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A COHEN TYPE INEQUALITY FOR
GEGENBAUER-SOBOLEV EXPANSIONS

BUJAR XH. FEJZULLAHU AND FRANCISCO MARCELLAN

ABSTRACT. We introduce the Sobolev-type inner product

1
<f,g):/ f(@)g(x) dp(z) + M[f(1)g(1) + f(—1)g(-1)]

-1
+N[f'(1)g' (1) + f(=1)g' (1)),

where
_ TQ2a+2)
- 22a+1T2(q 4 1)

M,N >0, o>-1.

du(z) 1 —z2)* dz,

In this paper we prove a Cohen type inequality for the Fourier
expansion in terms of the orthonormal polynomials associated
with the above Sobolev inner product.

1. Introduction and main results. The aim of this contribution
is to derive a lower bound for the norm of the Fourier expansions
in terms of orthonormal polynomials with respect to a Sobolev inner
product, the well-known Cohen type inequality of approximation theory
literature. For Fourier expansions in terms of classical orthogonal
polynomials (Hermite, Laguerre, and Jacobi) such inequalities were
proved by Dreseler and Soardi ([4, 5]) and Markett [8].

Let us first introduce some notation. Given the Gegenbauer measure
du(z) = T(2a+2)/(22¢T T2 (a + 1)) (1 — 22)*dz, a > —1, supported
in the interval [—1,1], we say that f € LP(du) if f is measurable on
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[—1,1] and || f|| Lr(qu) < 00, where

(/) 1f@pdu@) i1 <p <o,

ess sup | f(x)] if p=o0. cr
—1<z<1

I flle(ap =

Now let us introduce the Sobolev-type spaces

Wo ={f - I, = 1F 1504 + MULDP + [F(=1)I7]
+ N[ f' (WP + [f (=DJP] < oo},
1<p<oq,

Weo ={f : Ifllwee = I flloo(an) < o0}, p=o00.

If f,g € W5, then we can introduce the discrete Sobolev-type inner
product

1
(1) (f.9) =[1f($)9($) dp(z) + M[f(1)g(1) + f(=1)g(=1)]
+ N (Mg' (1) + f(=1)g'(=1)],

where M, N > 0. Notice that the linear space of polynomials with
real coefficients is a linear subspace of Ws. Thus, applying the Gram-
Schmidt orthogonalization process to the canonical basis {2"},>0, we
get a sequence of orthonormal polynomials with respect to the above
inner product. We denote it by {ET(LO‘)}”ZO (see [2, 3, 9]). They are
called Gegenbauer-Sobolev type polynomials. For M = N = 0, we
get the sequence of classical Gegenbauer (ultraspherical) orthonormal
polynomials that we will denote {p,(la)}nzo. In the sequel, we will
use the notation P,ga)(x) for the nth Gegenbauer polynomial with the
normalization Pﬁba)(l) = (a+1),/n!, where (a)g = 1 and (a), =
ala+1)---(a+n—1), for n > 1, is the standard Pochhammer symbol.

An interesting and natural question is to analyze the convergence of
Fourier expansions in terms of Gegenbauer-Sobolev type orthonormal
polynomials as well as to compare them with the convergence of
Fourier expansions given in terms of standard Gegenbauer orthonormal
polynomials. More precisely, we will study some estimates for the
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Sobolev norm of a projection operator associated with some balanced
summation for the mth partial sum of the Fourier expansion of a
function f € Wy, in terms of Gegenbauer-Sobolev type orthonormal
polynomials. The divergence of the Fourier expansion is related to the
unboundedness of the sequence of such projection operators.

Indeed, if f € W7, then the Fourier expansion in terms of Gegenbauer-
Sobolev type polynomials is:

(2) S Fk)BY (x),

where

Flk) = (£,B)Y, k=0,1,....

The nth Cesaro means of order § of the Fourier expansion (2) is
defined by (see [10, pages 20-21] and [13, pages 76-77]):

DAY
onf(x) =Y~ B (@),
k=0 n

where A = (*19).

For a function f € W, and a given sequence {cgn}}_, of complex
numbers with ¢, ,, # 0, we define the operator TN by

n

TEMN () =3 crnfR) B

Let us denote po = (da + 4)/(2a + 3) and its conjugate qo =
(4a+4)/(2a+1). Now we formulate the main result of the manuscript.

