ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 43, Number 6, 2013

ON THE NUMBER OF ISOLATED VERTICES
IN A GROWING RANDOM GRAPH

ANATOLII A. PUHALSKII

ABSTRACT. This paper studies the properties of the num-
ber of isolated vertices in a random graph where vertices arrive
one-by-one at times 1,2,... . They are connected by edges to
the previous vertices independently with the same probabil-
ity. Assuming that the probability of an edge tends to zero,
we establish the asymptotics of large, normal, and moderate
deviations for the stochastic process of the number of the iso-
lated vertices considered at times inversely proportional to
that probability. In addition, we identify the most likely tra-
jectory for that stochastic process to follow conditioned on
the event that at a large time the graph is found with a large
number of isolated vertices.

1. A problem formulation and main results. The random
graph G(n,p), first studied by Gilbert [6], is defined as an undirected
graph on n vertices where the vertices are linked by edges independently
with probability p. A great deal of attention has been paid to the
asymptotic properties of the sparse graph G(n,c/n) as n — oo, see,
e.g., Bollobés [2], Janson, Luczak and Ruciiiski [10] and Kolchin [12].
In this paper, we investigate the dynamic of the number of the isolated
vertices in a growing version of the random graph G(n, ¢, /n) where new
vertices are added one-by-one. At time 0 no vertices are present and
the ith vertex, where i = 1,2, ..., arrives at time 7. It is connected to
each of the i — 1 previous vertices independently with probability ¢, /n.
Assuming that ¢, — ¢ > 0 as n — 0o, we obtain the asymptotics of
normal, moderate and large deviations for the suitably time-scaled and
normalised stochastic process of the number of the isolated vertices. In
addition, we find the most probable trajectory for the process of the
number of the isolated vertices to follow before time n conditioned on
the event that the number of the isolated vertices at time n is close to
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a multiple of n. As a byproduct, new derivations of the asymptotics of
normal and large deviations for the number of the isolated vertices of
G(n,c/n) are provided.

Let Vk(”) represent the number of the isolated vertices on the arrival

of the kth vertex in the graph with edge probability ¢, /n. Let a(k), for

k > i, represent a Bernoulli random variable which equals one if the kth

vertex connects with the ith present vertex. The a(k) are independent

with P(o; (") = 1) = ¢, /n. As mentioned, VE)( " =0 and V( " =1, so

adopting the conventions that [[ =1 and > = 0, we can write that
z z

1y v =y H al) Za(") €, keN,

where §; () k1 represents the indicator random variable of the event that
the ith vertex out of k — 1 present is isolated:

i—1 k—1
(1.2) en =Tla-af) TI a-af.
j=1 J=i+l

These equations are used to derive our main results.

Let us introduce the stochastic process X (™ (t) = V(nJ /m, where t €

R, and |-] denotes the integer part. Evidently, 0 < X (t) < |nt]/n.
Observing that the process (X(™(t), ¢t € R,) has a separable range,
we may and will consider it as a random element of the (nonseparable)
Fréchet space Do (R4, R) of R-valued rightcontinuous functions with
lefthand limits defined on R which is endowed with the compact open
topology and Borel o-algebra.

We say that a [0,o00]-valued function I on a metric space M is
a large deviation rate function if it is lower compact, i.e., the sets
{z € M : I(z) < ¢} are compact for all ¢ € Ry, and inf,emI(z) = 0.
Suppose {X (™) n = 1,2,...} is a sequence of random elements of M
endowed with the Borel o-algebra which have distributions P, Let
a, — 00 as n — oo. The sequence {X (™ n =1,2,...} is said to obey
the large deviation principle (LDP, for short) for rate a, with large
deviation rate function I if

lim sup L log P (F) < —inf,cpI(z2)

n—oo Qn
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for all closed sets ' C M and

1
lim inf — log P (G) > — inf I(z)

n—o0 Gy zeG

for all open sets G € M. Convergence in distribution of the X (") to an
M-valued random element X is defined similarly, see, e.g., Jacod and
Shiryaev [7].

For an R-valued absolutely continuous function z(-) defined on R,
we denote by #(-) a version of the Radon-Nikodym derivative of the
associated signed measure with respect to Lebesgue measure, so that
Z(t) exists for all ¢, is Borel measurable and is specified uniquely almost
everywhere with respect to Lebesgue measure.

Theorem 1.1. Let ¢, — ¢ > 0 as n — oo. The processes
(XM (t),t € Ry) obey the LDP in D.o(Ry,R) for rate n with large
deviation rate function

I(z()) = / sup ()\;t(t) — log ((e)‘ — e "+ ec(e_kfl)w(t))) dt,
0 AER

provided the function (z(t),t € Ry;) € Dgo(Ry,R) is absolutely

continuous, x(0) = 0, z(t) > 0 for all t € R4, and @(t) < 1 for

almost all t € Ry with respect to Lebesgue measure. If any of these

conditions is not met, then I(z(-)) = oco. The large deviation rate

function attains zero at the only function (te=* t € Ry). It represents

a law-of-large-numbers-limit of the X ™ (-), meaning that, for all € > 0
and T > 0,

lim P( sup | X () — te=<t| > e) —0.
n—00 te[0,7)

Remark 1.1. The theorem asserts, in particular, that I is a lower
compact function on D.,(R4,R) and on the subspace of continuous
functions with the subspace topology.

Corollary 1.1. Assume the hypotheses of Theorem 1.1. Given
T > 0, the random variables X ™ (T) obey the LDP in [0,T] for rate n
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with large deviation rate function

cT? 9 a
IT(a):T(oz—l) + (T —a)loga+a 1OgT—|—cToz ,

a being the unique nonnegative solution of the equation (1+a(e™T —
)T = a.

Given a € [0,T), for arbitrary e > 0,

lim limian( sup [ XM (t) — zar(t)] < e || XM(T) —a] < 7) =1,

y—0 n—oo te[0,T]
where zq,7(t) = (1 + ale™ ™ — 1))t

Remark 1.2. One can see that a = 1 if a = Te~ " which corresponds
to the law of large numbers so that Ip(Te “T) = 0. Also, o < 1 if
a>Te T, in particular, « =0if a =T, and o > 1 if a < Te™ 7.

Remark 1.3. If we indicate explicitly dependence on ¢ in Ir(a) by
writing Igf)(a), then we have the following scaling property Igf)(a) =
TI%CT)(a/T). Similarly, x((lczf(tT) = Txflc/:;)l(t) These properties are
consequences of scaling properties of the prelimiting sequences.

Theorem 1.2. Let y/n(c, —c¢) - 0 € R as n — oo, where
¢ > 0. Then the processes (Y™ (t),t € Ry), where Y (1) =
V(XM (1) — te=<t), converge in distribution in D.,(Ry,R) to the
diffusion process (Y (t),t € Ry) given by the equation

t t
Y(t)= / —20se”“*ds — c/ Y(s)ds
0 0

+ /t V(14 cs)e=es + (2cs — 1)e=2cs dW (s),
0

where (W (t),t € Ry) is a standard Wiener process. In particular,
for T > 0, the Y™ (T) converge in distribution in R to the normally
distributed random variable N(—0T%e=°T, (cT? — T)e 2T 4 Te=cT).
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Remark 1.4. The process (Y (t),t € R4) can be explicitly written as

t
Y(t)= -0t + e | e\/(1+cs)ecs + (2cs — 1)e=2¢s dW (s).
0

It is a Gaussian process with EY (t) = —0t2e = and cov (Y (s),Y (t)) =
(cmin(s,t)? — min(s,t))e ¢+ 4 min(s, t)e—cmax(st),

Theorem 1.3. Let (v/n/b,)(c,—c) — R asn — oo, where ¢ > 0,
by, — 00, and by, /\/n — 0. Then the processes (?(”) (t),t € Ry), where
Y (1) = (Vr/bn) (XM (t) — te=t), obey the LDP in Doo(Ry, R) for
rate b2 with large deviation rate function

dt

Ty()) = 1/“’ (5(t) + cy(t) + 20 te—<t)?
o=y o (I+ect)e=ct + (2¢t — 1)e—2¢t
if y(+) is absolutely continuous withy(0) = 0 and I(y(-)) = oo otherwise.
In particular, for T > 0 and € > 0,

lim P( sup [Y™ (1) —|—§t2€_0t| > 6) =0.
n—roo te[0,7)

Corollary 1.2. Under the hypotheses of Theorem 1.3, for T > 0,
the Y™ (T) obey the LDP in R. for rate b with large deviation rate
function R

N 1 2+ 0T?eT)?
Ir(z) = 5 2( 2T ) T
2(cI? —T)e 2T + Te~¢

Given z € R, for arbitrary e > 0,

lim liminf P sup |70 (6)—y.r(t)| < |[POT) - 2| <7) =1,

¥—0 n—oo tE[O,T]
where

z+ 0T2c—<T

y. (t) = —0t*e " + T T T ((ct2 —t)e " + t).

Now we give an overview of the related results and describe our
methods of proof. The LDP for the X (™) (1) asserted in Corollary 1.1,
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for the case where ¢, = ¢, has been obtained in O’Connell [15] who
uses combinatorial arguments and gives a different form of the large
deviation rate function. The central limit theorem contained in the
statement of Theorem 1.2 is a special case of the results in Barbour,
Karonski and Rucinski [1] who proved that a central limit theorem
holds for the number of the isolated vertices of G(n,p) if and only if
n?p — oo and np — logn — —oco as n — oo. Kordecki [13] and Punkla
and Chaidee [18] give the rates of convergence. Pittel [16] establishes
a central limit theorem for the number of the isolated trees of size
k =1,2,... considered as a stochastic process in k. It is also known
that if p = (¢, + logn)/n, where ¢,, — ¢ > 0, then the number of the
isolated vertices of G(n,p) is distributed asymptotically according to
the Poisson law with parameter e~¢, see Janson, Luczak and Rucinski
[10, page 80].

Janson [8, 9] provides a functional central limit theorem, akin to
Theorem 1.2, for the numbers of the isolated trees of various sizes in
the “graph process” where there are n vertices and the edges appear
independently at times distributed uniformly on [0,n]. In particular,
the limit for the process of the number of the isolated vertices is
a continuous path zero-mean Gaussian process (Y (t),t € Ry) with

cov(Y(s),Y(t)) = e *"t(min(s,t) — 1) + e~ ™D Tt can also be
written as dY(t) = —Y(t)dt + Ve t+e 20dW(t). One can sece
certain similarities with the process Y. For instance, if ¢ = 1, then
cov (Y (s),Y(t)) = min(s, t)cov (Y (s),Y (¢)).

