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INFINITELY MANY PERIODIC SOLUTIONS FOR
ASYMPTOTICALLY LINEAR HAMILTONIAN SYSTEMS

SHIWANG MA

ABSTRACT. In this paper, we consider the asymptotically
linear Hamiltonian systems with symmetry

u′′(t) + A(t)u(t) +∇H(t, u(t)) = 0, t ∈ R;

here A(·) is a continuous T -periodic symmetric matrix, H :
R × Rn → R is T -periodic in its first variable and ∇H(t, x)
denotes its gradient with respect to the x variable. By using
the minimax technique in critical point theory, we obtain
infinitely many periodic solutions under several classes of new
conditions. It turns out that our main results are sharp
improvements of several known results in the literature. In
particular, unlike the existing results concerning the existence
of infinitely many periodic solutions, where the nonlinearity
∇H(t, x) is required to be bounded, our main results here
allow ∇H(t, x) to have a sublinear growth behavior at infinity.

1. Introduction and main results. Consider the second-order
Hamiltonian systems

(1.1) u′′(t) +A(t)u(t) +∇H(t, u(t)) = 0, t ∈ R,

where A(·) is a continuous T -periodic symmetric matrix and H :
R × Rn → R is T -periodic (T > 0) in its first variable. Moreover,
we always assume that H(t, x) is continuous in t for each x ∈ Rn,
continuously differentiable in x for each t ∈ [0, T ] and ∇H(t, x) denotes
its gradient with respect to the x variable.

In this paper, we are interested in the existence and multiplicity
of periodic solutions of (1.1) when ∇H(t, x) has a sublinear growth
behavior at infinity, that is,

lim
|x|→∞

|∇H(t, x)|
|x| = 0.
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This problem was studied in [19] by the minimax methods and
in [9, 10, 12, 14, 23, 25] by Morse theory without the evenness
assumption on the potential, and obtained finitely many periodic
solutions. We notice that all the results mentioned above required that
lim|x|→∞ |∇H(t, x)|/|x|α0 = 0 for some α0 ∈ (0, 1). However, to the
best of our knowledge, little is known on the existence of infinitely many
periodic solutions for system (1.1) (see [5, 27]). To obtain the existence
of infinitely many periodic solutions, among other things, the authors
in [5, 27] required that the nonlinearity ∇H(t, x) be bounded. We
should mention that some results concerning the existence of infinitely
many solutions for cooperative elliptic systems have been obtained by
Ma [11] and Zou [27].

In a classical paper, Rabinowitz proposed the following subquadratic
condition: there exist constants 0 < μ < 2 and R > 0 such that

0 < (∇H(t, x), x) ≤ μH(t, x), for |x| ≥ R.

This condition is now known as the Ambrosetti-Rabinowitz condition
(A-R condition for short) (see [1, 15 17]). Following Rabinowitz, many
authors studied the periodic problem under the A-R condition (see [13,
20] and the references therein).

In recent years, however, many authors have paid much attention to
weakening the A-R condition (see [4, 6, 7, 22, 26]). By using a critical
point theorem due to Fei [3], Zou and Li [27] obtained the following
result:

Theorem A. Assume that H(t,−x) = H(t, x) for all (t, x) ∈
[0, T ]×Rn, and the following conditions hold:

(ZL1) 0 ∈ σ(−(d2/dt2) − A(t)), where σ denotes the spectrum with
T -periodicity condition;

(ZL2) |H(t, x)| ≤ c|x| for |x| small, lim inf |x|→0H(t, x)/|x|2 = +∞
uniformly for t ∈ [0, T ];

(ZL3) there exists an M > 0 such that |∇H(t, x)| ≤ M for x ∈ Rn

and t ∈ [0, T ];

(ZL4) lim inf |x|→∞(2H(t, x)− (∇H(t, x), x))/|x| = h(t) ≥ 0 uni-

formly for t ∈ [0, T ] and
∫ T

0
h(t) dt > 0.

Then problem (1.1) has infinitely many T -periodic solutions.
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On the other hand, it is well known [13] that (1.1) admits nontrivial
T -periodic solutions when |∇H(t, x)| is bounded and lim|x|→∞H(t, x) =
−∞ (or +∞) as |x| → ∞ uniformly for t ∈ [0, T ]. This result have also
been generalized by Tang and Wu [19]. The following theorem is a
special case of a result due to [19] (in the original work of Tang and
Wu, the authors also assume that 0 ∈ σ(−(d2/dt2) − A(t)). In fact,
this condition can be dropped):

Theorem B. Assume that there exists an α ∈ [0, 1) such that the
following conditions hold:

(TW1) lim sup|x|→∞ |∇H(t, x)|/|x|α ≤ M uniformly for t ∈ [0, T ]
and some M > 0;

(TW2) H(t, x)/|x|2α is uniformly bounded from above and lim|x|→∞
H(t, x)/|x|2α = −∞ on a positive measure subset E ⊂ [0, T ], or
H(t, x)/|x|2α is uniformly bounded from below and lim|x|→∞H(t, x)/|x|2α
= +∞ on a positive measure subset E ⊂ [0, T ].

Then problem (1.1) has at least one T -periodic solution.

The following result was also obtained in [27]:

Theorem C. Assume that H(t,−x) = H(t, x) for all (t, x) ∈
[0, T ]×Rn, (ZL1), (ZL2) and the following conditions hold:

(ZL5) lim|x|→∞ |∇H(t, x)| = 0 uniformly for t ∈ [0, T ];

(ZL6) there exists a β ∈ (0, 1) such that lim sup|x|→∞H(t, x)/|x|β =

h(t) ≤ 0 uniformly for t ∈ [0, T ] and
∫ T

0
h(t) dt < 0.

Then problem (1.1) has infinitely many T -periodic solutions.

In the present paper, we study the existence of infinitely many T -
periodic solutions of (1.1) by using the minimax technique in critical
point theory. Under new versions of weakened A-R conditions, we
obtain the following theorems:

Theorem 1. Assume that H(t,−x) = H(t, x) for all (t, x) ∈
[0, T ]×Rn, and the following conditions hold:
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(H0) lim|x|→0 |x|−2{H(t, x)−H(t, 0)} = +∞ uniformly for t ∈ [0, T ];

(H1) lim|x|→∞ |∇H(t, x)|/|x| = 0 uniformly for t ∈ [0, T ];

(H2) lim inf |x|→∞[2H(t, x) − (∇H(t, x), x)] = h(t) > −∞ uniformly

for t ∈ [0, T ] and
∫ T

0 h(t) dt > 2
∫ T

0 H(t, 0) dt.

Then problem (1.1) has infinitely many T -periodic solutions.

Theorem 2. Assume that H(t,−x) = H(t, x) for all (t, x) ∈
[0, T ]×Rn, (H0), (H1) and the following condition hold:

(H3) there exists a β ∈ (0, 2] such that lim inf |x|→∞(2H(t, x)−(∇H(t,

x), x))/|x|β = h(t) ≥ 0 uniformly for t ∈ [0, T ] and
∫ T

0 h(t) dt > 0.

Then problem (1.1) has infinitely many T -periodic solutions.

Remark 1. In conditions (H2) and (H3), h(t) ≡ +∞ on [0, T ]
or a positive measure subset of [0, T ] is allowed and, in this case,∫ T

0
h(t) dt = +∞. However, if h(t) is finite for every t ∈ [0, T ], then it

follows that h(t) is continuous on [0, T ].

Remark 2. Under assumption (H2), we can choose a positive number
θ0 ∈ (0, 1) such that

(1.2) θ0

∫ T

0

h(t) dt > 2

∫ T

0

H(t, 0) dt.

Remark 3. Clearly, Theorem 1 (in the case that 2H(t, x)−(∇H(t, x), x)
is bounded from below) and Theorem 2 are sharp improvements of The-
orem A. In particular, in contrast with the existing ones, our results
allow ∇H(t, x) to have a sublinear growth behavior at infinity. In prov-
ing these results, a new technique is developed (see the remark at the
end of Section 2), and this technique can be applied in many different
contexts.