Theorem 1. Let a > —1/2 and 1 < p < oo. There exists a positive
constant ¢, independent of n, such that

n(2042/p)=(2043/2) - if 1 < p < py

HTT(LM,M,N”[ 2a+1/4a+4

if p=Dpo, P = qo
if go < p < o0,

w,] = clennl { (log n)
n(2a+1/2)—(2a+2/p)
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where [Wp] denotes the space of all bounded, linear operators from the
space W), into itself, with the usual operator norm || - |[jw,)-

Corollary 1. Let o > —1/2 and 1 < p < oo. For ¢ = 1,
k=0,...,n, and for p outside the Pollard interval (po, qo)

where Sy, denotes the Fourier projector associated with the nth partial
sum of the expansion (2).

For ¢ = (A?_,)/A", 0 < k < n, as a consequence of Theorem 1,
we get:

Corollary 2. Let a, p and & be real numbers such that o > —1/2,
1<p<ooand

{0<5<(2a+2/p)—(2a+3/2) if 1 <p<po
0<d0<(a+1/2)— (2a+2/p) ifq <p < oo.

Then, fOT D ¢ [va q0]7

||afl||[wp] — 00, N — 00.

The structure of the manuscript is as follows. In Section 2 we will
present the basic background concerning some analytic properties of
Gegenbauer-Sobolev type orthonormal polynomials. In Section 3 the
proof of our main result (Theorem 1) is given.

2. Gegenbauer-Sobolev type orthogonal polynomials. We
summarize some properties of Gegenbauer-Sobolev type polynomials
that we will need in the sequel (see [2, 3, 9]). Throughout the
article, positive constants are denoted by c,ci,...; unless specified,
their values may vary at every occurrence. The notation u, = v,
means that the sequence w, /v, converges to 1 and notation u, ~ v,
means c1u, < v, < cou, for n large enough.
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The representation of Ef«f‘) in terms of Gegenbauer orthonormal
polynomials is (see [2, 3, 9]):
(3) B(z) = Ap(1—22)2p P () + B (1—22)pl" % (2) + Copl® ()
where

i) If M =0, N >0, then

A, 201 (a0 + 1
a+2

a+1
I'(2a +3)’
+1
> 901D (g + 1), [ o
@+ D\ Tat3)

oy
3
2

1%

Cn

)
~ oatl a+1
A, =2 F(a+1)1/711(2a+3)

Bn ~ _,n—Qoz—Q7

C, ~ —n—2272,

—A,.

ii) If M > 0, N > 0, then

iii) If M >0, N =0, then

+1
An =0 Bn = —20£+1F 1 067 Cn ~ —201—2.
) (OZ + ) F(2OZ T 3) 5 n

For the polynomials E,(la) we get the following estimate

~ O=>=1/2) ife/n <O <m/2
(4) | B (cos 0) O(n+1/2)  if 0 <6 < ¢/n.

The inner strong asymptotic behavior of B\, for 6 € [e,m—¢] and
€ > 0, is given by

(5) B (cos0) = c(sin€) "% cos(kO +v) + O(n™ 1),
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where k =n+a+1/2, v = —(a+1/2)7/2 and c is positive constant
independent of n and 6.

The formula of Mehler-Heine type for Gegenbauer orthonormal poly-
nomials is (see [12, Theorem 8.1.1] and [12, (4.3.4)])

(6) lim n~"1/2pl®) (cos

n—oo

)=o)

uniformly on compact subsets of C, « is a real number, £k € N U0 and
Ja(z) is the Bessel function of the first kind of order . Indeed, the
above formula in [12, Theorem 8.1.1] is for k = 0, but it can be shown
that this formula is also true for any fixed k € N.

Lemma 1. Uniformly on compact subsets of C

n—0o0

(7)  lim n*("*lﬂﬁ,(f‘) <cos i)
n
=z~ " (c1da+ya(2) — c2Jaqt2(2) — c3da(2))

where
i) IfM=0,N>0, thenc; >0,i=1,2,3 and ¢; = cs.
i) If M >0, N >0, thenc; >0 and co = c3 = 0.
iii) If M >0, N =0, then co >0 and ¢; = c3 =0.

