
ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 42, Number 6, 2012

BI-GENIC HOPF ALGEBRAS IN CHARACTERISTIC p

ALAN KOCH

ABSTRACT. For k a perfect field of characteristic p > 0,
we construct finite abelian local k-Hopf algebras with local
linear duals which are generated as k-algebras by at most two
elements. We describe these Hopf algebras using extensions
of the Dieudonné modules representing monogenic Hopf alge-
bras.

1. Introduction. Let k be a perfect field, char k = p > 0, and let k
denote its algebraic closure. It is well known that every finite abelian
(i.e., commutative, cocommutative) k-Hopf algebra H decomposes as
Hr⊗kH�r⊗kH�� where Hr is reduced, H�r is local with reduced linear
dual and H�� is local with local linear dual. For H a rank n reduced k-
Hopf algebra, a finite group Γ exists of order n such that H⊗k k ∼= kΓ.
Through descent, this classifies all reduced Hopf algebras, and using
duality we can classify the Hopf algebras with reduced dual as well.

Thus, the trickiest finite abelian k-Hopf algebras to classify are the
ones which are local with local dual, hereafter referred to as local-
local. Any such Hopf algebra must necessarily be of p-power rank
and have a truncated polynomial ring as its algebra structure. These
Hopf algebras correspond to affine finite commutative k-group schemes
which are connected and unipotent, and hence the Dieudonné module
theory for such group schemes can be used to classify them. In [9]
we construct the Dieudonné module for each (finite local-local) k-Hopf
algebra which is monogenic, i.e., generated as a k-algebra by a single
element; additionally, the ones that are killed by p can be found in [10].
We use this classification in [12] to construct liftings of a given Hopf
algebra H to extensions of W (k) which are peu ramifeé using Conrad’s
finite Honda systems as in [2]; and in the case the H is killed by [p] in
[8] we lift it to discrete valuation rings regardless of ramification using
Breuil modules as in [1].

It would therefore seem logical to focus next on “bi-genic” Hopf alge-
bras, that is, Hopf algebras which require two generators as a k-algebra.
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One way to obtain bi-genic Hopf algebras is through extensions. Given
H1 and H2 monogenic Hopf algebras, any H appearing in a short exact
sequence

H1 ↪→ H � H2

of Hopf algebras must be generated by at most two elements. Recall
that f : H1 → H , g : H → H2 give a short exact sequence of
commutative k-Hopf algebras if f is injective, g is surjective and
ker g = f(H+

1 )H , where H+
1 is the augmentation ideal of H1.

In this paper we will compute Ext1(M,M ′) in the category of modules
over the Dieudonné ring E, where M,M ′ are Dieudonné modules
which correspond to monogenic Hopf algebras H , H ′. By [3, V,
1.5.1] this extension group is the same as Ext1(SpecH, SpecH ′), in
the category of affine commutative connected unipotent group schemes,
which in turn will provide Hopf algebras with at most two generators.
The relative simplicity of the Dieudonné module structure for M
will greatly facilitate the computations: as M is a cyclic E-module,
it admits a simple projective resolution, and the elements of the
groups HomE(E,M ′) and HomE(M,M ′) correspond in a natural way
to elements of M ′. The simplicity of M ′ aids in the calculation of
HomE(I,M

′), where M = E/I: it corresponds in a natural way to
certain elements of M ′ ×M ′.

We start with the necessary background on Dieudonné modules
and their relationship with finite abelian local-local Hopf algebras,
particularly in the monogenic case. Next we compute the extension
group, expressing it as a factor group of a certain subgroup of M ′×M ′.
Then, we explicitly describe the Dieudonné modules that arise as
extensions of M by M ′, giving a 2-element generating set (as an E-
module) subject to four relations. Neither the number of generators nor
relators need be minimal. In the case where M and M ′ are Dieudonné
modules corresponding to Frobenius kernels of Ga, we can quickly
compute Ext1(M,M ′) using the long exact Hom-Ext sequence. In this
case we describe the extension group using this technique and show how
it agrees with our classification. We then give a simple criterion for a
Dieudonné module in such an extension to correspond to a monogenic
Hopf algebra the modules that fail to satisfy this criterion give the
ones corresponding to bi-genic Hopf algebras. Finally, we determine
the algebra structure of a bi-genic Hopf algebra from its Dieudonné
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module and give an explicit example of the coalgebra structure for a
simple but nontrivial class of Hopf algebras.

