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ON POONEN’S CONJECTURE CONCERNING RATIONAL
PREPERIODIC POINTS OF QUADRATIC MAPS

BENJAMIN HUTZ AND PATRICK INGRAM

ABSTRACT. The purpose of this note is to give some evi-
dence in support of conjectures of Poonen, Morton and Silver-
man on the periods of rational numbers under the iteration of
quadratic polynomials. In particular, for the family of maps
fe(x) = 22 + ¢ for ¢ € Q, Poonen conjectured that the exact
period of a Q-rational periodic points is at most 3. Using
good reduction information, we verify this conjecture over Q
for ¢ values up to height 108. For K/Q a quadratic number
field, we provide evidence that the upper bound on the exact
period of a Q-rational periodic point is 6. We also show that
the largest exact period of a rational periodic point increases
at least linearly in the degree of the number field.

1. Introduction. The purpose of this note is to give some
evidence in support of conjectures of Poonen, Morton and Silverman
on the periods of rational numbers under the iteration of quadratic
polynomials. Suppose that ¢.(2) = 2% + ¢, where ¢ € Q. We will
say that o € P}(Q) is a periodic point with exact period n for ¢, if
¢2(a) = a, while ¢7*(a) # « for 0 < m < n. For example, the point
at infinity is a point with exact period 1 for ¢., as are

1, V1—4c

a=—-+ ——

2 2
in the case where 1 — 4c¢ is a rational square. It is equally easy to
construct infinite families of quadratic polynomials ¢, with points with
(exact) period 2 or 3, but there are no such polynomials with points
of period 4, 5 or (assuming certain conjectures) 6 [1, 6, 10]. It is
reasonable to ask for which N there exists a pair «, ¢ € Q such that «
is a point with exact period N for ¢. (or how many rational periodic
points a quadratic map defined over Q may have, in total; the questions
are explicitly related [8]).
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Let E/Q be an elliptic curve, and let [¢{] : E — E be the
multiplication-by-¢ map, for some prime £. Then the preperiodic points
for [¢] (that is, the points P such that [¢]"(P) is periodic, for some m)
are precisely the torsion points on E. A theorem of Mazur [4] demon-
strates that, for any given elliptic curve E/Q, a point of finite order
in F(Q) has order at most 12. For a fixed prime ¢, this bounds the
period of a rational periodic point of [¢] : E — E in terms of ¢, but in-
dependent of E. Poonen conjectured a similar bounded for the (exact)
period of periodic points for quadratic polynomials.

Conjecture 1 [8]. There is no ¢ € Q such that ¢(z) = 2% + ¢ has a
Q-rational periodic point with exact period greater than 3.

More generally, a result of Kamienny [2] shows that, if K/Q is a
quadratic extension and FE/K is an elliptic curve, any point of finite
order in E(K) has order at most 18. A still more general theorem of
Merel [5] shows that, for any finite extension K/Q, the order of torsion
points in F(K) is bounded in terms of [K : Q] alone. In light of these
more general results, one might make the following conjecture, a special
case of a general conjecture of Morton and Silverman [7].

Conjecture 2. For any d > 1, there is some M = M(d), which
we take to be minimal, such that for any number field K/Q of degree
at most d, and any ¢ € K, the quadratic polynomial ¢. has mo point
defined over K with exact period greater than M.

The aim of this note is to present computational evidence for Con-
jectures 1 and 2. We use the notation

h<§> = log(max(|pl, |¢q|)) with ged (p,q) =1,

to denote the standard logarithmic height function on Q. For K =
Q(w), a quadratic extension, and ¢ € K, we write ¢ = aw + b and
define h(c) = max(h(a),h(b)). We denote the non-logarithmic height
function as H(c).

Proposition 1. There is no ¢ € Q such that ¢.(z) = 22 + ¢
has a Q-rational periodic point with exact period greater than 3 and
h(c) < 8log10.
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In other words, if ¢(z) = 22 + ¢ violates Poonen’s conjecture, then
either the numerator or the denominator of ¢ exceeds 108 in absolute
value. Something similar is true for quadratic extensions of Q.