If the potential is even, we can also establish the existence of in-
finitely many periodic solutions for system (1.1) under (H0) and some
conditions which are slightly weaker than that of Theorem B.
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Theorem 3. Assume that H(t,−x) = H(t, x) for all (t, x) ∈
[0, T ] × Rn, (H0) and there exist α ∈ [0, 1) and M > 0 such that
the following conditions hold:

(H4) lim sup|x|→∞ |∇H(t, x)|/|x|α ≤M uniformly for t ∈ [0, T ];

(H5) (i) lim sup|x|→∞H(t, x)/|x|2α ≤M uniformly for t ∈ [0, T ] and

lim|x|→∞H(t, x)/|x|2α = −∞ on a positive measure subset E ⊂ [0, T ],
or

(ii) lim inf |x|→∞H(t, x)/|x|2α ≥ −M uniformly for t ∈ [0, T ] and
lim|x|→∞H(t, x)/|x|2α = +∞ on a positive measure subset E ⊂ [0, T ].

Then problem (1.1) has infinitely many T -periodic solutions.

The following theorem and its corollary are sharp improvements of
Theorem C.

Theorem 4. Assume that H(t,−x) = H(t, x) for all (t, x) ∈
[0, T ]×Rn, (H0) and there exists an α ∈ (0, 1) such that the following
conditions hold:

(H6) lim|x|→∞ |∇H(t, x)|/|x|α = 0 uniformly for t ∈ [0, T ]; and

(H7) (i) lim sup|x|→∞H(t, x)/|x|2α = h(t) ≤ 0 uniformly for t ∈ [0, T ]

and
∫ T

0 h(t) dt < 0, or

(ii) lim inf |x|→∞H(t, x)/|x|2α = h(t) ≥ 0 uniformly for t ∈ [0, T ] and∫ T

0 h(t) dt > 0.

Then problem (1.1) has infinitely many T -periodic solutions.

Corollary. Assume that H(t,−x) = H(t, x) for all (t, x) ∈ [0, T ]×
Rn, (H0) and there exist two numbers α ∈ [0, 1) and β ∈ (2α, 1 + α)
such that (H4) and the following condition hold:

(H8) (i) lim sup|x|→∞H(t, x)/|x|β = h(t) ≤ 0 uniformly for t ∈ [0, T ]

and
∫ T

0
h(t) dt < 0, or

(ii) lim inf |x|→∞H(t, x)/|x|β = h(t) ≥ 0 uniformly for t ∈ [0, T ] and∫ T

0
h(t) dt > 0.

Then problem (1.1) has infinitely many T -periodic solutions.
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This corollary is an immediate consequence of Theorem 4, since all
the conditions of Theorem 4 with α replaced by β/2 hold true.

Remark 4. Throughout this paper, without loss of generality, we
assume the following conditions also hold:

(1.3)

∫ T

0

H(t, 0) dt = 0.

Otherwise, H̃(t, x) = H(t, x) − (1/T )
∫ T

0
H(t, 0) dt satisfies all the

conditions in Theorems 1 5 and (1.3).

Remark 5. In [24], Wang considered the effort of concave nonlineari-
ties for the solution structure of nonlinear boundary value problems. In
particular, some results similar to ours have been obtained for elliptic
equations and periodic boundary value problems of first-order Hamil-
tonian systems and nonlinear wave equations. It seems that a similar
result is also valid for second order Hamiltonian systems. But, in [24],
the author required that 2H(t, x) − (∇H(t, x), x) be of constant sign
for all small |x| 
= 0 and all t ∈ [0, T ], which is not assumed in the
present paper.

The remainder of this paper is organized as follows. In Section 2,
we state and prove an abstract critical point theorem, which is needed
in proving our main results. In Section 3, we shall establish some
preliminary lemmas. Finally, we give the proofs of our main theorems
in the last section.

2. An abstract critical point theorem. To prove our main
results, we first state and prove an abstract critical point theorem in
this section.

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉.
Following Fei [3], we say that I ∈ C1(H,R) satisfies condition (B) in
(c1, c2) ⊂ [−∞,+∞] with respect to B := {x ∈ H | ‖x‖ ≤ r} for some
r > 0 if (i) any sequence {xn} ⊂ B such that I(xn) → c ∈ (c1, c2) and
I ′(xn) → 0 is such that {xn} possesses a convergent subsequence; and
(ii) for any c ∈ (c1, c2), there exist σ = σ(c) ∈ (0,min{c − c1, c2 − c})
and θ < 1 such that 〈I ′(x), x〉 + θ‖I ′(x)‖ · ‖x‖ ≥ 0 for any x ∈
I−1([c− σ, c+ σ]) ∩ {x ∈ H | ‖x‖ = r}.
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The following deformation lemma was proved in Fei [3].

Lemma 2.1. Suppose I ∈ C1(H,R) satisfies condition (B) in (c1, c2)
relative to the set B and I ′(u) 
= 0 on ∂B. If ε > 0, c ∈ (c1, c2) and
N is any neighborhood of Kc, then there exist 0 < ε < ε, T > 0, and
η ∈ C([0, T ]×B,B) such that:

(1) η(0, u) = u for u ∈ B and η(t, u) is a homeomorphism from B
into B;

(2) η(t, u) = u for t ∈ [0, T ] if u /∈ I−1([c− ε, c+ ε]) ∩B;

(3) I(η(t, u)) ≤ I(u) for (t, u) ∈ [0, T ]×B;

(4) η(T,Ac+ε \N) ⊂ Ac−ε; η(T,Ac+ε) ⊂ Ac−ε if Kc = ∅;

(5) If I(u) is even in u, η(t, u) is odd in u.

In proving our critical point theorem, the genus introduced by Kras-
noselskii is needed [8] (see also [1, 2, 15, 18]). Let Σ = {A ⊂ H |
A closed, A = −A}. Then, for A ∈ Σ, the Krasnoselskii genus of A,
denoted by i(A), is well defined. Recall that i(∅) = 0, for ∅ 
= A ∈ Σ,

i(A) = inf{m | there exists an h ∈ C(A,Rm \ {0}), h is odd}

and i(A) = ∞ if such an h does not exist, in particular, if 0 ∈ A.

The Krasnoselskii genus satisfies the following properties (see [1,
Lemma 1.2] and [18, Propositions 5.3 and 5.4]).

Lemma 2.2. Let E,F ∈ Σ. Then the following hold:

(1) E ⊂ F ⇒ i(E) ≤ i(F );

(2) i(E ∪ F ) ≤ i(E) + i(F );

(3) If h ∈ C(E,F ) is an odd homeomorphism, then i(E) = i(F );

(4) If E is compact and 0 /∈ E, then i(E) < ∞ and there exists a
closed neighborhood N of E such that N ∈ Σ and i(N) = i(E);

(5) If i(E) > k and V is a k-dimensional subspace of H, then
E ∩ V ⊥ 
= ∅;

(6) If E is compact and 1 ≤ i(E) < ∞, then 0 /∈ E and E contains
at least i(E) vectors xk, 1 ≤ k ≤ i(E), such that 〈xk, xl〉 = 0 (k 
= l).
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An abstract critical point theorem (see [3, Theorem 2.5]) was proved
by Fei. But Fei’s original proof contains a mistake. A simple coun-
terexample is as follows: Let I(u) = ‖u‖2− 1; then all the assumptions
of [3, Theorem 2.5] are verified for any choice of a subspace H1, of a
closed subspace H2 with finite codimension, of ρ < 1 and b < −1. But
the only critical point of this functional is trivial.

Fortunately, we can state and prove the following critical point
theorem which is a corrected version of [3, Theorem 2.5].

Theorem 2.3. Suppose that I ∈ C1(H,R) is even. Furthermore,

(i) there exist two closed subspaces H1 and H2 with codimH2 < ∞
and two constants ρ > 0 and b ∈ (−∞, I(0)) such that

sup{I(x) | x ∈ H1, ‖x‖ = ρ} < I(0) and inf {I(x) | x ∈ H2} > b,

(ii) I satisfies condition (B) in (b, I(0)) with respect to B = {x ∈ H |
‖x‖ ≤ r, r > ρ}.
Then if dimH1 − codimH2 > 0, I has at least dimH1 − codimH2

distinct pairs of critical points, whose corresponding critical values
belong to (b, I(0)).

Proof. For k ≥ 0, let Σk = {A ∈ Σ | i(A) ≥ k,A ⊂ B},
ck = infA∈Σk

supu∈A I(u). Then our conclusions follows from Claims
1 4 stated below.