It is the hope that future work will examine the lifting questions as in
the monogenic case. Also, it should be pointed out that the technique
needed to compute Ext1(M,M ′) relies on the relative simplicity of the
E-module structure ofM but less so onM ′. Thus, it may be possible to
use the ideas here to construct “tri-genic” Hopf algebras (and beyond)
by replacing M ′ with Dieudonné modules corresponding to bi-genic
(and beyond) Hopf algebras. Additionally, the techniques below may
help classify cyclic Dieudonné modules killed by p2, thereby building
on the results of [10].

Throughout this paper, k will be a perfect field of characteristic p, all
Hopf algebras will be finite, abelian, and local-local, and all unadorned
tensors will be over k. Furthermore, when A and B are E-modules we
write Hom (A,B) for HomE(A,B).

2. Monogenic Hopf algebras and Dieudonné modules. Let
W = W (k) be the ring of Witt vectors with coefficients in k. For
each n ≥ 0, we shall denote by Sn (respectively Pn) the polynomial
that gives the formula for the nth component of the Witt vector sum
(respectively product). This ring has the Frobenius operator which we
shall denote (−)σ given by

wσ = (w0, w1, w2, . . . )
σ = (wp

0 , w
p
1 , w

p
2 , . . . ) .

Let E = W [F, V ] be the ring of polynomials in two variables subject
to the relations FV = V F = p, Fw = wσF and wV = V wσ,
w ∈ W . (Clearly E is not commutative unless k = Fp.) Let
C be the affine group scheme of Witt covectors as defined in [6],
and let D be its representing algebra. Then, to each Hopf algebra
H , we can associate the E-module D∗(H) := Homk-gr(SpecH,C) ∼=
Homk-Alg(D,H). This E-module is killed by a power of F and V ,
i.e., FnD∗(H) = 0 = V mD∗(H) for m,n sufficiently large positive
integers. This correspondence gives a categorical equivalence between
(finite abelian local-local) k-Hopf algebras and E-modules killed by
some power of F and V . We will use the term Dieudonné modules to
describe this collection of modules; however, the term can be applied
to more general E-modules which correspond to a larger class of Hopf
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algebras, see e.g., [4, 5, 7]. We will often view E-modules M as k-
modules via αm = (α, 0, 0, . . . )m for α ∈ k, m ∈ M .

Since we use Dieudonné modules to find Hopf algebras, it will be
important to discuss the inverse correspondence to the one above. Let
M be a Dieudonné module, and pick N a natural number such that
V N+1M = 0. (The construction below is independent of the choice of
N .) Define H(M) to be the k-algebra k[Tm | m ∈ M ] subject to the
relations

TFm = (Tm)
p

Tm+m′ = SN ((TV Nm, . . . , TVm, Tm) ; (TV Nm′ , . . . , TVm′ , Tm′))

Twm = PN

((
wp−N

0 , . . . , wp−N

N

)
; (TV Nm, . . . , TVm, Tm)

)
.

In [9] we obtain a classification of the Dieudonné modules which
correspond to monogenic Hopf algebras. We shall restate the result
here using slightly different notation to facilitate the work to come.

Proposition 2.1 [9, Proposition 2.2]. Let H be a monogenic Hopf
algebra. Then

D∗ (H) ∼= E/E (Fn, ηF r − V )

for some η ∈ k× and integers 1 ≤ r ≤ n.

Conversely, it was shown that any Dieudonné module M of the above
form corresponds to a monogenic Hopf algebra the algebra structure
is simply k[Tx] where x is the image of 1 ∈ E under the canonical
projection E → M .

Notice that, if r = n, then Spec (H) is the nth Frobenius kernel of
the additive group scheme Ga and that D∗(H) ∼= E/E(Fn, V ).

Let M = E/E(Fn, ηF r − V ), and let x ∈ M be as above. Since
V x ∈ F rM and

px = FV x = F (ηF rx) = ηpF r+1x ∈ F r+1M

we see that each m ∈ M can be expressed as m = g(F )x, where
g(F ) ∈ k[F ], the ring of non-commutative polynomials in a single
variable. The choice of g(F ) is clearly unique modFn. It will be useful
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to think of elements of M via these polynomials. We will often write g
instead of g(F ).

We define the map (−)σ on k[F ] by raising each coefficient to the pth
power, i.e., ( n−1∑

i=0

γiF
i

)σ

=

n−1∑
i=0

γp
i F

i.

Note that this use of σ is compatible with the one above: for each
w ∈ W , the element wx ∈ M can be viewed as a polynomial, say
wx = f(F )x and wσ = fσ. It can also be shown that, if g(F ) ∈ k[F ],
then

Fgx = gσFx

gV x = V gσ
−1

x.