Proof. From (3), we have

4
nfafl/2§1(la) <cos f) =A, ( sin E) n*("fl/priT) <cos E)
n n n

2
+ By, <sin i) n_"‘_l/ngf’fr;) (cos E)
n n

+ Con o/ 2pl@ (cos i) .
n

Finally, taking the limit n — oo and using the fact that sin(z/n) =
(z/n), from (6) we get (7). O
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Now we will estimate the W, norms for Gegenbauer-Sobolev type
orthogonal polynomials

~ 1 ~
®) 1B, = [ 1B @)lrdna)
+ M ([ + [(BE)(-1)P]
+ N [BEY @ + [(B&Y (-],

where 1 < p < co. Hence, it is sufficient to estimate the LP(du) norms
for B,(La). For M = N = 0, the calculation of this norm appears in [12,

page 391, Exercise 91] (see also [8, (2.2)]).
Lemma 2. Let M,N >0 and v > —1/p. For a > —1/2,

1 c if 2y > pa—2+p/2,
/ (1—2)"| B (z)Pdx ~ { log n if 2y = pa —2+p/2,
0 nPetP/2=29=2 if 90 < pa — 24 p/2.

Proof. In order to prove the lemma, we will follow the same steps as
in [12, Theorem 7.34]. From (4), for pa + p/2 — 2y — 2 # 0, we have

1 /2
/ (1 —2)| B (2)|Pda ~ / 627+ B (cos 0)[d6
0 0
—1

:0(1)/n g2 F1ppatr/2gg
0

/2
+0(1)/ 6> H1grar/2dp

= O(nP+P/272172) 1 0(1),

and for pa+ p/2 — 2y — 2 =0, we have
w/2 =N
/ 0271 B (cosh)|Pdf = O(log n).
0

Now we will prove the lower estimates for integrals involving Gegen-
bauer-Sobolev type orthogonal polynomials when M = 0 and N > 0.
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The proof of the other cases can be done in a similar way. According
to Lemma 1 and [11, Lemma 2.1], we have

/2 =R
/ 6%+ B (cosh)|Pdb
0
> / 6271 B (cosb)|db
0
1
= c/ (z/n)27+1npa+p/2n*1|z*a (c1data(2) —cadata(z)—c1da(2))|Pdz
0

~ npoz+p/2—2’y—2.
Using a similar argument as above, for 2y = pa + p/2 — 2, we have

/2 =N
/ 0>+ B (cosh) |Pdx
0

n—1/2

> c/ 927+1|§T(f‘) (cosO)|Pdx
0
1/2

o c/ 2227 (010 a(2) — codaya(2) — c1da(2)) |Pdz
0

> clogmn.

Finally, from (5), we obtain
w/2

7\'/2 ~ fay
/ 0>+ B (cosh)|Pdb > / 0> BL) (cosh)[Pdf ~ c. =
0 /4

Note that some of the above results appear in another framework in
[7].

3. Proof of Theorem 1. For the proof of Theorem 1, we will use
the test functions

9 9(@) = (1= 2 p (@),
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where a > —1/2 and j € N\{1}. By applying the operators T,%M:N
to the test functions gff"]), for some j > a+1/2 — (2a + 2)/p, we get
9) TEMN (D) = 3 cenlgl™)" (W) B,
k=0

where 4 A

(9 (k) = (o), B, k=0,1,..m.
From (3), the Fourier coefficients of the functions g%a’j )(x) in terms of
the Gegenbauer-Sobolev type orthogonal polynomials are:

1

(gl M (k) = / (1 = 2?Vple*) (2) B () dp(x)

—1

= 4 / (1 — 22y plet) (z) (1 —2?)2p "4 Y (2) du(z)

-1

' 2yj (a+34) 2y, (a+2)
LBy / (1 — 2P peH) () (1 - 22)p* 2 () dpa(z)

-1

1
yer / (= @) @) di(a)

= Il(ka TL) + IQ(ka n) + I3(ka n)v

where 0 < k < n, and, as a convention, pgo‘)(x) = 0 for i =
-1,-2,-3,—4.