Claim 1. ck ≤ ck+1.

This claim follows from the fact that Σk+1 ⊂ Σk for all k ≥ 0.

Claim 2. If k > codimH+, then ck > b.

For A ∈ Σk, i(A) ≥ k > codimH+, by Lemma 2.2 (5), it follows that
A ∩H+ 
= ∅. Therefore, supu∈A f(u) ≥ infu∈H+f(u) > b, from which
Claim 2 follows.

Claim 3. If k ≤ dimH−, then ck < I(0).

Since r > ρ, Sρ ∩ H− ∈ Σk, which yields ck ≤ supu∈Sρ∩H− f(u) <
I(0).
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Claim 4. If c = ck+1 = ck+2 = · · · = ck+j, k ≥ codimH+,
k + j ≤ dimH−, then Kc = {u ∈ B | I ′(u) = 0, I(u) = c} contains at
least j distinct pairs of critical points.

In fact, by Claims 2, 3 and condition B (i), c ∈ (b, I(0)), Kc is
compact and 0 /∈ Kc, therefore, by Lemma 2.2 (4), i(Kc) < ∞ and
there exists a closed neighborhood N of Kc such that N ⊂ B, N ∈ Σ,
and i(N) = i(Kc).

By Lemma 2.1, there exist 0 < ε < 1/2min{I(0) − c, c − b}, and
η ∈ C(B,B) such that η is an odd homeomorphism from B into B,
η(Ac+ε \N) ⊂ Ac−ε.

Since c = ck+j < c + ε, there exists an A ∈ Σk+j such that
supu∈A f(u) < c+ ε. That is, A ⊂ Ac+ε. Therefore, by Lemma 2.2 (1),
we have k + j ≤ i(A) ≤ i(Ac+ε).

Since supu∈Ac−ε
f(u) ≤ c − ε, Ac−ε /∈ Σk+1, which implies that

i(Ac−ε) ≤ k.

By Lemma 2.2 (2) and (3), we obtain

i(Ac+ε) ≤ i(Ac+ε \N) + i(N) ≤ i(η(Ac+ε \N)) + i(N)

≤ i(Ac−ε) + i(N) ≤ k + i(Kc).

Therefore, i(Kc) ≥ j and, hence, by Lemma 2.2 (6), Kc contains at
least j distinct pairs of critical points.

Remark. In applying Theorem 2.3, an important ingredient is check-
ing that the functional I satisfies condition (B) in (b, I(0)) with re-
spect to some ball B = {x ∈ H | ‖x‖ ≤ r}. To do this, we split H
as H = W ⊕H0 and separate H into two parts S1 and S2 by using a
supersurface

{u ∈ H | u = w + u0, w ∈W, u0 ∈ H0, ‖w‖ = δ‖u0‖α + J},

with δ > 0, α ∈ (0, 1] and J > 0. Then we verify condition (B) in
S1 and S2 independently. This technique seems to be new and can be
applied in many different contexts.
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3. Preliminary lemmas. Let H1
T be the Sobolev space defined by

H1
T = {u : [0, T ] → Rn | u is absolutely continuous,

u(0) = u(T ), and u′ ∈ L2(0, T ;Rn)}

with the norm

‖u‖ =

(∫ T

0

|u(t)|2dt+
∫ T

0

|u′(t)|2dt
)1/2

.

Let B be the linearized operator defined by Bx(t) = −x′′(t)−A(t)x(t)
with T -periodic condition. Then B has a sequence of eigenvalues

λ−m ≤ λ−m+1 ≤ · · · ≤ λ−1 < 0 < λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · ·

with λk → +∞ as k → ∞. Note that 0 may not be an eigenvalue in
the last sequence. Let ϑj be the eigenvector of B corresponding to λj ,
j = −m, −m+ 1, . . . ,−1, 1, 2, . . . , k, . . . , setting

H0 = ker

(
− d2

dt2
−A(t)

)
,

H− = the negative eigenspace of − d2

dt2
−A(t),

H+ = the positive eigenspace of − d2

dt2
−A(t),

then H1
T = H− ⊕H0 ⊕H+. Throughout this paper, for any u ∈ H1

T ,
we always denote by u0, u+ and u− the vectors in H1

T with u =
u0 + u+ + u−, u0 ∈ H0 and u± ∈ H±.

We remark that H0 
= {0} if 0 ∈ σ(B), and H0 = {0} if 0 /∈ σ(B).
Evidently, there exists a constant c0 > 0 such that

±〈Bu±, u±〉 ≥ c0‖u±‖2, for all u± ∈ H±.

Therefore, we have

〈B(u+ + u−), u+ − u−〉 ≥ c0‖u+ + u−‖2.
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Combining the fact that ‖u+ − u−‖ = ‖u+ + u−‖, the last inequality
implies

(3.1) ‖B(u+ + u−)‖ ≥ c0‖u+ + u−‖.

Under the assumption (H1) ((H4) and (H6), respectively), by virtue
of [13, Theorem 1.4], it follows that the functionals

(3.2)

ϕ(u) =
1

2

∫ T

0

|u′(t)|2dt− 1

2

∫ T

0

(A(t)u(t), u(t)) dt

−
∫ T

0

H(t, u(t)) dt, u ∈ H1
T

and

(3.3) ψ(u) =

∫ T

0

H(t, u(t)) dt, u ∈ H1
T

are continuously differentiable, and

(3.5)

〈ϕ′(u), v〉 =
∫ T

0

(u′, v′) dt−
∫ T

0

(A(t)u(t), v(t)) dt

−
∫ T

0

(∇H(t, u), v) dt, u, v ∈ H1
T ,

〈ψ′(u), v〉 =
∫ T

0

(∇H(t, u), v) dt, u, v ∈ H1
T .

It is well known that the T -periodic solution of problem (1.1) corre-
sponds to the critical points of the functional ϕ.

For k ≥ 1, let Hk = span {ϑj | j = −m, . . . ,−1, 1, 2, . . . , k}. Then
we have the following:

Lemma 3.1 [27]. Assume (H0) holds. Then there exist ρ = ρ(k) > 0
and � = �(k) < 0 such that ϕ(u) ≤ � < 0, for all u ∈ Hk ∩{u ∈ H1

T |
‖u‖ = ρ}.

To prove our main results, we further need the following lemmas.
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Lemma 3.2. Assume (H6) with α ∈ (0, 1] (this condition reduces
to (H1) when α = 1). Then, for any η > 0 and δ > 0, there exists a
Jη,δ > 0 such that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ ≥ 0,

for all u ∈ Sη,δ := {u ∈ H1
T | ϕ(u) ≥ −η, ‖u+ + u−‖ ≥ δ‖u0‖α + Jη,δ}.

Proof. For u ∈ Sη,δ, we have ‖u+ + u−‖ ≥ δ‖u0‖α. Therefore,

‖u+ + u−‖2 = ‖u‖2 − ‖u0‖2 ≥ ‖u‖2 − 1

δ2/α
‖u+ + u−‖2/α,

from which it is not hard to check that, for ‖u‖ large enough,

(3.6) ‖u+ + u−‖ ≥ δ

2
‖u‖α.

For any ς ∈ (0, (c0δ)/(16)T
(α−1)/2), it follows from (H6) that there

exists an M > 0 such that

|∇H(t, x)| ≤ ς |x|α +M, for all x ∈ Rnand t ∈ [0, T ].

Therefore, we have
(3.7)
|H(t, x)| ≤ |H(t, x)−H(t, 0)|+ |H(t, 0)| ≤ ς |x|1+α

+M |x|+ |H(t, 0)|.

|ψ(u)| ≤
∫ T

0

|H(t, u)| dt ≤ ς

∫ T

0

|u|1+α dt+M

∫ T

0

|u| dt

+

∫ T

0

|H(t, 0)| dt

≤ ςT (1−α)/2

(∫ T

0

|u|2dt
)(1+α)/2

+MT 1/2

(∫ T

0

|u|2dt
)1/2

+

∫ T

0

|H(t, 0)| dt

≤ ςT (1−α)/2‖u‖1+α +MT 1/2‖u‖+
∫ T

0

|H(t, 0)| dt,
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and

|〈ψ′(u), v〉| ≤
∫ T

0

|∇H(t, u)| · |v| dt

≤ ς

∫ T

0

|u|α · |v|dt+M

∫ T

0

|v| dt

≤
{
ς

(∫ T

0

|u|2αdt
)1/2

+MT 1/2

}(∫ T

0

|v|2dt
)1/2

≤
(
ςT (1−α)/2

(∫ T

0

|u|2dt
)β/2

+MT 1/2

)
‖v‖,

and hence

(3.8) ‖ψ′(u)‖ ≤ ςT (1−α)/2‖u‖α +MT 1/2.