We will call a g(F ) ∈ k[F ] invertible inM if a polynomial h(F ) ∈ k[F ]
exists such that h(F )g(F )x = x. It is clear that g(F ) is invertible in
M if and only if g(F ) has a nonzero constant term. Through abuse of
notation, we will write g−1(F ) for the h(F ) above and k[F ]× for the
set of all polynomials invertible in M .

Finally, we let v : k[F ] → Z∪{∞} be the degree valuation. Thus,
g(F ) is invertible in M if and only if v(g) = 0, and g1x = g2x if and
only if v(g1−g2) ≥ n. The following shows the importance of the lowest
degree term in a polynomial.

Lemma 2.2. Let m ∈ M , and suppose gm = 0 for some g ∈ k[F ].
Then F v(g)m = 0.

Proof. Pick n such that FnM = 0, and let v = v(g). Write g = g′F v,
g′ ∈ k[F ]×. Then

0 = gm = g′F vm,

and applying (g′)−1 to both sides shows F vm = 0.

We conclude this section by giving a criterion which we will need later
to isolate the extensions which give monogenic Hopf algebras from the
extensions which give bi-genic ones.

Lemma 2.3. The k-Hopf algebra H(M) is monogenic if and only if
M/FM is a k-vector space of dimension one.



1924 ALAN KOCH

Proof. If H(M) is monogenic, then by Proposition 2.1, we have

M/FM ∼= E/E (Fn, ηF r − V, F ) ∼= E/E (F, V ) ∼= k.

Now suppose dimkM/FM = 1. By [13, page 112], we may write

H(M) = k[t1, . . . , ts]/(t
pn1

1 , . . . , tp
ns

s ) for some s ≥ 1. We have a
sequence

0 −→ FM −→ M −→ M/FM −→ 0

of Dieudonné modules. Applying D∗, and observing H(FM) =

k[tp1, . . . , t
p
s]/(t

pn1

1 , . . . , tp
ns

s ) and H(k) = k[t]/(tp) gives us

0 −→ k [tp1, . . . , t
p
s] /

(
tp

n1

1 , . . . , tp
ns

s

)

−→ k [t1, . . . , ts] /
(
tp

n1

1 , . . . , tp
ns

s

)
−→ k [t] / (tp) −→ 0,

which can only happen if s = 1.

3. Dieudonné module extensions. For the next two sections, we
shall let M = E/E(Fn, ηF r −V ) and M ′ = E/E(Fn′

, η′F r′ −V ). Let
z ∈ M ′ be the image of 1 ∈ E under the canonical projection E → M ′.
Here we compute Ext1(M,M ′) in the category of E-modules, from
which we will determine the bi-genic Hopf algebras. Note that

0 −→ (EFn + E (ηF r − V )) −→ E −→ M −→ 0

is a projective presentation for M . This gives rise to the exact sequence

Hom (E,M ′) −→ Hom (EFn + E (ηF r − V ) ,M ′)
−→ Ext1 (M,M ′) −→ 0.

Quite clearly, Hom (E,M ′) ∼= M ′; thus, the work in computing
Ext1(M,M ′) lies in the second group above.

Lemma 3.1. Let

S =
{
(gz, hz) ∈ M ′ ×M ′ | hσn

Fnz = ηp
n

gσ
r

F rz − gσ
−1

η′F r′z
}

⊂ M ′ ×M ′.

Then S is a subgroup of M ′×M ′ and Hom(EFn+E(ηF r−V ),M ′) ∼= S.



BI-GENIC HOPF ALGEBRAS IN CHARACTERISTIC p 1925

Proof. That S is in fact a subgroup is an easy calculation which
we omit. Let φ : EFn + E(ηF r − V ) → M ′ be an E-module map.
Then φ �→ (φ(Fn), φ(ηF r − V )) defines a map Hom (EFn + E(ηF r −
V ),M ′) → M ′ × M ′ which is readily seen to be an injective group
homomorphism. Now suppose (gz, hz) is in the image of this map.
Then an E-module map φ : EFn + E(ηF r − V ) → M ′ exists with
φ(Fn) = gz and φ(ηF r − V ) = hz. We need to ensure that φ is well
defined by checking its image on EFn∩E(ηF r −V ) = EFn(ηF r −V ).
We have

φ (Fn (ηF r − V )) = Fnφ (ηF r − V ) = Fnhz = hσn

Fnz,

and

φ (Fn (ηF r − V )) = φ
((

ηp
n

F r − V
)
Fn

)
=

(
ηp

n

F r − V
)
φ (Fn)

=
(
ηp

n

F r − V
)
gz = ηp

n

gσ
r

F rz − gσ
−1

η′F r′z,

and so the restrictions on gz and hz are precisely as stated above.

