ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 43, Number 1, 2013

ON AN APPLICATION OF POINCARE SERIES
TZU-CHUN LIN

ABSTRACT. Let p : G — GL (V) be a faithful represen-
tation of a finite group G over the field F and V = F™ be
a F(G)-module. In the nonmodular case, if F[V]¢ is a poly-
nomial algebra, then the finite dimensional G-representation
F[V]¢ is isomorphic to a regular representation, denoted as
Regg(G). In the modular case, this result is no longer valid.
In this note, we explore the relationship between the isomor-
phism classes of [F[V]g] and [Regg(G)] in the Grothendieck
group over any field of positive characteristic.

1. Introduction. Let G be a finite group, and let V' be a vector
space of dimension n over a field F and F[V] denote the symmetric
algebra of V* where V* is the dual of V. If {z1,...,2,} is a F-
basis of V*, we can identify F[V] with the graded polynomial algebra
Fz1,...,z,]. Let G — GL(V) be a faithful representation of G
over F. The subalgebra F[V]¢ = {f € F[V] | of = fforalle €
G} C F[V] fixed under the G-action is called the ring of invariants
of G. The ring F[V]% is as F-algebra finitely generated by at least n
generators. That is, there exists a homogeneous system of parameters,
say fi,--- , fn, in F[V]¥ such that F[V]¢ is a finitely generated module
over F[fi,..., fn]. Such generators fi,...,f, are called primary
invariants, the other generators secondary invariants. If dy, ... ,d,, are
the degrees of primary invariants of F[V]%, then the product I, d
is divisible by the order |G| of G. The ideal, denoted as h(G), in
F[V] generated by all G-invariant homogeneous polynomials of strictly
positive degree is a primary ideal and invariant under the action of G
on F[V] so G acts on the graded quotient algebra F[V]g = F[V]/h(G)
which is called the ring of coinvariants. The ring of coinvariants F[V]q
is a finite dimensional representation of G and has the Krull dimension
zero. As a convenient reference for invariant theory see [5].
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An F(G)-module is called a regular representation of a group G over
a field F, denoted as Regg(G), if there is an element v € Regp(G)
such that {o-v | 0 € G} is a F-basis of Regp(G), where o - v are all
distinct. In the nonmodular case, i.e., the order of GG is prime to the
characteristic of F, it is well known that

Theorem 1.1. [1]. Let G < GL(V) be a representation of G over
F. If F[V]Y is a polynomial algebra and the order of G is relatively
prime to the characteristic of F, then F[V]g = Regp(G).

However, in the modular case F[V]g may not be a regular represen-
tation even though F[V]¢ is polynomial. In this note we discuss the
relationship between the isomorphic classes [F[V]¢] of the ring of coin-
variants and [Regg(G)] of regular representation in the Grothendieck
group of finitely generated F(G)-modules. Namely, we prove:

Theorem 1.2. Let G — GL(V) be a representation of G over
F. If F[V]g is a complete intersection, then [F[V]g] is a multiple of
[Regp(G)] in Rr(G).

Recall that the ring of coinvariants F[V]q is a complete intersection
if the ideal h(G) is generated by all primary invariants of F[V]¢. In
general, if the quotient F[V]q is a complete intersection, the ring of
invariants F[V]¢ may not be polynomial, that is, F[V]¢ may contain
secondary invariants as generators.