For the proofs, we apply general results on the LDP and convergence
in distribution for semimartingales from Puhalskii [17] and Jacod and
Shiryaev [7], respectively. An application of the results from [7] to
equation (1.1) is fairly straightforward and enables us to establish
Theorem 1.2. The proof of Theorem 1.3 is more technically involved
but is, in essence, also a routine exercise on applying the results
from Puhalskii [17]. Corollary 1.2 is obtained as an application of
standard methods of the calculus of variations. Significantly more
effort is required to prove Theorem 1.1 and Corollary 1.1. The general
approach is to apply the results in Puhalskii [17] to the set-up of
Theorem 1.1 and “project” to obtain Corollary 1.1. However, checking
the requirements turns out to be difficult. The main problem is the

presence of boundaries as described next.
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An LDP like the one in Theorem 1.1 is not too difficult to establish
provided the supremum in the integrand is attained and the associated
A represents a bounded function of ¢. However, having x(t) in the
double exponential complicates things. If z(¢) tends to zero and ()
is negative, then the optimizing A tends to —oo. Another source
of difficulties is a linear rather than a superlinear growth of the log
function in the supremum as A — 4o00. Because of that, when &(t) = 1,
the supremum is “attained” at A\ = 4+00. A recipe for tackling situations
where the supremum in the expression for the large deviation rate
function either is not attained or is attained at unbounded functions
is to approximate the values of I at “bad” z(-) with the values at
“good” z(+). The implementation of this step is complicated by the fact
that the integrand in the expression for I cannot be found explicitly.
The approximation is accomplished in several steps and necessitates a
detailed study of the properties of 1.

Once a trajectorial LDP has been established, a finite-dimensional
LDP such as in Corollary 1.1 follows by the continuous mapping
principle. It thus requires solving the variational problem of minimizing
I over z(-) with 2(0) = 0 and z(T) = a. By the scaling properties
mentioned in Remark 1.3, it suffices to consider the case where T = 1.
At first sight, this variational problem is a classical Lagrange problem
and one can hope to find an optimal trajectory by solving the Euler-
Lagrange equation. However, the Lagrangian (i.e., the integrand) is
not of class C! up to the boundary of its domain of definition. It
is not even a Carathéodory function which seems to be a standing
hypothesis in the calculus of variations. Therefore, standard results
for the Lagrange problem are not applicable, cf. [3, page 30] and
[4, Section 3.4.2]. In addition, due to the constraint #(¢) < 1 this
is in effect a problem of optimal control. Furthermore, since z(t) is
restricted to being between 0 and ¢, it is a problem with state space
constraints, so an optimal trajectory may lie on the boundary. In fact,
when z(1) = 1, the optimal trajectory is z(¢) = ¢. In settings with
state-space constraints the necessary conditions for a trajectory to be
optimal such as Pontryagin’s maximum principle are quite involved,
see, e.g., [20]. Our approach to tackling the case where (1) < 1 is to
begin with finding an optimal trajectory which belongs to the interior
of the set of constraints between times 0 and 1 by using a standard
form of Pontryagin’s maximum principle, see, e.g., [3]. This is possible
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because on the interior of the set of constraints the Lagrangian is of
class C'. We succeed in finding an explicit solution of the associated
Hamiltonian system of equations. After that we show that trajectories
that reach the boundary between times 0 and 1 cannot be optimal. The
latter step is required because in order to prove the second assertion of
Corollary 1.1 it is essential that there be a unique optimal trajectory,
cf. [5]. In the absence of nice convexity properties, no general tools
for ascertaining the uniqueness of an optimizer seem to be available.
Therefore, we need to use fairly intricate arguments to show that any
trajectory that does not belong to the interior of the constraint set
yields a greater value of the objective function.

This paper is organized as follows. Sections 2 and 3 lay a foundation
for the proofs of the main results. Section 2 is concerned with the study
of the properties of the large deviation rate function I. In Section 3,
the above described variational problem is solved. Theorem 1.1 and
Corollary 1.1 are proved in Section 4, Theorem 1.2 is proved in Section 5
and Theorem 1.3 and Corollary 1.2 are proved in Section 6.

We conclude this section with a list of notation and conventions
adopted in the paper. We define 14(x) to equal one if x € A and
to equal zero otherwise, if x is an element of the sample space €2, it is
usually omitted; B(R) represents the Borel o-algebra on R. Subscripts
are used in order to denote partial derivatives with respect to the
variable(s) represented in the subscript. The pieces of notation f(v—)
and f(v+) refer to limits on the left and on the right, respectively.
For real numbers z and y, z Vy = max(z,y) and = A y = min(z,y),
0log0 = 0. Infima over the empty set are understood to equal infinity.
The abbreviation a.e. refers to Lebesgue measure. It is assumed that all
random entities are defined on a common complete probability space
(Q,F,P). All stochastic processes have rightcontinuous trajectories
with lefthand limits.

2. Technical preliminaries. This section collects the properties of
the integrand in the expression for I needed in the proofs of Theorem 1.1
and Corollary 1.1. Let ¢ > 0. We introduce, for t € R4, z € R and
AER,

(2.1) H(t,z,\) = log((e* — 1)~ + ec(eﬂ_l)(‘rvo“)).
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FIGURE 1. The large deviation rate function Iy (-).
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FIGURE 2. Optimal trajectories z4,1(-) for a = 0.1.
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Since
(22) (6)\ _ 1)67ct + ec(e_kfl)(:r\/O/\t) > (1 o efct) A efct7

this function is well defined. It is also infinitely differentiable in A, the
first derivative being given by

ere—ct _ Cef)\(x VvV OA t)ec(e_’\fl)(wVO/\t)
(6)\ _ 1)67ct + ecle=2=1)(zVOAL)

(2.3)  Hy(t,z,\) =

Lemma 2.1. The following properties hold.

1. The function H(t,x,\) is infinitely differentiable in (t,xz,\) on
the domain {(t,z,\) : 0 < x < t,A € R}. It is strictly convex
in A\ € R for (t,z) € (0,00) x R. Moreover, Hyx(t,z,\) > 0 for
(t,xz,A) € (0,0) x R x R.

2. Fort >0, z € R and A\ € R, the function Hy(t,xz,\) is
continuous in (t,x,\), strictly increasing in \, Hy(t,z,0) = e~ —
c(x VOAL), and imy_,oo Hr(t,2,\) = 1. If, in addition, x > 0, then
limy_s_oo Hr(t, 2, \) = —0c0 and, if x <0, then limy_, o Hr(t,z,\) =
0. Fort > 0 and x € R, the equation u = Hx(t,x,\) has at most one
solution for A\. The solution ezists if and only if either z > 0 and u < 1
orx <0 and0<u<l.

3. The function Hy(t,x, \) is Lipshitz continuous in © € R uniformly
over A > —f and 0 <t < T for arbitrary £ > 0 and T > 0.

Proof. The differentiability properties of H (¢, x,\) asserted in part 1
follow by (2.1) and (2.2). Also by (2.1),

H(t,z,\) = log/ eNmi(t, z, dy),
R

where, for t € R4, z € R and I' € B(R),

m(t,z,T) = e “1p(1)
+ (efc(:r\/O/\t) _ efct)lr(o)

= —clx 1
+ Z e—¢(@VOAL) o F(xVOAL)FLr(—k).
k=1
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If t > 0, then the measure m(t,z,-) is supported by more than point.
The Cauchy-Schwartz inequality implies that

2
/e)‘y m(t,x,dy)/ y2eV m(t, z,dy) > (/ yeV m(t,:v,dy)) ,
R R R

so Hax(t,z,A\) > 0 and H(t,z,\) is strictly convex in A. Part 1 is
proved. Part 2 follows by part 1 and (2.3).

To prove the Lipshitz continuity property, it suffices to prove that
sup |Hyx(t,x, \)| < oo.

A>—¢
0<z<t<T

Calculations show that, for 0 < z < t and A € R,
ce M1 —e Ne
(1 _ ef)\)efct + e—Aecle™* =1z

B (e=¢ + ce (1 — e N)e (e ™ — 1)64\6@(6—*71):;
((1 _ 67)\)67015 + efAec(efkfl)w)Q

Hm(t,x, )\) =

—ce .

Since (1 — e )e™ + e rece =Dz > o=ct f5r 0 < z < ¢, we obtain
that if A > —f and 0 < z < ¢, then

Hyg(t, 2, )| < cet(14+e9)+(14ce‘t(1+e"))e(ef +1 eeeceeted—kcee. ]
|

Let, fort e Ry, z € R and u € R,

(2.4) L(t,x,u) = ilelg(/\u — H(t,z, \)).

By Lemma 2.1, the maximizer in (2.4), if any, satisfies the equation
u = Hy(t,z,\). For the solution to exist, it is necessary that u < 1.
The purpose of the next lemma is to gather some useful inequalities
concerning that solution.

Lemma 2.2. Suppose that t > 0 and that A and u are such that
u= Hy(t,z,\).
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1. We have that A > 0 (respectively, A < 0) if and only if Hx(t,z,0) <
u (respectively, Hx(t,z,0) > u).

2. If A\ >0, then A < (—log(l —u))VO+log(l+c(xVOAL))+ ct.
3. If u>0, then

1

A (=log(1 — u) + logu + log(et/? — 1)).

4. If \ <0 and x > 0, then —\ < log(e™“"+|u|) —log(zVOAt) —log c.
5. If A <0 and u < 0, then —\ > log(—u) — ct.

6. If u > 0, then A > logu + log(e® — 1) A 0.

7. If X <0,u>0 and x > 0, then

1 1
—§(ct—|—1)—510g(u+c(a:\/0/\t))

1 1 1
S—/\S—ict—ilog(x\/O/\t)—ilogc.

8. Ifx <0 and u > 0, then A = —log(1 — u) + logu + log(e®* — 1).

Proof. Part 1 follows by the monotonicity of Hx(t,z,A) in \ (see
Lemma 2.1). If A > 0 and Hy(¢,z,A) > 0, then by (2.3),
e —c(xVOAL)
ere—ct +1 '
Thus, if u > 0 and A > 0, then e* < (1+c(xVOAL))e/(1—u). IfX >0
and u < 0, then by (2.3) e*e™ — ce™ (& V 0 A t)ecle " —DEVor)
so e < c(z VO At)et. Part 2 is proved.

Hy(t,xz, \) >

An algebraic manipulation of the equation u = Hy(t,x,\) yields,
provided u > 0,
exe*Ct(l —u) = ce*)‘(x VOA t)ec(e_xfl)(mvmt)

c(e™=1)(zVOAL) —ct
(2.5) + ue A ue
> Cef)\(x VOA t)ec(e_ —1)(xVOAL)

> ce~(1+e@VONA (1 0 A ),
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50 e(ZHe@VOAIA > cect (2 OAL) /(1—u) > cet/(2(1—u)) when 2 > t/2.
If z < t/2, then by the equality in (2.5), e e ™% (1—u) > u(e=/2—e~).
The assertion of part 3 follows.

If A <0, then by (2.3),

e—ct _ ce*)‘(x VOA t)ec(e_xfl)(:r\/O/\t)
(6)‘ _ 1)e—ct 4 ecle™*=1)(zVOAL)

—|U| S H)\(taxa )\) S

SO
_|u|ec(ef>‘—1)(z\/0/\t) < e—ct o ce_)‘(x VOA iL)e(,'(e*)‘—1)(?5\/0/\t)7

and ce Mz VOAL) < e + |ul, proving part 4.
By the equality in (2.5),

cef)\t > 6)\67075(1 _ u)efc(e_’\fl)(:r\/O/\t) —u+ uefctefc(e_xfl)(:r\/O/\t).

If w < 0 and A < 0, then the righthand side is greater than —u +ue™ .
Hence, the assertion of part 5.