For u ∈ Sη,δ, ‖u‖ ≥ ‖u+ + u−‖ ≥ Jη,δ; thus, it follows from (3.1) and
(3.6) (3.8) that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖

= 2

[
ϕ(u) + ψ(u)− 1

2
〈ψ′(u), u〉

]

+
1

2
‖B(u+ + u−)− ψ′(u)‖ · ‖u‖

≥ 2ϕ(u) + 2ψ(u)− 〈ψ′(u), u〉
+

1

2
‖B(u+ + u−)‖ · ‖u‖ − 1

2
‖ψ′(u)‖ · ‖u‖

≥ −2η − 7

2
(ςT (1−α)/2‖u‖1+α +MT 1/2‖u‖)

− 2

∫ T

0

|H(t, 0)| dt+ c0δ

4
‖u‖1+α

≥ ‖u‖1+α

{
−
(
2η + 2

∫ T

0

|H(t, 0)| dt
)
‖u‖−(1+α)

− 7

2
(ςT (1−α)/2 +MT 1/2‖u‖−α) +

c0δ

4

}

≥ ‖u‖1+α

{
−
(
2η + 2

∫ T

0

|H(t, 0)| dt
)
J
−(1+α)
η,δ

− 7

2
(ςT (1−α)/2 +MT 1/2J−α

η,δ ) +
c0δ

4

}
> 0,
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provided Jη,δ > 0 large enough. This completes the proof.

Lemma 3.3. Assume (H4) with α ∈ [0, 1). Then there is a constant
Δ > 0 such that, for any η > 0, there exists a Jη > 0 such that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ ≥ 0

for all u ∈ Sη := {u ∈ H1
T | ϕ(u) ≥ −η, ‖u+ + u−‖ ≥ Δ‖u0‖α + Jη}.

Proof. For u ∈ Sη, we have ‖u+ + u−‖ ≥ Δ‖u0‖α. Similar to (3.6),
for ‖u‖ large enough, we have

(3.9) ‖u+ + u−‖ ≥ Δ

2
‖u‖α.

It follows from (H4) that there exists an M > 0 such that

|∇H(t, x)| ≤M(|x|α + 1), for all x ∈ Rnand t ∈ [0, T ].

Similar to (3.7) and (3.8), we have

(3.10) |ψ(u)| ≤MT (1−α)/2‖u‖1+α +MT 1/2‖u‖+
∫ T

0

|H(t, 0)| dt

and

(3.11) ‖ψ′(u)‖ ≤MT (1−α)/2‖u‖α +MT 1/2.

For u ∈ Sη, ‖u‖ ≥ ‖u+ + u−‖ ≥ Jη, it thus follows from (3.1) and
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(3.9) (3.11) that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖

≥ 2ϕ(u) + 2ψ(u)− 〈ψ′(u), u〉+ 1

2
‖B(u+ + u−)‖ · ‖u‖

− 1

2
‖ψ′(u)‖ · ‖u‖

≥ −2η − 7

2
(MT (1−α)/2‖u‖1+α +MT 1/2‖u‖)

− 2

∫ T

0

|H(t, 0)| dt+ c0Δ

4
‖u‖1+α

≥ ‖u‖1+α

{
−
(
2η + 2

∫ T

0

|H(t, 0)| dt
)
‖u‖−(1+α)

− 7

2
(MT (1−α)/2 +MT 1/2‖u‖−α) +

c0Δ

4

}

≥ ‖u‖1+α

{
−
(
2η + 2

∫ T

0

|H(t, 0)| dt
)
J−(1+α)
η

− 7

2
(MT (1−α)/2 +MT 1/2J−α

η ) +
c0Δ

4

}
> 0,

provided that Δ = 15/c0(MT (1−α)/2 + MT 1/2) and Jη > 0 large
enough. This completes the proof.

Remark. If 0 /∈ σ(B), that is, H0 = {0}, then for all u ∈ H1
T ,

u = u+ + u− with u± ∈ H±. In this case, Lemma 3.2 and Lemma 3.3
still hold true and can be restated as:

Lemma 3.4. Assume that 0 /∈ σ(B). If (H4) with α ∈ (0, 1] or (H6)
with α ∈ [0, 1) holds, then for any η > 0, there exists a Jη > 0 such
that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ ≥ 0

for all u ∈ Sη := {u ∈ H1
T | ϕ(u) ≥ −η, ‖u‖ ≥ Jη}.

Lemma 3.5. Assume that 0 ∈ σ(B) and (H2). Then there is a
number D > 0 with the following property: for any small ε > 0, there
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exists a δ(ε) > 0 such that, for any J > 0 and Wε,J := {u ∈ H1
T |

‖u+ + u−‖ ≤ δ(ε)‖u0‖+ J},

lim inf
u∈Wε,J‖u‖→∞

∫ T

0

[2H(t, u)− (∇H(t, u), u)] dt ≥ θ0

∫ T

0

h(t) dt−Dε,

where θ0 ∈ (0, 1) is given in (1.2).

Proof. For any small ε > 0, by using an argument as used in the
proof of Lemma 3.2 in [2], it is not hard to show that there exist small
γ(ε) ∈ (0, 1) and large Γ(ε) > 1 such that

meas {t ∈ [0, T ] | |u0(t)| < γ(ε)‖u0‖} < ε, for all u0 ∈ H0 \ {0}
and

meas {t ∈ [0, T ] | |u+(t) + u−(t)| > Γ(ε)‖u+ + u−‖} < γβ(ε)ε,

for all u+ + u− ∈ H+ ⊕H−,

where β > 0 is a constant. Set

E1(u, ε) = {t ∈ [0, T ] | |u0(t)| ≥ γ(ε)‖u0‖},
E2(u, ε) = {t ∈ [0, T ] | |u+(t) + u−(t)| ≤ Γ(ε)‖u+ + u−‖}.

Then

(3.12)
meas ([0, T ] \ E1(u, ε)) < ε,

meas ([0, T ] \ E2(u, ε)) < γβ(ε)ε ≤ ε.

Moreover, for all u ∈ H1
T ,

T ≥ meas (E1(u, ε) ∩ E2(u, ε))

≥ meas (E1(u, ε))−meas ([0, T ] \ E2(u, ε))

≥ T − 2ε.

Therefore, noting that θ0 < 1 and
∫ T

0
h(t) dt > 2

∫ T

0
H(t, 0) dt ≥ 0, we

can choose a positive number ε0 > 0 such that, for ε ∈ (0, ε0), the
following holds:

(3.13)

∫
E1(u,ε)∩E2(u,ε)

h(t) dt ≥ θ0

∫ T

0

h(t) dt
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for all u ∈ H1
T .

Let δ(ε) = (γ(ε))/(2Γ(ε)) and Wε,J := {u ∈ H1
T | ‖u+ + u−‖ ≤

δ(ε)‖u0‖ + J} for J > 0. Then δ(ε) ∈ (0, 1). Since u ∈ Wε,J and
‖u‖ → ∞ imply that ‖u0‖ → ∞, therefore, for u ∈ Wε,J with ‖u‖
sufficiently large, we have

‖u0‖2
‖u‖2 =

‖u‖2 − ‖u+ + u−‖2
‖u‖2 ≥ 1− (δ(ε)‖u0‖+ J)2

‖u‖2 ≥ 1− 4‖u0‖2
‖u‖2 ,

which yields

‖u0‖
‖u‖ ≥ 1√

5
, for u ∈Wε,J with ‖u‖ sufficiently large.