For k > 4, according to [12, formula (4.3.4)], we obtain
Li(k,n) = Ay {hglaﬂ)}_l/Q{h;(:iT)}_l/Q

< (PR - P ) ),
-1

where
9201 T(n+a+1))> 4o

~

Bl —
" 2n+2a+1T(n+H(n+2a+1)

On the other hand, from [8, formula (2.8)],

2j
(]_ — $2)jPT(La+J) (x) = Z bm,j (aa «, 'I'L)P,gil_),n (x)

= by (e, a, n)P,(L"‘) () +- -+ bej (e, @, n)P,(li)Qj (x)
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and

4
(1- 2PV (@) = 3 biala+2,a+ 2,k — 4P (@)
=0

= byo(a+2,a+42,k—4) P (2)+ Qi1 (x),
where deg Qi1 <n —1 and

(T i +1))° T(2n+2a+2 :
bOJ(a,a,n):‘LJ( (n+a+j+ g) (2n + ot ) ~
T(n+a+1)* T(@2n+2a+2j+2)

T +2j+ DI@n+2a+2j+1)

'n+1) T@2n+2a+4j+1)

b2j7j(a’a’n) = (—4) (_4)j'

Thus,
Li(k,n)=0, 0<k<n-1.

Let n > 4. Then

L (n, TL) = An{hgla-l-j)}—1/2{h1(1a:24)}_1/2
x b()J(O[, Q, n)b4,2(06 +2,a+2,n—4)

L/d P (@) Pt () dp(w).

—1
Since (see [1, page 359, Theorem 7.1.4])

20+ 1)a(n+a+1/2)2(n+a+ 1)
(O[ + 1/2)2(0& + 1)2(’!7, + 2cv + 1)4

Pl (g = { P 4 Qus (),

we get

22012 (o + 1)
I'2a+2)
_ Ana+1)a(nta+1/2)s(n+a+1) (Rletiy=1/2
(a+1/2)2(a+1)2(n+2a+1)4 !
x {hSHN T2 by (0, a,m) bag(a+ 2,0+ 2,0 - 4)
~16-274,.

Ii(n,n)
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In a similar way, for k£ > 2, using [12, (4.3.4)] and (10),

Ia(kyn) = Be{ b0} 12 (R} 12
S - (act2)
> buslavam) [ P @)1~ ) P (@) dula),
m=0

—1
Again, from [8, formula (2.8)] and [1, page 359, Theorem 7.1.4], we get

(1 -2 PP (@) = bas(a+1,a+ 1,k —2) PV ()
+ b171(04 +lLa+1,k— 2)P]5:¥J1r1)(x)
+bor(a+1,a+1,k—2)PF ) (x)

and
(41 _ Rat+1lm+a+1/2)(n+a+1)
Thus,

L(k,n)=0, 0<k<n-—1.
For n > 2, we have

L'(2a +2)
_ Qat1)pmtatl/2)(n+a+1)B, (ploty-1/2
(@ +1/2)(a+ 1)(n + 2a + 1), !
< ARV V2R (o, a,m) byi(a+ 1a+1,n - 2)

~_4.27B,.

(12) Ir(n,n)

Finally, for & > 0,

Iy(k,n) = Cp{ Ry 1/2 R} 12
27
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Thus,
Is(k,n) =0 0<k<n-1
(13) (2204112 + 1)]/T (20 + 2)I5(n, n) = Cy {R{T}-1/2

{hS{")}l/%o,j (a,a,n) =2 21C,.
From (11), (12) and (13), we can conclude that

(14) (G Mk) =0, 0<k<n-—1,
(9) () = e £ 0.
On the other hand, for 1 < p < o0,
IIgﬁf“’j)ll’v)Vp = ||9£“’j)||’£p(d#>

1
— / (1 — 2P+ o) ()P da
-1

1
<o / (1 — 2Pt (2) Pda
0

0
+ ¢z / (1+ 2P |plt) (z)[Pda.
-1

Taking M = N =0 and 7 = jp + « in Lemma 2, we have

(15) gt Dy, < e

for j >a+1/2—(2a+2)/p and go < p < 0.
It is well known (see [6, Theorem 1]) that

|p;a+j)(x)| < C(l _ x2)—a/2—j/2—1/4
for z € (—1,1). Therefore,
(16)  [lgs P flwe = lg{™? | 1o < e(1 — 2?2027 < ¢,

for j > a+1/2.

Now we are in a position to prove our main result:
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Proof of Theorem 1. By duality, it is enough to assume that gy < p <
oo. From (9), (14), (15) and (16), we have

1T M Ny, > [llg5 lw, ]~ HITSMN gl s,

(7) o
> C|Cn,n|||B¢(L )||Wp'

From (8) and Lemma 2, we obtain

~ 1/p if p=
(a) (log n) I p = qo,
(18) 1By lw, = ¢ { n(2a+1)/2=2a42) /P if g0 < p < 0.

Now, using estimate (18) in (17), the statement of Theorem 1 follows. O
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