To obtain part 6, we observe that by (2.2) and (2.3),

A, —ct

ere
Hy(t,z,\) < .
>‘( 1Ly ) — (1 _ €_Ct) A €_Ct

If A <0 and u >0, then
(2.6) et >ce Mz VOA t)ec(e_kfl)(wvmt) >ce Mz VOAL),

which implies the righthand inequality of part 7. For the lefthand
inequality, we write

e)\e—ct

u > ce Mz VOAL) >ete ™ —ce Mz VOAL),

= ecle>=1)(aVOAL)

where the second inequality follows by (2.6). Part 8 is a straightforward
consequence of the definition of A. O

The next lemma lists the properties of L(t,x,u) pertinent to the
proof of Theorem 1.1. If there exists a unique solution to the equation
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u = Hy(t,z,\), we let X(t,x,u) represent this solution. We define
A(t, z,u) = 0 otherwise.

Lemma 2.3. The function L(t,xz,u) is nonnegative. If t > 0
and either x > 0 and u < 1, or 0 < uw < 1, then L(t,x,u) =
:\\(t,x,u)u - H(t,x,X(t,x,u)). Fort > 0, L(t,x,u) is finite if and
only if either £ > 0 and u < 1 orx < 0 and 0 < u < 1. Also,
L(t,z,1) =ct fort € Ry and x € R, and L(t,z,0) = —log(1 — e~ ")
fort € Ry and x < 0. The function :\\(t,x,u) is continuous on
(0,00) % (0,00) X (—00,1) and on (0,00) x R x (0,1), A(t,z,1-) = co
and :\\(t,0,0—i—) = —oo for (t,x) € (0,00) x R. The function L(t,x,u)
is continuous on (0,00) X (0,00) x (—00,1] and on (0,00) x R x [0,1].

Proof. The function L(¢,x,u) is nonnegative because H(t,z,0) = 0.
The representation for L(t,z,u) provided ¢ > 0 and either z > 0
and v < 1, or 0 < w < 1, follows by Lemma 2.1. If v > 1,
then limy,oo(u — H(t,z,A\)/A) = u—1 > 0, so L(t,z,u) = oo. If
r <0 and u < 0, then limy_,_o H(¢,z,\) = log(1 — e~“!) whereas
limy—, o Au = co. The equality L(t,z,1) = ct follows because

L(t,z,1) = —infyer log(e ™ + e_)‘(ec(eﬂ_l)(‘"”vom) —e ),
where the infimum is given by the limit as A — co. For z <0,

L(t,z,0) = — AiIelglog((e’\ —De " +1),

where the infimum is given by the limit as A — —oo.

We establish the continuity properties of X(t,x,u) and L(t,z,u).
Suppose that either (¢,z,u) € (0,00) x (0,00) x (—o0,1) or (¢,z,u) €
(0,00) x R x (0,1). If (tn,2n,un) — (t,x,u) as n — oo, then by
parts 2, 3, and 4 of Lemma 2.2 the sequence X(tn,xn,un) is bounded,
so it has a convergent subsequence whose limit must coincide with
A(t,z,u) by the continuity of Hx(t,z,\) and the uniqueness of the
solution A to u = Hx(t,x,\). Hence, X(tn,xn,un) — X(t,x,u) as
n — oo which implies the continuity of X(t,x,u) and of L(t,z,u) on
(0,00) x (0,00) X (—00,1) and on (0,00) x R x (0,1).
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To prove the continuity of L(t, z,u) at (¢, z, 1), where (¢, z) € (0, 00) X
R, we consider (t,,z,) = (t,z) and u, T 1 as n — co. We have

L(tnaxnaun) = /)\\(tnaxnaun)(un - 1)

_ 1Og((1 _ ef)\(tn;wn;un))efctn

+ e—&(tn,fcn,un)ec(efj‘(t"’z”‘u")—l)(zn\/O/\tn)).

By Lemma 2.2 part 3, X(tn,xn,un) — oo as n — oo. By part 2 of
Lemma 2.2, X(tn,xn,un)(un—l) — 0. We conclude that L(t,, xn, un) —
ct = L(t,z,1).

We consider the continuity at (¢,z,0), where (t,z) € (0,00) X
(—00,0].  Suppose (tn,x,) — (t,z) and w, } 0. If z < O,
then x, < 0 for all n large enough, so we apply Lemma 2.2 part
8 to obtain that A(tn,zn,un,) — —oo and A(tn,Tn,un)u, — O.
It follows that H(tn,xn,/)\\(tn,xn,un)) — log(l — e™“") and that
L(tn,xn,uy) — —log(l — e ") = L(t,2,0). Suppose that z = 0.
Since Hy(tn,Tn,0) = e " —c(x, VOAL,) — et as n — oo, the
equation u,, = Hy(tn, zn, X(tn, Zn,Uy)) implies by part 1 of Lemma 2.2
that X(tn,xn, un) < 0 for all n large enough. By Lemma 2.2 part 6,
/)\\(tn, Ty Up ) Uy, — 0 asn — 0o. By the lefthand inequality of part 7 and

by part 8 of Lemma 2.2, X(tn, X, Un) — —00. The righthand inequality
of Lemma 2.2 part 7 implies that c(z, V 0 A t,)e”Mtn@nun) 5 (0 and
by (2.1), H(tn,Tn, AMtn, Tn,un)) — log(l — ™), so L(t,, Tn, un) —
—log(1 —e~°") = L(t,z,0).

Finally, X(t, x,1—) = oo by part 3 of Lemma 2.2 and X(t, 0,0+) = —o0
by part 8 of Lemma 2.2. O

The next lemma deals with the differentiability properties of L(¢t, z, u).

Lemma 2.4. The functions X(t, x,u) and L(t,x,u) are continuously
differentiable in (t,z,u) on the set {(t,z,u): 0 < x <t,u < 1}. For
these (t,xz,u), the following identities hold

o~

Atz u) = Ly (t, x,u),
Lt(tv x, U’) = _Ht(ta Z, X(ta Z, U)),
L.(t,x,u) = — Hy(t,x, ;\(t,x,u)).
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Also, )
ce” ¢
|Li(t, z,u)] < c+ Fpp—t

La:(tvxvu) S C,
c e 4 |ul

|L.(t,z,u)| <c+ = =

The functions Li(t,z,u) and L.(t,z,u) can be continuously extended
to the set {(t,x,u) : 0 <z < t,u < 1}. In addition, for every interval
[a,b] € Ry with a > 0 there exist C1 > 0 and Cy > 0 such that
L,(t,x,0) < =C1/\/x for all x € (0,C3] and t € [a, ).

Proof. Given (t,z,u) € (0,00) x (0,00) X (—00,1), we have by
Lemma 2.1 that HM(t,x,X(t,x,u)) > 0. Since u = HA(t,x,X(t,x,u))
and, by Lemma 2.1, H) (¢, z, \) is continuously differentiable in (¢, x, \)
provided 0 < z < t and A € R, by the implicit function theo-
rem the function A(¢,z,u) is continuously differentiable in (¢,xz,w) if
0 <z < tand u < 1. Tt follows that L(¢,z,u) is also continu-
ously differentiable. The equations L;(t,z,u) = —Ht(t,x,;\(t,a:,u)),
Lo(t,z,u) = —Hy(t, 2, A(t,z,u)) and Ly(t,z,u) = X(t,x,u) follow
in a standard fashion by differentiating the equation L(t,z,u) =
:\\(t,x,u)u - H(t,x,:\\(t,x,u)) and using that u = HA(t,x,X(t,x,u)),
cf. [4, page 138, Lemma 4.27].

By the definition of H(¢,z,\) in (2.1), for 0 < <t and u < 1,

Lt(ta z, U) = _Ht(tv Zz, B‘\(tv Zz, U’))
(27) - C(ej\(t,fc,u) _ 1)€—ct

o (ei\(t,m,u) —1e—ct + pc(eMtmw) 1)z

It follows that

L(t < —_—.
| t( vxvu)' Sc+ 1 — e—ct

Lo(t,z,u) = —Hy(t, z, A\(t, 2, 1))
(28) c(e—ﬁ(t,z,u) _ 1)6(:(675‘('5‘”‘")—1)?5

(eﬁ(t,fc,u) _ 1)€—ct + ec(efj\(twmwu)—l)fc ’



ISOLATED VERTICES IN A GROWING RANDOM GRAPH 1957

If A > 0, then (e — 1)e=t + ¢~z > eele =1z g4 that 0 <
L,(t,z,u) < cif A(t,z,u) > 0. If A\ <0, then

cle™ — 1)65(6—*71):; ce™
Y S Y
(6)\ _ 1)67ct + ecle™* =1z (6)\ _ 1)67015670(6 —1)z +1
ce

1 —e—ct’

IN

Hence, if X(t,x,u) < 0, then

—1%6_“ e*j\(t,w,u) < Lw(t, x, ’LL) <0.
By part 4 of Lemma 2.2, e=Mt2:w) < (e=¢t + |y|)/(cz). Combining the
cases A(t,z,u) > 0 and A(t,z,u) < 0, we obtain that

c e+ |u

Lfljt77 S
| Lot 2, )] c+1—e—0t cx

Let (tn, Tn,un) — (t,x,1) as n — oo, where 0 < x,, < 5, u, < 1 and
t > 0. By Lemma 2.2 part 3, X(xn,tn,un) — 00. By (2.7) and (2.8),
Li(tn, Tn,tn) = c and Ly (ty, Tn,u,) — 0, which shows that L;(t, z, u)
and L, (t,z,u) extend continuously to {(¢,z,u) : 0 < z < t, u < 1}.

Since Hx(t,2,0) = e~ — cx > 0 for all z small enough, X(t, z,0) <0
for t € [a,b] and all x < e~%/c. By (2.8), L.(t,,0) < —c(e~Mt2w) —
1). By Lemma 2.2 part 7, for all ¢ € [a,b] and all x € (0, (e~*/c) A a,
—X(t,x,O) > —(ct+1)/2 — (logx)/2 — (logc)/2. Hence, Ly(t,2,0) <
—eem(tHtD/2 ) [ — ¢ so one can take C; = \/ce (?+1)/2/2 and
Co = (e=*1/(4e)) A (e7*/c) Na. O

Remark 2.1. One can show, in addition, that limz—o L, (¢, z,u) =
ul0

limgz 0 Ly (¢, x,u) = —oo and limyqq Ly (¢, 2, u) = co.
ul0

We now concern ourselves with finding a lower bound on I(z(-)).
As a consequence of Lemma 2.3, if x(-) is absolutely continuous and
x(0) = 0, then

(2.9) I(z(-) = /ODO L(t, x(t), &(t)) dt.
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In particular, the righthand side equals oo if z(-) assumes negative
values because in that case fooo 1ity<oy (D) 1gz@y<oy(t)dt > 0, so
fooo 1{L(t,:r(t),jc(t)):oo}(t) dt >0 by Lemma 2.3.