For any u ∈ Wε,J and any t ∈ E1(u, ε) ∩ E2(u, ε), we have

(3.14)

|u(t)|
‖u‖ =

|u0(t) + u+(t) + u−(t)|
‖u‖

≥ |u0(t)|
‖u‖ − |u+(t) + u−(t)|

‖u‖
≥ γ(ε)

‖u0‖
‖u‖ − Γ(ε)

‖u+ + u−‖
‖u‖

≥ [γ(ε)− Γ(ε)δ(ε)]
‖u0‖
‖u‖ − Γ(ε)

J

‖u‖

=
1

2
γ(ε)

‖u0‖
‖u‖ − Γ(ε)

J

‖u‖
≥ 1

3
γ(ε)

‖u0‖
‖u‖ .

Therefore,

(3.15) lim inf
u∈Wε,J ,‖u‖→∞

inf

{ |u(t)|
‖u‖ | t ∈ E1(u, ε) ∩ E2(u, ε)

}

≥ 1

3
√
5
γ(ε) > 0.
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For any u ∈ Wε,J and t ∈ E2(u, ε) \ E1(u, ε), we have

(3.16)

|u(t)|
‖u‖ ≤ γ(ε)

‖u0‖
‖u‖ + Γ(ε)

‖u+ + u−‖
‖u‖

≤ (γ(ε) + Γ(ε)δ(ε))
‖u0‖
‖u‖ + Γ(ε)

J

‖u‖
=

3

2
γ(ε)

‖u0‖
‖u‖ + Γ(ε)

J

‖u‖ ≤ 2γ(ε)
‖u0‖
‖u‖ .

By virtue of (H2), there exists a large Rε > 0 such that

(3.17)
2H(t, x)− (∇H(t, x), x) ≥ h(t)− ε,

for t ∈ [0, T ] and |x| ≥ Rε.

Set E3(u, ε) = {t ∈ [0, T ] | |u(t)| ≥ Rε}. Then, for u ∈ Wε,J with ‖u‖
sufficiently large, (3.15) implies

E1(u, ε) ∩ E2(u, ε) ⊂ E3(u, ε).

Therefore, by (3.13) and (3.17), we obtain

(3.18)

∫
E1(u,ε)∩E2(u,ε)

[2H(t, u)− (∇H(t, u), u)] dt

≥
∫
E1(u,ε)∩E2(u,ε)

(h(t)− ε) dt

≥ θ0

∫ T

0

h(t) dt− Tε.

Choose a large number D1 > 0 such that h(t) ≥ −D1 + 1 for all
t ∈ [0, T ]. Again, by (H2), we can find a large number R > 0 such that

(3.19) 2H(t, x)− (∇H(t, x), x) ≥ −D1, for t ∈ [0, T ] and |x| ≥ R.

Set E4(u) = {t ∈ [0, T ] | |u(t)| ≥ R} and D2 = max{|2H(t, x) −
(∇H(t, x), x)| | t ∈ [0, T ], |x| ≤ R}. Then it follows from (3.12) and
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(3.19) that

(3.20)

∫
E2(u,ε)\E1(u,ε)

[2H(t, u)− (∇H(t, u), u)] dt

≥
∫
(E2(u,ε)\E1(u,ε))∩E4(u)

[2H(t, u)− (∇H(t, u), u)] dt

+

∫
(E2(u,ε)\E1(u,ε))\E4(u)

[2H(t, u)− (∇H(t, u), u)] dt

≥ −D1

∫
(E2(u,ε)\E1(u,ε))∩E4(u)

dt

−D2

∫
(E2(u,ε)\E1(u,ε))\E4(u)

dt

≥ −(D1 +D2)ε

and

(3.21)

∫
[0,T ]\E2(u,ε)

[2H(t, u)− (∇H(t, u), u)] dt

=

∫
([0,T ]\E2(u,ε))∩E4(u)

[2H(t, u)− (∇H(t, u), u)] dt

+

∫
([0,T ]\E2(u,ε))\E4(u)

[2H(t, u)− (∇H(t, u), u)] dt

≥ −D1

∫
([0,T ]\E2(u,ε))∩E4(u)

dt−D2

∫
([0,T ]\E2(u,ε))\E4(u)

dt

≥ −(D1 +D2)ε.

Therefore, by (3.18), (3.20) and (3.21), for u ∈ Wε,J with ‖u‖ suffi-
ciently large, we obtain

∫ T

0

[2H(t, u)− (∇H(t, u), u)] dt

=

∫
E1(u,ε)∩E2(u,ε)

[2H(t, u)− (∇H(t, u), u)] dt

+

∫
E2(u,ε)\E1(u,ε)

[2H(t, u)− (∇H(t, u), u)] dt
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+

∫
[0,T ]\E2(u,ε)

[2H(t, u)− (∇H(t, u), u)] dt

≥ θ0

∫ T

0

h(t) dt− (T + 2D1 + 2D2)ε,

from which the conclusion follows, and the proof is complete.

Lemma 3.6. Assume that 0 ∈ σ(B) and (H3). Then, for any
small ε > 0, there exists a δ(ε) > 0 such that, for any J > 0 and
Wε,J := {u ∈ H1

T | ‖u+ + u−‖ ≤ δ(ε)‖u0‖+ J},

lim inf
u∈Wε,J ,‖u‖→∞

∫ T

0

2H(t, u)− (∇H(t, u), u)

‖u‖β dt > 0.

Proof. For any small ε > 0, let γ(ε),Γ(ε), δ(ε) ∈ (0, 1), E1(u, ε) and
E2(u, ε) with u ∈ H1

T be given in the proof of Lemma 3.5. Let c denote
various positive constants which are independent of ε.

By virtue of (H3), there exists a large R′
ε > 0 such that

(3.22)

2H(t, x)− (∇H(t, x), x)

|x|β ≥ h(t)− γβ(ε)ε,

for t ∈ [0, T ] and |x| ≥ R′
ε.

Set E5(u, ε) = {t ∈ [0, T ] | |u(t)| ≥ R′
ε}. Then, for u ∈ Wε,J with ‖u‖

sufficiently large, it follows from (3.15) that

E1(u, ε) ∩ E2(u, ε) ⊂ E5(u, ε).

Therefore, it follows from (3.14) and (3.22) that

(3.23)

∫
E1(u,ε)∩E2(u,ε)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

≥
∫
E1(u,ε)∩E2(u,ε)

(h(t)− γβ(ε)ε)|u|β
‖u‖β dt

≥ 1

3β
γβ(ε)

(‖u0‖
‖u‖

)β ∫
E1(u,ε)∩E2(u,ε)

h(t) dt

− cγβ(ε)ε.
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Again, by (H3), we can find a large number R′ > 0 such that

(3.24)
2H(t, x)− (∇H(t, x), x) ≥ −|x|β ,

for t ∈ [0, T ] and |x| ≥ R′.

Set E6(u) = {t ∈ [0, T ] | |u(t)| ≥ R′} and D3 = max{|2H(t, x) −
(∇H(t, x), x)| | t ∈ [0, T ], |x| ≤ R′}. Then it follows from (3.9), (3.13)
and (3.21) that

(3.25)

∫
E2(u,ε)\E1(u,ε)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

=

∫
(E2(u,ε)\E1(u,ε))∩E6(u)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

+

∫
(E2(u,ε)\E1(u,ε))\E6(u)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

≥ −
∫
(E2(u,ε)\E1(u,ε))∩E6(u)

|u(t)|β
‖u‖β dt

−
∫
(E2(u,ε)\E1(u,ε))\E6(u)

D3

‖u‖β dt

≥ −2βγβ(ε)

(‖u0‖
‖u‖

)β

ε− cγβ(ε)ε ≥ −2βγβ(ε)ε− cγβ(ε)ε

and

(3.26)

∫
[0,T ]\E2(u,ε)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

=

∫
([0,T ]\E2(u,ε))∩E6(u)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

+

∫
([0,T ]\E2(u,ε))\E6(u)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

≥ −
∫
([0,T ]\E2(u,ε))∩E6(u)

|u(t)|β
‖u‖β dt

−
∫
([0,T ]\E2(u,ε))\E6(u)

D3

‖u‖β dt

≥ −cγβ(ε)ε.
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Therefore, for any u ∈ Wε,J with ‖u‖ sufficiently large, it follows from
(3.23), (3.25) and (3.26) that

∫ T

0

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

=

∫
E1(u,ε)∩E2(u,ε)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

+

∫
E2(u,ε)\E1(u,ε)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

+

∫
[0,T ]\E2(u,ε)

2H(t, u)− (∇H(t, u), u)

‖u‖β dt

≥ 1

3β
γβ(ε)

(‖u0‖
‖u‖

)β ∫
E1(u,ε)∩E2(u,ε)

h(t) dt

− 2βγβ(ε)ε− cγβ(ε)ε

≥ γβ(ε)

{
1

3β5β/2

∫
E1(u,ε)∩E2(u,ε)

h(t) dt− 2βε− cε

}
.