Proposition 2. For any quadratic field K/Q with discriminant D
satisfying —4000 < D < 4000, and any ¢ € K with h(c) < 3log 10, the
quadratic polynomial ¢.(z) = 2%+ ¢ has no K-rational point with exact
period greater than 6.

Finally, it is interesting to consider the intermediate question, that is,
which periods are possible for z — 22 + ¢ in an extension K/Q, when ¢
is Q-rational. Here the computational evidence is somewhat stronger
than when c is allowed to vary in K.

Proposition 3. For any quadratic field K/Q with discriminant D
satisfying —4000 < D < 4000, and any ¢ € Q satisfying h(c) < 6log 10,
the quadratic polynomial ¢.(z) = 2% + ¢ has no K-rational point with
ezxact period greater than 6.

We conjecture, then, that the minimal bounds M (d) from Conjec-
ture 2 are M (1) = 3 and M(2) = 6. These are certainly the smallest
possible values, given that 22 — 29/16 has the 3-cycle

1—> 7—>5 — 1—>
4 4 4 4 ’

and z2 — 71/48 has the 6-cycle
[—1+1\/ﬁ—>—1—i\/ﬁ—>—1
4 6 2 12
1\/— 1 1\/—
1 1
—>—§+E\/ﬁ—>—1
U R - S
12 4 6
Note that, since the field obtained by adjoining to Q, a point of period

N for the map z + 22 4 ¢, has degree at most 2%, it is clear that our
quantity M (d) must satisfy M (d) > log,(d).
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Proposition 4. M(d) > d/3.

Proof. By examining p"th roots of unity (,~» for an odd prime p and
#(z) = 22, we see that

dn = [Q(Gn) : Ql=p""p—1),

and hence,
«

n—1
M(d,) > ap"™" = - 1dna
where « is the multiplicative order of 2 modulo p. Taking p = 3, we get
a =p—1, and hence M(d,,) > d,,. Since M(d) is nondecreasing, we
know that for all n € N, M(d) > d,, for d,, < d < dy+1. In particular,
the line through the points (2 -3",2-3""1) for n € N is always below
the graph of M (d). This is the line y = x/3. O

Remark. In [8], Poonen assumes that M (1) = 3 and shows that
there can be at most 9 Q-rational preperiodic points, which is achieved
by ¢ = —29/16. Manes [3] considered a certain family of degree-two
rational maps on P!, and showed that if the largest possible exact
period of a Q-rational periodic point for such a map is 4, then there
are at most 12 Q-rational preperiodic points. In the quadratic field case
for the quadratic polynomials ¢., there can be at least 15 K-rational
preperiodic points achieved for ¢ = —29/16 and the field K = Q(\/17).

2. The verification of Propositions 1, 2 and 3. A priori, it is
not obvious that it is a finite computation to check either conjecture
for even a single value of ¢. A simple argument, due to Northcott,
shows that all periodic points for z? + ¢ lie in a set of bounded height
(the bound depends upon the height of ¢). Thus, one may in principle
find all of the periodic points for 22 + ¢ rational over the ground field
(indeed, of bounded degree). In practice, however, this computation is
too time-consuming to execute for more than a handful of values of c.

One approach to the analogous problem for elliptic curves, to quickly
bound the rational torsion, is to reduce modulo one or more primes
of good reduction. Since the reduction-modulo-p map is injective on
torsion (for elliptic curves with good reduction), comparing the orders
of the group of points on a given elliptic curve over a few different finite
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fields offers a fairly efficient way of finding the order of torsion on the
curve globally. A similar approach is effective in the current context.