Lemma 2.5. Given T > 0, there exists Ap > 0 such that, for all
absolutely continuous x(-),

T
/0 |(t) log(|2() )] dt < Ar(1 +1(z(-)))-

Proof. Since #(t) < 1 almost everywhere if I(z(-)) < oo, it suffices to
prove that there exists K (T') > 0 such that

T
(2.10) /0 |&(t) log (12() |1 {a(ey<—r ()3 () dt < Ap(1 +T(x(-)))

for some A}, > 0. By Lemma 2.1, on taking into account that
#(t) = 0 almost everywhere on the set {¢ : z(¢) = 0}, we have that
z(t) = H)\(t,x(t),X(t,x(t),x’(t))) for almost all ¢ such that &(t) < 0.
Since Hy(t,z,0) > e~“* —t, by Lemma 2.2 part 1, if K(T) > T, then
Nt, z(t),(t)) < 0 almost everywhere on the set {t : @(t) < —K(T)}.
By Lemma 2.2 part 4, (2.1) and (2.2),

(—ct) ANog(1 — e ") < H(t,z(t), )\(t,x(t) () < 1+ |%(t)],

which implies that fOT |H( t, 2(t), A(t, z(t), #(t)))| dt < co. The repre-
sentation L(t, z(t), &(t)) = A(t, z(t), &(t))i(t)—H (L, z(t), N(t, z(t), £(t)))
and (2.9) yield

/ A(t, (1), 3 (6)3(8) 1o <— sy (t) dt

T
ST—F/O | (t)|1a6)<—r ()3 () dt +T(z(-)).

By Lemma 2.2 part 5, if #(t) < 0 and X(t,x(t),:t(t)) < 0, then
—)\(t x(t),(t)) > log(—x(t)) — ct. It follows that

T
/0 16(8) log [(8)| Lagey <y (£)

T
<T+ (1 + CT) A |{E(t)| l{fb(t)g_K(T)}(t) dt + I(IE())
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Suppose, in addition, that log K (T') > 2(1+¢T"). Then |Z(t) log|Z(t)|| >
201+ cT)|x(2)| it (¢t) < —K(T'). Inequality (2.10) follows. o

3. Solving the variational problem. The purpose of this section
is a proof of the following result.

Theorem 3.1. The infimum of fol L(t,z(t),&(t)) dt over all abso-
lutely continuous functions x(-) such that x(0) = 0 and 0 < z(t) < ¢
for t € [0,1], and (1) = a € [0,1] is attained at a unique function
Tq,1(+) which is defined by xq1(t) = (1 + a(e™“* —1))t, where a is the
nonnegative solution of the equation 1+ a(e™® — 1) = a. In addition,

1

/ L(t,2q,1(t),%q,1(t))dt = g (o —1)? + (1—a)loga+a(loga+ac).

0

Remark 3.1. This theorem also delivers a solution to the problem of
minimizing fOT L(t,x(t), (t)) dt over nonnegative absolutely continuous
x(+) such that z(¢t) < t for t € [0,T], (0) = 0 and x(T) = a, where
T > 0and a € [0,7]. This can be seen by a scaling argument as follows.
If we indicate the dependence of L on ¢ explicitly by writing L) (¢, z, u),
then fOT L, x(t), &(t) dt = T [} LC(t,y(t), 5(t)) dt, where y(t) =
x(tT)/T. Thus, xar(t) = Txer(t/T) is the unique minimizer
and the minimum equals T((cT/2)(ar — 1)? + (1 — a/T)logar +
(a/T)(log(a/T) + arc)), where 1+ ar(e=<ToT — 1) = a/T.

The proof of Theorem 3.1 proceeds through a number of lemmas.
The next lemma describes some properties of the trajectory of interest.

Lemma 3.1. Given 0 < t1 < to and a < 1, there exists a unique
a € Ry such that 1 + ae= e=c@(t2=t) _ 1) = q; a = 0 if and only if
a=1. For z(t) = (1 + a(e e ct=t) _1))(t —t;) with t; <t <ty
and o > 0, the supremum in the expression (2.4) for L(t,xz(t),z(t))
is attained at N(t) = log(1 + et ec(t=11)(1 — &) /). In addition, for
s € [O,tg —tl],

t1+s 2
/ L(t, z(t), 2(t)) dt = % (a — 1)*+sloga+ts(l4 ale 17 1))
¢

1
1
x log (eCt1+acs (— — 1) + 1).
!
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Proof. With « = ca(ty — t1), the equation for a takes the form
re e = g +c(ty—t1)(a—1). Since a < 1, the latter equation has a
unique nonnegative solution. One checks that @(t) = H,(t, z(t), X(t))
The expression for the integral is verified by differentiation. O

Remark 3.2. An explanation of how A(£) has been found is given in
the proof of Lemma 3.3.

We now address the existence of a minimizer.

Lemma 3.2. The infimum of fol L(t,z(t), z(t)) dt over all absolutely
continuous functions x(-) such that x(0) =0, 0 < z(t) <t fort € [0,1],
and x(1) = a € [0,1] is finite and is attained.

Proof. The infimum is finite because fol L(t,2q,1(t),%a,1(t)) dt < 00
by Lemma 3.1. Let C[0, 1] denote the Banach space of continuous real-
valued functions z(-) defined on [0, 1] endowed with uniform norm. We
define a functional J on CJ0, 1] by letting J(z fo ,E(t)) dt
if () is absolutely continuous, z(0) = 0 and 0 g x(t) § t for

€ [0,1], and by letting J(x(-)) = oo otherwise. We will prove that J
is lower compact, i.e., the sets {z() : J(z(-)) < ¢} are compact for all
g > 0. That will imply that J(z(:)) attains infima on closed sets, so
infajec[oyl]:I(O)zoyw(l):aJ(Z‘(')) is attained.

Since L(t, z, u) is the convex conjugate of H (¢, z, A) in the last variable
(see (2.4)), we have by Young’s inequality that Au < H(t,z, RA\)/R +
L(t,z,u)/R for arbitrary R > 0. We let sign(z) = 1 if # > 0 and
sign(z) = —1 if x < 0. Given z(-) such that J(z(-)) < oo, we have
recalling (2.1) that, for 0 < s <t <1,

j2(t) — 2(s)] < / 140 (P () dr
<—/ H(r,2(r), R sign (i(r) (.. (r) dr

—/ (ryx(r),z(r))dr
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1 t
= E H(Tv x(r), R)l{w(r)ZO} (T) dr
1 /[t J(z(-
b [ H G20, Ry oy ) dr - T

Since R is arbitrary and 0 < xz(t) < ¢, the elements of the set
{z(-) € C[0,1] : J(z(-)) < ¢} are uniformly equicontinuous. Since
2(0) = 0 on that set, an application of the Arzela-Ascolli theorem
shows that the set in question is relatively compact in CJ0, 1].

It remains to show that J is lower semicontinuous. Suppose zp(-) —
z(+) in C[0,1] and J(z,(+)) < co. Let Ag represent the set of R-valued
simple functions on Ry. By (2.4) and [17, page 460, Lemma A.2],

n—oo

Jim inf / Lt o (1), (1))
0

= liminf sup /0 A&, (t) — H(t, zn(t), A(t))) dt

n—oo A(')GAO

> sup liminf /0 (E)ion () — H (2 (1), A1) dt

A(')GAO n—oo

1
— swp / (A () — H(t 2(t), A1) dt
0

A()EAo

_ /01 L(t, 2(t), #(1)) dt,

where the convergence of integrals follows by A(-) being piecewise
constant, (2.1) and (2.2). o

Remark 3.3. By Lemma 2.5, the set {x(-) : J(z(:)) < ¢} is relatively
compact for the weak topology on W11(0,1), so one may hope to
use the general theory such as [4, page 96, Theorem 3.23] in order
to deduce the lower semicontinuity of J. However, that doesn’t seem
to be possible because L(-) is not a Carathéodory function.

Remark 3.4. The lower compactness property of J(z(-)) is also a
byproduct of Theorem 1.1.
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As follows from Lemma 2.3 and Lemma 2.4, the integrand L(t, z, u)
does not meet the standard requirements for a minimizer to fol L(t, z(t),
z(t)) dt over absolutely continuous z(-) such that z(0) =0 and z(1) =
a, where a € [0,1], to satisfy the Euler-Lagrange equation, see, e.g.,
[4, page 125, Theorem 4.12]. Nevertheless, we will solve the equation
and show that it delivers the minimum. The next lemma provides the
essential stepping stone toward proving the optimality of the trajectory
appearing in Theorem 3.1. Let us denote ¥ = {(¢,2) : t > 0,0 < = < t}.

Lemma 3.3. IfZ(-) is a trajectory that minimizes f:fL(t, x(t), & (t))dt,
where 0 < t1 < ta, among all absolutely continuous functions x(-) such
that (t,z(t)) € & fort € (t1,t2), x(t1) =0, and z(t2) = a € [0,t2 — t1],
then

Z(t) = (L+a(e e =) — 1)) (t — ty),

where & is the unique nonnegative solution of the equation

a

1+ a(etemcalta—t) _ 1) = to —t1
2 — U1

Proof. 1If a = ty — t1, then there is a unique trajectory such
that z(t1) = 0, z(t2) = a and f:f L(t,z(t),2(t))dt < oo, which is
x(t) = t — t1. It satisfies the requirements with & = 0. We now as-
sume that a < to — t1. Consider ¢] and t;, with ¢; < t} < t§ < ta.
Then the piece of Z(t) for t € [t},t5] is an optimal trajectory which
belongs to ¥ and has (t7,Z(¢])) as the initial point and (¢}, Z(t})), as
the terminal point. Let 2} = Z(¢}) and 2, = Z(t}). We note that
by Lemma 2.3 we must have that Z(t) < 1 almost everywhere. Let-
ting u(t) = x(¢), we reformulate the variational problem of minimizing
;,12 L(t,x(t), z(t)) dt as the Lagrange optimal control problem of min-
imizing fttF L(t,z(t),u(t)) dt over absolutely continuous functions x(-)

1

and measurable functions u(-) subject to the constraints &(t) = wu(t),
x(t)) = x4, x(th) = x4 and u(t) € (—oo, 1] almost everywhere. We ap-
ply Pontryagin’s maximum principle, as in [3, pages 196, 197], with
A= {t2) : /2 < t < 2ty mingp ) 7(s)/2 < @ < t} and
U = (—o0,1]. By Lemma 2.4, the function L(¢,x,u) is continuous
on M = A x U together with L, and L;. By [3, page 197, Theorem
5.1.], if (2/(¢),t) < t < t}) is an optimal trajectory which belongs
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to the interior of A and (v/(t),t] < t < t,) is the associated optimal
control, then either there exists an absolutely continuous function X (-)
such that the following equations hold almost everywhere

Jda) ' (t) = (¢),
(3.1Db) N(t) = La(t,2'(t), v/ (1)),
and
(3.1c)
N (O (8) — L(t, 2/ (8), (1)) = sup(N (8)u — L(t,/(2), ),

uelU

which occurs if A\g in (5.1.3) [3, page 197] is positive, or u(t) = 1 and
#'(t) = 1 almost everywhere if Ag = 0. The latter function «'(-) does
not satisfy the requirements that 2/(t;) = 2} and a/(¢}) = =} if ¢} and
ty, are close enough to t; and t2, respectively, because a < t3 — t1, S0
we leave it out of consideration.

We note that Theorem 4.2.i [3, page 162], which is invoked for the
proof of Theorem 5.1.i there, requires that the optimal control be
bounded which we do not know a priori. However, Remark 5 [3,
page 167] allows us to incorporate unbounded controls by checking
condition (S). It stipulates that there exist a nonnegative Lebesgue
integrable on [t], t5] function S(t) and v > 0 such that for all ¢ € [t], 5]
and all (£,7) € A subject to the requirements that |t —¢| < ~ and
|Z — 2/ (t)| < the following holds

|Le(t,@,u' (1) + Lo (8,7, /(1)) < S().