Noting that limε→0

∫
E1(u,ε)∩E2(u,ε)

h(t) dt =
∫ T

0 h(t) dt > 0, the last

inequality implies that

lim inf
u∈Wε,J ,‖u‖→∞

∫ T

0

2H(t, u)− (∇H(t, u), u)

‖u‖β dt > 0,

provided ε > 0 is small enough. The proof is complete.

Lemma 3.7. Assume that 0 ∈ σ(B) and (H5). Then, for any J > 0,
and Wα

J := {u ∈ H1
T | ‖u+ + u−‖ ≤ Δ‖u0‖α + J},

lim
u∈Wα

J
,‖u‖→∞

∫ T

0

H(t, u)

‖u‖2α dt = −∞

in the case (H5) (i) (or +∞, in the case (H5) (ii)).

Proof. We only consider the case (H5) (i); the other case can be
treated similarly. Without loss of generality, we can assume that
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lim|x|→∞H(t, x)/|x|2α = −∞ uniformly for t ∈ E ⊂ [0, T ]. Otherwise,
we can choose a subset E1 ⊂ E with meas (E1) > 0 such that the last
equality holds uniformly for t ∈ E1 (see the proof of Lemma 2 in [21]).

For any small ε > 0, let γ(ε),Γ(ε), δ(ε) ∈ (0, 1), E1(u, ε) and E2(u, ε)
with u ∈ H1

T be given in the proof of Lemma 3.5. Let c denote various
positive constants which are independent of ε.

By virtue of (H5) (i), we can choose a large numberM ′ > 0 such that

(3.27) H(t, x) ≤M ′(|x|2α + 1), for t ∈ [0, T ] and x ∈ Rn,

and, for any K > 0, we can choose a large R′
K > 0 such that

(3.28) H(t, x) ≤ −K|x|2α, for t ∈ E and |x| ≥ R′
K .

Set E7(u,K) = {t ∈ [0, T ] | |u(t)| ≥ R′
K}. Since α < 1, it follows that,

for ‖u‖ sufficiently large,

Δ‖u0‖α =
Δ

‖u0‖1−α
‖u0‖ ≤ δ(ε)‖u0‖.

Therefore, Wα
J ⊂ Wε,J := {u ∈ H1

T | ‖u+ + u−‖ ≤ δ(ε)‖u0‖ + J} and,
hence, for u ∈ Wα

J with ‖u‖ sufficiently large, ‖u0‖/‖u‖ ≥ 1/
√
5 and

(3.15) imply that

E1(u, ε) ∩ E2(u, ε) ⊂ E7(u,K).

Noting that T ≥ meas (E1(u, ε) ∩ E2(u, ε)) ≥ T − 2ε for all u ∈ H1
T , it

follows that

meas (E1(u, ε) ∩ E2(u, ε) ∩E) ≥ meas (E)− 2ε > 0,

provided ε > 0 is small enough. Therefore, by (3.14), (3.27) and (3.28),
we obtain that, for any u ∈Wα

J with ‖u‖ sufficiently large,

(3.29)

∫
E1(u,ε)∩E2(u,ε)

H(t, u)

‖u‖2α dt

≤
∫
E1(u,ε)∩E2(u,ε)∩E

−K|u|2α
‖u‖2α dt

+

∫
(E1(u,ε)∩E2(u,ε))\E

M ′(|u|2α + 1)

‖u‖2α dt

≤ − K

32α
γ2α(ε)

(‖u0‖
‖u‖

)2α

(meas (E)− 2ε) + c

≤ − K

45α
γ2α(ε)(meas (E)− 2ε) + c.
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Moreover, it follows from (3.27) that

(3.30)

∫
[0,T ]\(E1(u,ε)∩E2(u,ε))

H(t, u)

‖u‖2α dt

≤
∫
[0,T ]\(E1(u,ε)∪E2(u,ε))

M ′(|u|2α + 1)

‖u‖2α dt ≤ c.

Therefore, by (3.29) and (3.30), for u ∈ Wα
J with ‖u‖ sufficiently large,

we obtain ∫ T

0

H(t, u)

‖u‖2α dt =

∫
E1(u,ε)∩E2(u,ε)

H(t, u)

‖u‖2α dt

+

∫
[0,T ]\(E1(u,ε)∩E2(u,ε))

H(t, u)

‖u‖2α dt

≤ − K

45α
γ2α(ε)(meas (E)− 2ε) + c.

Since the constant c is independent ofK > 0, the arbitrariness ofK > 0
yields the conclusion, and the proof is complete.

Lemma 3.8. Assume 0 ∈ σ(B) and (H8) with β ∈ (0, 2). Then, for
any small ε > 0, there exists a δ(ε) > 0 such that, for any J > 0 and
Wε,J := {u ∈ H1

T | ‖u+ + u−‖ ≤ δ(ε)‖u0‖+ J},

lim sup
u∈Wε,J ,‖u‖→∞

∫ T

0

H(t, u)

‖u‖β dt < 0, in the case (H8) (i)

or

lim inf
u∈Wε,J ,‖u‖→∞

∫ T

0

H(t, u)

‖u‖β dt > 0, in the case (H8) (ii).

Proof. Without loss of generality, we assume (H8) (i); the other
case can be treated similarly. For any small ε > 0, let γ(ε),Γ(ε),
δ(ε) ∈ (0, 1), E1(u, ε) and E2(u, ε) with u ∈ H1

T be given as in the
proof of Lemma 3.5. Let c denote various positive constants which are
independent of ε.
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By virtue of (H8) (i), there exists a large R′′
ε > 0 such that

(3.31) H(t, x) ≤ (h(t) + γβ(ε)ε)|x|β , for t ∈ [0, T ] and |x| ≥ R′′
ε .

Set E8(u, ε) = {t ∈ [0, T ] | |u(t)| ≥ R′′
ε}. Then, for u ∈ Wε,J with ‖u‖

sufficiently large, (3.15) implies

E1(u, ε) ∩ E2(u, ε) ⊂ E8(u, ε).

Therefore, by (3.14) and (3.31), we obtain

(3.32)

∫
E1(u,ε)∩E2(u,ε)

H(t, u)

‖u‖β dt

≤
∫
E1(u,ε)∩E2(u,ε)

(h(t) + γβ(ε)ε)|u|β
‖u‖β dt

≤ 1

3β
γβ(ε)

(‖u0‖
‖u‖

)β ∫
E1(u,ε)∩E2(u,ε)

h(t) dt

+ cγβ(ε)ε.

Again, by (H8) (i), we can find a large number R′′ > 0 such that

(3.33) H(t, x) ≤ |x|β , for t ∈ [0, T ] and |x| ≥ R′′.

Set E9(u) = {t ∈ [0, T ] | |u(t)| ≥ R′′} and D4 = max{|H(t, x)| | t ∈
[0, T ], |x| ≤ R′′}. Then it follows from (3.12), (3.16) and (3.33) that

(3.34)

∫
E2(u,ε)\E1(u,ε)

H(t, u)

‖u‖β dt =

∫
(E2(u,ε)\E1(u,ε))∩E9(u)

H(t, u)

‖u‖β dt

+

∫
(E2(u,ε)\E1(u,ε))\E9(u)

H(t, u)

‖u‖β dt

≤
∫
(E2(u,ε)\E1(u,ε))∩E9(u)

|u|β
‖u‖β dt

+

∫
(E2(u,ε)\E1(u,ε))\E9(u)

D4

‖u‖β dt

≤ 2βγβ(ε)

(‖u0‖
‖u‖

)β

ε+ cγβ(ε)ε,
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and

(3.35)

∫
[0,T ]\E2(u,ε)

H(t, u)

‖u‖β dt =

∫
([0,T ]\E2(u,ε))∩E9(u)

H(t, u)

‖u‖β dt

+

∫
([0,T ]\E2(u,ε))\E9(u)

H(t, u)

‖u‖β dt

≤
∫
([0,T ]\E2(u,ε))∩E9(u)

|u|β
‖u‖β dt

+

∫
([0,T ]\E2(u,ε))\E9(u)

D4

‖u‖β dt

≤ cγβ(ε)ε.