Notice that the map Hom (E,M ′) → Hom(EFn + E(ηF r − V ),M ′)
gives rise to a map M ′ → S given by

fz �−→ (Fnfz, (ηF r − V ) fz) =
(
fσn

Fnz,
(
ηfσr

F r − fσ−1

η′F r′
)
z
)
.

From this, we obtain:

Proposition 3.2. Let

S0 =
{(

fσn

Fnz,
(
ηfσr

F r − fσ−1

η′F r′
)
z
)
| f ∈ k [F ]

}
≤ S.

Then Ext1(M,M ′) ∼= S/S0.

Proof. Obvious by the definition of Ext1.

Notice that the choice of h ∈ k[F ] only matters modFn′
, so we may

assume v(h) ≤ n′. We can make a similar statement for g:
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Corollary 3.3. For every (gz, hz) ∈ S a (g′z, h′z) ∈ S exists with
v(g′) ≤ n which gives the same extension class.

Proof. If v(g) ≤ n we are done. Otherwise, let

g′ = g − Fn, h′ = h− ηF r + η′F r′ .

Then g− g′ = Fn, h− h′ = ηF r − η′F r′ and ((g− g′)z, (h− h′)z) ∈ S0

(take f = 1). Since v(g′) = n, the corollary is proved.

We now give the Dieudonné module description of each extension.

Theorem 3.4. Every extension of M by M ′ is of the form Mg,h,
where Mg,h is generated as an E-module by two elements x and y subject
to the relations

Fnx = gy, (ηF r − V )x = hy, Fn′
y = 0,

(
η′F r′ − V

)
y = 0

and hσn

Fnz = ηp
n

gσ
r

F rz − gσ
−1

η′F r′z. Furthermore, the set

{
x, Fx, . . . , Fn−1x, y, Fy, . . . Fn′−1y

}

is a k-basis for Mg,h.

Proof. Let [φ] be an equivalence class in Ext1(M,M ′), and let
φ(Fn) = −gz and φ(ηF r−V ) = −hz. Then the extension Mφ obtained
is the push-out of the diagram

E(Fn) + E(ηF r − V )

�

� M ′

�

E � Mφ.

In other words, Mφ
∼= (E ×M ′)/I, where

I = {(i, φ (i)) | i ∈ EFn + E (ηF r − V )} .
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Now, since EFn + E(ηF r − V ) is generated by Fn and ηF r − V , we
see that I is generated by (Fn, φ(Fn)) and (ηF r − V, φ(ηF r − V )).
Let x ∈ Mφ be the element corresponding to (1, 0) ∈ E ×M ′, and let

y ∈ Mφ correspond to (0, z). Then Fn′
y = (η′F r′ − V )y = 0. Since

(Fn,−gz) and (ηF r − V,−hz) generate I, it follows that Fnx = gy
and (ηF r − V )x = hy are the only other necessary relations. Writing
Mg,h for Mφ completes the first statement of the theorem.

For the second statement, since V x = ηF rx − hy and V y = η′F r′y,
clearly any element in Mg,h can be expressed as f1x+f2y, f1, f2 ∈ k[F ].
Moreover, if v(f1) ≥ n, then f1x = f ′

1y for some f ′
1 ∈ k[F ] and, since

f2y = 0 or v(f2) ≤ n′, the set {x, Fx, . . . , Fn−1x, y, Fy, . . . , Fn′−1y}
spans Mg,h over k. As dimkMg,h = dimkM + dimkM

′ = n + n′, this
set is also k-linearly independent, and we are done.

The group Ext1(M,M ′) provides the equivalence classes of extensions

0 −→ M ′ −→ Mg,h −→ M −→ 0

of E-modules, not necessarily Dieudonné modules. However, given the
generators and relations described above, it is clear that Mg,h is killed
by a power of F and V ; hence, each Mg,h is a Dieudonné module,
corresponding to a Hopf algebra with at most two generators.

4. A special case. In the following section we will give a more
explicit description of S. However, we first wish to look at the case
n = r, n′ = r′. Recall that the Dieudonné modules are in fact
E/E(Fn, V ) and E/E(Fn′

, V ), and this simpler description allows for
a faster calculation of Ext1(M,M ′). We could have looked at the cases
where n = r and n′ = r′, separately, but we chose not to in order to
present one Ext group calculation. However, here we will show how
our work can be simplified when we are in this special case.