Lemma 1 [9, page 62]. Let ¢ : P, — Pl be a rational function of
degree > 2, defined over a local field with valuation v. Assume that ¢
has good reduction, let P € PY(K) be a periodic point of ¢, and define
the following quantities:

(i) [n] the exact period of P for ¢,
(ii) [m] the ezact period of the reduced point P for the reduced

function ¢,
(iii) [r] the order of A = (6™)(P) in k*, where k is the residue field
(set r = oo if X is not a root of unity),

(iv) [p] the characteristic of the residue field. Then n has one of the
following forms:

n=nm, n=mr, or n=mrp°,

for some positive integer e. If K has characteristic 0 and v is normal-
ized in the usual way, then

Thus, if K is a number field, there are, for each prime p of good
reduction for ¢, only a finite list of possible numbers of the form m,
mr or mrp® of the form above. If we call this finite set the set of
possible periods for ¢ determined by p, we may simply intersect many
of these sets and hope that the information confirms Conjecture 1.
In practice, this method is efficient for this work with most ¢ values
requiring the possible periods for fewer than 10 primes and nearly all
¢ values requiring fewer than 30.

Let K be a number field, with ring of integers Ok, and let S be a
finite set of primes of O . By an S-type of K, we mean an element of

H P'(Ok/p).

peS
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The S-type of an element z € P1(K) is determined by the usual
reduction-modulo-p map PL — P}QK in each coordinate. For each
set S, and each S-type T for which at least one coordinate is not the
point at infinity, Lemma 1 provides a method for describing a finite
list of possible periods of points for 22 + ¢, for any ¢ € K with that
particular S-type. It is worth noting that the p-coordinate of the S-
type of ¢ is the point at infinity if and only if ¢. has bad reduction at
p.

More precisely, for each periodic point « € Ok /p under iteration by
2z + 22 + ¢, let m(a) denote the corresponding period and r(a) the
multiplicative order of the multiplier. We let PosPer (¢) denote the set
of natural numbers containing each m(«) and each number of the form
m(a)r(a)p® for 1 < p=t < [2v(p)]/(p — 1). For c the point at infinity
in PY(Ok /p), we simply set PosPer (¢) = N. More generally, for each
finite set of primes S, and each S-type T, we can construct the set
PosPer (T') of possible periods for ¢ € O with S-type T' by setting

PosPer (T') = ﬂ PosPer (T}),
pes

where T, € P'(Ok/p) is the p-coordinate of 7. It follows from
Lemma 1 that, if P € K is a point of exact period m for z + 22 + ¢,
then m € PosPer (T'), where T is the S-type of ¢, for any fixed, finite
set S of primes. By construction, the set PosPer (T") will be finite as
long as at least one 7}, is not the point at infinity; in other words, as
long as any ¢ € K with S-type T has good reduction at some prime in

S.

We have omitted the case where P reduces to the point at infinity in
P!(Ok/p). This is not problematic, however; it turns out (see Lemma 2
below) that any affine point reducing to the infinite point modulo a
prime of good reduction p, necessarily has an unbounded forward orbit
in the p-adic topology. Such a point cannot, of course, be periodic.

The following is also a useful, simple, observation made in [11].

Lemma 2. Suppose that 22 + ¢ has a periodic point o € Al (K).
Then, for each nonarchimedean place v of K with v(c) < 0, we have
v(c) = 2v(a). For each nonarchimedean place with v(c) > 0, we have
v(a) > 0.
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Proof. 1f0 > v(c) > 2v(a), then v(a?+¢) = 2v(a), by the ultrametric
inequality, and so in particular 2v(a® + ¢) < v(a? + ¢) < v(c). By
induction, v(¢™(«)) = 2™v(a) which, since v(a) # 0, contradicts the
periodicity of a. If, on the other hand, 0 > v(¢) and 2v(a) > v(c),
we have v(a? + ¢) = v(c). But, in this case, 2v(¢(a)) = 2v(c) < v(c),
and so the previous argument shows that ¢(«) (and hence «) is not
periodic.