Therefore, by (3.32), (3.34) and (3.35), for u ∈ Wε,J with ‖u‖ suffi-
ciently large, we obtain

∫ T

0

H(t, u)

‖u‖β dt =

∫
E1(u,ε)∩E2(u,ε)

H(t, u)

‖u‖β dt

+

∫
E2(u,ε)\E1(u,ε)

H(t, u)

‖u‖β dt

+

∫
[0,T ]\E2(u,ε)

H(t, u)

‖u‖β dt

≤ γβ(ε)

{
1

3β

(‖u0‖
‖u‖

)β ∫
E1(u,ε)∩E2(u,ε)

h(t) dt

+ 2β
(‖u0‖

‖u‖
)β

ε+ cε

}

≤ γβ(ε)

{
1

3β5β/2

∫
E1(u,ε)∩E2(u,ε)

h(t) dt+ 2βε+ cε

}
,

from which and the arbitrariness of ε > 0, the conclusion follows. The
proof is complete.

4. Proofs of main results. Now, we are in a position to prove our
main results.
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Proof of Theorem 1. Firstly, we assume 0 ∈ σ(B). Let D > 0 be the
constant given in Lemma 3.5. Let ε > 0 be so small that

(4.1) (2 +D)ε ≤ 1

2
θ0

∫ T

0

h(t) dt.

By virtue of Lemma 3.5, we can choose a δ(ε) > 0 such that, for any
J > 0,

(4.2) lim inf
‖u‖→∞

∫ T

0

[2H(t, u)− (∇H(t, u), u)] dt ≥ θ0

∫ T

0

h(t) dt−Dε

for u ∈ H1
T with ‖u+ + u−‖ ≤ δ(ε)‖u0‖+ J .

Let H2 = span {ϑ�, ϑ�+1, . . . }. Then codimH2 < ∞. Recall that∫ T

0
H(t, 0) dt = 0; for any u ∈ H2, we have

ψ(u) =

∫ T

0

H(t, u) dt ≤
∫ T

0

|H(t, u)−H(t, 0)| dt

≤
∫ T

0

|u|2dt+M

∫ T

0

|u| dt

≤
∫ T

0

|u|2dt+MT
1
2

(∫ T

0

|u|2dt
)1/2

≤ ‖u‖2 +MT 1/2‖u‖.

Hence, we have

ϕ(u) =
1

2
〈Bu, u〉 − ψ(u)

≥ 1

2
λ�‖u‖2 − ‖u‖2 −MT

1
2 ‖u‖

≥ min
t≥0

{(
1

2
λ� − 1

)
t2 −MT 1/2t

}
≥ −ε,

provided � is large enough. Therefore, infu∈H2ϕ(u) ≥ −ε.
Now we check that ϕ satisfies condition (B) (ii) in (−ε, 0) with respect

to B := {u ∈ H1
T | ‖u‖ ≤ r} with r > 0 being specified below. For any
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ε ∈ (−ε, 0), let σ = 1/4min{ε+ ε,−ε}. Then [ε− σ, ε+ σ] ⊂ (−ε, 0). If
u ∈ ϕ−1([ε − σ, ε + σ]), by Lemma 3.2, there exists a Jε > 0 such that

(4.3)
〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ ≥ 0,

for u ∈ H1
T with ‖u+ + u−‖ ≥ δ(ε)‖u0‖+ Jε.

DenoteWε := {u ∈ H1
T | ‖u++u−‖ ≤ δ(ε)‖u0‖+Jε}∩ϕ−1([ε−σ, ε+σ]).

Then it follows from (4.1) and (4.2) that

lim inf
u∈Wε,‖u‖→∞

{
〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖

}

= lim inf
u∈Wε,‖u‖→∞

{
2

[
ϕ(u) + ψ(u)− 1

2
〈ψ′(u), u〉

]

+
1

2
‖B(u+ + u−)− ψ′(u)‖ · ‖u‖

}
≥ lim inf

u∈Wε,‖u‖→∞
{2ϕ(u) + 2ψ(u)− 〈ψ′(u), u〉}

≥ lim inf
u∈Wε,‖u‖→∞

{
− 2ε+

∫ T

0

[2H(t, u)− (∇H(t, u), u)] dt

}

≥ −2ε+ lim inf
u∈Wε,‖u‖→∞

∫ T

0

[2H(t, u)− (∇H(t, u), u)] dt

≥ −2ε+ θ0

∫ T

0

h(t) dt−Dε

≥ 1

2
θ0

∫ T

0

h(t) dt > 0.

Consequently, 〈ϕ′(u), u〉+1/2‖ϕ′(u)‖·‖u‖ ≥ 0 for any u ∈ ϕ−1([ε−σ, ε+
σ]) with ‖u‖ = r sufficiently large. That is, ϕ satisfies condition (B) (ii)
in (−ε, 0) with respect to B := {u ∈ H1

T | ‖u‖ ≤ r}. Since condition
(B) (i) holds naturally, by Theorem 2.3 and Lemma 3.1, the number
of the critical points of ϕ is more than or equal to dimH1 − codimH2,
whereH1 = Hk comes from Lemma 3.1. Passing to the limit as k → ∞,
we obtain infinitely many critical points of ϕ, the critical values of which
belong to (−ε, 0).
Finally, if 0 /∈ σ(B), then by Lemma 3.4, we also have that 〈ϕ′(u), u〉+

1/2‖ϕ′(u)‖ · ‖u‖ ≥ 0 for any u ∈ ϕ−1([ε − σ, ε + σ]) with ‖u‖ = r
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sufficiently large. Therefore, ϕ also satisfies condition (B) (ii) in (−ε, 0)
with respect to B := {u ∈ H1

T | ‖u‖ ≤ r}. As before, we can conclude
that ϕ has infinitely many critical points. This completes the proof.

Proof of Theorem 2. Let ε, δ(ε), Jε andWε = {u ∈ H1
T | ‖u++u−‖ ≤

δ(ε)‖u0‖ + Jε} ∩ ϕ−1([ε − σ, ε + σ]) be the same as in the proof of
Theorem 1. Then it follows that

lim inf
u∈Wε,‖u‖→∞

1

‖u‖β
{
〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖

}

≥ lim inf
u∈Wε,‖u‖→∞

1

‖u‖β
{
− 2ε+

∫ T

0

[2H(t, u)− (∇H(t, u), u)] dt

}

≥ lim inf
u∈Wε,‖u‖→∞

∫ T

0

2H(t, u)− (∇H(t, u), u)

‖u‖β dt > 0,

which, together with (4.3), implies that 〈ϕ′(u), u〉+1/2‖ϕ′(u)‖·‖u‖ ≥ 0
for any u ∈ ϕ−1([ε−σ, ε+σ]) with ‖u‖ = r sufficiently large. The rest of
the proof is the same as that of Theorem 1, and the proof is complete.

Proof of Theorem 3. Without loss of generality, we assume that there
exists a constant M > 0 such that lim sup|x|→∞H(t, x)/|x|2α ≤ M

uniformly for t ∈ [0, T ], and lim|x|→∞H(t, x)/|x|2α = −∞ on a positive
measure subset E ⊂ [0, 1]; the other case can be treated similarly. Let
H2 = span {ϑ�, ϑ�+1, . . . }. Then codimH2 < ∞. Let ε > 0 be a small
number, for any u ∈ H2. We then have

ϕ(u) =
1

2
〈Bu, u〉 − ψ(u)

≥ 1

2
λ�‖u‖2 −MT (1−α)/2‖u‖1+α −MT 1/2‖u‖

≥ min
t≥0

{
1

2
λ�t

2 −MT (1−α)/2t1+α −MT 1/2t

}
≥ −ε,

provided � is large enough. Therefore, infu∈H2ϕ(u) ≥ −ε.
Now we check that ϕ satisfies condition (B) (ii) in (−ε, 0) with respect

to B := {u ∈ H1
T | ‖u‖ ≤ r} with r > 0 being specified below.
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Firstly, we assume 0 ∈ σ(B). Let Δ > 0 be the constant given in
Lemma 3.3. By virtue of Lemma 3.7, for any J > 0, we have

(4.4) lim sup
‖u‖→∞

∫ T

0

H(t, u)

‖u‖2α dt = −∞.

for u ∈ H1
T with ‖u+ + u−‖ ≤ Δ‖u0‖α + J .