We start by describing a faster way to compute Ext1(M,M ′). First,
note that M arises in a short exact sequence

0 � E/E(V ) �

·Fn
E/E(V ) � M � 0

of E-modules killed by V . These are not “Dieudonné modules” in our
sense since F acts injectively on E/E(V ) ∼= k[F ]. This gives a long
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exact sequence

0 −→ Hom(M,M ′) −→ Hom(k[F ],M ′) −→ Hom(k[F ],M ′)
−→ Ext1(M,M ′) −→ Ext1(k[F ],M ′) −→ Ext1(k[F ],M ′)
−→ Ext2(M,M ′) −→ Ext2(k[F ],M ′).

Now clearly Hom(k[F ],M ′) ∼= M ′ and by [3, V, 5.1], we know that
Ext1(k[F ],M ′) ∼= M ′/FM ′ and Ext2(k[F ],M ′) = 0. Thus, the
sequence is transformed into

0 −→ Hom(M,M ′) −→ M ′ ·Fn

−→ M ′

−→ Ext1(M,M ′) −→ M ′/FnM ′ ·Fn−→ M ′/FnM ′

−→ M ′/FnM ′ −→ 0.

In the case where n ≥ n′, the two maps “·Fn” are trivial, thereby
giving an exact sequence

0 −→ M ′ −→ Ext1 (M,M ′) −→ M ′ −→ 0

and, as there is a natural inclusion Ext1(M,M ′) ↪→ M ′×M ′, it is easy
to see that Ext1(M,M ′) ∼= M ′×M ′. On the other hand, if n′ > n, then
Hom (M,M ′) ∼= Fn′−nM ′ ∼= M and M ′/FnM ′ ∼= E/E(Fn, V ) ∼= M
and, as ·Fn is trivial on M , we get

0 −→ M −→ M ′ −→ M ′ −→ Ext1 (M,M ′) −→ M −→ 0

and, after some computations, it can be shown that Ext1(M,M ′) ∼=
M ×M .

Let us demonstrate how Theorem 3.4 produces the same results. Let
(gz, hz) ∈ S. Then

hσn

Fnz = ηp
n

gσ
r

Fnz − gσ
−1

η′Fn′
z = ηp

n

gσ
r

Fnz,

and so
hσn ≡ ηp

n

gσ
r

mod F d,

where d = min{n′ − n, 0}. Here the Mg,h obtained is generated by x
and y, subject to the relations

Fnx = gy, (ηFn − V )x = hy, Fn′
y = 0, V y = 0.
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Let h′ = ηg − h ∈ k[F ]. Then

(ηFn − V )x = hy = (ηg − h′) y = ηFnx− h′y,

and hence V x = h′y. Our relations can now be simplified to

Fnx = gy, V x = h′y, Fn′
y = 0, V y = 0.

We have

ηp
n

gσ
r ≡ hσn

= (ηg − h′)σ
n

= ηp
n

gσ
n − (h′)σ

n

mod F d,

and hence v(h′) ≥ d. Conversely, any h′ with v(h′) ≥ d gives the
element (gz, (ηg − h′)z) of S. Thus,

S ∼= {(gz, h′z) | v (h′) ≥ d} ∼= M ′ × F dM ′.

Now suppose (gz, hz) ∈ S0. This is true if and only if, for some
f ∈ k[F ], we have gz = fσn

Fnz (hence v(g) ≥ n) and

hz =
(
ηfσr

F r − fσ−1

η′F r′
)
z

=
(
ηfσr

Fn − fσ−1

η′Fn′)
z = ηfσn

Fnz = ηgz.

Thus,
ηgz = (ηg − h′) z,

and so h′z = 0, i.e., v(h′) ≥ n′. Therefore.

S0
∼= {(gz, h′z) ∈ M ′ ×M ′ | v (g) ≥ n, v (h) ≥ n′} ∼= FnM ′ × 0.

If n ≥ n′, then S0 is trivial and Ext1(M,M ′) ∼= M ′×F dM ′ = M ′×M ′,
as expected. If n < n′, then

Ext1 (M,M ′) ∼= (
M ′ × F dM ′) / (FnM ′ × 0)

∼= M ′/FnM ′ × Fn′−nM ′

∼= M ×M.

5. A closer look at S. We wish to study S in greater detail to
help generate all of the ordered pairs (gz, hz) that are contained in it.
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We will see that this will depend on the relationship between n and n′,
between r and r′, as well as properties of the field k.