For the second claim, simply note that if v(¢) > 0 but v(a) < 0; we
immediately conclude v(a? + ¢) = 2v(a) < 0. By induction, we obtain
v(¢%(a)) = 2"v(«), from which is it clear that « cannot be preperiodic
under ¢.. ]

In other words, if D(c) is the ideal of Ok defined by

D(C) — H pmax{O,fvP (c)}’
p

the map z + 22 +c can have no K-rational periodic points (other than
the point at infinity) unless D(c) is a square. The following lemma
simplifies matters further:

Lemma 3. Let K/Q be a quadratic field with discriminant D, and

let
a++VD 1 D=1 (mod 4)
a =
2 0 if D=0 (mod 4),
so that 1,w is a basis for Ok /Z. Then, for any integers a,b,c,d, with
ged (a,b) = ged (¢,d) = 1, we have D((a/b) + w(c/d)) a square only if
lem (b, d) is a square (as an ideal in Of).

The statement above does mot hold locally. That is, there might
be valuations v on Ok such that v((a/b) + w(c/d)) < 0 is even,
but such that v(lem (b,d)) is odd. For example, if D = —4 and v
is the valuation corresponding to the prime ideal (2 + w)Og, then
2/125 4+ w1/125 has the property that v(lem (b, d)) = v(5%) = 3 is odd,
but v(D(2/125 4+ w1/125)) = 2. Whenever this is the case, there must
be some other valuation v such that v'((a/b) + w(c/d)) < 0 is odd (in
the example, we may take v’ to be the valuation corresponding to the
other divisor of 5).
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Proof. Let v be a valuation on O. First, suppose that v ramifies in
Ok /Z. Then v(lem (b, d)) is automatically even.

Now, suppose that v is inert in this extension. Then we certainly
have v(w) = 0. Suppose that v(lem (b,d)) is odd. In this case, if
v((a/b) + w(c/d)) < 0 is even, then either v(b) > 0 or v(d) > 0. If
exactly one of these is positive, then v(ad + bew) = 0, and so

v(% +w§) — —u(bd) = —v(lem (b, d)).

The claim follows. Now suppose that v(b) > 0 and v(d) > 0. In this
case,

v(% + wg) — min(v(a/b), v(cw/d)) = —v(lem (b, d))

unless v(b) = v(d). So we are left with the case v(d) = v(b). If p is
the unique rational prime with v(p) = 1, then d = p°dy and b = p®by,
for some dy and by prime to p, and e = v(d) = v(b). We claim that
v(adg + cbow) = 0. If not, then w = —ady/cby (mod p). But, if this
were the case, then the image of w in O /pOk would be an element
of degree one over the prime field Z/pZ C Ok /pOf, which is clearly
a contradiction, since Ok = Z[w]. It must be that v(ady + cbpw) = 0,
whence

v(% +w§) = e — v(bd) = —e = —v(lem (b, d)).

Finally, suppose that v is split, let p € Ok be the corresponding
prime, let p be the rational prime below p, let o generate Gal (K/Q) and
let v’ be the valuation associated to p°. Suppose that v(b) > v(d), and
that v(lem (b, d)) is odd. Then we certainly have v(cbw) > v(d) = v(ad),
and so

v(ad + bew) = v(d).

It follows that

v(% +w§> = v(d) — v(bd) = —v(lem (b, d)).
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So we may suppose that v(b) < v(d). In particular, if e = v(b), we may
write b = p®bg, d = p®dy, with by, dy € Z, and by prime to p. It cannot
be the case that

min(v(ady + chow), v’ (ady + cbow)) > 0.
If this were the case, then we would have
ado+cbow =0 (mod p) and ady+ chopw” =0 (mod p).

From this, it would follow that cbo(w — w?) = 0 (mod p), which is
impossible since p t cbg, and since p is not ramified. Thus, we have
either

v(ady + cbow) =0 or v'(ady + chow) = 0,

whereupon either
v (% + wg) =v(ady + cbow) + v(ged(b, d)) — v(bd)
— —v(lem (b,d)),

or the same statement for v'. Either way, if v(lem (b, d)) is odd, then
some valuation on K is negative and odd at a/b+ (¢/d)w. n|

We may now describe the algorithm.

(1) Choose a small initial set S of primes and, for each S-type T,
compute PosPer (T).

(2) Construct a list & of all S-types T such that PosPer(T) ¢
{1,..., M}, for the conjectured value M = M ([K : Q)).