2. Modular Poincaré series. Let F be a field of positive char-
acteristic p. Recall that the Grothendieck group of finitely generated
F(G)-modules, denoted as Rp(G), is an abelian group with isomorphic
classes, denoted by [—], of finitely generated F(G)-modules as group el-
ements and the relation [M] = [L] 4+ [N] holds for each exact sequence
0— L— M — N — 0 of finitely generated F(G)-modules. Let Sg(G)
be the subset of Rp(G) consisting of isomorphic classes of irreducible
F(G)-modules. An element o € G is called p-regular if the order of ¢
is relatively prime to p. We denote the set of all p-regular elements of
G by Greg. The elements of Geg are also diagonalizable. Suppose that
F is a splitting field for G (i.e., each irreducible F(G)-module is ab-
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solutely irreducible). For each F(G)-module M with dimg(M) = m
the modular character Xp; of M is defined by Xy : Greg — F,
o = Xum(o) = Y1t Ni(o) = trac(o), where A(0),..., (o) are
eigenvalues to the endomorphism o of M. The modular character X s
is a class function on Greg and Xp(1) = dimp(M)1lp, where 1g is
the identity of the field F. We extend the field F to its algebraic
closure F which contains the group pg of kth roots of unity, where
k is the least common multiple of the orders of elements of G-
And there is a cyclic group isomorphism ¢ : puz — pc. Since all
the eigenvalues A1(0),..., Ay (o) are elements in pg, there are cor-
responding elements in pc. Thus, we may rewrite the definition of
modular character Xar as Xar(0) = ¢(Ai(0)) + -+ + (A (0)) € C.
Hence, the value Xs(1) may identify with the number dimg(M). Let
the inner products (Xar,Xn) = 1/|G| X, cq,., Xn(@)Xar(o) and
(M, N) := dimp (Homp (M, N)) for finitely generated F(G)-modules
M and N. If P is a finitely generated projective F(G)-module, then
(M, P) = (Xum,Xp). Let Ey and Ey be two distinct irreducible F(G)-
modules with projective covers Pg, and Pg,, respectively. Then there
is an orthogonality relation (Pg,,E;) = d;;, i,j = 1,2. Therefore,
(M, E;) = (Pg,, M) for an arbitrary finitely generated F(G)-module
M. Every irreducible isomorphic class [E] in Sg(G) gives rise to a
modular character X g, which is called an irreducible modular character
of G. If M is a finite-dimensional F(G)-module, then the element [M]
in Rp(G) decomposes uniquely as the direct sum of the E;-isotypical
components of [M]

M= D Mg,

[E;]€SF(G)

where the FE;-isotypical component [M]|g, & m;[E;] is the direct sum
of all irreducible components of [M] which are isomorphic to [E;] and
m; is the multiplicity of [F;]. As a reference for the character theory,
see [2, 4].

To determine the multiplicity m; we reformulate the Poincaré series
in terms of the Grothendieck group.

Definition 2.1. Let Sg(G) = {[E1],... ,[Ex]} be finite, let Pg, be
the projective cover of E; for all 1 <i¢ < k, and let [M] = ®;>0[M;] be
a graded finitely generated F(G)-module in Rp(G) such that [M;] =
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(XPg, s Xm, ) [E1]©- @ (Xpg, , X, )[E], for all i. The modular Poincaré
series of [M] and [M] |g are defined by

t) = ZZ<XPEj,XJv1i> X, (1) -t

i=0 j
M] |g,t) ZZ XpPg, Xn;) - (Xg;» XE) -t
=0 J
o0
=D D (Xpe,, Xar) -
i=0 j '

In particular,

P([F[V]]|g,t) = Z Xpg (o 71 ZXMi(J) t
=0

UGGreg

B X Xeslo™) S
£ det (1 —o~1t)"

UEGreE

Proof of Theorem 1.2. If an extension field K of the field F is a split-
ting field for G, then (M, N) = (Mg, Nk) for finitely generated (pro-
jective) F(G)-modules M, N, where Mg = M ®@p K. Thus, we verify
the proof under the assumption that F is a splitting field for G. As-
sume that the ideal h(G) is generated by primary invariants f1,..., fn.
Then F[V]| =2 F(f1,..., fo]OF[V]g asbothan F[f1,. .., f,]- and F(G)-
module. Thus, for an irreducible F(G)-module E the modular Poincaré
series of the E-isotypical component [F[V]¢]|g is

_ ﬁ 1;[(1 — )

> X g
Pe (o det( o 1t)’

0EGreg
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Also,
PFWIc]le )lims = rxns (O ] d

=1
= dXPE (1)5

where d = [[,d;/|G| and d; = deg f; for all i = 1,... ,n. Since
[Regr(G)] = Dpjese (@) Xe(1)[E], the result holds. o

Corollary 2.2 [3]. Let G — GL(V) be a representation of G over F.
IfF[V]€ is a polynomial algebra, then [F[V]g] = [Regp(G)] in Rp(G).

Proof. If F[V]Y = F[fi,..., fa] is a polynomial ring and d; is the
degree of f;, then the product [[;_, d; = |G|. Hence, the result. O
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