Since by Lemma 2.4,

ce

|Lt(t,x,u)| S c+ 1_7€—ct

and

c e 4 ul
)

|Ly(t,z,u)| < c+ " -
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we can take v = minye( 1) (2'(t) A (t — 2'(t)))/2 and

ce ¢t bep© e~ + |u'(t)]

S(t) =  ——
(t)=c+ 1—ect 1—ect cy

We have thus checked the applicability of Pontryagin’s maximum
principle in our setting.

Since L(t,z,u) is the convex conjugate of H(t,x,A) in A (see (2.4)),
we have that the righthand side of (3.1c) equals H( x'(t), N (t)), so
sup, (M (t) — H(t,2'(t), N (t)) is attained at A = N(t), which im-
plies that N (¢) = A(t,2/(t),«'(t)) almost everywhere and u/(t) =
Hy(t,2'(t), N't)) almost everywhere. It follows that u(tf) < 1 almost
everywhere and that L,(t,2'(¢),u'(t)) = —H.(t,2'(t), N (t)) (for in-
stance, by Lemma 2.4). Equations (3.1a) and (3.1b) take the canonical

form
' (t) = Ha(t, 2'(t), N (1)),
N(t) = —H,(t, ' (t), X (t)).

Consequently,
(3.2a)
i(t) = N (De=et _ pee(e™ 0= 1)”_3 (/t)e_A O/ (t )7
(e () — 1)e—ct + ecle™> D —1)a'(1)
(3.2b) y / ,
)'\’(t) _ cecle ™ —1)z (t)(ef)\ ) _ 1)

(eN () —1)e—ct 4 ecle™ O —1)a’(t)”

Let us introduce

(33&) y(t) _ ec(efxl(t)—l)fc’(t)
and
(3.3b) u(t) = (O — 1)t

We note that y(¢) > 0 and y(¢) + u(t) > 0 (see (2.2) for the latter).
Equations (3.2a) and (3.2b) imply that
(3.4a) (t) = _ey@p(t)

y(8) + pu(t)’

c 2
(3.4b) f(t) = —ﬁ.
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The righthand side of (3.4b) is Lipshitz-continuous in p(t) in a small
enough neighborhood of ¢}, which implies that if u(¢]) = 0, then that
equation has the unique solution p(¢) = 0 in such a neighborhood. By
(3.4a), y(-) does not vary over that neighborhood, so we can apply this
argument repeatedly to conclude that u(t) = 0 for all ¢ if u(t)) = 0.
By (3.3b), X' (t) = 0 and, by (3.2a), @'(t) = e~ — ca/(t), so

(3.5) 2/ (t) = (2 +t — t))e =t

It is an admissible trajectory provided () + th — t})e~¢(t2=1) = g1,
Since 2} — 0 and =4, — a as t] — t; and t§, — t2, this condition implies
that (ty —t1)e~“(>=*1) = q. We then obtain the assertion of the lemma
with & = 1.

We now solve the equations assuming u(t}) # 0. By (3.4b), u(t)
is monotonically nonincreasing, so p(t) maintains its sign provided
u(th) < 0. Suppose pu(t)) > 0, and let £ = inf{t > ¢; : u(t) < 0} < co.
Since y(t) > 0, we have that (t) > —cu(t) for t < £, so that
w(t) > p(t)) exp(—c(t — t})), which implies that { = co. Thus, ju(t)
also maintains its sign if p(¢)) > 0. Since u(t) # 0 and y(¢) # 0 for
all ¢, we can divide the righthand sides of (3.4a) and (3.4b) by y(?)
and u(t), respectively, to deduce that g(t)/y(t) = u(t)/u(t). Therefore,
y(t) = Ku(t) where K # 0. Since y(t) + u(t) > 0 and y(t) > 0, we
also have that (K +1)/K > 0, so either K < —1 or K > 0. By (3.4b),
p(t) = pt)) exp(—(c/(1 + K))(t —¢})). With « = K/(K + 1) and
B = y(t}), we deduce with the aid of (3.3a) and (3.3b) that

—ct /
€ —c(a’=1)(t—t/ 10g6
v ) = (HO‘/(TG o _1)) (t_tll - m)

)\/(t) -1 /1 —a ct c(a/—1)(t—t})
= log 1 +ﬁ T@ e v,

where o/ > 0, o/ # 1, and 8/ > e~°1. Substituting ¢ = | and t = ¢}
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in (3.6a), we obtain that

(3.7a)
—ct’ !/
r_ fe log 8
m1‘<”°‘< 7 1>>c<a'—1>’
(3.7b)
€_Ct,1 _ea (t—t log ﬁ/
9”/2:(1”‘/( e tl)”))(t’?‘ﬂ‘cu a’))

Besides, noting that y(t}) = (¢//(1—a'))u(t}), we can see that if &' > 1,
then u(t}) < 0, so by (3.3a) and (3.3b) 8’ = ¢/(t}) > 1. Analogously,
if o/ <1, then 8’ < 1. Therefore, log 8'/(1 — ') < 0.

We now let t) — t; and t;, — t2. Since z} = Z(t}) and af, = Z(t}),
we have that 2f — 0 and 24, — a. We show that 3 — 1. The
bound A > e~“"1 implies that liminf 8/ > 1. Let 3" be a subsequence
with lim 8” = limsup 8’. The inequality log8'/(1 — /) < 0 implies
that th — ¢} — (log 8')/(c(1 — &’)) > t5 — t}. Therefore, the lefthand
multiplier on the right of (3.7b) is nonnegative, which yields

—ct}
(3.8) 1+ o/(e - . 1) > (o —1)(ec (t2=t) _ 1),
Let o be the subsequence associated with §”. If o/’ > 1 eventually,
then by (3.8), the (1 + o(e~“"1 /8" — 1))/(a’ — 1) are eventually
bounded from below by a positive quantity, so the convergence of the
righthand side of (3.7a) to zero yields the convergence limlog 8" = 0.
If «” < 1 infinitely often, then 8” < 1 infinitely often (recall that
log8'/(1 — ) < 0). It follows that lim3” < 1. The convergence
B — 1 has been proved.

By (3.8), the net o’ is bounded. Let & represent a limit point.
The convergence of the righthand side of (3.7a) to zero implies that
log8'/(1 — ') — 0. By (3.7b),

1 + a(e—ctle—cd(tg—tl) _ 1) _ . a t ’
2 — U1

which has a unique positive solution. It follows that o/ — @. Since
@'(-) = () on [t,15], by (3.6a), F(t) = (L+a(e e eat=1) —1))(t —
tl). O
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In the next two lemmas we eliminate from the list of potential min-
imizers trajectories that hit zero before reaching the final destination.
We first show that a trajectory that spends nonzero time at zero cannot
be optimal.

Lemma 3.4. Ifxz(-) is a trajectory with (0) = 0 and 0 < x(¢t) <t for
t € [0,1] such that [} L(t,z(t), (1)) dt < 0o and [y 1pe—o)(t) dt > 0,
then there exists a trajectory T(-) with the same initial and terminal
points such that [} L(t,Z(t), (1)) dt < [ L(t,x(t),&(t)) dt.

Proof. The trajectory that “does better than z(-)” will be ob-
tained by applying a small perturbation to z(-). We denote v =
Iy Lia—oy () dt > 0. Let t; = inf{t > 0 : z(t) < t}. Let to rep-
resent a Lebesgue point of x(-) in the interval ((1 —~/2) V1, 1]. Given
€ >0, let 7. = inf{t > t; : z(t) < ¢t —e}. Obviously, 7. > e. We
introduce a variation z.(-) of x(-) by letting z.(0) = 0 and

Te(t) = Lio,(tr+e)nr) (B) + ()L 1e)nre ta—e) (1)

42 (2(t2) = 2elt2 — DLty (8) + (01,1 (1)

For e small enough, 0 < z.(t) < t for t € (0,t2), z(t) = z(t) = t for
t €[0,t1], (t) < x(t) < x(t) + € for t € (t1,t2 — €], and z(t) = z(t)
for ¢t € [ta,1]. Since Ly(t,z,u) < ¢ for z € (0,¢) by Lemma 2.4 and
Ze(t) = @(t) for t € [(t1 + €) A Te, t2 — €), we have that for almost all

te[(t1+€)ATe,ta —e),

(3.9) L(t,z(t), 2 (t)) — L(t, z(t), z(t)) < ce.

Since, by Lemma 2.4, L,(t,2z,0) < —C1/+/z for all t € [¢,T] and all
x € (0,C%], where C; > 0 and C3 > 0, we have, recalling that &(t) =0

almost everywhere on the set {t : x(t) = 0}, that for all € small enough,
almost everywhere on the set {t : z(t) = 0} N [(t1 + €) A 7, t2 — €),

(3.10) L(t,x(t),zc(t)) — L(t,z(t), 2(t)) < —2C1V/e.
By Lemma 2.3, for ¢ € [t1, (t1 + €) A Te),

(3.11) L{t,z(t), i (1)) = ct.
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On the interval [t2 — €, t2), the derivative of z.(-) equals (z(t2) — x¢(t2 —
€))/e. Since the (x(t2) — x(t2 — €))/e converge to a finite limit as e — 0
and x(ta —€) < zc(t2 —€) < z(te —€) + €, the net (z(t2) — zc(t2 —€))/e€
is bounded for all € > 0 small enough. If z(¢2) > 0, then the
infer, e 1,7 (t) are bounded from below for all small enough ¢ > 0
by a positive number, so the function L(t,zc(t),Z.(t)) is essentially
bounded on [t — €, t] uniformly in € because L(¢, x, u) is continuous on
(0,00) x (0,00) X (—00,1] by Lemma 2.3. In that case, we have that,
for some B > 0, for almost all ¢ € [t2 — €, t2]

(3.12) L(t, z.(t), ic(t)) < B.

Suppose z(t2) = 0. Let ue = —zc(t2 —€)/e. Since z(t) > 0 for ¢t €
(0,t2), by Lemma 2.3, X(t, x(t), ue) is well defined on [ta — €, t2]. Since
the u. are bounded for all € > 0 small enough and z(t) = (t — t2)ue
for t € [t2 — €, 2], by Lemma 2.2 part 4, there exists C3 > 0 such that

Xtz (1), ue) < Cs(1 —log((t — ta)ue)) for all t € [ty — €, t5) and all
€ > 0 small enough. Hence, A(t, z¢(t), ue)ue < Cs(1—log((t—ta)ue))|uel-

By Lemma 2.2 parts 2 and 4 and by (2.1), the H (¢, z(t), A(t, z(t), ue))
are bounded on [ta — €, t2] uniformly in e. Since

Lt, 2 (), ue) = Nt 2e(t), uc)ue — H(t, me(t), AL, zc(t), ue)),

for some Cy > 0 and all € > 0 small enough,
ta
(3.13) / L(t,xc(t), () dt < —Cyeloge.
to—e
By (3.9)—(3.13), for all € > 0 small enough and some C5 > 0,
! g
/ L(t,xc(t), z(t)) dt < 2ce — <§ — 26) 2C1 e — Cseloge
0

1
+/0 L(t, x(t), &(t)) dt.

Hence, if € > 0 is small enough, then

/1L(t,x€(t),:t6(t))dt</1L(t,x(t),a‘c(t))dt. o
0 0
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The next lemma deals with trajectories that hit zero finitely many
times.

