2dA(w) = 0 as Uzkz = kz(φz(w))kz(w) =

1. It follows therefore that φ(w) = 0 almost everywhere, and hence
φ ≡ 0. Thus, there exists no nonzero finite rank Toeplitz operator on
the Bergman space.

Remark 12. Notice that, if kz ∈ RangeTφ◦φw◦φz , then UzTφ◦φwUzf =
kz for some f ∈ L2

a. Hence, UwTφUwUzf = Tφ◦φwUzf = 1. Hence,
TφUwUzf = kw and kw ∈ RangeTφ. Similarly if kz ∈ kerTφ◦φw◦φz ,
then UzTφ◦φwUzkz = Tφ◦φw◦φzkz = 0. Therefore, UzTφ◦φw1 = 0, and
hence UwTφUw1 = Tφ◦φw1 = 0. Thus, Tφkw = 0 and kw ∈ kerTφ.

Suppose Tφ◦φw1 = T ∗
φ◦φw

1 = 0 and w = 0. Then it follows from [1]
that Tφ1 = T ∗

φ1 = 0. This implies either φ ≡ 0 or Tφ is not of finite
rank. Further, let w′ = φz(w). From Lemma 8, it follows that

RangeTφ◦φw◦φz = {Tφ◦φw◦φzf : f ∈ L2
a}

= {P ((φ ◦ φw ◦ φz)f) : f ∈ L2
a}

= {P ((φ ◦ Uφφz(w))f) : f ∈ L2
a}

= {P ((φ ◦ U ◦ φw′)f) : f ∈ L2
a}
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= {Uw′P [Uw′((φ ◦ U ◦ φw′)f)] : f ∈ L2
a}

= {Uw′P [(φ ◦ U ◦ φw′ ◦ φw′)(f ◦ φw′)kw′ ] : f ∈ L2
a}

= {Uw′P [(φ ◦ U)(f ◦ φw′)kw′ ] : f ∈ L2
a}

= {Uw′P [(φ ◦ U)Uw′f ] : f ∈ L2
a}

= {Uw′P [(φ ◦ U)g] : g ∈ L2
a}.

Thus, RangeTφ◦φw◦φz = RangeUw′Tφ◦U .

Remark 13. There cannot be an uncountable subset E of D such
that, for all z ∈ E, kz ∈ RangeT ∗

φ = (kerTφ)
⊥. Because, if kz ⊥ kerTφ

for all z ∈ E, then Z(kerTφ) is an uncountable set and that implies
kerTφ = {0}. Thus, if kerTφ contains nonzero elements of L2

a, then
Z(kerTφ) is at most a countable set and RangeT ∗

φ contains only a
countable number of the normalized reproducing kernels kz , z ∈ D.

Remark 14. If Tφ1 = T ∗
φ1 = 0, then φ ∈ (L2

h)
⊥ and Z(kerT ∗

φ) = ∅.
This implies kz /∈ RangeTφ for all z ∈ D, z �= 0. For, if kz ∈
RangeTφ = (kerT ∗

φ)
⊥, then 〈f, kz〉 = 0 for all f ∈ kerT ∗

φ . That is,
then f(z) = 0 for all f ∈ kerT ∗

φ and z ∈ Z(kerT ∗
φ ).

Let Ω be a bounded symmetric domain in C. We assume that Ω is
in its standard (Harish-Chandra) realization so that 0 ∈ Ω and Ω is
circular. The domain Ω is also starlike, i.e., z ∈ Ω implies that tz ∈ Ω
for all t ∈ [0, 1]. Let Aut (Ω) be the Lie group of all automorphisms
(biholomorphic mappings) of Ω, and G0 the isotropy subgroup at 0;
i.e., G0 = {Ψ ∈ Aut (Ω) : Ψ(0) = 0}. Since Ω is bounded symmetric,
we can canonically define [16] for each a in Ω an automorphism φa in
Aut (Ω) such that

(1) φa ◦ φa(z) ≡ z;

(2) φa(0) = a, φa(a) = 0;

(3) φa has a unique fixed point in Ω.

Actually, the above three conditions completely characterize the φa’s
as the set of all (holomorphic) geodesic symmetries of Ω. When Ω = D,
we have noted that

φa(z) =
a− z

1− az
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for all a and z in D. They are involutive Möbius transformations on
D.

Let dA be the normalized Lebesgue measure on Ω. We consider the
Bergman space L2

a(Ω) of holomorphic functions in L2(Ω, dA). The
reproducing kernel K(z, w) of L2

a(Ω, dA) is holomorphic in z and anti-
holomorphic in w, and∫

Ω

|K(z, w)|2dA(w) = K(z, z) > 0

for all z in Ω. Thus, we can define for each λ ∈ Ω a unit vector kλ
in L2

a(Ω) by kλ(z) = (K(z, λ))/
√
K(λ, λ). Given λ ∈ Ω and f any

measurable function on Ω, we define the operator Uλ on L2
a(Ω) by

Uλf(z) = kλ(z)f(φλ(z)). Since |kλ|2 is the real Jacobian determinant
of the mapping φλ (see [16]), the operator Uλ is easily seen to be a
unitary operator on L2

a(Ω). It is also easy to check that U∗
λ = Uλ;

thus, Uλ is a self-adjoint unitary operator. For any Ψ ∈ Aut (Ω), we
denote by JΨ(z) the complex Jacobian determinant of the mapping
Ψ : Ω → Ω. If a ∈ Ω, then (for reference, see [16]), there exists a
unimodular constant θ(a) such that

Jφa(z) = θ(a)ka(z)

for all z ∈ Ω. In the simplest case Ω = D, we have φa(z) =
(a− z)/(1− az) and Jφa(z) = φ′a(z) = −ka(z); thus, θ(a) = −1 is
independent of a. All the results proved in this work also carry over
to any bounded symmetric domain in C described above. Thus, there
exists no nonzero finite rank Toeplitz operator on the Bergman space
L2
a(Ω).
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