(3) Loop over ¢ € K with H(c) < B, writing ¢ as (a/8) + (v/0)w
(taking w = 0 if K = Q):
(a) if lem (8, ) is not a square ideal in O, then we know that 22 + ¢

has no K,-rational periodic points for some completion K, of K: the
conjecture holds trivially.

(b) compute the S-type T'(c): if T(c) ¢ &, then we know that the
conjecture holds for c.

(c) if T(c) € &, then we may refine our data for this value of ¢ by
computing the set of possible periods modulo additional primes of good
reduction.
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(d) if, after a suitably large number of additional primes PosPer (¢)
{1,..., M}, then the case is left to be treated manually.

In practice, the two initial simplifying steps take care of the vast
majority of cases. For example, the number of ¢ € Q with H(c) < B
is roughly 2B2, but once the ¢ with non-square denominators are
eliminated, only 2B3/2 of these need to be checked.

Pre-computing the data for several primes improves things even more.
In turns out that, for most congruence classes modulo a given prime,
there are local conditions ensuring the truth of Poonen’s conjecture.
For example, over Q, there are three distinct {2}-types, namely, (0),
(1) and (o00). It is fairly easy to see that Conjecture 1 holds if ¢ =0
(mod 2) or¢c =1 (mod 2), since z — 2%+1 has a single, superattracting
2-cycle over Z/2Z and z +— z? has two superattracting fixed points.!
So, already our precomputation has eliminated two-thirds of possible
¢ € Q. The data below shows the proportion of types that need to
be considered if one pre-computes data for the first N primes over Q
(recall that & is the set of types for which PosPer ¢ {1,2,3}, i.e.,
those congruence classes which require extra computation to verify the
conjecture).

There is a similar phenomenon for each quadratic extension K/Q

but the numerics are not included here as the proportions vary for each
field.

N | #6 | number of types proportion
1 1 3 0.33333

2 12 0.16667

3 72 0.06944

4 13 576 0.02257

5 40 6912 0.00579

6 98 96768 0.00101

7 199 1741824 0.00011

8 862 34836480 | 2.4744 x 107°
9 | 1699 836075520 | 2.0321 x 10~°
10 | 4893 25082265600 | 1.9508 x 107
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3. Other computational issues. While computing & for many
primes reduces the proportion of types left to check, the more primes
used does not necessarily lead to faster execution. The main impedi-
ment is that, for each ¢ value whose denominator is a square, one still
must compute the S-type (and hash value) for that ¢ value. The more
primes in S, the more operations must be performed for every c value.
Since most ¢ values have an S-type not in &, the number of extra
operations becomes a significant factor. For example, we found that
#5S = 5 to be the most efficient over Q for the authors’ implementation
of the algorithm.

However, even computing PosPer (¢) for infinitely many primes may
not give one the precise list of exact periods for periodic points for that
¢ value.

Example. For K/Q with discriminant —3 and ¢ = 1/4(w+1), where
w = (1++/=3)/2. The point w/2 is a fixed point with multiplier w.
Hence, in the notation of Lemma 1, for all primes of good reduction,
we have m = 1 and r = 6. Therefore, for any set of primes S, we have
{1,6} C PosPer (c), yet there are no periodic points with exact period 6
for ¢..

It is interesting to note that no ¢ values were found to have a periodic
point with exact period 5. The only point found with exact period 6
was previously known [1, Table 6].

Remark. Since the curves parameterizing (z, ¢), where x is a periodic
point with exact 5 or 6 for ¢., both have genus greater than 1 [1],
we know by Faltings’ theorem that there are at most finitely many c
values which admit a periodic point of exact period 5 or 6 over K/Q
with [K : Q] < 2. It would be interesting to determine the complete
set of periodic points with exact period 5 or 6 over K, in particular,
whether or not there are any ¢ values which admit a periodic point of
exact period 5 over K.

The code was written in C' and run on the Amherst College computing
cluster.

ENDNOTES

1. These cycles should probably be called “wildly superattracting,”
since the derivative of the map vanishes at every point.
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