Lemma 3.5. If z(-) is a trajectory such that x(t;) = 0 for i =
0,1,...,k — 1 and z(t) > 0 for all other t € (0,tx), where 0 =
tg < t1 < tg < -+-- < t < 1, then there exists a trajectory Z(-)
with £(0) = 0, Z(t) > 0 for t € (0,tx), and T(ty) = x(tx) such that
JoF Lt E(), 2(8)) dt < [o* L(t, x(t), @(t)) dt.

Proof. It suffices to consider the case k = 2. Suppose z(+) is optimal.
Then it yields optimal ways to get from (0,0) to (¢1,0) and from (¢1,0)
to (t2,x(t2)) staying in ¥, so by Lemma 3.3,

)= 1 +ag(e ™ = 1))t for0<t<ty
and

2(t) = (1+ ag(e™Me 200 — 1))t — 1) for ty <t <y,

where a1 and ag are the unique positive solutions of the respective
equations

I+ap(e @ —1)=0

and

1+a2(e—ct1 e—(:()zg(tg—tl) o 1) _ tx(tQZ )
2— U

We note that z(+) is twice continuously differentiable in a left and in a
right neighbourhood of ¢; and the derivatives have finite limits at ¢q,
in particular, #(t1—) < 0 < &(¢1+). By Lemma 3.1, for ¢ € [0, #1],

L(t, 2(t), #(t)) = log (1 Lo )

aq
x (—caZe M £ 1 4 oy (et — 1))

+logay — ¢(aq — 1)t.
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In particular, limyy, L(t, (t), 2(t)) = oo.

Given € > 0 small enough, let t1 = sup{t < t1 : z(t) = €} and
to,. = Inf{t > ¢1 : z(t) = e}. We define z.(t) by letting x.(¢) = z(¢) for
te [O,tLe] and t € [t276, tg] and xe(t) =cforte [tl,e; t27e]. ‘We have

/QL(t,x(t),x'(t))dt —/QL(t,xe(t),:te(t))dt
0 0
:/IL(t,x(t),j;(t))dt

t1,e

+ /t L(t, 2(t), &(t)) dt

t1

t2, e
- / L(t, e, 0)dt.

t1,e

Since L(t,z(t),z(t)) — oo as t 1T t; and L(t,¢,0) — L(t1,0,0) =
—log(l—e ) ast — t; and € — 0 (Lemma 2.3), we conclude that,
given arbitrary B > 0, for all € > 0 small enough,

/ : L(t,z(t),&(t)) dt  — / ’ L(t,z(t), ic(t)) dt
0 0
> B(t1 —t1e)
+ (log(1 — ™) — 1)(ta,e — t1,c)-

We have that €¢/(t1 — t1,) = —&(t1—) > 0 and that €/(t2c — t1) —
z(t1+) > 0 as € — 0. Therefore, for all ¢ > 0 small enough,
t1 — t17€ > —6/(23'3‘(251—)) and t27€ -t < 26/$'(t1—|—). We obtain that, if
€ is small enough and B is large enough, then

/QL(t,x(t),:t(t))dt —/ZL(t,xe(t),:te(t))dt
0 0

> (B +log(l —e~1) — 1) ——

—2i(t;—)
2¢

+ (log(1 —e 1) —1)—/——.
(og(1 = ™) ~ 1)
If B is large enough, then the righthand side is positive for all € > 0.
It follows that z(-) meets the requirements for Z(-) in the statement
of the lemma. ]
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Proof of Theorem 3.1. If a = 1, then there is the unique trajectory
x(t) = t with fol L(t,z(t),%(t)) dt < oo which corresponds to o = 0.
Suppose a < 1. According to Lemmas 3.3, 3.4 and 3.5, the proof will
be complete if we show that a trajectory that assumes the value of zero
infinitely many times and spends no time at zero cannot be optimal.
Suppose that z(¢) = 0 at infinitely many points ¢ in (0, 1). Pick ¢; and
to with 0 < t; < t2 < 1 and z(¢1) = x(t2) = 0 such that z(-) attains
zero at some t3 € (t1,f2). Then the set {t € (¢t1,¢3) : x(t) > 0} is
expressed as a disjoint union of possibly empty intervals U2, (s;,7;).
Since Y2, (ri — s;) = t3 — t1, given € > 0, there exists N such that
Yoo n41(ri — ;) < e. We note that the set Ve = (t1,t3) \ UX, [s;, 7]
can be expressed as a finite union of disjoint open intervals. We define
z(-) as coinciding with x(-) on the set U, = UY ,(s;,7;) and by being
of the form given in Lemma 3.1 (or Lemma 3.3) for a = 0 on the finite
collection of intervals that make up the set V. It follows by Lemma 3.1
that, for an interval (u,v) € V,

/v L(t,zc(t), () dt = %c(& —1)%*(w —u)*+ (v —u)loga,

where 1+ a(e % e=¢(v=%) — 1) = 0. The latter equation implies that
l<a<1/(1—e ). Since u > t;, we obtain that

/U L(t,xc(t), z(t)) dt
—u)? — (v —u)log(l — e ™).

Since the total length of the intervals in V. is less than ¢, for some
constant K which is a function of ¢ and conly, [,, L(t,z(t), &c(t)) dt <
Ke. Therefore,

(3.14) /t?’ L(t, ze(t), dc(t)) dt < /tS L(t, o(t), &(t)) dt + Ke.

Let z(-) represent the function defined on [t1,¢3] as in Lemma 3.1 for
a = 0. By Lemmas 3.3 and 3.5,

/ ’ L(t,%(t), (1)) dt < / . L(t,z(t), ic(t)) dt.

t1 t1
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Since € > 0 is arbitrary, by (3.14),

(3.15) /t?’ L(t, 2(t), #(1)) dt < /tS L(t, 2(t), (1)) dt.

t1

Similarly, if Z(-) represents the function defined as in Lemma 3.1 on
[t3, t2] for a = 0, then

(3.16) /t2 L(t, #(t), £(t)) dt < /tg L(t, 2(t), &(t)) dt.

t3

By Lemmas 3.3 and 3.5, for the function Z(-) defined on [t1, 2] as in
Lemma 3.1 for a = 0, we have that

/:2 L(t,Z(t),z(t)) dt < /tts L(t, #(t), £(t)) dt

(3.17) .
+/ L(t, &(t), &(t)) dt.

t3

Putting together (3.15), (3.16) and (3.17), we conclude that

/:2 L(t,Z(t),z(t)) dt < /tz L(t,z(t), 2(t)) dt.

t1

Thus, z(-) is not optimal. O
4. Proofs of Theorem 1.1 and Corollary 1.1.

Proof of Theorem 1.1. We apply Theorem 5.4.2 [17, page 417] to the
semimartingales X (")(-). Let u(™)(-) represent the measure of jumps of
X () (.) defined by

[nt]
p™([0,4],T) = Z Liax ™) (i/n)er\{o}}

i=1

where AX () (s) = X" (5)=X () (s—) and T € B(R). Let the complete

o-algebra F\™ on Q be generated by the random variables 041(.2), where
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k=1,2,...,|nt] and i < k. The predictable measure of jumps of
X ™) (.) relative to the filtration F(™) = (.7-',5("), t € Ry) is defined as

nt]
y(0,4.T) = > PAX ™ (ifn) e T\ {0}|FLY, )

=1

By (1.2), the random variables £(k 1, where i = 1,2,... k — 1,
are -7:((1@11) /p~Measurable. Since Elel 51'(,7@)—1 = Vk(f)l (which follows
from (1.1) and (1.2) by induction), the rightmost term of (1.1) has a
binomial distribution with parameters Vk@1 and ¢, /n when conditioned

on .7:((:11)/”. Therefore, by (1.1), for m being a nonzero integer,

k—1
n n n CTL

() ! LR
V n Cn
5> ( )(—) (1-%) " 1o

so using that X (™ (t) = VL(Z)J /m, we obtain that

(4.1) v ([0,4],T) = % 7 (X<”> (%)r)

k=1

where ﬁl(c”) (

(4.2) -
A= (1-2) oy

. Ln(wVOAgc:l)/n))J (Ln(x VOA ((k ~1)/n))] ) <c_ﬂ)]

x,), for x € R, is a measure on B(R) given by

n
j=1 J

1-
n

4]

e\ LPEVOAE=1)/m)) |
( ) i

0, denoting the Dirac measure at y.
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Obviously, fR e*y'ﬁlgn) (z,dy) is finite for all A € R and = € R, so
condition (5.4.4) [17, page 415] and condition (5.4.6) [17, page 416]

hold with ay = B¢ = n, and z’/\f/%(ﬁgb dr;u) = ﬁlgn)(u,dx). We

introduce, for t € Ry, 2 € R and A € R, the analogue of g¢(\;u)
in [17, page 417] with r4 = n by

H(")(t, x,\) = log (1 + /R(ekny _ 1)DEZZJ+1(x,dy)>

= log ((eA —1) (1 - %) "

[n(zVOAL) |

N Z eAj<Ln(x\/jO/\t)J)(%>j

j=0

< n > [n(zVOAL) ] ])
Xx|1—-— .
n

Since by Le Cam’s inequality, see, e.g., Steele [19], for x € R,

- (Cn\_nxJ/n)J —cplnz]/n 2\_TL£CJC?,L
vy e T

L]

D

Jj=0

j=lna)+1
recalling (2.1),

lim sup sup |[H™ (s, z,\) — H(s,z,\)| =0,

N—=00 <t z€R

which checks the condition of the convergence of integrals in the
statement of Theorem 5.4.2 [17, page 417] with g ,(A\;u) = H(s,u, A).
We note that g,(;u) is continuous in u by (2.1). The linear growth
condition g,(A;u) < gs(JA[(1 + |u])) in [17, page 417] is met for
Gs(v) = cel’l —log(1 — e=%).

By Theorem 5.4.2 [17, page 417], the X(™(-) obey the LDP with
large deviation function I for the Skorohod Ji-topology on the space
of rightcontinuous functions on R with lefthand limits provided any
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solution IT of the maxingale problem (0,G) as defined [17, page
202] is of the form II(x()) = exp(—I(z(-)), where the cumulant
G = (G¢(N;z(+))) is given by

(4.3) Gi(A;z(4)) :/0 H(s,x(s), ) ds.

We note that this cumulant can be represented as in equations (2.7.7)
and (2.7.13) [17, page 175 and 177], where bs(z(+)) = Hx(s, z(s),0) and
Gs(Nsz()) = H(s,x(s),\) with H(s,z,\) = H(s,z,\) — Hx(s,z,0)\.
We verify for these functions conditions I and II [17, pages 215 and
216]. Condition I [17, page 215] holds by the form of Hj(¢,z,0) given
in Lemma 2.1. By Lemma 2.1, the function H(s,z,\) is nonnegative
and convex in A, is continuous in (z,\) € R x R, and, for all B € Ry
andt € Ry,
sup sup ﬁ(s,m, A) < o0,
|z +A|<B s<t

lim sup supﬁ(s,m,/\) =0.
A=0|21<B s<t

This implies condition II [17, page 216].