The first result illustrates the dependence of S on the relative sizes of
n, n′, r, and r′. It also shows the extent to which the choice of g dictates
the choice of h.

Lemma 5.1. Let (gz, hz) ∈ S. Let r′′ = min{r, r′}, and set

g1 = ηp
n

gσ
r

F r−r′′ − gσ
−1

η′F r′−r′′ .

Then v(g1) ≥ n− r′′. Let g2 ∈ k[F ] be given by g1 = g2F
n−r′′ .

1. If n′ > n, then h ≡ gσ
−n

2 mod Fn′−n. Furthermore, (gz, (gσ
−n

2 +
h1F

n′−n)z) ∈ S for all h1 ∈ k[F ].

2. If n′ ≤ n, then (gz, h1z) ∈ S for every h1 ∈ k[F ].

Proof. Since (gz, hz) ∈ S, we have

hσn

Fnz = ηp
n

gσ
r

F rz − gσ
−1

η′F r′z = g1F
r′′z,

and so hσn

Fnz ≡ g1F
r′′z. Taking the valuation of each side gives

v (h) + n = v (g1) + r′′.

Since v(h) ≥ 0, it follows that v(g1) ≥ n− r′′. If we let g2 be as in the
statement of the lemma, we have

hσn

Fnz = g2F
nz.

Now, if n′ ≤ n, then both sides are zero, and it is easy to see that item
2 is established. If n′ > n, then hσn ≡ g2 mod Fn′−n and 1 follows.

At this point it is easier to proceed in two separate cases, depending
upon whether r is equal to r′. We will start with the easier case where
they are not equal.

Lemma 5.2. Let (gz, hz) ∈ S, r′′ = min{r, r′}. Suppose r �= r′.
Then v(g) ≥ n− r′′.
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Proof. For (gz, hz) ∈ S we know from above that v(g1) ≥ n − r′′,
where g1 = ηp

n

gσ
r

F r−r′′ − gσ
−1

η′F r′−r′′ . Since r �= r′′, we see that
exactly one of r − r′′, r′ − r′′ is zero; hence, v(g1) = v(g).

On the other hand, if r = r′ it is a little more complicated since it
is not necessarily true that v(g) ≥ n − r′′. In this case, S depends on
solutions to certain polynomials, and hence to k.

Lemma 5.3. Suppose r = r′, and let (gz, hz) ∈ S. Write

gz =
∑n′

i=0 γiF
iz. Then, for all i < n− r, we have that γi is a zero of

the polynomial

ηp
n+1

tp
r+1 − (η′)p

i

t.

Proof. Since r = r′, we have

hσn

Fnz = ηp
n

gσ
r

F rz − gσ
−1

η′F rz =
(
ηp

n

gσ
r − gσ

−1

η′
)
F rz.

Taking the valuation of each side gives

v (h) + n = v (g1) + r,

where again g1 = ηp
n

gσ
r − gσ

−1

η′. Thus, v(g1) ≥ n− r. Since

g1 =

n′∑
i=0

ηp
n

γpr

i F i −
n′∑
i=0

γp−1

i F iη′ =
n′∑
i=0

(
ηp

n

γpr

i − γp−1

i (η′)p
i
)
F i,

we see that ηp
n

γpr

i − γp−1

i (η′)p
i

= 0 whenever i < n− r. Raising both
sides to the pth power gives

ηp
n+1

γpr+1

i − (η′)p
i

γi = 0,

and γi is clearly a zero of the polynomial above.

We summarize the results of this section.
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Theorem 5.4. For each i < n− r, let

fi (t) = ηp
n+1

tp
r+1 − (η′)p

i

t,

and let Zi be the zeros of fi(t) in k. For g ∈ k[F ], define

g2 =
(
ηp

n

gσ
r

F r−r′′ − gσ
−1

η′F r′−r′′
)
Fn−r′′

where r′′ = min{r, r′}.
1. If r �= r′, n < n′, then

S =
{(

gz,
(
gσ

−n

2 + h1F
n′−n

)
z
)
| g ∈ Fn−r′′k [F ] , h1 ∈ k [F ]

}
.

2. If r �= r′, n ≥ n′, then

S =
{
(gz, hz) | g ∈ Fn−r′′k [F ] , h ∈ k [F ]

}
.

3. If r = r′, n < n′, then

S =

{(
gz,

(
gσ

−n

2 + h1F
n′−n

)
z
)
| g ∈

n−r⊕
i=0

ZiF
i+Fn−rk [F ] , h1 ∈ k [F ]

}
.