Let η = ε > 0, and let Jε := Jη > 0 be given as in Lemma 3.3. Then,
for any large K > 0, it follows that

ψ(u) =

∫ T

0

H(t, u) dt ≤ −K‖u‖2α < 0

for u ∈ Wα
ε := {u ∈ H1

T | ‖u+ + u−‖ ≤ Δ‖u0‖α + Jε} with ‖u‖
sufficiently large.

Therefore, for any u ∈ ϕ−1([−ε, 0]) ∩Wα
ε with ‖u‖ sufficiently large.

(4.5) 〈B(u++u−), u++u−〉 = 〈Bu, u〉 = 2ϕ(u)+2ψ(u) ≤ −K‖u‖2α.

On the other hand, for ‖u‖ large enough, we have

(4.6)

|〈B(u+ + u−), u+ + u−〉| ≤ ‖B(u+ + u−)‖ · ‖u+ + u−‖
≤ (Δ‖u0‖α + Jε)‖B(u+ + u−)‖
≤ 2Δ‖u‖α‖B(u+ + u−)‖.

It then follows from (4.5) and (4.6) that

(4.7) ‖B(u+ + u−)‖ ≥ K

2Δ
‖u‖α,

for u ∈ ϕ−1([−ε, 0]) ∩Wα
ε with ‖u‖ sufficiently large.

For any ε ∈ (−ε, 0), let σ = 1/4min{ε+ ε,−ε}. Then [ε− σ, ε+ σ] ⊂
(−ε, 0). If u ∈ ϕ−1([ε− σ, ε + σ]), by Lemma 3.3, we have

(4.8)
〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ ≥ 0,

for u ∈ H1
T with ‖u+ + u−‖ ≥ Δ‖u0‖α + Jε.
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DenoteWε :=Wα
ε ∩ϕ−1([ε−σ, ε+σ]). Then it follows from (3.7), (3.8)

and (4.7) that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ = 2

[
ϕ(u) + ψ(u)− 1

2
〈ψ′(u), u〉

]

+
1

2
‖B(u+ + u−)− ψ′(u)‖ · ‖u‖

≥ 2ϕ(u) + 2ψ(u) +
1

2
‖B(u+ + u−)‖ · ‖u‖

− 3

2
‖ψ′(u)‖ · ‖u‖

≥ −2ε− 2MT (1−α)/2‖u‖1+α

− 2MT 1/2‖u‖ − 2

∫ T

0

|H(t, 0)| dt

+
K

4Δ
‖u‖1+α − 3

2
MT (1−α)/2‖u‖1+α

− 3

2
MT 1/2‖u‖

> 0,

provided K > 0 and ‖u‖ are sufficiently large.

Consequently, 〈ϕ′(u), u〉+ 1/2‖ϕ′(u)‖ · ‖u‖ ≥ 0 for any u ∈ ϕ−1([ε−
σ, ε + σ]) with ‖u‖ = r sufficiently large. That is, ϕ satisfies condition
(B) (ii) in (−ε, 0) with respect to B := {u ∈ H1

T | ‖u‖ ≤ r}. The
remainder of the proof is similar to that of Theorem 1 and is omitted.
The proof is complete.

Proof of Theorem 4. We only consider the case (H7) (i), the other
case can be treated similarly. Let H2 = span{ϑ�, ϑ�+1, . . . }. Then
codimH2 < ∞. Let ε > 0 be a small number. For any u ∈ H2, we
have infu∈H2ϕ(u) ≥ −ε provided � is large enough.

Now we check that ϕ satisfies condition (B) (ii) in (−ε, 0) with respect
to B := {u ∈ H1

T | ‖u‖ ≤ r} with r > 0 being specified below.

Firstly, we assume 0 ∈ σ(B). For ε > 0 given above, by virtue of
Lemma 3.8, we can choose a δ(ε) > 0 such that, for any J > 0,

(4.9) lim sup
‖u‖→∞

∫ T

0

H(t, u)

‖u‖2α dt < 0.
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for u ∈ H1
T with ‖u+ + u−‖ ≤ δ(ε)‖u0‖+ J .

For η = ε > 0 and δ = δ(ε), let Jε := Jη,δ > 0 be given as in
Lemma 3.2. Then we can take a positive number ε1 > 0 such that

lim sup
u∈Wε,‖u‖→∞

∫ T

0

H(t, u)

‖u‖2α dt ≤ −2ε1 < 0,

where Wε := {u ∈ H1
T | ‖u+ + u−‖ ≤ δ(ε)‖u0‖+ Jε}. s

Since α < 1, Wα
ε := {u ∈ H1

T | ‖u+ + u−‖ ≤ δ(ε)‖u0‖α + Jε} ⊂ Wε

for ‖u‖ large enough. Therefore, for u ∈Wα
ε with ‖u‖ sufficiently large,

we have

ψ(u) =

∫ T

0

H(t, u) dt ≤ −ε1‖u‖2α < 0.

Therefore, for any u ∈ ϕ−1([−ε, 0]) ∩Wα
ε with ‖u‖ sufficiently large,

we have

(4.10) 〈B(u++u−), u++u−〉 = 〈Bu, u〉 = 2ϕ(u)+2ψ(u) ≤ −ε1‖u‖2α.

On the other hand, for ‖u‖ large enough, we have

(4.11)

|〈B(u+ + u−), u+ + u−〉| ≤ ‖B(u+ + u−)‖ · ‖u+ + u−‖
≤ (δ(ε)‖u0‖α + Jε)‖B(u+ + u−)‖
≤ 2δ(ε)‖u‖α‖B(u+ + u−)‖.

It follows from (4.10) and (4.11) that

(4.12) ‖B(u+ + u−)‖ ≥ ε1
2δ(ε)

‖u‖α,

for u ∈ ϕ−1([−ε, 0]) ∩Wα
ε with ‖u‖ sufficiently large.

For any ε ∈ (−ε, 0), let σ = 1/4min{ε+ ε,−ε}. Then [ε− σ, ε+ σ] ⊂
(−ε, 0). If u ∈ ϕ−1([ε− σ, ε + σ]), by Lemma 3.2, we have

(4.13)
〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖ ≥ 0,

for u ∈ H1
T with ‖u+ + u−‖ ≥ δ(ε)‖u0‖α + Jε.
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Denote Wε :=Wα
ε ∩ϕ−1([ε−σ, ε+σ]). It then follows from (3.7), (3.8)

and (4.12) that

〈ϕ′(u), u〉+ 1

2
‖ϕ′(u)‖ · ‖u‖

= 2

[
ϕ(u) + ψ(u)− 1

2
〈ψ′(u), u〉

]

+
1

2
‖B(u+ + u−)− ψ′(u)‖ · ‖u‖

≥ 2ϕ(u) + 2ψ(u) +
1

2
‖B(u+ + u−)‖ · ‖u‖ − 3

2
‖ψ′(u)‖ · ‖u‖

≥ −2ε− 2ςT (1−α)/2‖u‖1+α − 2MT 1/2‖u‖ − 2

∫ T

0

|H(t, 0)| dt

+
ε1

4δ(ε)
‖u‖1+α

− 3

2
ςT (1−α)/2‖u‖1+α − 3

2
MT 1/2‖u‖

> 0,

provided ς > 0 is sufficiently small and ‖u‖ is sufficiently large.

Consequently, 〈ϕ′(u), u〉+ 1/2‖ϕ′(u)‖ · ‖u‖ ≥ 0 for any u ∈ ϕ−1([ε−
σ, ε + σ]) with ‖u‖ = r sufficiently large. That is, ϕ satisfies condition
(B) (ii) in (−ε, 0) with respect to B := {u ∈ H1

T | ‖u‖ ≤ r}. The
remainder of the proof is similar to that of Theorem 1 and is omitted.
The proof is complete.
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