Let IT represent a deviability which solves the maxingale problem
associated with (G¢(A; z(+)). We need to show that II(z(-)) = II(x(-)).
It is always the case that II(z(-)) < II(z()), see [17, page 174, Lemma
2.7.11] or [17, page 212, (2.8.11)], so we may assume that II(z(-)) > 0.
According to the definition of I, if TI(x(-)) > 0 then xz(-) is absolutely
continuous, xz(0) = 0, z(t) > 0, and #(¢t) < 1 almost everywhere.
Given z(-) with II(z(-)) > 0, we define a function A(-) by setting
A(t) = At z(t),#(t)) if t > 0, z(t) > 0 and #(t) < 1. We also let
At) = o0 ift > 0 and #(t) = 1, and we let A\(t) = —oc0 if t > 0 and
x(t) = 0. A final specification is that A\(0) = 0. Since X() is continuous
on (0,00) x (0,00) X (=00, 1) by Lemma 2.3, the function A(-) is a Borel
measurable mapping from Ry into R U {oo} U {—o0o} if the latter is
considered as a compact metric space.

We will first show that II(xz(-)) = II(z(-)) for the elements of the
set D of x(-) such that II(z(-)) > 0 and the function A(-) is R-
valued and is locally bounded in R. By Lemma 2.1, for such z(-),
z(t) = Hx(t,z(t), A(t)) almost everywhere and x(-) is uniquely spec-
ified by this differential equation, the function A(-) and the initial
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condition z(0) = 0. Suppose z(-) € D. The required uniqueness is
established by checking the hypotheses of Theorem 2.8.14 [17, page
213]. More specifically, conditions a) and b) of the theorem need to
be checked. Since the function A(-) is locally bounded, it belongs
to class A of Definition 2.8.17 [17, page 216]. By Theorem 2.8.19
[17, page 217] it satisfies condition a) of Theorem 2.8.14. Since the
differential equation &(t) = Hx(t,z(t), A(t)) almost everywhere has a
unique solution with the initial condition #(0) = 0, Lemma 2.8.20 part
2 [17, page 218] shows that Theorem 2.8.14 condition b) is satisfied
as well. According to that theorem, II(z(-)) = II(x(-)). Moreover,

supy(,)ep;l(mz(,))H(y(-)) = II;(z(")), where pi(z(-)) = (z(t A s),s €
R.) and I (z(:)) = exp(— fg L(s,z(s),z(s)) ds).

By Lemma 2.8.26 and Definition 2.8.24 [17, page 222], in order to
prove that II(x(-)) = II(x(-)) for arbitrary x(-) with II(z(-)) > 0 it
suffices to show that there exists a sequence of functions zy(-) € D,
where k € N such that, for all T € R,

(4.4a) lim sup |zg(t) —x(t)] =0
k=00 e, 1]
and
T T
(@Ab)  lim [ Lt ze(t), dx(t)) dt = / L(t, 2(t), (1)) dt.
k— o0 0 0

We establish the required properties in stages. As Lemma 2.2 shows,
the function A(-) may become unbounded or not R-valued either
because x(-) comes close to zero, or because z(+) is close to 1, or because
z(+) is large negative, or because t approaches zero. We will successively
deal with all these complications. Firstly, we will show that, given z(-)
such that II(z(-)) > 0, there exists a sequence xj(-) of functions such
that TI(xzg(-)) > 0, xx(t) > ext for all ¢ > 0 and some g, > 0, and
(4.4a) and (4.4b) hold. Then we will show that, given x(-) such that
II(x(:)) > 0 and x(¢t) > et for all t > 0 and some ¢ > 0, there exist zx(-)
such that II(zx(-)) > 0, xx(t) > et for t > 0, the associated functions
A(+) are bounded in neighborhoods of ¢t = 0, and (4.4a) and (4.4b) hold.
As a final step, we approximate in the sense of (4.4a) and (4.4b) an
arbitrary x(-) such that II(z(-)) > 0, z(t) > et for t > 0, and A(-) is
bounded in a neighbourhood of ¢t = 0 with xx(-) € D.
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Here is the first step. Given z(-) such that II(z(-)) > 0, we de-
fine zx(t) = x(t) vV (t/k). We have that &x(t) = ©(t)1{z)>¢ k) (t) +
(1/k)1{o(#)<t/ky (t) almost everywhere. It is clear that the xx(-) con-
verge to z(-) for the compact open topology as k — oo, i.e., (4.4a)
holds. We write

T T
[ bt de= [ L. 60 om0 de
0 0

T t 1
+/ L(t,—,—)l . ey (1) dt.
0 Lk {z(t)<t/k}

By Lemma 2,3, for t > 0 and k > 1,

(4.6) L<t, % %) - w — %,X(t,t/k, 1/k)>.

(4.5)

By the expression for Hy(¢,2,0) in Lemma 2.1 part 2, for all k large
enough, uniformly in ¢ € (0,T], Hx(t,¢/k,0) is arbitrarily close to e™¢,
so it is greater than 1/k, which implies by Lemma 2.2 part 1 that
N(t,t/k,1/k) < 0 for all k large enough uniformly in ¢ € (0, T]. By (2.1),
uniformly in ¢ € (0, T, for all k large enough, H (¢, t/k,i(t, t/k,1/k)) >
log(1 — e™¢), so that by (4.6) 0 < L(t,t/k,1/k) < —log(l — e™°).
Since, by Lemma 2.3, L(t,t/k,1/k) — L(t,0,0) as k — oo for ¢ > 0,

on applying Lebesgue’s bounded convergence theorem,

k—o0

T T
. t 1
lim L <t, e E) 1{:r(t)<t/k}(t) dt = / L(t,0, 0)1{I(t):0} (t) dt.
0 0

We conclude by (4.5) and monotone convergence that (4.4b) holds.

We proceed with step 2 of the approximation procedure and consider
x(+) such that II(z(-)) > 0 and z(t) > et for all ¢ € (0,7] and some
e € (0,1). We approximate it with a sequence of xj(-) which have all
these properties and, in addition, are such that the associated functions
A(+) are bounded in neighbourhoods of t = 0. We define xj(¢t) for
t € [0,1/k] as in Lemma 3.1 with ¢; = 0, t2 = 1/k and a = z(1/k), i.e.,

2 (t) = (1+ ag(e " = 1)t1g,1 /5 (t) + ()1 (1 /k,00) (1),
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where «y is the unique nonnegative solution of the equation (1 +
ap(e=c@/k —1))/k = x(1/k). The function oy (e~ “*** — 1) being
decreasing in ¢, we have that, for ¢ € [0,1/k],

(14 ag(e @ — 1))t > (1 + ap(e /F — 1))t = ka(1/k)t > et,

so xp(t) > et. It is readily seen that z,(t) < t. By Lemma 3.1,
Mty zg(t), 2, (1)) = log(1l + (1 — ag)e™“/ay,) for t € [0,1/k], so the
functions Ag(t) = A(t, xk(t), £ (t)) are bounded on [0,1/k].

Convergence (4.4a) obviously holds. In order to establish (4.4b), one
needs to prove that

1/k 1/k
lim L(t,x(t),z(t))dt =0, lim L(t,xp(t), 2k (t)) dt = 0.

k—o0 Jq k—o0 Jq

The first limit follows because I(x(-)) < oo. The second limit fol-

lows from the first because by Remark 3.1, fl/k L(t,xp(t), 2k (t)) dt <

1/k
S Lt (), () dt.
We implement the third step. Suppose that x(-) is such that

II(z(-)) > 0, x(t) > et for t € (0,7], and the associated function
A(+) is bounded on [0,~], where € € (0,1) and v € (0,T). We define

yk(t) = 2(v) + )AL= )1{r<e>> Ky (s) ds,

zx(t) = ()1 ,7]( )+ yk(t) V (et) 1y 1y(D)-

Evidently, 1—1/k > @x(t) > —k almost everywhere for ¢ € [y,T] and all
k large enough and ¢t > xx(t) > et. By Lemma 2.3, the functions Ak ()
associated with the zj(-) are bounded on [y, T], so they are bounded
on [0, 7.

It is readily seen that zx(-) — x(-) as k — oo for the compact open
topology, so we need to establish (4.4b). For B > 0 and all k > B,
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T
(4.7) /OL(t,xk(t),x'k(t))dt
:/OVL(t,x(t),j:(t))dt
+ /T L(t,Et,E) l{yk(t)<5t}(t) dt
’yT
+ / Lty (), 0)1 gy, (1> ety (D)1 o)< -y () di

_|_/7TL(t,yk(t)v£t(t) A <1 - %>>

X iy t)>ety () pay>—py () dt

T
+/ L(t,yr(t), #(t) Ly, 1)y >etr ()1 B>y >—k} (1) dt.

We consider the terms on the righthand side in order. The con-
vergence of the yp(-) to z(-) implies that 1y, 4)<oy(t) — 0 as k —
0o. By Lemma 2.3, the function L(t,z,u) is bounded on the set
[v,T] % [e7y,T] x [0,1]. By Lebesgue’s bounded convergence theorem,

T
(4.8) klim L(t,et,e) l{yk(t)<5t}(t) dt = 0.
—oo /.,
Similarly,
T
(4.9) khj& / L(t,yx(t), O)l{yk(t)ZEt} (t)]-{z'(t)<—k} (t)dt = 0.
vy

Furthermore, since yi(t) — z(t) for t € [y,T] and L(t,z,u) is continu-
ous on [v,T] X [ey,T] x [-B, 1] by Lemma 2.3,

T
(4.10)  lim L<t, yi(t), &(t)

k—o00

A ))1{yk(t)>st}( N iiw)y>—ny(t)dt

< T
/7 L(t,2(t), 2() 1 a1y >— By (1) dt.
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By Lemma 2.3, provided ¢ > 0,
L(t,yi(t), #(£)) = Mt, yu(t), 2(£))(t) — Ht, ye(t), (¢, yu(t), £(£)))

almost everywhere on the set {#(t) < —B,yi(t) > et}. We choose
B > T. Since Hy(t,yx(t),0) = e~ — cyg(t), which is greater than
—B, we have by Lemma 2.2 part 1 that X(t,yk(t),ab(t)) < 0 almost
everywhere on the set {&(t) < —B,yx(t) > et}. By Lemma 2.2 part 4,
—X(t,yk(t),ab(t)) < (—logc —log(et)) 4 log(1 + |%(¢)|) on that set. By
(2.1) and (2.2), H(t, yk(t),X(t,yk(t),:t(t))) >log(l—e ") A(—ct). We
obtain that almost everywhere on the set {(t) < —B, yi(t) > et},

0 < L(t,yx(t), z(t) < &(t)(log c + log(et))
— &(t) log(1 + |&(t)]) + (= log(1 — e~ ) V (ct).

By Lemma 2.5, the integral over [0,T] of the righthand side is finite.
Since L(t,yx(t),2(t)) — L(t,x(t),2(t)) as k — oo for ¢ > 0 by
Lemma 2.3, we derive by Lebesgue’s dominated convergence theorem,
that

T
(4.11) lim L(t,yk(t),L'C(t))l{yk(t)zst}(t)].{_kgfb(t)<_3} (t)dt

k—o0 Jq

T
- / Lt 2(8), ()L o <) (8) .