4. If r = r′, n ≥ n′, then

S =

{
(gz, hz) | g ∈

n−r⊕
i=0

ZiF
i + Fn−rk [F ] , h ∈ k [F ]

}
.

6. The Hopf algebra structure of H(Mg,h). Throughout this
section, we let M = Mg,h and H = H(M). We wish to examine the
Hopf algebra structure of H . Since we are interested in identifying the
bi-genic Hopf algebras, one approach is to eliminate the monogenic ones
from this classification. Determining if H is monogenic is surprisingly
straightforward.
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Proposition 6.1. The Hopf algebra H is monogenic if and only if
v(g) = 0.

Proof. Recall that H is monogenic if and only if dimkM/FM = 1.
The relations on M induce the following relations on M/FM :

gy = 0, V x = −hy, V y = 0,

where, for m ∈ M , the symbol m represents the coset m+ FM . Now,
if v(g) > 0, we see that {x, y} forms a k-basis for M/FM , and hence H
is not monogenic. On the other hand, if v(g) = 0, then gy = 0 implies
that y = 0; hence, M/FM has k-basis {x} and H is monogenic.

Corollary 6.2. The Hopf algebra H is necessarily bi-genic if n �= r′′

and either r �= r′ or ηp
n+1

/η′ /∈ (k×)p−1.

Proof. In cases 1 and 2 of Theorem 5.4, we have v(g) ≥ n− r′′, and
in cases 3 and 4 v(g) > 0 if Z0 = {0}. Since 0 �= γ ∈ Z0, if and only if

ηp
n+1

γp − η′γ = 0, we have

ηp
n+1

η′
= γ1−p ∈ (

k×
)p−1

.

While not needed for the remainder of the paper, the following shows
how the v(g) = 0 case corresponds to the classification in [9].

Corollary 6.3. If v(g) = 0, then

M ∼= E/E
(
Fn+n′

, η0F
r − V

)
, η0 ∈ k,

where η0 = η if r < n and η0 ≡ η − hg−1 mod Fk[F ] if r = n.

Proof. Since y = g−1Fnx, it is clear that Fn′+nx = 0 and
Fn′+n−1x �= 0. Since (ηF r − V )x = hy = hg−1Fnx, we see that

V x = ηF rx− hg−1Fnx.



1934 ALAN KOCH

Suppose r < n. Then

px=FV x=ηpF r+1x− (
hg−1

)σ
Fn+1x=

(
ηp−(

hg−1
)σ
Fn−r

)
F r+1x,

and v(ηp−(hg−1)σFn−r) = 0; hence, F r+1x=(ηp−(hg−1)σFn−r)−1px
∈ pM . Thus,

M/pM ∼= E/E
(
F r+1, ηF r − V

)
,

and the result in this case follows from the proof of [9, Proposition 2.2].
On the other hand, if r = n, then

V x =
(
η − hg−1

)
Fnx

px =
(
ηp − (

hg−1
)σ)

Fn+1x.

Now, if v(ηp − (hg−1)σ) = 0, then again F r+1x ∈ M , and we get

M/pM ∼= E/E
(
F r+1, η0F

r − V
)

where η0 is as in the statement of the corollary. Using [9, Proposi-
tion 2.2] again will give the desired result.

Finally, if r = n and v(ηp− (hg−1)σ) > 0, then V x ≡ 0 mod pM , and

M = M/pM ∼= E/E
(
Fn+n′

, V
)

and we are done.

The Hopf algebra structure when v(g) = 0 can be found in [11,
Section 4].

We return to the case of interest, namely, v(g) �= 0. The following
proposition provides the algebraic structure.

Proposition 6.4. Let v = v(g), v(g) ≤ n′. Then

H ∼= k [t1, t2]
/(

tp
n+n′−v

1 , tp
v

2

)
.
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Proof. Let g∗ ∈ k[F ]× have the property that gg∗ ≡ F v mod Fn+n′
.

(Such a g∗ clearly exists.) Then gg∗x = F vx and gg∗y = F vy. We get

Fn+n′−vx = Fn′−vgy = Fn′−vF vg−1
∗ y =

(
g−1
∗

)σn′

Fn′
y = 0.

Let y′ = g∗Fn−vx − y. It is clear that {x, y′} generate M as an E-
module with relations

Fnx = g
(
g∗Fn−vx− y′

)
, (ηF r − V )x = h

(
g∗Fn−vx− y′

)
,

Fn′ (
g∗Fn−vx− y′

)
= 0,

(
η′F r′ − V

) (
g∗Fn−vx− y′

)
= 0.