Putting together (4.7)—(4.11) yields the convergence

T T
im [ L( (t), k(1) di = / L(t, 2(t), (1)) dt.
0

k—o0 0

The uniqueness of a solution to the maxingale problem (0,G) has
been proved. By Theorem 5.4.2 [17, page 417], the X((.) obey
the LDP with I for the Skorohod Ji-topology on the space of real-
valued rightcontinuous functions with lefthand limits defined on the
nonnegative halfline. Since I(z(-)) = oo if z(+) is discontinuous and the
X ™) (.) are random elements of D,(R,R), Theorem 3.2.10 [17, page
285] allows us to strengthen the LDP so that it holds for the compact
open topology.
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We show that (te=“',¢ € Ry) is the unique zero of I. We have that
I(x(-)) = 0 if and only if Ai(t) < H(t,z(t), ) for all A € R almost
everywhere in t. Since both sides of the inequality coincide for A = 0,
%(t) represents a subgradient of H (¢, z(t),\) at A = 0. The function
H(t,z,\) being convex and differentiable in A for ¢ > 0 implies that
&(t) = Hx(t,z(t),0) almost everywhere, i.e., &(t) = e~ — cx(t) almost
everywhere, which means that z(t) = te™¢. O

Proof of Corollary 1.1. The first assertion follows by Theorem 1.1,
the continuous mapping principle, Theorem 3.1 and Remark 3.1. We
prove the second part. The argument is an adaptation of the one in
the proof of Theorem 3.4 [5, page 86]. By the LDP for X (™)(T),

1
lim inf ~ log P(IX"(T) — a] <) > —infy():ja(r)—a <, ((")

n— oo

and

1
limsup — log P { sup [ XM (t) — zo7(t)] > e}
n—oo N t€[0,T

A{IX(T) - af < })

< -—inf poam—a<y  @().
SUP4co, 7] [2(t) —Ta,1(t)[2€

Therefore,

1
limsup — logP( sup | X (t) — zq(t)] > €
n—oo M t€[0,T

XONT) — a] <)

< —inf  L)em)—al<y I(z ("))
SUP;cio, 1] |z(t)—xq,7(t)|>€

+infe ()i ja(m)—a) < 12 ()

Since I is lower compact, the righthand side converges as v — 0 to

—inf z():x(T)=a I(LC()) + Hlfr()z(T):aI(x())

SUPLe[0,T]|a(t) —aq 1 (+)2e

which is negative by Theorem 3.1 and Remark 3.1. Hence,

lim lim inf P < sup |X(”)(t) —zor(t)] <€ |X(”)(T) —al < 7) =1. o

¥—0 n—oo tG[O,T]
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5. Proof of Theorem 1.2. Recalling that ;™ denotes the measure
of jumps of X(")(-) and (™ denotes its dual predictable projection, we
can write

(5.1) XMt / / ™ (ds, dz) + M™(t),
where
(5.2) M) / / 1) — (s, dar).

The process M(™(.) is an F(™-locally square integrable martingale
with predictable quadratic variation process

(5.3) ,
MY / / 2,/(m) ds,dx)—O§t<4xu(")({s},dx)) .
By (4.1) and (4.2),
(5.42)
[ fmmanan=3 2 ((-5)" -2 ()
and
(5.4b) /Ot/szy(”)(ds,dx)— > </qu )({s}, dx))2

0<s<t

[nt] k—1 ko1 c
(02 e (e
n n n

2(k—1) k—1 _

() ef) e ()

n n n

According to (5.1), the process Y (") () can be written in the form

Y™(t) = (//a:y (ds, dx) —te”)+\/ﬁM(">(t).
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By (5.4a), the equation te=¢" = fg(e*cs — cse” %) ds, and the conver-
gence of the X (™ () to (te~") established in Theorem 1.1, for € > 0
and T > 0,

¢
(5.5) lim P | sup |\/ﬁ</ / "™ (ds, dx) —teCt>
n—00 te[0,7) 0o JR

¢ ¢
—|—20/ se”“ds+ c/ Y (™ (s)ds| > e) =0.
0 0

By (5.3), (5.4b), and the convergence of the X (™) (-) to (te=°*), for € > 0
and t > 0,

(5.6)
¢
lim P(’n(M(”)ﬂt) - / (€7 4 cse™ — e 2% 4 2cse™2%) ds’
0

n—oo
> e) =0.

In order to apply Theorem IX.3.48 [7, page 553] (see also Lemma 1X.4.4
[7, page 555]) it remains to check the Lindeberg condition for the
predictable measure of jumps of Y(")(.) that, for ¢ > 0, € > 0 and
v >0,

t
Clearly,

/ / T a5y (2)7 ") (ds, d) < —/ / W (ds, de).

) and the expression for the fourth moment of a binomial
dlstrlbutlon as given in [11],

t
/ / 2" (ds, dx)
0 JrR
Lnt) k-1
= i4 <(1 — C_") +x® (M)CH
n n n
k=1
1
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where m(;y = m(m — 1)---(m — i+ 1) is the factorial polynomial of
order 4. Since X (™ (s) <'s,

t
t
/ / a* ™ (ds, dx) < — (1 +ten + Tt2c2 + 6t3c3 + tieh).
n3

The convergence in (5.7) follows by (5.8).

By Theorem IX.3.48 7, page 553], the Y (")(-) converge in distribution
to Y (-) for the Skorohod Ji-topology. The topology can be strength-
ened to the compact open topology since Y has continuous paths and
the V(™ (.) are random elements of D.,(R4,R).

Remark 5.1. One could also invoke the results of Section 3 [14
Chapter 8] in order to deduce the needed convergence.

6. Proofs of Theorem 1.3 and Corollary 1.3. Theorem 1.3 can
be expressed equivalently in terms of large deviation convergence to
idempotent processes as in [17].

Theorem 6.1. Suppose that (v/n/by)(c, —¢) — feR asn— oo,
where ¢ > 0, b, — 00, and b,/+/n — 0. The processes (}7(") (t),t €
R.), where Y (¢ (t) = (V/n/bp)(X ™ (t) — te=), large deviation con-
verge in distribution in De,(R4,R) at rate b2 to the idempotent process

(?(t),t € Ry) given by the equation

¢ ¢
Y(t) = / —20se™ ds — c/ Y (s)ds
0 0

t .
+ / \/e—CS + 2s2e2¢s + cse= W (s) ds,
0

where (W(t), t € Ry) is a standard idempotent Wiener process. In par-

ticular, the (v/n/by)(X (™ (1) — e~¢) large deviation corwerge in distri-
bution in R to the Gaussian zdempotent variable N( fe~ ctem2¢/3 +
e 9.

Proof of Theorem 6.1. The plan of the proof is similar to that for
Theorem 1.2 except that the results of [17] are used rather than the



ISOLATED VERTICES IN A GROWING RANDOM GRAPH 1985

results of [7]. To be more specific, we apply Theorem 5.3.8 [17, page
413. Since this technique is not as common, more detail is provided.

To start with, we strengthen the convergence in probability of the
X () to (te~“t) and show exponential convergence at rate b2, i.e., for
e>0and T >0,

(6.1) lim P( sup | XM (t) —te=| > €)/% = 0.

n=o0  4el0,T)

By the LDP for the X(™)(.) and the uniqueness of the zero of I,

1/n
limsup P ( sup | XM(t) —te™| > e)

n—00 te[0,T]

< sup e @) <1,
z(-):supsepo, 1) @ () —te | >e

Limit (6.1) follows since b2 /n — 0 as n — oo.

According to (5.1), the process Y (™) (-) can be written in the form

(6.2) Y(" = </ / xv\™ (ds, d) —teCt> gM(”)(t).

We prove that, in analogy with (5.5), for e > 0 and 7' > 0,

(6.3)

lim P( sup ‘\/_</ / xu(”) ds,dx)— _ct)—|—20/ se”“ds

1/07,
—|—c/ Y(" )ds’>e) =0.
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Recalling (5.4a), we can write

t
g(/ / xu(")(ds,dx)—te_0t>
n 0 JR
—|—29/ se Csds—l—c/ Y”)
Lns] N
:/ (\/ﬁ((l—c—n) — >—|—9$€cs) ds
n

R t

—c) 0)/ se” “ds
0

" (e, o) /0 (X () — se=%) ds

[ns]
\b/_ ((1 - %) — ch(")(8)> ds.
|nt]/n

The first two terms on the right converge to zero locally uniformly in ¢
because (/n/b,)(c, —¢) — 6. By (6.1), for arbitrary v > 0,

1/b2
1Lm P( n — C / |X ™ (s —secs|ds>7> =0,

which attends to the third term. For similar reasons,

Lns]
lim P< sup v <1—C—n> —c, XM (s)

n—=o0 \ ¢cio,7] On Jint|/n n

{6

1/b3,
ds > ’y) =0.

Convergence (6.3) has been proved.

We now prove that in analogy with (5.6), for € > 0 and ¢ > 0,

n— oo

(6.4) lim P ( ‘n<M<">>(t)

t 1/07,
— / (€7 + cse™ — e72% 4 2cse %) ds’ > 6) =0.
0
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By (5.3) and (5.4b),

t
n(M ™) (t) — / (€7 + cse™ — e72% 4 2cse %) ds
0

[nt]/n [ns)
= / <(1 — C—") — e_cs) ds
0 n
|nt]/n c
+/ <X(")(s)cn <1 - —n> - csecs) ds
0 n
|nt]|/n 2|ns|
— / ((1 — c—") — 6_268) ds
0 n

1987

nt]/n e\ sl
+ / <2 (1 - —) XM (s)e, — 2086_205) ds
0 n

t
— / (€7 4 cse™ — e72% 4 2cse2%) ds.
L

ntl/n

Convergence (6.4) now follows by (6.1).

In order to apply Theorem 5.3.8 [17, page 413], it remains to check
condition (L.)ic on page 412 where ry = b2. It follows if, for ¢ > 0,

€ >0 and v > 0,
[nt]

(6.5 Jlim 7 7> s / LG et @ (u, da) = 0.

n e 1O<u<t

By (4.2),
/Réﬂ)nﬁlml1{bn\/ﬁ\w\>e}(x)§1(€n)(uadm)

< @76‘/5/1)"/ e’yb,,”/ﬁ|fr|€n|fr|’ﬁ](€n)(u,dx)
R

k—1
— e_eﬁ/bn (e'ybn/\/ﬁ""l (]_ — C_n)
n

n

o Ln(voA((k=1)/m))]
()
n

n (1 _ G by Cn
n

) [n(uVOA((k—1)/n)))
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The limit in (6.5) follows from the convergence b,/v/n — 0. By
Theorem 5.3.8 [17, page 413], the Y (™) (-) LD converge at rate b2 to
}7() for the Skorohod topology. This can be strengthened to the LD
convergence in D¢, (R4, R) as in the proof of Theorem 1.1. o

Proof of Corollary 1.2. The proof proceeds similarly to the proof
of Corollary 1.1. Since the integrand in the expression for I is a
Carathéodory function and is a strictly convex function of (y(-),9(-)),
by Theorem 4.1 [4, page 120], the variational problem of minimizing
f(y()) over absolutely continuous y(-) such that y(0) = 0 and y(T') = b
has a unique solution. By Theorem 4.12 [4, page 125], it satisfies the
Euler-Lagrange equation. Solving the latter is straightforward. The
limit for the conditional probability is established as in the proof of
Corollary 1.1. u]

Acknowledgments. The author is thankful to the referee for
insightful remarks and for pointing out Janson’s work [8, 9].
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