The first relation simplifies as

Fnx = g
(
g∗Fn−vx− y′

)
= Fnx− gy′,

and hence gy′ = 0. By Lemma 2.2, we get F vy′ = 0. Since
V x, V y ∈ k[F ]x+ k[F ]y′, we see that

{
x, Fx, . . . , Fn+n′−v−1x, y′, Fy′, . . . F v−1y′

}

spans M as a k-module, and since dimM = n + n′ it must also be
a basis. Let t1 = Tx and t2 = Ty′. Since Fn+n′−vx = 0, we have

that tp
n+n′−v

1 = TFn+n′−vx = 0, and similarly tp
v

2 = 0. Thus, we get a
surjective map:

k [t1, t2]
/(

tp
n+n′−v

1 , tp
v

2

)
−→ H,

and, by comparing dimensions, we see it is in fact an isomorphism.

Remark 6.5. The above proposition does not assume v �= 0. In the
case v = 0, we get

H ∼= k [t1, t2]
/(

tp
n+n′

1 , t2

)
∼= k [t1]

/(
tp

n+n′

1

)
,

as expected.
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In general, the coalgebra structure is straightforward, but it can be
messy depending upon the complexity of g and h. We conclude with a
simple example to illustrate how this is done.

Example 6.6. Suppose n = r, n′ = r′, g = F i and h = F j . We
have

V x = F jy

V 2x = 0

since V y = 0. Thus, we may pick N = 1. If i ≥ n′, then

H ∼= k [t1, t2]
/(

tp
n

1 , tp
n′

2

)

Δ(t1) = S1

((
tp

j

2 ⊗ 1, t1 ⊗ 1
)
;
(
1⊗ tp

j

2 , 1⊗ t1

))

= t1 ⊗ 1 + 1⊗ t1 +

p−1∑
�=1

(
p

�

)
tp

j+�

2 ⊗ tp
j+(p−�)

2

Δ(t2) = S1 ((0⊗ 1, t2 ⊗ 1) ; (1⊗ 0, 1⊗ t2))

= t2 ⊗ 1 + 1⊗ t2.

On the other hand, if i < n′, then as before we set y′ = Fn−ix− y and
let t1 = Tx, t2 = Ty′ . Note that V (Fn−ix) = Fn−i+jy, so

Ty′ = TFn−ix−y

= S1

((
TV (Fn−ix), TFn−ix

)
; (T−V y, T−y)

)
= S1

((
T pn−i+j

y , T pn−i

x

)
; (0,−Ty)

)
= T pn−i

x − Ty.

Thus, Ty = T pn−i

x − Ty′ = tp
n−i

1 − t2. We also have:

V y′ = V
(
Fn−ix− y

)
= Fn−iV x = Fn−i+jy

V 2y′ = Fn−i+jV y = 0,

and hence,

H ∼= k [t1, t2]
/(

tn+n′−i
1 , ti2

)
Δ(t1) = S1 ((TV x ⊗ 1, Tx ⊗ 1) ; (1⊗ TV x, 1⊗ Tx))
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= S1

((
TF jy ⊗ 1, Tx ⊗ 1

)
;
(
1⊗ TF jy, 1⊗ Tx

))

= S1

(((
tp

n−i

1 − t2

)pj

⊗ 1, t1 ⊗ 1

)
; 1⊗

((
tp

n−i

1 − t2

)pj

, 1⊗ t1

))

= t1 ⊗ 1 + 1⊗ t1

+

p−1∑
�=1

(
p

�

)(
tp

n−i

1 − t2

)pj+�

⊗
(
tp

n−1

1 − t2

)pj+(p−�)

Δ(t2) = S1 ((TV y′ ⊗ 1, Ty′ ⊗ 1) ; (1⊗ TV y′ , 1⊗ Ty′))

= S1

((
TFn−i+jy ⊗ 1, Ty′ ⊗ 1

)
;
(
1⊗ TFn−i+jy, 1⊗ Ty′

))

= S1

(((
tp

n−i

1 − t2

)pn+i−j

⊗ 1, t2 ⊗ 1

)
;

(
1⊗ t2, 1⊗

(
tp

n−i

1 − t2

)pn+i−j))

= t2 ⊗ 1 + 1⊗ t2

+

p−1∑
�=1

(
p

�

)(
tp

n−i

1 − t2

)pn+i−j+�

⊗
(
tp

n−1

1 − t2

)pn+i−j+(p−�)

.
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Acad. Sci. Paris 280 (1975), 1273 1276.

7. A. Grothendieck, Groupes de Barsotti-Tate et cristaux de Dieudonné, The
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